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Xin Wang 1,2 , Jia-Qi Li 1, Zhihai Wang3, Anton Frisk Kockum 4, Lei Du 4, Tao Liu 5 &
Franco Nori 2,6

Chiral quantum optics is central to developing scalable quantum networks, yet existing approaches
rely predominantly on linear single-photon regimes. It remains unclear how to generate directional
multiphotons. Here we show that giant emitters coupled to nonlinear quantum optical baths enable
tunable directional correlated photons, revealing a mechanism for multiphoton directional emission.
We demonstrate that the propagation phases of correlated photons, together with the coupling
phases of giant emitters, can generate destructive interference in one direction while enhancing
emission in the opposite direction, making directionality fully tunable. Building on this mechanism, we
introduce a nonlinear cascaded quantum network paradigm mediated by “correlated flying qubits”,
providing a configurable building block enabling distinct many-body applications beyond linear
unidirectional setups. These results reveal a rich landscape for engineering multiphoton propagation
and correlations through interference in giant emitter-nonlinear bath architectures, offering pathways
for quantum networks and strongly correlated light-matter platforms.

Chiral quantum optics, where light propagates in a preferred direction
without back-scattering, is a prerequisite for communication protocols in a
scalable cascaded quantum network1–5. Directional photons (serving as
flying qubits) can connect remote nodes deterministically6,7, and underpin
unique applications beyond conventional bidirectional networks8–12.
Recently, the nonlinear (multiphoton) regimeof cascadedquantumsystems
has yielded many interesting proposals13–15 for its potential to provide
directional many-body resources in quantum communication, metrology,
and sensing, with applications spanning from fundamental science to real-
world technology16–21. For example, due to the interplay of nonlinearity and
directional transport, many-body ordered states of light can be produced
in a waveguide22. However, in conventional optical materials, the non-
linearity is ultraweak23,24, and the unidirectional photons are usually
uncorrelated. Therefore, constructing nonlinear cascaded quantum net-
works supporting scalable many-body quantum information processing
remains a significant theoretical and experimental challenge, which has
been little exploration.

Recent progress in engineered quantum platforms has opened pro-
mising pathways toward overcoming this challenge, such as super-
conducting circuit QED via the intrinsic anharmonicity25–27 or Rydberg
atom arrays via dipole blockade28,29. A notable example is provided by

nonlinear waveguides, which are often modeled by Bose–Hubbard
Hamiltonians with on-site photon–photon interactions30–33. In such sys-
tems, the interplay between nonlinearity and dispersion leads to strongly
correlated multiphoton states, where photons can become bound together
in real space34–37. These correlated states, in turn, can mediate super-
correlated radiation dynamics and enable the generation of correlated
photon pairs38–42.

In parallel, the emerging paradigm of giant atoms has attracted con-
siderable attention43–47. A giant atomcouples to aphotonic or phononic bath
atmultiple discrete points, with an effective size comparable to the operating
wavelength48–54. This multi-point coupling structure gives rise to multiple
decay channels that interfere quantum mechanically. By engineering the
geometry and phase of these coupling points, one can tailor the interference
to facilitate interesting phenomena such as decoherence-free dipole-dipole
interactions55–58, oscillating bound states59–62, and chiral quantumeffects63–65.

In this work, we show that multiple giant emitters coupled to a non-
linear waveguide enable tunable multiphoton directional emission via
interference, revealing amechanism for the directional emission of strongly
correlated photons. Our proposed setup can generate directionally corre-
lated photon resources and serve as a building block for constructing
nonlinear cascaded quantum networks mediated by “correlated flying
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qubits". Furthermore, we demonstrate that this nonlinear network enables
numerous many-body applications beyond the capabilities of linear chiral
systems.

Results and discussion
Model
The nonlinear waveguide in our setup consists of an array of coupled
nonlinear cavities, as depicted in Fig. 1a. In the frame rotatingwith the cavity
frequency ωc, the waveguide Hamiltonian is (ℏ = 1)

Hw ¼
X
n

U
2
ayna

y
nanan � J aynanþ1 þH:c:

� �� �
; ð1Þ

where an (ayn) is the photon annihilation (creation) operator of the nth
cavity, J is the nearest-neighbor hopping rate, and U is the on-site photon-
photon interaction strength. Throughout this work, we focus on systems
with attractive interactionsU < 0. A detailed discussion of the repulsive case
U > 0 is provided in Supplementary Note 1 and Supplementary Note 2D.

Due to the nonlinear potential, strongly correlated photonic states exist
in this waveguide. For example, a state called “doublon”34,35, where two
photons are bound together when propagating along the waveguide,
emerges in the two-photon subspace. Within the center-of-mass and rela-
tive coordinates, i.e., xc = (n1 + n2)/2 and rd = n1 − n2, the doublon wave
function canbe expressedasΨK ðxc; rdÞ ¼ eiKxcuK ðrdÞ, withK the center-of-
mass quasi-momentum. The eigen-equation is then derived as

EuK ðrdÞ ¼ �2J cos
K
2

� �X
±

uK ðrd ± 1Þ þ Uδrd;0uK ðrdÞ; ð2Þ

Taking the nonlinear potential as the interaction termsVðrdÞ ¼ Uδrd;0, the
full Green’s function is obtained via the Lippmann–Schwinger equation35:

GK ðE; rdÞ ¼ G0
K ðE; rdÞ þ G0

K ðE; rdÞ
G0
K ðE; rd ¼ 0ÞU

1� G0
K ðE; rd ¼ 0ÞU : ð3Þ

G0
K ðE; rdÞ denotes the unperturbed Green’s function, which satisfies

ðE � H0ÞG0
K ðE; rdÞ ¼ δrd;0, with H0 being the unperturbed Hamiltonian

without nonlinear terms. Here, we focus on the doublon state, arising from
the nonlinear potential U. To identify such a bound state, we require

1� G0
K ðE; rd ¼ 0ÞU ¼ 0: ð4Þ

which implies the contribution of the first term in Eq. (3), corresponding to
scattering states and the eigensolutionofH0, canbeneglected. By solvingEq.
(4), the dispersion relation of the doublon state is derived (see Fig. 1c)

EK ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 þ 16J2cos2ðK=2Þ

q
: ð5Þ

The corresponding relative wave function is given by

uK ðrdÞ ¼ u0 exp � jrdj
LuðKÞ

� �
; ð6Þ

where L�1
u ðKÞ ¼ asinh U=4J cosðK=2Þ	 


is the inverse decay length of the
two-photon correlation in space, and u0 is a normalization factor. Note that
Lu(K) decreases rapidly as the interaction strength U increases. This
indicates that, in the presence of the nonlinear potentialU, the two photons
are tightly bound within a spatial length Lu, when propagating along the
waveguide. For further details on the derivation, we refer the interested
reader to ref. 35 and the Supplementary Note 1.

We consider N GEs interacting with the waveguide. The two
coupling points of GE m are located at nlðrÞm (see Fig. 1a). The system

Hamiltonian is

H ¼ Hw þ
XN
m¼1

Δe

2
σzm þ g

X
τ¼l;r

eiϕ
τ
mσ�ma

y
nτm

þ H:c:
� �" #

; ð7Þ

with Δe = ωe − ωc (ωe is the emitter frequency), g the coupling strength at
each coupling point, σz a Pauli matrix, and σ− the lowering operator. A local
phase ϕlðrÞm is assumed at each coupling point. We first take a giant-emitter
pair (GEP), i.e., N ¼ 2, as an example. The size of emitter m is d ¼
jnlm � nrmj and the distance between the centers of the two emitters is
D ¼ ðjnl2 þ nr2j � jnl1 þ nr1jÞ=2. When Δe is significantly gapped from
scattering states, i.e.,Δe <−2J, emissionof a singlephoton is suppressed.We
set 2Δe lying inside thedoublon spectrum(seeFig. 1b) such that theGEPwill
emit correlated photons, i.e., doublons38.

We assume that, initially, the two emitters are in their excited states and
the waveguide is in its vacuum state. Since the Hamiltonian in Eq. (7)
conserves the total excitation number, the system state is

ψðtÞ


 � ¼ ceðtÞσþ1 σþ2 þP

K
cK ðtÞDy

K

�

þ P
m¼1;2

P
k
cmkσ

þ
ma

y
k

#
g; g; vac


 �

;

ð8Þ

where ce(t) [cK(t)] is the probability amplitude for the GEP (doublonmode
K) being excited, Dy

K is the creation operator of doublon mode K; ayk ¼
1=

ffiffiffiffi
N

p P
ne

iknayn are the photonic operators inmomentum space, and ∣cmk∣2
is the probability for both themth giant emitter and the single-photonmode
k being excited. Given that g≪ ∣Δe− 2J∣, we can adiabatically eliminate the
single-photon intermediate states cmk by assuming i_cmkðtÞ ¼ 0. The
evolution of ce(t) and cK(t) is then given by (see Supplementary Note 2 A
for a detailed discussion)

i_ceðtÞ ¼ � g2

J
ffiffiffiffi
N

p
X
K

F�
KcK ðtÞ; ð9Þ

i_cK ðtÞ ¼ ΔKcK ðtÞ �
g2

J
ffiffiffiffi
N

p FKceðtÞ; ð10Þ

where ΔK = EK − 2Δe. FK is expressed as a sum over four decay channels:

FK ¼
X
τ;σ

~eτσðKÞ; ð11Þ

where each channel is represented as a complex vector to facilitate the
interpretation of interference effects. Each vector is defined as

~eτσðKÞ ¼ AK rτσd
� �

eiϕ
τ
1eiϕ

σ
2 e�iKxτσc ; ð12Þ

with the amplitude

AK rτσd
� � ¼P

k
cos ðk� K=2Þrτσd
	 


Lk;K ;

Lk;K ¼ 2
ffiffi
2

p
J

Nðωk�ΔeÞ
P
m
e�iðk�K=2ÞmuK ðmÞ;

where xτσc ¼ ðnτ1 þ nσ2Þ=2; rτσd ¼ nτ1 � nσ2 ; δk ¼ ωk � Δe and ωk ¼
�2J cosðkÞ is the single-photon dispersion relation. Taking~elr schematically
depicted in Fig. 2a as an example, we see that this correlation function
represents dual processes: emitter 1 (2) excites a single-photon intermediate
state spreading around the point nl1 (n

r
2) with an encoded phase ϕl1 (ϕ

r
2).

Meanwhile, emitter 2 (1) emits a singlephoton at pointnr2 (n
l
1)with encoded

phaseϕr2 (ϕ
l
1). The overlap between thewave functions of these photonpairs

and the doublon stateK is proportional to~elr (see Supplementary Note 2B).
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After adiabatically eliminating the single-photon intermediate state,we
obtain the reduced two-photon state

jψðtÞi ¼ ceðtÞσþ1 σþ2 þ
X
K

cK ðtÞDy
K

" #
jg; g; vaci: ð13Þ

From Eqs. (9) and (10), the effective interaction Hamiltonian between
the GEP and the nonlinear waveguide, i.e., the state e; e; vacj i and g; g;K



 �
can be further derived as

Hint ¼
g2

J

X
τ;σ

σ�1 σ
�
2 Dy

nτ1 ;n
σ
2
þH:c:; ð14Þ

Dy
nτ1;n

σ
2
¼ 1ffiffiffiffiffiffi

Nc

p X
K

eiΔK tFKDy
K : ð15Þ

Note that, the operator Dy
nτ1 ;n

σ
2
is defined in the interaction picture, which

contains a time-dependent phase factor.

Interference-induced supercorrelated directional emission
We assume that the effective coupling strength g2FK/J is sufficiently weak
compared to the doublon bandwidth that the Born–Markov approximation
holds66. The supercorrelated decay of the GEP then becomes

ceðtÞ ¼ exp � Γþ þ Γ�
2

t

� �
; Γ± ¼ g4

vgJ
2 F ±Kr




 


2; ð16Þ

whereEKr
¼ 2Δe; vg ¼ ∂EK=∂K

� �jK¼Kr
is the groupvelocity, andΓ+ (Γ−)

denotes the supercorrelated emission rate to the right (left). Figure 1d shows
∣FK∣ as a function ofK for different d.Whend= 0, the emitters are small and
∣FK∣ = ∣F−K∣ always, regardless of ϕr;l1;2, so there is no directional emission.
However, for GEs with d ≠ 0 andΦe

1;2≠0, directional emission of correlated

photon pairs emerges. These rates define the chiral factor
C = (Γ+ − Γ−)/(Γ+ + Γ−).

Setting d = 1, D = 0, and Φe
1;2 ¼ ϕr1;2 � ϕl1;2 ¼ π=2, we plot the

waveguide field distribution and the evolution of ∣ce(t)∣2 in Fig. 2b, c. The
numerically calculated evolution is an exponential decay, in excellent
agreement with analytical results. Due to the local nonlinear potential, the
two photons are strongly bunched; the spatial correlation function Gð2ÞðrdÞ
has its maximum at rd = 0. Most strikingly, the emission of this correlated
photon pair exhibits a strong preference for a certain direction, as shown
in Fig. 2b.

Increasing D (fixing d), the chiral factor changes little, while the decay
rate quickly decreases to zero. The ordering of the coupling points has no
significant effect on the directional emission55. Details on the effect of
varyingD and d are given in SupplementaryNote 2 C. Figure 2d plotsC as a
function of the phases Φe

1;2, showing that a large chiral factor is robust to
relatively large imprecision inΦe

1;2 and that C is smoothly tuned in the full
range C ∈ (− 1, 1) by changing Φe

1;2. These key results indicate that the
proposed setup may serve well as a source for directionally correlated
photons.

To better understand the mechanism for directional emission, we
depict the four supercorrelated decay channels~eτσ in Fig. 3a–d, with orange
dots denoting single photons emitted from distinct emitters and stars being
the centers-of-mass of correlated photon pairs. The phase of~eτσ consists of
the local phases ϕτ1 þ ϕσ2 and the accumulated propagation phase Φd ¼
�Krx

τσ
c associatedwith the center-of-mass xτσc of the correlatedphotonpair

(not the single-photonpropagationphase). Takingnl1 ¼ 0 as the origin, and
considering the scenario where two giant emitters couple to the same
locations, i.e., nl1 ¼ nl2 and n

r
1 ¼ nr2, the four decay channels are simplified

as

~ell ¼Alle
iϕl1eiϕ

l
2 ¼ Alle

iΦ0 ;

~elr ¼Alre
iϕl1eiϕ

r
2e�iKd

2 ¼ Alre
iΦ0eiΦ

e
2e�iKd

2;

~erl ¼Arle
iϕr1eiϕ

l
2e�iKd

2 ¼ Arle
iΦ0eiΦ

e
1e�iKd

2;

~err ¼Arre
iϕr1eiϕ

r
2e�iKd ¼ Arre

iΦ0eiΦ
e
1eiΦ

e
2e�iKd;

whereΦ0 ¼ ϕl1 þ ϕl2 is the global reference phase, whichdoes not affect the
dynamics. The interference is solely determined by the phase difference
between the two coupling points of each giant emitter, i.e., Φe

1 ¼ ϕr1 � ϕl1
(Φe

2 ¼ ϕr2 � ϕl2).With nl1 ¼ nl2 ¼ 0 as the reference point, the propagation
phases for the channels are ll → Φd = 0, lr, rl → Φd = Krd/2, and
rr → Φd = Krd. The interferences are illustrated in Fig. 3e, f for ±Kr,
respectively. At the optimal point 2Δe ¼ EKr

, the interferences for the left-
and right-propagatingmodes become asymmetric: the four vectors for −Kr

form a closed loop, i.e.,

j
X
τσ

~eτσðþKrÞj≫j
X
τσ

~eτσ ð�KrÞj ¼ 0:

The interaction between the GEP and the left-propagating mode
vanishes (see Fig. 1d), and the GEP only emits correlated photons
into the right direction, yielding C ≃ 1. When 2Δe is biased away
from the optimal point, C decreases, as indicated in Fig. 2d. In the
white region where C = 0, the GEP dynamics recover the small-atom
behavior with non-directional emission38. The specific parameter
regimes corresponding to C = 0 are discussed in Supplementary
Note 2C. Moreover, the effects of emitter frequency mismatch are
discussed in Supplementary Note 2D.

Note that our examples are the simplest giant emitters with two cou-
pling points. For GEPs withM coupling points per emitter, there areM2

supercorrelated decay channels interfering with each other, which is much
more complicated than single-photon interference in one giant atom43,53,67.
When M≥ 3, realizing broadband directional emission for doublons is
possible by considering optimal methods68.

Fig. 1 | Interactions between giant emitters and correlated photons. a Sketch ofN
giant emitters (GEs) coupled to a nonlinear waveguide (a coupled-cavity array with
hopping rates J and on-site nonlinear potentials U). Giant emitter m couples to the
waveguide at nlðrÞm with phases ϕlðrÞm . The emitter size is d ¼ jnrm � nlmj; the emitter
centers are separated by a distanceD. bWaveguide spectrum as a function ofU. The
lower (upper) red dashed line marks the GE (giant-emitter pair, GEP) frequency ωe

(2ωe). cDoublon dispersion relation EK. The red dashed curve denotes the frequency
2Δe. d Effective coupling strength ∣FK∣ as a function of doublon wave vector K for
different d. When d = 1, Kr is the optimal unidirectional point. Two blue dashed
curves denote the resonance mode ± Kr. Parameters:
D ¼ 0; Φe

1;2 ¼ ϕr1;2 � ϕl1;2 ¼ π=2, and U = 4J.
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Nonlinear cascaded quantum network
Analogously to conventional unidirectional quantum setups with
uncorrelated single photons, a cascaded system is naturally formed
when considering multiple nodes unidirectionally interacting with
the same waveguide. Contrasting linear setups, such as interacting
emitter pairs6,7, multi-level atoms69, and superradiance of atom
ensembles (time-Dicke states)70, our proposal utilizes super-
correlated photons as “flying qubits”, enhancing numerous many-
body applications.

Figure 4a depicts a minimal example setup with two separate GEPs,
A and B, interacting with a common waveguide. We assume that the
twoGEPshave the samegeometric layout but are separatedby adistanceDq,
with Dq sufficiently larger than Lu(Kr). This ensures that supercorrelated
emission between emitters in different pairs, i.e., the process
hvacjDy

Kσ
�
A;1=2σ

�
B;1=2 vacj i, is suppressed. The operator σ�α;i denotes the

lowering operator of emitter αi. Under this condition, we consider the initial
state:

ψðt ¼ 0Þ


 � ¼ σþA;1σ

þ
A;2 g; g; vac


 �

;

which only GEP A is excited, and states σ�A;1=2σ
�
B;1=2 g; g; vac



 �
can

be neglected. Accordingly, the reduced system state analogous to (13)
becomes:

ψðtÞ


 � ¼ X

α

cαe ðtÞσþα;1σþα;2 þ
X
K

cK ðtÞDy
K

" #
g; g; vac


 �

: ð17Þ

Here,α=A,Bdenotes that supercorrelated radiation is confinedwithin
individual GEPs. Analogous to Eq. (14), the interactionHamiltonian can be
expanded in the basis of Eq. (17) as

Hint ¼
g2

J

X
α

X
τ;σ

σ�α;1σ
�
α;2Dy

nτα;1;n
σ
α;2
þH:c: ð18Þ

In contrast to Eq. (14), the labels now include an additional index
α = A, B, where (α, i, τ) denotes the ith emitter in pair α coupled to the
waveguide at position nτα;i:

Consequently, the interaction Hamiltonian is simplified as

Hint ¼
X
α¼A;B

X
K

g2αe
iΔK t

J
ffiffiffiffi
N

p FK;αDy
kS

�
α þH:c:; ð19Þ

where S�α ¼ σ�α;1σ
�
α;2 is the joint-quantum-jump operator for GEP α and

FK,α is the correlation functions of GEP α [see Eq. (11)]. The individual
supercorrelated decay rates for the two GEPs are Γα± ¼
jgαj4=ðvgJ2ÞjFα;±Kr

j2 (α = A, B), where +(−) represents propagation to
the right (left). It naturally corresponds to a nonlinearmaster equation with
joint-quantum-jump processes. Given that each GEP unidirectionally
couples to the waveguide with Γαþ≫Γα�, a correlated photon pair (flying
qubits) is unidirectionally radiated by GEP A, subsequently transferred
along the waveguide, and absorbed by GEP B without information
backflow, which forms a nonlinear cascaded quantum network. The
numerical example can be seen in Supplementary Note 2F, and an
application (steady four-partite entangled states between remote GEPs) can
be seen in Supplementary Note 3A.

We now demonstrate a high-fidelity process for entangled-state
transfer between two remote quantumnodes bymodulating the decay rates
of two GEPs. The modulation pulses are (see Supplementary Note 3B)

ΓAþðtÞ ¼ ΓBþðτD � tÞ ¼ exp �ct2
� �

1
Γ0
� ffiffiffi

π
4c

p
erf t

ffiffi
c

p� � ; ð20Þ

where c ¼ 1:01 × Γ20π=2, with Γ0 the decay rate of GEP A at t = 0, and
τD = Dq/vg is the propagation time from A to B. The modulation pulses in

Fig. 3 | Interferences between different decay channels. a–d Sketches of the four
decay channels~eτσ (τ, σ = l, r) of a GEP releasing two correlated photons into the
waveguide. Orange dots represent single photons emitted from individual emitters,
while stars denote centers of mass xc of the correlated photon pairs. e, f Summation
of~eτσ at the optimal point ±Kr for right- (left-) propagating modes.

Fig. 2 | Directional emission of doublons. a Sketches of the dual transition pro-
cesses described by~elr . Vertical bars indicate a single photon localized at nl1 (n

r
2),

while the shaded curves represent the spatial envelope of the intermediate single-
photon state. Two giant emitters {①, ②} are coupled to the waveguide at positions
marked by the black and red dashed arrows, respectively. b Two-photon joint
probability distribution jcxc ;rd ðtÞj2 at time Jt = 600 [dashed line in (c)] with

2Δe =− 5.1J (optimal emission point). xc = (n1 + n2)/2 and rd = n1 − n2 denote the
center-of-mass and relative coordinates of two photons at sites n1 and n2. The two-
point correlation function Gð2ÞðrdÞ is also shown. c Time evolution of ∣ce(t)∣2 for
2Δe = − 4.6J and − 5.1J. d Chiral factor as a function of Φe

1;2 ¼ ϕr1;2 � ϕl1;2, with
2ΔK=− 5.1J. The coupling strength is set to g=0.1J; other parameters are the same as
in Fig. 1d.
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(20) minimize irreversible quantum jump processes and tailor the wave-
packet of the correlated photons with time-reversal symmetry. Therefore,
GEP B will perfectly absorb two correlated photons emitted by GEP A1,8,9.
Because ΓαþðtÞ / jgαj4 in our proposal [cf. (16)], the modulated decay rates
can be exactly mapped to time-dependent interactions gA,B(t). We
numerically simulate two-excitation transfer between twoGEPs in Fig. 4b,c.
Given that the decay rates are modulated according to Eq. (20), the dark-
state conditions hold in this nonlinear cascaded system, and the correlated
two-photon field is trapped between the two GEPs without leaking outside.
At the final time tf, one finds that fjcAe ðtf Þj2;

P
K jcK ðtf Þj2g ’ 0, and the

absorption efficiency is jcBe ðtf Þj2 ’ 98%. This value is primarily limited by
the intermediate single-photon process and the finite transfer time9.
Reducing the coupling strength during state transfer suppresses the
intermediate single-photon amplitudes, thereby improving the correspond-
ing fidelity. However, it also reduces the doublon emission rate, leading to a
longer transfer time. This not only slows down the quantum information
protocol but also enhances the impact of other decoherence channels.
Consequently, in a realistic experimental implementation, an optimal
coupling strength g(t) might be chosen to balance transfer fidelity with
operation speed.

In linear waveguide QED setups, a single multi-level emitter can be
adiabatically reduced to a single effective qubit for correlated-photon
emission69. Since such a node lacks internal multipartite structure, it cannot
support the direct transfer of many-body entangled states (e.g., GHZ states)
between distant nodes. Moreover, unlike conventional GHZ-state dis-
tribution in linear waveguides71, which requires sequential single-photon
transmissions and numerous local operations, our nonlinear cascaded
interface accomplishes this many-body task without the need for sequential
control or post-processing. For example, an initial entangled state ofGEPA,
jΨAðt0Þi ¼ cAe je; ei þ cAg jg; gi; can be directly mapped onto GEP B as

jΨBðt0Þi ¼ cBe je; ei þ cBg jg; gi in a single-step operation.

States beyond doublons withN correlated photons, e.g., triplons, also
exist in this nonlinear setup72,73. For example, the energy spectrum of the
waveguide in the three-photon subspace is shown in Fig. 5a. There, three-
photon bound states, referred to as “triplons”, emerge between two- and

three-photon scattering states. Those N correlated photons can also be
unidirectionally routed among GEs by exploiting interference. We
demonstrate this by considering three excited GEs coupling to the wave-
guide with identical phase differences Φe

t . Figure 5b shows that the three-
photon field ∣Ψ(r1, r2, r3)∣2 is unidirectionally emitted and strongly bunched
at the diagonal positions. The joint-quantum-jump operator of this corre-
lated process is S�α ¼ σ�α1σ

�
α2σ

�
α3. The chiral factor also varies in the full

range by changing Φe
t (see Fig. 5c).

We further consider an application in which the three GEs in two
remote nodes are pumped via three-photon parametric down-conversion
processes, i.e.,Hpump ¼ Ωd

P
α¼A;BðS�

α þ Sþ
α Þ: Such anonlinear pumphas

been realized, for example, in circuit-QED platforms74. The dark state for
this driven-dissipative cascaded system is (see Supplementary Note 4)

jψ0i ¼ jgi�2N þ i
2
ffiffiffi
2

p
Ωd

Γαþ
jSi; ð21Þ

jSi ¼ g


 ��N � ej i�N � ej i�N � g



 ��Nffiffiffi
2

p ; ð22Þ

with N ¼ 3 for triplons. In the limit Ωd≫Γαþ, the dark state is approxi-
mately jψ0i ’ jSi, which is a six-partite maximally entangled state for two
remote nodes. In Fig. 5c, we numerically show that the trapping fidelity Fψ0

strongly depends on the chiral factor. In an ideal nonlinear cascaded
network with C ≃ 1, the trapping fidelity can reach as high as Fψ0

’ 1.
When this nonlinear system transitions to a bidirectional configuration, Fψ0

decreases accordingly.
Furthermore, we infer that groups of N -photon states in nonlinear

waveguides can serve as directional “correlated flying qubits”. Figure 5d
schematically depicts a cascaded quantum network whereN GEs serve as
quantum nodes, whose joint-quantum-jump operators are S�

α ¼ QN
j σ�αj.

Analogously, the cascaded master equation is

_ρ ¼ �i Heffρ�Hy
effρ

� �
þ LρLy; ð23Þ

Heff ¼ �i
X
α

Γαþ
2
Sþ
α S�

α � i
Xβ > α
αβ

ffiffiffiffiffiffiffiffiffiffiffi
ΓαþΓ

β
þ

q
Sþ
β S�

α ; ð24Þ

where L ¼Pα

ffiffiffiffiffiffi
Γαþ

p S�
α . Following the methods in Fig. 4, our proposal

enables single-step transfer of an arbitrary N -qubit GHZ state,
ψ0



 � ¼ ce ej i�N þ cg g


 ��N

, between twoN -body nodes, without decom-
posing it into sequential single-excitation processes. In summary, our work
demonstrates that nonlinear waveguides can be configured as multiphoton
buses supporting advanced many-body quantum applications.

Feasible implementation
Our proposal is feasible in circuit-QED systems27,75,76. An array of coupled
transmon qubits25 can be configured as the nonlinear waveguide. The
hopping rate and Kerr nonlinearity of such an array demonstrated in
experiments30,77–79 are on the order of J/2π ~ 50MHz andU/2π ~ 200MHz,
respectively.

The giant-atom configuration, with multiple discrete coupling points
to a waveguide, has already been experimentally realized52,56. In our scheme,
the relative coupling phases required for directional emission can be
dynamically tuned via parametric modulation65. The transmon anharmo-
nicity Ugiant/2π ~ 300MHz supports the two-level approximation for the
emitters. Furthermore, time-dependent interactions between super-
conducting giant atoms and the nonlinear waveguide can be realized using
the methods65,80, achieving a coupling strength of g/2π = 0.1J/2π ~ 5MHz.

Under these parameters, the supercorrelated emission rate is estimated
as Γ±/2π ~ 1MHz (see Supplementary Note 3A), which is much larger than
the intrinsic decoherence rate of a circuit-QED platform81,82. Therefore, the

Fig. 4 | State transfer process mediated by directionally correlated photons.
a Sketch of the nonlinear cascaded quantum system, where correlated photon pairs
are unidirectionally emitted byGEPA and subsequently absorbed byGEPBwithout
back-scattering. b The evolution of two-photon field distribution at rd = 0 and
c populations for theGEPA (black solid curve with squares), GEPB (blue solid curve
with triangles), and doublon (red solid curve with stars) during the two-photon
transfer process. The dashed lines in bmark the positions of GEPA and B, which are
separated by a distanceDq = 1.5 × 10

3. Themodulations of the couplings are given by
Eq. (20). The black dashed curve and blue dotted curve denote themodulation pulses
of GEP A and B, respectively. Same parameters as in Fig. 2.
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phenomena predicted in this work are possible to observe in current circuit-
QED setups.

Conclusions
We show how to realize unidirectional transport of strongly
correlated photons in a nonlinear waveguide interacting with GEs.
Compared to the single-photon case, the interference channels are
more complicated. The propagating phase related to the center of mass of
correlated photons plays a crucial role in interference between those
channels. Another key ingredient, the local coupling phases ofGEs, not only
leads to asymmetric interference relations for oppositely propagating
modes, but also provides the necessary degree of freedom for tuning the
emission directions. Our setup can be a building block for generalized
cascaded quantum networks with “correlated flying qubits”, enabling
numerous applications that are not accounted for in a linear cascaded
interface.

Our work demonstrates an example of how correlated emission is
significantly modified by the interplay of giant atoms and the bath non-
linearity. We believe it offers perspectives for harnessing many-body states,
and thus provides a powerful toolbox for quantum-enhanced metrology,
quantum information processing, and simulations16–20.

Methods
Numerical simulation
To check the validity of the theoretical results in this study, we perform
numerical simulations by considering an open-boundary waveguide with
lengthN= 3000 in real space. In the two-excitation subspace, the dimension
of this Hilbert space is approximately NH ≃ N2/2 = 5 × 106. The numerical
simulations of quantum dynamics are based on the open-source Python
package QuTiP83,84, which agrees well with theoretical results throughout
our work.

Nonlinear cascaded master equation
We demonstrate how to derive the nonlinear cascaded master equation
using the example of doublons serving as “flying qubits”. Specifically, the
evolution governed by the interaction Hamiltonian in Eq. (18) is derived as
follows:

_ρ ¼� i
ℏ
TrR HintðtÞ; ρðtÞ
	 


� 1

ℏ2 TrR

Z t

t0

dt0 HintðtÞ; Hintðt0Þ; ρSðt0Þ � ρR
	 
	 


;
ð25Þ

where ρS (ρR) denotes the density matrix of the emitters (nonlinear wave-
guide). The correlation relations for a doublon in the waveguide satisfy

hDK i ¼ hDy
Ki ¼ hDy

KDKi ¼ 0 and hDKDy
Ki ¼ 1. Then, we obtain

_ρ ¼ �
Z t

t0

dt0
X
α;β

Aα;β �S�β ρS t
0ð ÞSþα þ Sþα S

�
β ρSðt0Þ

h i
þ H:c:; ð26Þ

where the coefficient is

Aα;β ¼
g�2α g2β
J2

1
Nc

X
K

F�
K;αFK;βe

�iΔK ðt�t0Þ: ð27Þ

Since only the modes centered around Kr are excited with high prob-
ability, the summation over K can be approximated as

P
K
F�
K;αFK;βe

�iΔK ðt�t0Þ

’ Nc
2π F

�
Kr ;α

FKr ;β

R π
�π dK e

�iðK�Kr Þvg t�t0�nα�nβ
vg

� �

¼ Nc
vg
F�
Kr ;β

FKr ;α
δ t � t0 � Δxc

vg

� �
;

ð28Þ

where Δxc/vg = (nα − nβ)/vg is the time delay between the two pairs, cor-
responding to the propagation time between pairs A and B with nα=β ¼
nrα=β;1 � nlα=β;1

� �
=2 being the positions of GEPs α/β. By employing the

properties of the δ function,

Z t

t0

dt0δ t � t0 � Δxc
vg

 !
ρS t

0ð Þ ¼
0 Δxc=vg < 0;
1
2 ρSðtÞΔxc=vg ¼ 0;

ρSðtÞ Δxc=vg > 0;

8><
>: ð29Þ

the coefficients are written as (nA < nB)

Aα;α ¼
1
2
g4α
J2vg

X
±

jF ±Kr ;α
j2 ¼ Γαþ þ Γα�

2
; α ¼ A=B; ð30Þ

AA;B ¼
g�2α g2β
J2vg

F�
�Kr ;A

F�Kr ;B
¼ ΓAB� ; ð31Þ

AB;A ¼
g2αg

�2
β

J2vg
F�
þKr ;B

FþKr ;A
¼ ΓBAþ ; ð32Þ

where we neglect the time-retardation effects by assuming ρ(t − Δxc/
vg) ≈ ρ(t), and Γα± correspond to the decay rates into the right- and left-
propagating modes, respectively.

Fig. 5 | Nonlinear cascaded quantum network for many-body applications. a The
total frequency of three GEs 3ωe (the black solid line) is set to be within the triplon
spectrum. b Field distribution ∣Ψ(r1, r2, r3)∣2 (mapped as bubble color and size) for
triplons emitted from three GEs by settingΦe

t ¼ 0:18π. cThe chiral factor C and the

trapping fidelity Fψ0
(green solid curve) for the state in Eq. (21) as functions of the

phase differenceΦe
t . d Sketch of a nonlinear cascaded quantum system, whose nodes

are unidirectionally connected byN correlated photons. Here we set 3Δe =− 12.7J
(inside the triplon spectrum). Other parameters are the same as in Fig. 2.
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Finally, the master equation is

_ρ ¼ � P
α¼A=B

ΓαþþΓα�
2 �S�α ρSðtÞSþα þ S�α S

þ
α ρSðtÞ

	 

�ΓBAþ �S�AρSðtÞSþB þ SþB S

�
AρSðtÞ

	 

�ΓAB� �S�B ρSðtÞSþA þ SþAS

�
B ρSðtÞ

	 
þH:c:

ð33Þ

Note that S�A ¼ σ�A;1σ
�
A;2 (S�B ¼ σ�B;1σ

�
B;2) are joint-quantum-jump

operators describing the two emitters inGEPA (B) simultaneously jumping
to their ground states. Given that the two GEPs only interact with right-
propagatingmodes, i.e., Γαþ≫Γα� ’ 0, themaster equation can bewritten as

_ρ ¼ �i Heffρ� ρHy
eff

� �
þ LρLy; ð34Þ

Heff ¼ �i
X
α¼A;B

Γαþ
2
Sþα S

�
α � i

ffiffiffiffiffiffiffiffiffiffiffi
ΓAþΓ

B
þ

q
SþB S

�
A ; ð35Þ

L ¼
ffiffiffiffiffiffi
ΓAþ

q
S�A þ

ffiffiffiffiffiffi
ΓBþ

q
S�B : ð36Þ

where we have used the relation ΓBAþ ¼
ffiffiffiffiffiffiffiffiffiffiffi
ΓAþΓ

B
þ

q
. The second term ofHeff is

unique to the cascaded system. It describes the process where a correlated
photon pair is initially radiated byGEPA and subsequently absorbed by the
other emitter pair without back-scattering.

Data availability
Supplementary data for all the figures are provided at https://doi.org/10.
5281/zenodo.18409019. Additional data that support the findings of this
study are available from the authors upon request.

Code availability
The codes used for the simulation and analysis of the data are available from
the authors upon request.
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