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Chiral quantum optics is central to developing scalable quantum networks, yet existing approaches
rely predominantly on linear single-photon regimes. It remains unclear how to generate directional
multiphotons. Here we show that giant emitters coupled to nonlinear quantum optical baths enable
tunable directional correlated photons, revealing a mechanism for multiphoton directional emission.
We demonstrate that the propagation phases of correlated photons, together with the coupling
phases of giant emitters, can generate destructive interference in one direction while enhancing
emission in the opposite direction, making directionality fully tunable. Building on this mechanism, we
introduce a nonlinear cascaded quantum network paradigm mediated by “correlated flying qubits”,
providing a configurable building block enabling distinct many-body applications beyond linear
unidirectional setups. These results reveal a rich landscape for engineering multiphoton propagation
and correlations through interference in giant emitter-nonlinear bath architectures, offering pathways

for quantum networks and strongly correlated light-matter platforms.

Chiral quantum optics, where light propagates in a preferred direction
without back-scattering, is a prerequisite for communication protocols in a
scalable cascaded quantum network'”. Directional photons (serving as
flying qubits) can connect remote nodes deterministically®’, and underpin
unique applications beyond conventional bidirectional networks®"%.
Recently, the nonlinear (multiphoton) regime of cascaded quantum systems
has yielded many interesting proposals'”™" for its potential to provide
directional many-body resources in quantum communication, metrology,
and sensing, with applications spanning from fundamental science to real-
world technology'*". For example, due to the interplay of nonlinearity and
directional transport, many-body ordered states of light can be produced
in a waveguide”. However, in conventional optical materials, the non-
linearity is ultraweak™, and the unidirectional photons are usually
uncorrelated. Therefore, constructing nonlinear cascaded quantum net-
works supporting scalable many-body quantum information processing
remains a significant theoretical and experimental challenge, which has
been little exploration.

Recent progress in engineered quantum platforms has opened pro-
mising pathways toward overcoming this challenge, such as super-
conducting circuit QED via the intrinsic anharmonicity”™ or Rydberg
atom arrays via dipole blockade’™”. A notable example is provided by

nonlinear waveguides, which are often modeled by Bose-Hubbard
Hamiltonians with on-site photon-photon interactions™ . In such sys-
tems, the interplay between nonlinearity and dispersion leads to strongly
correlated multiphoton states, where photons can become bound together
in real space’ . These correlated states, in turn, can mediate super-
correlated radiation dynamics and enable the generation of correlated
photon pairs™™*,

In parallel, the emerging paradigm of giant atoms has attracted con-
siderable attention . A giant atom couples to a photonic or phononic bath
at multiple discrete points, with an effective size comparable to the operating
wavelength***. This multi-point coupling structure gives rise to multiple
decay channels that interfere quantum mechanically. By engineering the
geometry and phase of these coupling points, one can tailor the interference
to facilitate interesting phenomena such as decoherence-free dipole-dipole
interactions’ ", oscillating bound states™ , and chiral quantum effects® .

In this work, we show that multiple giant emitters coupled to a non-
linear waveguide enable tunable multiphoton directional emission via
interference, revealing a mechanism for the directional emission of strongly
correlated photons. Our proposed setup can generate directionally corre-
lated photon resources and serve as a building block for constructing
nonlinear cascaded quantum networks mediated by “correlated flying
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qubits". Furthermore, we demonstrate that this nonlinear network enables
numerous many-body applications beyond the capabilities of linear chiral
systems.

Results and discussion

Model

The nonlinear waveguide in our setup consists of an array of coupled
nonlinear cavities, as depicted in Fig. 1a. In the frame rotating with the cavity
frequency w,, the waveguide Hamiltonian is (% = 1)

U :
H, = E {Eaiaianan - ](anan+1 + H.c.) , (1)
n

where a,, (al) is the photon annihilation (creation) operator of the nth
cavity, J is the nearest-neighbor hopping rate, and U is the on-site photon-
photon interaction strength. Throughout this work, we focus on systems
with attractive interactions U < 0. A detailed discussion of the repulsive case
U > 0 is provided in Supplementary Note 1 and Supplementary Note 2D.

Due to the nonlinear potential, strongly correlated photonic states exist
in this waveguide. For example, a state called “doublon™**, where two
photons are bound together when propagating along the waveguide,
emerges in the two-photon subspace. Within the center-of-mass and rela-
tive coordinates, i.e., x. = (n; + 1,)/2 and r4 = n; — n,, the doublon wave
function can be expressed as Wy (x, r4) = €& uy(r,), with K the center-of-
mass quasi-momentum. The eigen-equation is then derived as

Bl = ~2eos() Y utra ) + U str. 2

Taking the nonlinear potential as the interaction terms V(ry) = UJ, ,,the
full Green’s function is obtained via the Lippmann-Schwinger equation™:

GY(E, rg = 0)U

Gi(E,7g) = GR(E, 1) + GR(E. 1) 7= GUE, ry=0)U"

3)

GY%(E,ry) denotes the unperturbed Green’s function, which satisfies
(E — Hy)G%(E, rq) = 8, 0> with Ho being the unperturbed Hamiltonian
without nonlinear terms. Here, we focus on the doublon state, arising from
the nonlinear potential U. To identify such a bound state, we require

1 — GY(E,ry =0)U =0. 4)
which implies the contribution of the first term in Eq. (3), corresponding to

scattering states and the eigensolution of Hy, can be neglected. By solving Eq.
(4), the dispersion relation of the doublon state is derived (see Fig. 1¢)

Ex = —\/ U? + 16]%cos*(K /2). ©)

The corresponding relative wave function is given by

| rq |
LAKJ ’ ©

ug(rg) = ug exp {_
where L, '(K) = asinh [U /4] cos(K/2)] is the inverse decay length of the
two-photon correlation in space, and 1 is a normalization factor. Note that
L,(K) decreases rapidly as the interaction strength U increases. This
indicates that, in the presence of the nonlinear potential U, the two photons
are tightly bound within a spatial length L,, when propagating along the
waveguide. For further details on the derivation, we refer the interested
reader to ref. 35 and the Supplementary Note 1.
We consider N GEs interacting with the waveguide. The two
coupling points of GE m are located at nlr(nr) (see Fig. 1a). The system

Hamiltonian is

N
A o :
H=H, + =<0, + (e"pma_at + H.c.) , 7
215 g;“ i, )

with A, = w, — . (w, is the emitter frequency), g the coupling strength at
each coupling point, ¢° a Pauli matrix, and o_ the lowering operator. A local
phase (/)’,ff) is assumed at each coupling point. We first take a giant-emitter
pair (GEP), ie, N =2, as an example. The size of emitter m is d =
|n! —nf | and the distance between the centers of the two emitters is
D = (|n} 4+ n| — |n} + nt])/2. When A, is significantly gapped from
scattering states, i.e., A, < — 2], emission of a single photon is suppressed. We
set 2A lying inside the doublon spectrum (see Fig. 1b) such that the GEP will
emit correlated photons, i.e., doublons™.

We assume that, initially, the two emitters are in their excited states and
the waveguide is in its vacuum state. Since the Hamiltonian in Eq. (7)
conserves the total excitation number, the system state is

ly(t)) = {ce(t)al+ oy +;CK(t)DL
(©)]
+ 3

Z kaUZQZ} |g,g,vac>,
m=12 k

where c.(t) [cx(f)] is the probability amplitude for the GEP (doublon mode
K) being excited, Dy is the creation operator of doublon mode K, a;: =
1/+/NY_, e*"a} are the photonic operators in momentum space, and |c,,;*
is the probability for both the mth giant emitter and the single-photon mode
k being excited. Given that g < |A. — 2J|, we can adiabatically eliminate the
single-photon intermediate states ¢, by assuming ic,,(t) = 0. The
evolution of c.(t) and cx(f) is then given by (see Supplementary Note 2 A
for a detailed discussion)

() = ]i—zﬁzkj Fie(t), ©

it () = Agcg(t) — %FKCC(O, (10)

where Ag = Ex — 2A,. Fx is expressed as a sum over four decay channels:

FK = ZE‘[U(K)7 (11)

where each channel is represented as a complex vector to facilitate the
interpretation of interference effects. Each vector is defined as

€., (K)=Ag (r;”)ei¢{ei¢ge_imzﬂ, (12)
with the amplitude
Ay (rg‘f) = ; cos [(k — K/Z)rg"]thK,
Lk,K = N(i;;f/Ac) Z e—i(k—K/z)muK(m)7
m
where x[7 = (n] +n3)/2, 1 =n] —nj, 6 =w, —A, and w, =

—2] cos(k) is the single-photon dispersion relation. Taking €, schematically
depicted in Fig. 2a as an example, we see that this correlation function
represents dual processes: emitter 1 (2) excites a single-photon intermediate
state spreading around the point nl1 (r}) with an encoded phase (/511 (¢3).
Meanwhile, emitter 2 (1) emits a single photon at point 17, (nl1 ) with encoded
phase ¢ (¢ ). The overlap between the wave functions of these photon pairs
and the doublon state K is proportional to é, (see Supplementary Note 2B).
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Fig. 1 | Interactions between giant emitters and correlated photons. a Sketch of A/
giant emitters (GEs) coupled to a nonlinear waveguide (a coupled-cavity array with
hopping rates J and on-site nonlinear potentials U). Giant emitter m couples to the
waveguide at #'®) with phases ¢!, The emitter size is d = |1, — 1! |; the emitter
centers are separated by a distance D. b Waveguide spectrum as a function of U. The
lower (upper) red dashed line marks the GE (giant-emitter pair, GEP) frequency w,
(2w,). ¢ Doublon dispersion relation Ex. The red dashed curve denotes the frequency
2A.. d Effective coupling strength |F]| as a function of doublon wave vector K for
different d. When d = 1, K, is the optimal unidirectional point. Two blue dashed
curves denote the resonance mode + K,. Parameters:

D=0, 0}, =¢],— ¢\, =n/2and U=4/.

After adiabatically eliminating the single-photon intermediate state, we
obtain the reduced two-photon state

ly(®) = |c(bofof + ZcK(ﬂD lg, g, vac). (13)

From Egs. (9) and (10), the effective interaction Hamiltonian between
the GEP and the nonlinear waveguide, ie., the state |e, e, vac) and | 28K >
can be further derived as

2
g o
H,, = —201 0, Dz;.ng +H.ec, (14)
7,0
1 iAgt i
= \/TZe FyDxg. (15)
¢ K

Note that, the operator D::
contains a time-dependent phase factor.

« .o is defined in the interaction picture, which
1772

Interference-induced supercorrelated directional emission

We assume that the effective coupling strength gFx/J is sufficiently weak
compared to the doublon bandwidth that the Born-Markov approximation
holds*. The supercorrelated decay of the GEP then becomes

L +1 _g
7t ,I‘+—72
2 T,

c.(t) = exp (— ) (16)
whereEx =24, v, = = (0E/9K) i —x, isthe group velocity,and I', (I')
denotes the supercorrelated emission rate to the right (left). Figure 1d shows
|Fx| as a function of K for different d. When d = 0, the emitters are small and
|Fx| = |F_k| always, regardless of ¢i’}2, so there is no directional emission.
However, for GEs with d = 0 and ®¢ , =0, directional emission of correlated

photon pairs emerges. These rates define the chiral factor
C=(Ty —TI)/T+TI-).
Setting d = 1, D = 0, and ®f, = ¢}, — gblz = 1/2, we plot the

waveguide field distribution and the evolution of |ce(t)| in Fig. 2b, c. The
numerically calculated evolution is an exponential decay, in excellent
agreement with analytical results. Due to the local nonlinear potential, the
two photons are strongly bunched; the spatial correlation function G (r,)
has its maximum at r4 = 0. Most strikingly, the emission of this correlated
photon pair exhibits a strong preference for a certain direction, as shown
in Fig. 2b.

Increasing D (fixing d), the chiral factor changes little, while the decay
rate quickly decreases to zero. The ordering of the coupling points has no
significant effect on the directional emission™. Details on the effect of
varying D and d are given in Supplementary Note 2 C. Figure 2d plots Cas a
function of the phases @5 ,, showing that a large chiral factor is robust to
relatively large imprecision in ®¢ 1., and that C is smoothly tuned in the full
range C € (— 1, 1) by changmg @5 ,. These key results indicate that the
proposed setup may serve well as a source for directionally correlated
photons.

To better understand the mechanism for directional emission, we
depict the four supercorrelated decay channels é,, in Fig. 3a-d, with orange
dots denoting single photons emitted from distinct emitters and stars being
the centers-of-mass of correlated photon pairs. The phase of €, ; consists of
the local phases ¢] + ¢5 and the accumulated propagation phase &4 =
—K,x7? associated with the center-of-mass xZ° of the correlated photon pair
(not the single-photon propagation phase). Taking n} = 0 as the origin, and
considering the scenario where two giant emitters couple to the same
locations, i.e., n} = nb and n% = n%, the four decay channels are simplified
as

. 0 ,
& =Apee = Ape™®,

S Kd iKxd
é, =Aje LS = AP0

e, =A, el¢'e'¢ze i 'Zi—A e’®°e’®le iK’

_ i¢) i¢h —iKd __ i®, 0] idS —iKd
€, =A e"eve =A e e e e

)

where @, = ¢} + ¢! is the global reference phase, which does not affect the
dynamics. The interference is solely determined by the phase difference
between the two coupling points of each giant emitter, i.e., ¢ = ¢F — ¢\
(@S = ¢f — ¢)). With ] = n}, = 0 as the reference point, the propagation
phases for the channels are I — ®4 = 0, Ir, 1 — &4 = K,d/2, and
rr — @y = K,d. The interferences are illustrated in Fig. 3e, f for K,
respectively. At the optimal point 2A, = Ey , the interferences for the left-
and right-propagating modes become asymrfletric: the four vectors for — K,
form a closed loop, i.e.,

I (K> Y E, (=K, = 0.
T0 T0

The interaction between the GEP and the left-propagating mode
vanishes (see Fig. 1d), and the GEP only emits correlated photons
into the right direction, yielding C ~ 1. When 2A, is biased away
from the optimal point, C decreases, as indicated in Fig. 2d. In the
white region where C = 0, the GEP dynamics recover the small-atom
behavior with non-directional emission®. The specific parameter
regimes corresponding to C = 0 are discussed in Supplementary
Note 2C. Moreover, the effects of emitter frequency mismatch are
discussed in Supplementary Note 2D.

Note that our examples are the simplest giant emitters with two cou-
pling points. For GEPs with M coupling points per emitter, there are M?
supercorrelated decay channels interfering with each other, which is much
more complicated than single-photon interference in one giant atom*>**".
When M 2 3, realizing broadband directional emission for doublons is
possible by considering optimal methods®.
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Fig. 2 | Directional emission of doublons. a Sketches of the dual transition pro- 2A. = — 5.1] (optimal emission point). x. = (n; + 1,)/2 and rq = n; — n, denote the

cesses described by é,. Vertical bars indicate a single photon localized at n} (n}),
while the shaded curves represent the spatial envelope of the intermediate single-
photon state. Two giant emitters {®, @} are coupled to the waveguide at positions
marked by the black and red dashed arrows, respectively. b Two-photon joint
probability distribution |Cxc~rd(t)|2 at time Jt = 600 [dashed line in (¢)] with

center-of-mass and relative coordinates of two photons at sites 7, and 7,. The two-
point correlation function g(2>(rd) is also shown. ¢ Time evolution of |c.(t)|* for
2A.=—4.6Jand — 5.1]. d Chiral factor as a function of @} , = ¢, — ¢\ 5, with
2Ag=—5.1]. The coupling strength is set to g = 0.1]; other parameters are the same as
in Fig. 1d.
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Fig. 3 | Interferences between different decay channels. a-d Sketches of the four
decay channels €., (1, 0 =1, r) of a GEP releasing two correlated photons into the
waveguide. Orange dots represent single photons emitted from individual emitters,
while stars denote centers of mass x, of the correlated photon pairs. e, f Summation
of €,, at the optimal point +K, for right- (left-) propagating modes.

Nonlinear cascaded quantum network
Analogously to conventional unidirectional quantum setups with
uncorrelated single photons, a cascaded system is naturally formed
when considering multiple nodes unidirectionally interacting with
the same waveguide. Contrasting linear setups, such as interacting
emitter pairs®’, multi-level atoms®, and superradiance of atom
ensembles (time-Dicke states)’’, our proposal utilizes super-
correlated photons as “flying qubits”, enhancing numerous many-
body applications.

Figure 4a depicts a minimal example setup with two separate GEPs,
A and B, interacting with a common waveguide. We assume that the
two GEPs have the same geometric layout but are separated by a distance D,
with Dy sufficiently larger than L,(K;). This ensures that supercorrelated
emlssmn between emitters in different pairs, ie., the process
(vachKcrAl /2081 /2|Vac), is suppressed. The operator ¢,; denotes the
lowering operator of emitter «;. Under this condition, we con51der the initial
state:

ly(t =0)) = cf;‘laxz‘g,g, vac),

which only GEP A is excited, and states 0}, ; ;05 /2’ g, vac) can
be neglected. Accordingly, the reduced system state analogous to (13)
becomes:

‘l//(t) = Z c"‘(t)Ua 1%2 + Z cK(t)D !g, g vac> (17)

Here, = A, B denotes that supercorrelated radiation is confined within
individual GEPs. Analogous to Eq. (14), the interaction Hamiltonian can be
expanded in the basis of Eq. (17) as

ZZ"M o2 D l,n;2+H~c'
o

In contrast to Eq. (14), the labels now include an additional index
a = A, B, where (a, i, T) denotes the ith emitter in pair « coupled to the
waveguide at position n,

Consequently, the 1nteract10n Hamiltonian is simplified as

-y yae

a=AB

(18)

FKAaD,tS; +H.c., (19)

where S, = 0, ,0,, is the joint-quantum-jump operator for GEP « and
Fx is the correlation functions of GEP « [see Eq. (11)]. The individual
supercorrelated decay rates for the two GEPs are I% =
|ga|4/(vg]2)|Fa,iK,|2 (o = A, B), where +(—) represents propagation to
the right (left). It naturally corresponds to a nonlinear master equation with
joint-quantum-jump processes. Given that each GEP unidirectionally
couples to the waveguide with I'; >I'%, a correlated photon pair (flying
qubits) is unidirectionally radiated by GEP A, subsequently transferred
along the waveguide, and absorbed by GEP B without information
backflow, which forms a nonlinear cascaded quantum network. The
numerical example can be seen in Supplementary Note 2F, and an
application (steady four-partite entangled states between remote GEPs) can
be seen in Supplementary Note 3A.

We now demonstrate a high-fidelity process for entangled-state
transfer between two remote quantum nodes by modulating the decay rates
of two GEPs. The modulation pulses are (see Supplementary Note 3B)

exp (— ctz)
7, — Ve (1ve)”
where ¢ = 1.01 xFén/Z, with Iy the decay rate of GEP A at t = 0, and
Tp = Dy/v, is the propagation time from A to B. The modulation pulses in

o=@, —t)= (20)

Communications Physics| (2026)9:205


www.nature.com/commsphys

https://doi.org/10.1038/s42005-026-02618-3

Article

PairB

O

—a—|ct@)|?
o ---T\/30
S +Zk’|cl((t)‘2

<

—a—lel®)]*

o

A i L

-1500 0 Jt

2000

Fig. 4 | State transfer process mediated by directionally correlated photons.

a Sketch of the nonlinear cascaded quantum system, where correlated photon pairs
are unidirectionally emitted by GEP A and subsequently absorbed by GEP B without
back-scattering. b The evolution of two-photon field distribution at r4 = 0 and
cpopulations for the GEP A (black solid curve with squares), GEP B (blue solid curve
with triangles), and doublon (red solid curve with stars) during the two-photon
transfer process. The dashed lines in b mark the positions of GEP A and B, which are
separated by a distance Dy = 1.5 x 10°. The modulations of the couplings are given by
Eq. (20). The black dashed curve and blue dotted curve denote the modulation pulses
of GEP A and B, respectively. Same parameters as in Fig. 2.

(20) minimize irreversible quantum jump processes and tailor the wave-
packet of the correlated photons with time-reversal symmetry. Therefore,
GEP B will perfectly absorb two correlated photons emitted by GEP A%’
Because I'} (t) o< |g, |* in our proposal [cf. (16)], the modulated decay rates
can be exactly mapped to time-dependent interactions gsp(f). We
numerically simulate two-excitation transfer between two GEPs in Fig. 4b,c.
Given that the decay rates are modulated according to Eq. (20), the dark-
state conditions hold in this nonlinear cascaded system, and the correlated
two-photon field is trapped between the two GEPs without leaking outside.
At the final time #; one finds that {|c?(tf)|2, ZK|CK(tf)|2} ~ 0, and the
absorption efficiency is | (tf)I2 =~ 98%. This value is primarily limited by
the intermediate single-photon process and the finite transfer time’.
Reducing the coupling strength during state transfer suppresses the
intermediate single-photon amplitudes, thereby improving the correspond-
ing fidelity. However, it also reduces the doublon emission rate, leading to a
longer transfer time. This not only slows down the quantum information
protocol but also enhances the impact of other decoherence channels.
Consequently, in a realistic experimental implementation, an optimal
coupling strength g(f) might be chosen to balance transfer fidelity with
operation speed.

In linear waveguide QED setups, a single multi-level emitter can be
adiabatically reduced to a single effective qubit for correlated-photon
emission®. Since such a node lacks internal multipartite structure, it cannot
support the direct transfer of many-body entangled states (e.g., GHZ states)
between distant nodes. Moreover, unlike conventional GHZ-state dis-
tribution in linear waveguides’, which requires sequential single-photon
transmissions and numerous local operations, our nonlinear cascaded
interface accomplishes this many-body task without the need for sequential
control or post-processing. For example, an initial entangled state of GEP A,
[P a(t)) = cle,e) + cglg,g), can be directly mapped onto GEP B as

[P5(ty)) = Ble,e) + C§| ¢, ) in a single-step operation.

States beyond doublons with A" correlated photons, e.g., triplons, also
exist in this nonlinear setup’>”. For example, the energy spectrum of the
waveguide in the three-photon subspace is shown in Fig. 5a. There, three-
photon bound states, referred to as “triplons”, emerge between two- and

three-photon scattering states. Those A/ correlated photons can also be
unidirectionally routed among GEs by exploiting interference. We
demonstrate this by considering three excited GEs coupling to the wave-
guide with identical phase differences @f. Figure 5b shows that the three-
photon field [¥(ry, 15, r3)|* is unidirectionally emitted and strongly bunched
at the diagonal positions. The joint-quantum-jump operator of this corre-
lated process is S, = 0;0,,0,;. The chiral factor also varies in the full
range by changing ®f (see Fig. 5¢).

We further consider an application in which the three GEs in two
remote nodes are pumped via three-photon parametric down-conversion
processes, e, Hpymp = QD oea 5(Sy + S1). Such anonlinear pump has
been realized, for example, in circuit-QED platforms™. The dark state for
this driven-dissipative cascaded system is (see Supplementary Note 4)

24/2Q)
®2N+ifd

lvo) = lg) s, 1)
+

(22)

5 2 [0 ®19% -~ 19*V @)™
_ - ,

with A = 3 for triplons. In the limit Q,>>T%, the dark state is approxi-
mately |y,) > |S), which is a six-partite maximally entangled state for two
remote nodes. In Fig. 5¢, we numerically show that the trapping fidelity F,,
strongly depends on the chiral factor. In an ideal nonlinear cascaded
network with C = 1, the trapping fidelity can reach as high as F,, ~ 1.
When this nonlinear system transitions to a bidirectional configuration, F,
decreases accordingly.

Furthermore, we infer that groups of A/-photon states in nonlinear
waveguides can serve as directional “correlated flying qubits”. Figure 5d
schematically depicts a cascaded quantum network where N GEs serve as
quantum nodes, whose joint-quantum-jump operators are S, = HJA/O';]
Analogously, the cascaded master equation is

Yo

p = —i(Hep — Higp) + LpL", 23)
o pra

Hg = —iz%sgs; —iy \/Ierisss,, (24)
o aﬁ

where £ =3",/T{S, . Following the methods in Fig. 4, our proposal
enables single-step transfer of an arbitrary N -qubit GHZ state,
lvo) = ¢ le)®V + Cq | g>®/V , between two A/ -body nodes, without decom-
posing it into sequential single-excitation processes. In summary, our work
demonstrates that nonlinear waveguides can be configured as multiphoton
buses supporting advanced many-body quantum applications.

Feasible implementation

Our proposal is feasible in circuit-QED systems”””’°. An array of coupled
transmon qubits™ can be configured as the nonlinear waveguide. The
hopping rate and Kerr nonlinearity of such an array demonstrated in
experiments™”’”” are on the order of J/2m ~ 50 MHz and U/27 ~ 200 MHz,
respectively.

The giant-atom configuration, with multiple discrete coupling points
to a waveguide, has already been experimentally realized®>*. In our scheme,
the relative coupling phases required for directional emission can be
dynamically tuned via parametric modulation”. The transmon anharmo-
nicity Ugiane/27 ~ 300 MHz supports the two-level approximation for the
emitters. Furthermore, time-dependent interactions between super-
conducting giant atoms and the nonlinear waveguide can be realized using
the methods®**, achieving a coupling strength of g/27 = 0.1J/27 ~ 5 MHz.

Under these parameters, the supercorrelated emission rate is estimated
as I'y/2m ~ 1 MHz (see Supplementary Note 3A), which is much larger than
the intrinsic decoherence rate of a circuit-QED platform®"*. Therefore, the
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Fig. 5| Nonlinear cascaded quantum network for many-body applications. a The
total frequency of three GEs 3w, (the black solid line) is set to be within the triplon
spectrum. b Field distribution [¥(ry, 7, r3)|* (mapped as bubble color and size) for
triplons emitted from three GEs by setting ®f = 0.187. ¢ The chiral factor Cand the

trapping fidelity F,, (green solid curve) for the state in Eq. (21) as functions of the
phase difference @f. d Sketch of a nonlinear cascaded quantum system, whose nodes
are unidirectionally connected by N correlated photons. Here we set 3A, = — 12.7]
(inside the triplon spectrum). Other parameters are the same as in Fig. 2.

phenomena predicted in this work are possible to observe in current circuit-
QED setups.

Conclusions

We show how to realize unidirectional transport of strongly
correlated photons in a nonlinear waveguide interacting with GEs.
Compared to the single-photon case, the interference channels are
more complicated. The propagating phase related to the center of mass of
correlated photons plays a crucial role in interference between those
channels. Another key ingredient, the local coupling phases of GEs, not only
leads to asymmetric interference relations for oppositely propagating
modes, but also provides the necessary degree of freedom for tuning the
emission directions. Our setup can be a building block for generalized
cascaded quantum networks with “correlated flying qubits”, enabling
numerous applications that are not accounted for in a linear cascaded
interface.

Our work demonstrates an example of how correlated emission is
significantly modified by the interplay of giant atoms and the bath non-
linearity. We believe it offers perspectives for harnessing many-body states,
and thus provides a powerful toolbox for quantum-enhanced metrology,
quantum information processing, and simulations'*>".

Methods

Numerical simulation

To check the validity of the theoretical results in this study, we perform
numerical simulations by considering an open-boundary waveguide with
length N = 3000 in real space. In the two-excitation subspace, the dimension
of this Hilbert space is approximately Ni; = N°/2 = 5 x 10°. The numerical
simulations of quantum dynamics are based on the open-source Python
package QuTiP**, which agrees well with theoretical results throughout
our work.

Nonlinear cascaded master equation

We demonstrate how to derive the nonlinear cascaded master equation
using the example of doublons serving as “flying qubits”. Specifically, the
evolution governed by the interaction Hamiltonian in Eq. (18) is derived as
follows:

p=- %TTR [Hin (), p(2)]
. ; (25)
— ﬁ TrR / dt/ [Hint(t)7 I:Hi_m(t,)7 Ps(t,) ® PR]] ?
[}

where ps (pr) denotes the density matrix of the emitters (nonlinear wave-
guide). The correlation relations for a doublon in the waveguide satisfy

(Dy) = (D)) = (D, Dy) = 0 and (D D)) = 1. Then, we obtain

t
- / A3 Ao =S5pISE + SESip®)] + Hey (26)
0 a,B
where the coefficient is

grx gﬂ

&/ Z F —IAK(t—t’)_
Since only the modes centered around K, are excited with high prob-
ability, the summation over K can be approximated as

(27)

Z F*K FK’ge—iAK(t—t')
< Nt ,
—i(K—K,)v, (t—t’—ﬂ) 28
~ Mg B T dKe : : (28)
- Tch;r_ﬁFKﬁaa(t —t - %) :
where Ax /vy = (1, — ng)lvg is the time delay between the two pairs, cor-

respondmg to the propagation time between pairs A and B with n, 3 =
Mopn — nl J8.1 /2 being the positions of GEPs a/f. By employing the
properties of the § function,

0 Ax /vy <0,

t Ax
[ at's <t V “)Ps(t’) = 3ps() Ax /vy =0, (29)
’ & ps(t) Ax /v, >0,
the coefficients are written as (14 < ng)
1 g e +1%
01,0! 2]201 Zl +K, a +T7 OC:A/B, (30)
*2 52
A pp = gaz % Fiyg aF g p =T, (31)
> ] Vg o
2 %2
848,
Ay =" . “ksFika = I (32)
T Vg ) r
where we neglect the time-retardation effects by assuming p(t — Ax/

vg) = p(t), and T} correspond to the decay rates into the right- and left-
propagating modes, respectively.
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Finally, the master equation is

- Z/ Fifi [_S;Ps(t)S; + S;S:Ps(t)]
a=A/B

—TPA (=S, ps(DS} + St Sxps(D)]
—T* [ ps()SE + SL S5 ps(1)] + Hec.

p =
(33)

Note that S = 0,04, (S5 = 0p,03,) are joint-quantum-jump
operators describing the two emitters in GEP A (B) simultaneously jumping
to their ground states. Given that the two GEPs only interact with right-
propagating modes, i.e., I >I'Y = 0, the master equation can be written as

p=—i (Heffp - PHfo> + LpLT, (34)
I"lx

Hy = —i Z —E§rsy — iy /TATESESy, (35)
a=AB 2

L= \/TaS, +/T8s;. (36)

where we have used the relation T’ EA =,/ F‘j_ F]j_. The second term of Hegis

unique to the cascaded system. It describes the process where a correlated
photon pair is initially radiated by GEP A and subsequently absorbed by the
other emitter pair without back-scattering.

Data availability

Supplementary data for all the figures are provided at https://doi.org/10.
5281/zenodo.18409019. Additional data that support the findings of this
study are available from the authors upon request.

Code availability
The codes used for the simulation and analysis of the data are available from
the authors upon request.
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