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A B S T R A C T

A promising approach to predicting a significant increase in turbulent burning rate due to diffusional-thermal 
phenomena in lean H2-containing mixtures is based on the leading point concept and consists in substituting 
characteristics of unstretched laminar flames with the counterpart characteristics of highly strained, twin, 
counterflow laminar flames. In the present work, the predictive capabilities of this approach are validated by 
processing two experimental databases obtained recently by independent research groups from (i) piloted, sta
tistically stationary, Bunsen-type lean CH4/H2/air weakly turbulent (ReT = 64) flames at Karlovitz numbers 
ranging from 0.5 to 100 and (ii) statistically spherical turbulent flames expanding in various mixtures (stoi
chiometric CH4/O2/N2, lean H2/O2/N2, H2/O2/He, and H2/O2/Ar) under different pressures and temperatures. 
In each set of experiments, an increase in the burning velocity, UT, due to diffusional-thermal effects is well 
pronounced and the use of standard characteristics of laminar flames to fit the data yields a significant scatter. On 
the contrary, when adopting the consumption velocities and thicknesses of highly strained laminar counterflow 
twin flames, computed using detailed chemistry, both databases on UT are well parameterized.
Novelty and significance statement: Analyses of two recent advanced experimental databases on turbulent burning 
velocities of lean H2-containing mixtures demonstrate the capabilities of the leading point concept for predicting 
a significant increase in turbulent burning rate due to diffusional-thermal effects. These capabilities are 
demonstrated for two very different flame configurations under a wide range of conditions, including elevated 
pressures and temperatures. The validation of the leading point concept is significant for modeling turbulent 
burning of lean mixtures that contain H2. The concept can be adapted in both Reynolds-Averaged Navier-Stokes 
and Large Eddy Simulations of turbulent combustion of various lean mixtures, e.g., blends of hydrogen with 
ammonia, carbon oxide, or methane, in various engines such as piston engines, stationary gas turbines, or 
aeroengine afterburners.

1. Introduction

Burning carbon-free fuels such as hydrogen is a promising technol
ogy for the sustainable transition to zero CO2 emissions from the energy 
and transport sectors [1]. For advancing this technology, both experi
ments and high-fidelity simulations are required. From the perspective 
of modeling of the combustion of lean mixtures containing hydrogen 
(H2), the major fundamental challenge consists in predicting a signifi
cant increase in turbulent burning rate due to diffusional-thermal effects 

[2]. This phenomenon was discovered about 65 years ago [3] and has 
been documented in many experimental and Direct Numerical Simula
tion (DNS) studies reviewed elsewhere [4–6], with the effect magnitude 
being very high [7,8].

While various approaches to modeling such effects have been 
developed, as reviewed in [4], two of them predominate in the recent 
literature. One long-known approach that recently received renewed 
attention [5,6,9] consists in highlighting the diffusional-thermal insta
bility of laminar flames [10]. Another approach is based on the leading 
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point concept [10–12].
Since the two approaches still compete and burning of lean mixtures 

containing H2 (e.g., H2-air, syngas-air, NH3-H2-air, or CH4-H2-air 
flames) is a problem of high fundamental and practical importance in 
combustion science and technology, these approaches urgently require 
further testing against newly measured data. Two sets of recent exper
iments [13,14] and [15], performed using different diagnostic tech
niques in very different flame configurations under different conditions, 
offer new opportunities for such tests. Accordingly, this work aims to 
explore the capabilities of the leading point concept and another recent 
approach [9] for quantitatively predicting the significant increase in 
turbulent burning rate due to diffusional-thermal effects, documented in 
the cited experimental studies for various mixtures.

In the next section, the experiments are briefly described and the 
methods adopted to analyze the measured data are presented. The ob
tained results are reported in Section 3 and are further discussed in 
Section 4. Conclusions are drawn in Section 5.

2. Research methods

2.1. Cambridge data

Experiments were conducted with statistically stationary Bunsen- 
type turbulent flames under room conditions [15]. The bulk turbulent 
burning velocities UT = ṁ/(ρuAT) were obtained by applying 
Mie-scattering techniques to measure the areas AT of mean flame sur
faces. Here, ṁ is the inlet mass flow rate and ρu is the inlet flow density. 
All measurements were performed in the same weakly-turbulent flow: 
inlet velocity U = 3.5 m/s, rms turbulent velocity uʹ = 0.37 m/s, integral 
length scale L = 2.6 mm, turbulent time scale τT = L/ú = 7 ms, and 
turbulent Reynolds number ReT = uʹL/νu = 64, where νu is the molec
ular kinematic viscosity of unburned gases.

The peculiarity of the study consists of the unique design of the 
mixtures [15]. Specifically, first, five lean CH4-air mixtures were 
selected by (i) using the GRI 3.0 chemical mechanism [16] to compute 
dependencies of the laminar flame speed SL and thickness δL = (Tb − Tu)

/max{|dT /dx|} on the equivalence ratio ϕ and (ii) finding five different 
values of 0.44 ≤ ϕ ≤ 0.94 that yielded five different Karlovitz numbers 
Ka = (ú /SL)

3/2
(L/δL)

− 1/2
= 0.5, 1, 5, 20, and 100. Here, T is the tem

perature; the subscripts u and b refer to unburned reactants and burned 
products, respectively. Second, for each Ka, a set of H2-CH4-air mixtures 
was designed by (i) increasing the mole fraction χ of hydrogen in 
CH4/H2 blends from 0 to 1 with a step of 0.1 and (ii) simultaneously 
decreasing ϕ to retain the same computed values of SL and δL and, hence, 
the same Ka for each mixture set.

In total, 46 mixtures were designed [15, Table 1]. In 14 cases (low SL 
and small χ), the flames were tall and were not entirely captured by the 
applied diagnostic techniques [15, Fig. 6]. For the sake of rigor, these 
cases are excluded from the following analyses. This restriction is of 
minor importance for the present goals, because the flames were too tall 
when UT was low, i.e., under conditions of a weak increase in burning 
rate due to diffusional-thermal effects.

2.2. National Central University (NCU) data

A different set of experiments [13,14] was conducted in a 
dual-chamber fan-stirred explosion facility (cruciform burner [17]) 
using high-speed Schlieren techniques to monitor the growth of a sta
tistically spherical flame kernel in homogeneous isotropic turbulence 
after spark ignition at the bomb center.

Near-isotropic turbulence is generated in a central domain of 150 ×
150 × 150 mm3 by controlling the fan frequency f (Hz) of a pair of 
counter-rotating fans and using perforated plates, as described in detail 
elsewhere [18]. The following empirical relations: uʹ = 0.0462f (m/s) 
and L = 10.7f0.34 (mm) have been confirmed in LDV and PIV mea
surements [17,18].

The heating system [19] consists of (i) a set of primary chamber 
surface heaters with a total power of 17 kW, which heat up the gas in the 
burner through heat conduction, and (ii) two perforated plate heaters 
(2.4 kW) used to heat up the gas via more efficient turbulent heat con
vection. The system enables a uniform temperature field in the domain 
of measurements, where temperature variations are lower than 1◦C 
[19].

A flame kernel (i) is initiated by discharging ignition energy through 
two stainless-steel electrodes with sharp ends [20] and (ii) is recorded 
using the Schlieren imaging technique and a high-speed (10,000 
frame/s), high-resolution (800 × 800 pixels) camera.

When processing such Schlieren images, the mean flame radius 
〈
Rf

〉
(t) = [A(t)/π]1/2 is measured using the area A(t) enclosed by the 

wrinkled turbulent flame front contour. Subsequently, the turbulent 
flame speed ST = (ρb /ρu)d

〈
Rf
〉
/dt is evaluated by (i) fitting the 

measured 
〈
Rf
〉
(t)-curves with straight lines in the range of 25 mm ≤

〈
Rf
〉
≤ 35 mm to avoid disturbances due to spark ignition and (ii) 

averaging the obtained results over five repeated runs under statistically 
identical conditions. This number of runs is sufficient, because the 
scatter of measured flame speeds is low at the modest turbulent in
tensities adopted here.

Previously, stoichiometric CH4/air and lean (ϕ = 0.45) H2/O2/N2/ 
He turbulent flames were explored by varying the pressure P and 
adjusting the volume fraction of an inert diluent in the hydrogen mix
tures to obtain close values of SL for the two fuels at the same pressure, 
while SL was varied with P [13]. Later, the mole fraction XN2 of N2 in 
each fuel/O2/N2 mixture (still ϕ = 1.0 for CH4 and ϕ = 0.45 for H2) was 
adjusted to retain close values of SL not only for different fuels, but also 
at different pressures P [14]. Moreover, these experiments were per
formed at Tu = 300 and 400 K (the values of SL were different at 
different Tu). Here, the latest [14] set of conditions (12 different XN2 for 
P = 1, 2, or 5 atm, Tu = 300 or 400 K, and H2 or CH4) is extended by 
adding six more cases based on lean (ϕ = 0.45) H2/O2/Ar mixtures, the 
same three pressures, and the same two Tu. Argon is used, because its 
molecular weight is larger than that of O2 or N2 and, hence, 
diffusional-thermal effects are expected to be more pronounced. As 
before [13,14], mixture compositions were designed based on SL, which 
was computed using the PREMIX module [21] of the CHEMKIN-2 
package [22] and the GRI mechanism [16] for CH4 or a mechanism by 
Kéromnès et al. [23] for H2. Both multi-diffusion and thermo-diffusion 
options of PREMIX [21] were used.

In total, nine stoichiometric CH4/N2/O2, nine H2/N2/O2, seven H2/ 
O2/Ar, and three H2/O2/He mixtures were studied. The characteristics 
of the newly designed Ar-containing mixtures are listed in Table 1, 
where σ = ρu/ρb is the density ratio and the Lewis number Le is defined 
as the ratio of the mass diffusivity of H2 to the heat diffusivity of the 
mixture. The characteristics of other mixtures are reported in Refs. [13,
14]. For each set of Tu, P, and mixture composition, measurements were 
performed at uʹ = 0.5 and 1 m/s. Accordingly, 0.8 < uʹ/SL < 3.6, 
40 < L/δL < 375, 390 < ReT < 9500 and 0.1 < Ka < 45, with a total of 
56 values of UT being measured.

In addition to the values of SL and δL, computed using a mechanism 

Table 1 
Major characteristics of Ar-containing mixtures.

ϕ XAr [23] [24] σ Le

P 
atm

Tu 

K
SL 

cm/s
δL 

mm
SL 

cm/s
δL 

mm

0.45 5.96 1 300 28.0 0.62 23.5 0.63 4.7 0.35
0.45 4.9 2 300 40.0 0.24 33.5 0.24 5.2 0.36
0.45 5.47 2 300 28.0 0.29 24.0 0.29 4.95 0.36
0.45 4.85 5 300 28.0 0.11 22.5 0.11 5.2 0.36
0.45 6.06 1 400 61.6 0.57 51.9 0.57 3.7 0.35
0.45 5.54 2 400 61.9 0.25 51.4 0.25 3.9 0.36
0.45 4.8 5 400 62.2 0.09 50.9 0.08 4.2 0.36
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by Kéromnès et al. [23], Table 1 also reports results obtained using a 
mechanism by Konnov [24], with all other things being equal. The latter 
mechanism is adopted here for the following reasons. Many chemical 
models used in simulations of laminar flames, including the model by 
Kéromnès et al. [23], involve the Sandia transport database [25] created 
using the 12-6 Lennard-Jones potential to calculate diffusion co
efficients. In contrast, the model by Konnov [24] involves a new trans
port property database [26] created by calculating parameters of the 
12-6 Lennard-Jones potential from accurate full-dimensional intermo
lecular potentials and using several first-principle theoretical methods. 
Such differences in transport properties could play a more important 
role in mixtures containing He or Ar, which are less studied in the 
combustion literature than fuel-air mixtures. Accordingly, the chemical 
model by Konnov [24] will also (in addition to the model by Kéromnès 
et al. [23]) be used to analyze the NCU data on ST, including both data 
reported earlier [13,14] and the new data obtained from mixtures with 
Ar. The two mechanisms are used to show the weak sensitivity of the 
major findings to the choice of chemical models.

2.3. Data analyses and underlying concepts

Both sets of experimental data [13,14] and [15] were processed 
using methods adopted in Refs. [14,27–29]. The methods are based on 
the following fit: 

UT

uʹ = a
[(uʹ

S

)(L
δ

)q]b

, (1) 

with different models tested for the speed S and thickness δ. Initially, 
either the Cambridge database or the NCU database was fitted by (i) 
using S = SL and δ = δL, (ii) varying the power exponent q in Eq. (1)
with a step Δq = 0.01, (iii) applying a least square fit to determine a(q)
and b(q) for each q, and (iv) selecting qm, a(qm), and b(qm) that mini
mized scatter: 

∈=
∑

{

ln
(

UT

uʹ

)

− lna − bln
[
uʹ

S

(
L
δ

)q]}2

(2) 

Power-law empirical expressions similar to Eq. (1) are widely used to 
fit experimental data, e.g., see review articles [30–32] or Refs. [33–38] 
for recent examples. It is worth stressing, however, that the focus of this 
work is solely on exploring different models for the speed S and thick
ness δ in Eq. (1), whereas determining power exponents a, b, and q that 
best fit the analyzed data is beyond the present scope. Such a task is of 
minor fundamental interest, because the fitting exponents depend on (i) 
the range of variations in uʹ/SL and/or L/δL [39], (ii) transient effects 
[40] (including the growth of the mean flame brush thickness [32], 
which yields a wide set of speeds ST ∕= UT of differently defined mean 
flame surfaces), and (iii) the flame configuration and the methods 
adopted to measure turbulent flame speed or/and burning velocity [41]. 
Such fitting exponents are expected to differ substantially for the bulk 
turbulent burning velocities UT obtained from statistically stationary 
Bunsen-type flames [15] and the speeds ST of expanding turbulent 
flames [13,14]. For these reasons, the Cambridge and NCU databases are 
processed separately in the present work. For brevity, a single symbol UT 

will sometimes subsume both ST and UT in the following despite these 
two quantities being well known to be fundamentally different charac
teristics of turbulent flames [3,7,32].

Equation (1) does not allow for diffusional-thermal phenomena. To 
overcome this limitation, Bradley et al. [31] proposed adding a factor of 
Le− qLe on the right-hand side of Eq. (1) to approximate the influence of 
differential diffusion on UT . In the cited paper, qLe = 0.3 was recom
mended. Subsequently, other values of qLe were reported, e.g., qLe = 0.5 
[33], 1.0 [35,37,38], 1.24 [34], or even 3.5 [27]. Here, this simple and 
popular method is not assessed due to the significant (order of magni
tude) scatter of published values of qLe and because it lacks a funda
mental basis.

The focus of the present analyses is placed on two methods that have 
such fundamental grounds and consist of substitution of characteristics 
of unstretched, steady, and one-dimensional laminar flames, i.e., S = SL 
and δ = δL in Eq. (1), with characteristics of highly strained [11,12] or 
unstable [9] laminar flames.

One method stems from the leading point concept [11,12], which 
addresses mean (time- or ensemble-averaged) UT and is based on two 
hypotheses. First, this UT is assumed to be controlled by processes 
localized to the leading edge of the turbulent flame brush. Such a feature 
is not unique to premixed turbulent flames but is known for a large class 
of travelling-wave solutions (pulled waves) to 
convection-diffusion-reaction equations. Such pulled waves were found 
in various fields of natural science [42,43] since Kolmogorov et al. [44] 
rigorously proved the so-called KPP theorem. It states that, under certain 
but not too restrictive conditions, the speed of a travelling wave is 
controlled by processes localized to the wave leading edge. This theorem 
was applied to premixed turbulent flames long ago [45,46] and the 
reader interested in the latest (non-rigorous) extensions of the KPP 
theorem to turbulent combustion is encouraged to look into Refs. 
[47–49]. An important role of the leading edge of a premixed turbulent 
flame brush in its propagation was recently argued from another 
perspective [50]. It is also worth noting that, under conditions of val
idity of the KPP theorem, other approaches, e.g., the flame surface 
density concept of turbulent combustion [51], should yield the same 
wave speed, but may complement the KPP theorem by describing the 
wave structure.

Second, critically perturbed (close to quenching) laminar premixed 
flames were hypothesized [10,11] to model the local burning rate in the 
leading reaction zones that control turbulent flame expansion. This 
hypothesis does not mean that such zones move to the leading edge of a 
turbulent flame brush due to a large increase in the local flame 
displacement speed. Rather, the hypothesis may imply that such zones 
are advected to the leading edge by intense turbulent fluctuations [10], 
with the process being stopped when turbulence upstream of the leading 
zone is very intense and can locally extinguish combustion. At this 
critical instance, however, local combustion quenching does not occur, 
but the leading reaction zone does not propagate further into fresh re
actants. In other words, when a flame reaches a region where turbulence 
is too intense, the flame does not enter this region [11,52], but can still 
propagate in other directions. Accordingly, leading points in turbulent 
flows may be associated with critically perturbed laminar flames.

Originally [10,11], critically strained, planar, twin, counter-flow 
laminar flames [53] were proposed as a simple model that allowed 
evaluating the local burning rate at leading points. The relevance of such 
laminar flames to modeling the mean structure of local reaction zones at 
the leading edge of a turbulent flame brush was shown in recent DNS 
studies [54–57]. Nevertheless, it is worth stressing that (i) the instan
taneous local structure of reaction zone elements characterized by the 
highest (over the entire flame brush) fuel consumption rate is much 
more complicated [58,59] and (ii) the appearance of planar, twin, 
counter-flow laminar flames at the leading edge of a turbulent flame 
brush has never been documented. This is therefore a simplified model 
that offers the opportunity to estimate high local burning rates in criti
cally perturbed low Le laminar flames without any tuning.

Thus, within the framework of the leading point concept [10,11], 
planar, twin, counter-flow laminar flames are simulated to compute the 
dependence of the following consumption velocity 

uc =
WF

2ρuYF,u

∫∞

− ∞

|ω̇c(x)|dx (3) 

on strain rate g. Here, WF is the fuel molecular weight; YF is the fuel mass 
fraction; and ω

c 
is the fuel consumption rate. In the case of a low Le, such 

uc(g)-dependencies are monotonously increasing functions, with the 
exception of a narrow range of g under near-extinction conditions, e.g., 
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see Fig. 3 in Section 3. Hence, to avoid tuning, S and δ in Eq. (1) were 
proposed [13,27–29] to be substituted with um

c = max{uc(g)} and the 
thickness δm

L = (Tb − Tu)/max{|dT /dx|} evaluated at the same strain rate 
close to extinction conditions.

At Le ≥ 1, uc is reduced by g and the two principles invoked above 
(maximum uc and near-quenching conditions) become inconsistent. The 
present authors are not aware of a cogent explanation of this inconsis
tency, but the scenario in which turbulent flame propagation is 
controlled by reaction zones characterized by uc < SL appears counter
intuitive. In recent applications [13,27–29] of the leading point concept 
for predicting diffusional-thermal effects on UT, the principle of 
maximum uc was prioritized, i.e., the effects were neglected for mixtures 
characterized by uc(g) ≤ SL. Since CH4 is characterized by Le ≈ 1 and 
weak diffusional-thermal effects, such a simplified approach appears 
reasonable for all mixtures considered in the present work, especially 
since it does not involve tuning constants.

Nevertheless, it is worth stressing that (i) the priority of the 
maximum uc principle still requires justification and (ii) the outlined 
simplified approach may be oversimplified for turbulent flames char
acterized by large Le. The present authors are not aware of a model with 
demonstrated capability to predict diffusional-thermal effects on UT at 
Le > 1, while the magnitude of such effects is much smaller compared to 
low-Lewis-number mixtures [2,4].

Thus, in the following, Eq. (1) with S = SL and δ = δL is adopted for 
mixtures characterized by uc(g) ≤ SL, while S = um

c and δ = δm
L for other 

(low Le) mixtures. Consequently, Eq. (1) reduces to 

UT

uʹ = a
[(

uʹ

um
c

)(
L

δm
L

)q]b

(4) 

at low Le. It is worth stressing that transition from Eq. (1) to Eq. (4) is 
based solely on physical hypotheses. Although some of them still require 
justification, they do not introduce any additional fitting parameter.

Another approach assessed here is based on (i) theoretical results 
[60] on the normalized contribution ωTD of diffusional-thermal effects to 
the growth rate of laminar flame instability in the case of low Le and (ii) 
a large DNS database obtained from laminar and turbulent flames [9,
61]. By analyzing these DNS data, the following “empirical scaling 
models” [15] 

sF = SLexp
(
0.08ω+

TDχ3.3), (5) 

δF = δLexp
(
− 0.06ω+

TDχ3.3), (6) 

where ω+
TD = max(ωTD, 0) ≥ 0, were proposed “to capture the local 

flame consumption speeds measured in three-dimensional DNS” [15] of 
H2/CH4/air flames. Here, χ is the mole fraction of hydrogen in CH4/H2 
blends. Accordingly, Eq. (1) could be replaced with 

UT

uʹ = a
[(

uʹ

sF

)(
L
δF

)q]b

. (7) 

If a laminar flame is stable with respect to diffusional-thermal effects, 
ωTD < 0. Hence, ω+

TD = 0, sF = SL, and δF = δL, i.e., the influence of such 
effects on UT is neglected.

In contrast to the leading point concept, this approach is partially 
empirical, see coefficients 0.08, 0.06, and 3.3 in Eqs. (5) and (6), but it is 
also based on the state-of-the-art activation-energy-asymptotic theory 
[60] for laminar premixed flames subject to weak, large-scale (when 
compared to δL) perturbations.

For the sake of rigor, Eqs. (5)-(7) are applied only to Cambridge data 
in the following, because the ωTD values are reported for all 46 mixtures 
in Ref. [15].

3. Results

Figures 1a and 2a show that the data on UT/ú  are widely scattered 
and poorly fitted when using SL and δL in Eq. (1). Comparison of tri
angles with circles and diamonds in Fig. 1a shows that ST/uʹ is signifi
cantly lower for CH4/O2/N2 mixtures than for H2/O2/N2 or H2/O2/Ar 
mixtures. This difference is attributed to diffusional-thermal effects.

On the contrary, both the NCU and Cambridge data are well fitted 
with the following forms of Eq. (4)

ST

uʹ = 0.75
(

uʹ

um
c

)− 0.63( L
δm

L

)0.14

, (8) 

UT

uʹ = 1.86
(

uʹ

um
c

)− 0.73( L
δm

L

)0.1

, (9) 

see Figs. 1b and 2b, respectively. These results were obtained using 
chemical models from Refs. [24] and [16], respectively. In both figures, 
the symbols collapse well onto the fitting lines independently of the fuel 
formula, ϕ, inert diluent, pressure, temperature, etc. The coefficients of 
determination R2 reported in Figs. 1b and 2b are 0.931 and 0.95, 
respectively.

Calculations of um
c and δm

L in Eqs. (8) and (9) are illustrated using 
pentagons in Fig. 3, where typical results of simulations of stationary, 
planar, twin, counterflow laminar premixed flames are shown. These 
results have been obtained for selected mixtures from the Cambridge 
database [15] using Cantera [62] and the GRI 3.0 mechanism [16] with 
a multicomponent transport model including the Soret effect. Compar
ison of Figs. 3b and 3c illustrates the evaluation of the thickness δm

L . 
Similar results were computed for other H2/CH4/air mixtures. For the 
NCU database, dependencies of uc/SL on KaS are similar to the curves 
plotted in Figs. 3a and 3b, e.g., see [14, Fig. 4], and are not reported 
here. Fitting results obtained using two chemical models [23,24] are 

Fig. 1. Results of fitting NCU data using (a) Eq. (1) and (b) Eq. (8). Violet triangles, blue squares, orange circles, and magenta diamonds show data obtained from 
CH4/air, H2/O2/He, H2/O2/N2, and H2/O2/Ar flames, respectively. 0.8 < uʹ/SL < 3.6, 40 < L/δL < 375, 1 ≤ um

c /SL < 7.4, 0.19 < δm
L /SL ≤ 1.
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also similar, see Fig. S1 in the Supplementary Material, although there 
are quantitative differences even for SL, see Table 1. Figures 1 and S1 
show that the good performance of Eq. (4) is weakly sensitive to the 
chemical model invoked.

Since the performance of the GRI 3.0 mechanism for H2/CH4/air 
flames (Cambridge data) may be questioned, simulations were also 
performed using the Foundational Fuel Chemistry Model (FFCM-1) [63] 
for, with all other conditions (software and transport models) being 
equal. The results obtained using these chemical models are similar, e.g., 
substitution of um

c and δm
L , computed using FFCM-1 model, into Eq. (4)

yields R2 = 0.931. The latter results are shown in Fig. S2 in the Sup
plementary Material.

Figure 3a indicates that uc decreases with increasing strain rate in 
moderately lean mixtures with small χ. In such cases, um

c = SL and δm
L =

δL in Eq. (4). In many other lean cases, e.g., χ ≥ 0.4 and ϕ ≤0.78 in 
Fig. 3a, um

c /SL > 1 and increases with χ, with these flames surviving 
under higher strain rates at a larger χ. Thus, diffusional-thermal effects 
are well pronounced in these mixtures.

Contrary to the uc(Kas)-dependencies plotted in blue dotted-dashed 
and magenta dotted lines in Fig. 3a, Eqs. (5)-(7) do not predict any 
diffusional-thermal effect for Cambridge flames characterized by Ka =

0.5. Indeed, ωTD < 0 in all these flames [15] (Table 1). Hence, ω+
TD = 0, 

sF = SL, and δF = δL. Figure 4b confirms that Eqs. (5)-(7) poorly fit the 
data measured in cases of ωTD < 0 (not only at Ka = 0.5, but also at Ka =

1, 5, or 20, see different columns of symbols), while these data show 
diffusional-thermal effects (an increase in UT with increasing χ and 
decreasing Le).

Comparison of blue (ωTD < 0,um
c = SL) and black (ωTD < 0, um

c > SL) 
triangles in Fig. 4b shows that UT/uʹ is larger for mixtures characterized 
by um

c > SL. Accordingly, Fig. 4a indicates that this reduced (ωTD < 0) 
database is well fitted by Eq. (4) and there is no difference between 
flames associated with um

c = SL (black circles) or um
c > SL (blue circles).

Figure 4c shows that Eq. (4) very well fits UT measured in mixtures 
characterized by ωTD > 0 also. The same data are approximated less 
accurately with Eq. (7), see Fig. 4d. While the use of sF and δF results in 
significantly better fitting, cf. red triangles in Figs. 2a and 4d, the 

Fig. 2. Results of fitting Cambridge data using (a) Eq. (1) and (b) Eq. (9). Blue, black, and red symbols show data measured at 
{

ωTD < 0; um
c = SL

}
, 
{

ωTD < 0; um
c 

> SL
}
, and

{
ωTD > 0; um

c > SL
}
, respectively. 0.8 < uʹ/SL < 18, 0.8 < L/δL < 7.6.

Fig. 3. Results of simulations of twin counterflow laminar flames for certain mixtures explored in Cambridge experiments [15]. (a) and (b) normalized consumption 
velocity vs. normalized strain rate KaS = gδL/SL in cases of Ka = 0.5 and 100, respectively. (c) normalized flame thickness vs. KaS in cases of Ka = 100. Mixture 
compositions are specified in legends.

Fig. 4. Cambridge data obtained from flames characterized by (a)-(b) ωTD < 0 or (c)-(d) ωTD > 0. Results obtained using Eqs. (4) or (7) are shown in (a) and (c) or (b) 
and (d), respectively. Symbol colors are explained in captions to Fig. 2.
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performance of Eq. (4) is still superior.
The reason is that the values of um

c , computed as shown in Fig. 3, are 
significantly higher than sF yielded by Eq. (7) for lean mixtures char
acterized by a low Lewis number, see Fig. 5. This difference is particu
larly large for flames associated with ωTD > 0, low Le, and large Ka (due 
to low SL), see Fig. 5b.

Figure 6 shows dependencies of the normalized turbulent burning 
velocity UT/SL, peak consumption velocity um

c /SL, and growth rate ωTD 

on the Zel’dovich number Ze = Θ(Tb − Tu)/T2
b . The activation temper

ature Θ was evaluated by computing laminar flame speeds for mixtures 
diluted with a small amount of N2, as discussed elsewhere [64]. In line 
with recent experimental [13,14] and DNS data [9,65], UT /SL increases 
with Ze, with this correlation being well pronounced, see Fig. 6a (note 
that the use of the ratio Ze/Pe introduced in Ref. [65] yields a much 
weaker correlation). The dependence of um

c /SL on Ze is very similar to 
that of UT/SL, cf. Figs. 6b and 6a, respectively. On the contrary, the 
correlation between ωTD and Ze is significantly weaker, see Fig. 6c. Thus, 
Fig. 6 further indicates that um

c /SL is more relevant for parameterizing 
the discussed experimental data on UT/SL. Nevertheless, one should bear 
in mind that there is noticeable uncertainty in computing Ze [66].

4. Discussion

The poorer performance of the ωTD-based approach [9] may be 
attributed to at least two factors. First, the theoretical equations for ωTD 
[60], derived for single-step-chemistry flames in the 
high-activation-energy asymptotic limit, are unlikely to hold for 
complex-chemistry flames characterized by finite activation energies. A 
similar issue is well known for the growth rate of hydrodynamic insta
bility of laminar flames in the case of Le ≈ 1 [67,68]. Hence, a method 
for evaluating ωTD for complex-chemistry unstable laminar flames 
should be elaborated.

Second, the utility of characteristics of unstable laminar flames for 
predicting an increase in UT due to diffusional-thermal phenomena re
mains unclear. As discussed elsewhere [57], (i) many local or global 
characteristics of unstable laminar and turbulent lean H2-air flames 
differ significantly and (ii) diffusional-thermal phenomena manifest in 
multiple ways, with diffusional-thermal instability being only one of 
them. The prioritization of this instability over other manifestations of 
diffusional-thermal effects requires justification.

In this regard, the following fundamental difference between the two 
approaches compared is worth emphasizing. They deal with opposite 
types of local flame perturbations. Indeed, the leading point concept 
highlights highly perturbed (near-quenching) reaction zones, whereas 
the key quantity in Eqs. (5) and (6), i.e., the growth rate ω+

TD, has been 
introduced by studying laminar flame instability, i.e., the response of a 
laminar flame to infinitesimal perturbations. It is therefore not surpris
ing that um

c /SL, which characterizes the local increase in burning rate in 

highly perturbed reaction zones, is much larger than sF/SL, which is 
based on the theory of laminar flames subject to infinitesimal pertur
bations. Comparison of Figs. 4c and 4d implies that large um

c /SL is more 
relevant for parameterizing the Cambridge database even for low-Le 
mixtures susceptible to diffusional-thermal instability.

Moreover, the assumption that characteristics of the response of 
laminar flames to infinitesimal perturbations are relevant for modeling 
flame dynamics under the influence of large perturbations induced by 
turbulent eddies is not obvious.

There is also a common limitation of the two approaches. Both are 
based on the influence of large-scale (with respect to δL) perturbations 
on a laminar flame. Indeed, the classical model [53] of twin, 
counter-flow laminar flames and the theory [60] of unstable laminar 
flames address flow perturbations whose length scales are much larger 
than δL. It is not yet clear under which conditions this limitation be
comes crucial. This issue requires study.

Nevertheless, the present analyses indicate that, despite this limita
tion, a significant increase in turbulent burning velocity due to 
diffusional-thermal effects can be accurately predicted using Eq. (4) and 
results of complex-chemistry simulations of highly strained, stationary, 
planar, twin, counter-flow laminar flames. This finding, also supported 
by recent analyses of experimental [27] and DNS [28,29] data, can be 
readily applied in multi-dimensional computations of premixed turbu
lent combustion within both Reynolds-Averaged Navier-Stokes (RANS) 
and Large Eddy Simulation (LES) frameworks. Indeed, to predict the 
increase in UT due to diffusional-thermal effects, one can substitute SL 
and δL with um

c and δm
L , respectively, in relevant model equations (if the 

model selected involves SL and/or δL). A recent example of such RANS 
computations is given in Ref. [69].

Admittedly, this simple method does not resolve all issues. The use of 
um

c = SL in cases where uc(g) < SL requires further explanation. The 
prediction of turbulent flame brush thickness, mean concentration 
fields, emissions, etc., also deserves special attention. For these pur
poses, alternative approaches may be required. Nevertheless, the ability 
to quantitatively predict a significant increase in turbulent burning ve
locity due to diffusional-thermal effects represents an important step 
forward, because UT is the primary fundamental characteristic of pre
mixed turbulent flames, and no alternative approach with comparable 
predictive capability is currently known.

5. Conclusions

The capabilities of the leading-point-concept-based approach (i.e., 
the substitution of characteristics of unstretched laminar flames with 
those of highly strained twin counterflow laminar flames) for predicting 
a significant increase in turbulent burning rate due to diffusional- 
thermal effects were demonstrated by analyzing two experimental da
tabases obtained recently by two independent research groups from (i) 

Fig. 5. Ratio of um
c /sF vs. Lewis number reported in Ref. [15]. (a) all Cambridge flames analyzed here, (b) Cambridge flames characterized by ωTD > 0. Color scales 

show log10Ka, with the values of Ka being taken from Ref. [15].
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piloted, statistically stationary, Bunsen-type lean CH4/H2/air turbulent 
flames at Karlovitz numbers ranging from 0.5 to 100 [15] and (ii) sta
tistically spherical flames expanding in various mixtures (stoichiometric 
CH4/O2/N2, lean H2/O2/N2, H2/O2/He, and H2/O2/Ar) under different 
pressures and temperatures [13,14]. In both sets of measurements, the 
tested approach, i.e., the use of Eq. (4) instead of Eq. (1), results in 
collapsing data obtained from different mixtures onto a single curve, 
with the goodness of fit being high (R2 > 0.93) and weakly sensitive to 
chemical models invoked.
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