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Coarse graining (CG) is an important task for efficient modeling and simulation of complex multiscale
systems, such as the conformational dynamics of biomolecules. This work presents a projection-based coarse-
graining formalism for general underdamped Langevin dynamics. Following the Zwanzig projection approach,
we derive a closed-form expression for the coarse-grained dynamics. In addition, we show how the generator
extended dynamic mode decomposition method, which was developed in the context of Koopman operator
methods, can be used to model the CG dynamics and evaluate its kinetic properties, such as transition timescales.
Finally, we combine our approach with thermodynamic interpolation, a generative approach to transform samples
between thermodynamic conditions, to extend the scope of the approach across thermodynamic states without
repeated numerical simulations. Using a two-dimensional model system, we demonstrate that the proposed
method allows to accurately capture the thermodynamic and kinetic properties of the full-space model.

DOI: 10.1103/wckl-dz9d

I. INTRODUCTION

The task of finding a simpler representation for a complex
dynamical system, while preserving essential features of the
full system, is referred to as coarse graining (CG) or model
reduction [1-3]. CG models are central across many scientific
disciplines because they enable interpretability and simulation
of large-scale systems at greatly reduced computational cost.
In molecular dynamics, CG modeling has long been used to
study biomolecular systems whose size and timescales are
inaccessible to all-atom simulations [4]. Since simulations of
biomolecules often exhibit rare events and metastable states,
constructing high-quality CG models that can reduce the com-
putational burden is of particular importance.

The quality of a CG model depends both on the function
that is used to map a full-state configuration to its reduced
representation (CG map), as well as the dynamical model
defined on the reduced space (CG dynamics). While numerous
methods exist for defining effective CG maps [5-7], the accu-
rate construction of CG dynamics remains more challenging.
Different metrics have been suggested to assess the quality
of a CG model. For equilibrium systems, reproducing the
marginal steady-state distribution is a common criterion of
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quality as formalized by the multiscale CG method [8] and
its machine-learning-based variants [9,10]. However, ensuring
that the CG dynamics also reproduces the kinetic properties
of the full model—such as transition rates and relaxation
timescales—requires a more rigorous dynamical framework.
The Mori-Zwanzig projection formalism [11,12] provides an
analytical foundation, offering a systematic way to derive
reduced equations that retain essential dynamical informa-
tion. Several variants of this approach have been developed,
including the approach by Gyongy [13], the Zwanzig projec-
tion as formalized by Legoll and Lelievre [14,15], as well as
hybrid formats [16]. For the Zwanzig projection which we
consider in this paper, called effective dynamics in Ref. [14],
there exist various theoretical results for the error between
the original and the CG dynamics [17-20], see also Ref. [21]
for results specific to the Langevin equation and affine CG
maps. Importantly, it has been shown that the ability of a CG
model to capture rare-event dynamics depends critically on
how well the CG map resolves the leading eigenfunctions of
the Fokker-Planck or Koopman operator [15,22,23].

Since the mid-2010s, machine-learning approaches have
emerged as powerful tools for constructing dynamically ac-
curate CG models. These include spectral matching [24,25];
generator extended dynamic mode decomposition (gEDMD)
[26], which is based on the Koopman operator framework
[27,28]; molecular latent space simulators [29]; implicit trans-
fer operators [30-32]; and reaction coordinate flows [33].
Recently, the gEDMD method was used to directly approx-
imate the coarse-grained dynamics implied by the Zwanzig
projection for reversible systems. In the same study, a learn-
ing scheme for the parameters of the CG dynamics enabled
direct validation of the learned model through rare-event

Published by the American Physical Society
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transition timescales [34]. Here we extend this approach to
nonreversible underdamped Langevin dynamics—commonly
used to model molecular systems in thermal equilibrium—
and integrate it with recent advances in generative modeling,
yielding a data-efficient framework for learning coarse-
grained Langevin dynamics.

The contributions of this paper are as follows:

(1) We derive, within the Zwanzig projection formal-
ism, explicit analytical expressions for the CG dynamics
corresponding to the underdamped Langevin equation. The
resulting dynamics retain the structure of the full-space
system but feature generalized forces and state-dependent dif-
fusion. We further analyze the properties of the associated CG
generator.

(2) We show that thermodynamic interpolation (TI) [35],
a recently proposed generative modeling approach based
on Boltzmann generators [36-38] and the stochastic in-
terpolant framework [39], can efficiently generate accurate
position-space samples for numerically approximating the CG
Langevin equation.

(3) We employ the gEDMD method to learn models for
the CG Langevin dynamics and to analyze its dynamical
properties, such as rare event transition timescales. Learning
algorithms for the CG parameters are provided, and both the
gEDMD models and parameters are trained on TI-generated
data, removing the need for prohibitively long full-space sim-
ulations.

The structure of the paper is as follows: We introduce
the underdamped Langevin dynamics and the key properties
of its generator in Sec. II, along with the definition of the
phase-space CG map which is used throughout this work. The
analysis of the CG Langevin dynamics and its parameters is
given in Sec. III. In Sec. IV, we introduce TI as a sampling
method, along with the gEDMD algorithm and the learning
methods for the CG parameters. Using a two-dimensional
model system, we demonstrate the capabilities of the pro-
posed methods numerically in Sec. V. Detailed proofs for
our analytical results, as well as additional simulation and
learning details are provided in the appendix.

II. LANGEVIN EQUATION AND COARSE
GRAINING THEORY

A. Langevin dynamics

Underdamped Langevin dynamics are a stochastic version
of the Hamiltonian dynamics on full phase-space coordinates
(q, p) € R?. The dynamical equations are

dq, = M 'p, dr
dp; = —[V4V(q,) + yp]dt +2yMB~1dB,. (1)

Here y, B > 0 are constants (friction and inverse tempera-
ture), M € R?*? is a diagonal mass matrix with entries m; >
0, while B; is d-dimensional Brownian motion. From now on,
we will drop the subscript  in V4V as the potential V' is only
a function of the position. We apply the same convention to
any function that depends only on q, such as the spatial CG
map £ introduced later.

We will frequently write (1) in the more compact form

dX; =b(X,)dt + /28" 1A dW,, )
where x=(q,p) € R¥, W,=(B,B)ecR* is 2d-

dimensional Brownian motion and the drift and diffusion
coefficients are given by

M~ 'p
b@.p) = (—VV(q) -~ VP) <R¥,

0 0
o T _ [Ydxa dxd 2dx2d
A:=00' = <0dXd yM) eR .

Note that we can also write the drift field b in the Hamiltonian
form

b(x) = J — A)VH(x),
where the canonical Hamiltonian and skew-symmetric matrix
J are given by
L
H(x)=V(q)+ 7P M 'p and

Oixa Ia 2dx2d
= eR .
1 (_Id ded>

The invariant distribution of the process (1) is the canonical
distribution with density

du(q, p) x exp(—BH(q, p))dqdp
1
= exp ( — ﬁ(szM"p + V(q))) dqdp
= up(p)iq(q) dqdp. (3)

B. The generator

An important tool for large parts of this paper is the
evolution of observables under the Langevin dynamics. Ob-
servables are functions ¢ of the phase space, which we require
to be contained in the weighted space Li (R24):

Li(RZd) = {q& ‘R > R: ‘ /d)z(x)e’ﬂH(x) dx < oo}.
“)
The generator is a differential operator acting on observ-
ables ¢ € Li(de):
Lo=b-Vo+p'A: V%
=JVH - V¢ —AVH - Vo + B7'A: V3, (5

where the notation A : V2¢ denotes the Frobenius inner prod-
uct between A and the Hessian matrix of ¢:

o _2d ‘ 32
A:Vip=) A .

ij
! 8X,’3Xj
The first term in (5) is the Hamiltonian part of the generator

Ly=JVH-V=M'p.-V,—-VV.V, 6)

055308-2



CONSISTENT PROJECTION OF LANGEVIN DYNAMICS: ...

PHYSICAL REVIEW E 113, 055308 (2026)

while the next two terms form the Ornstein-Uhlenbeck part of
the generator

_ Y
Lou=—-AVH -V +8 IAIVZZ—VP'VP+EM:V3~
(7

An equivalent way of decomposing the generator is into its
antisymmetric and symmetric parts:

1
L=]9.V+ EeﬂHV (e PHAV),
where J® is the stationary probability flow

1 M-!
eq _h_ - BHY . —BHY _ P
J9=Db ,36 V. (Ae™P7) (—VV(q))' (8)

It can be verified directly that J®9 = JVH, and therefore
Ly =J -V coincides with the antisymmetric part. Simi-
larly, the Ornstein-Uhlenbeck generator Loy coincides with
the symmetric part. As a consequence,

1
(Lo, )y =TV, ¥), — E<AV¢, Vil O

where the rightmost term follows from integration by parts:

__r
© ﬁ R2d

1
= —E(Aqu, Vi), =@, Lou¥),.

(Loudp, V) Vpp-M-Vyyrdu(q, p)

Therefore, in order to approximate the generator, we can use
numerical approximations that only require first-order deriva-
tives.

For systems exhibiting metastable states and undergoing
rare transitions, we are generally interested in eigenvalues of
the generator close to zero. Thus, we expect to find a number
of real eigenvalues 0 = kg < k1 < ... < k) and eigenfunc-
tions ¥;,i =0, ..., M, such that

—LY; = ki, (10)

and k; < 1. These eigenvalues can be interpreted as rates of
transition, their associated implied timescales are defined as
[40,41]

C. CG map and potential of mean force

Next, we consider coarse graining of the Langevin dynam-
ics in Eq. (1). We assume the CG map is defined based on a
smooth mapping

£:RY > R qm &(q), k <d,

called the spatial CG map, which transforms the spatial de-
grees of freedom by mapping them to a lower-dimensional
space. In order to arrive at a coarse-grained dynamics which
is again of Langevin type, we need to define CG velocity.
Since formally %é(q) = VE&(q)M'p, where V& € R**? s
the Jacobian of the spatial CG map, it has been suggested
[21,42] to define the coarse-grained velocity analogously:

v; = &i(q, p) = VE(QM 'p, (11)

leading to an augmented 2k-dimensional coarse-graining map
called the phase-space CG map,

E(q,p) = m = [Vé(i()(ll\/)[‘lp] e R*, (12)

We use the following notation for its Jacobian determinant, as-
suming it has maximum rank almost everywhere (i.e., nonzero
determinant for almost all x):

Jac(x) = det[VE(X)VE' (x)].

To proceed further, we need to introduce some abstract
concepts. It is often helpful to break up integrals over full
phase space into an integral over all points that are assigned
to the same point in CG space and then integrate out over the
CG variables. Formally, we write:

/ ¢(x)dx = / [ / g(x)&y—a(x»dx}dy.
R R | JR2

To make this notation more transparent, we consider the non-
linear preimage of a point y = (z, v) € R* under the CG
map as

'y ={xeR¥: Ex) =y}
That is, E~!(y) is the set of phase-space elements which
collapse to the same point y in CG space. Writing oy for

the Hausdorff measure on the nonlinear manifold E~'(y), we
introduce the weighted surface measure:

dpy(x) = Jac™"%(x) doy(x).

By means of the measure py, we now rewrite the previous
integration formula by splitting up integrals along preimages
of the CG map, known as the coarea formula:

/ g(x)dx = / f g(x)Jac™?(x) doy(x)dy.
R2d R2k E*l(y) (13)

We can now proceed to introduce the free energy or poten-
tial of mean force on the CG space:

F(y>=—llog[f e‘ﬂH(")dpy(X)], (14)
B g (y)

with associated probability measure v(y) ~ e #7®) dy. The
coarea formula implies that for two functions ¢, ¥ € L2(R*),
depending only on the CG variables, we have the following
identity between inner products on full space and on CG
space:

1
(9. V), = 2/ PV (y)e Y dy
R2k

1
= z/ PEX)Y (Ex))e M dx
R

—(poE, Yo E),.

D. Projection operators and CG dynamics

To define dynamics on the CG space, given a phase-space
CG map E and the SDE in Eq. (2), the starting point is usually
to apply Ito’s lemma to the observed process E(X;):

d2(X,) = LEX,)df + 2B 1VEX,) - VA dW,.
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This equation is not closed as it depends on the full state X,. A
general procedure to close the equation is to apply a projection
operator to the infinitesimal generator £. A linear orthogonal
projection P is a linear map from functions in Li (R??) to
functions in the CG domain Lg (R?%), which is self-adjoint on
Li(RM ), and satisfies P> = P. A widely used choice for P is
Zwangzig’s projection operator [43]:

Po(y) =E[p | E(x) =y]
1
I /E_l(y) P(x)e P dpy(x).

The Zwanzig projector represents the best approximation of
¢ by a function that only depends on the CG variables y.
Following Ref. [15], we choose P according to Eq. (15), and
define the generator in CG space by

LE =PLP. (16)

It can be shown that £E is indeed the generator of an effective
SDE

5)

dY, = b(Y,)dt + /28715 (Y,)dB, (17)
on the CG space RZ [15].

III. ANALYTICAL STRUCTURE OF THE
COARSE-GRAINED LANGEVIN DYNAMICS

Here we report the main analytical results of the paper on
the construction of a CG dynamics which preserve structural
and dynamical properties of the full-space model. Following
Ref. [15], the effective drift and diffusion of the coarse-
grained Langevin equation (17) are given by the abstract
analytical expressions below:

b(y) = PILEI(y),
&) (y) =A(y) = PIVEAVE](y). (18)

These parameters are spelled out in detail in the following
result:

Proposition 1. The effective drift and effective diffusion
of the coarse-grained Langevin equation can be calculated
explicitly as

_ _ v x _ (Okxk Okxk
b(z, v) = (f(z, v)— yv)’ A(z,v) = <0kxk yD(z, V)>,
(19)

where the effective force and diffusion fields are given by
f(z.v) = P(-=Vé(@M 'VV(q)
+p M0’ (M 'p)(z. V),
D(z,v) = P(VE(@M 'VE(Q) )z, V). (20)

In the definition of f we use a compact notation for the
Hessian matrix of £, meaning that the effective force is given
component-wise as

f, = P(—VEM~'VV 4+ p"™M'VZEM ).

Proposition 1 states that the effective SDE (17) is again a
Langevin dynamics, only with a modified force f and a state-
dependent diffusion field D acting on the velocity variables.

The CG force and diffusion fields in (20) essentially capture
two effects: first, application of a nonlinear change of vari-
ables, which manifests in the presence of derivatives of &,
and, second, averaging over all phase-space points, which are
collapsed under the action of the CG map E, manifest in the
action of the projection operator P.

The structure of the dynamical parameters in Egs. (19) and
(20) carries over to the coarse-grained generator £= and the
invariant distribution of the CG Langevin dynamics:

Proposition 2. The effective dynamics in Eq. (17) admits
the invariant measure ¢ #¥¥)_ The associated stationary prob-
ability flow is

Iz, v) = PUUVE (2 v) = <f(zv v>>~

Moreover, the projected generator £& admits a decomposi-
tion:

L% =LE+ LE,
with antisymmetric and symmetric parts:
Lip=J""Vyp,
LE¢ = %eﬂ”wvv DIV L @)

Proposition 2 shows that the invariant distribution of the
CG dynamics is induced by the potential of mean force,
ensuring thermodynamic consistency between the full-space
and CG dynamics. As in the full-space setting, the stationary
probability flow J°9 associated to the invariant distribution
determines the antisymmetric part of the CG generator, as it
accounts for the “Hamiltonian” part of the CG drift, consisting
of the velocity and generalized force terms. The symmetric
part is in turn determined by the potential of mean force and
the CG diffusion field, and it accounts for the friction term
and the generalized diffusion term acting on the CG velocity
component. Since £E is also given in a divergence form,
it admits an integration by parts formula analogous to (9),
which can be exploited for numerical approximation of the
CG generator.

In summary, Propositions 1 and 2 show that the coarse-
grained Langevin dynamics retains much of the structure of
the full state dynamics (1). Detailed proofs of these results
can be found in Appendix A.

IV. METHODS

We now turn to the numerical approximation and analysis
of the coarse-grained Langevin equation (17). This entails
three essential steps: first, generation of sufficient training
data; second, analysis of the coarse-grained generator L£Z;
and, third, learning of the parameters b and A of the CG
dynamics.

A. Data generation

In order to infer properties of the coarse-grained Langevin
equation (17), we require samples from the coarse-grained
equilibrium distribution v(y). As this distribution is the
marginal of the full-state canonical distribution u, it is suffi-
cient to generate data sampling from p and subsequently map
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them by means of E. Finally, as the canonical distribution
in full space factors into positional component j1q and mo-
mentum component fip, it is enough to generate samples from
iq and complement them using samples from the multivariate
normal distribution . To obtain position space samples, we
consider three methods:

1. Traditional methods

(a) Rejection sampling. Rejection sampling or acceptance-
rejection sampling is a standard method to generate indepen-
dent and identically distributed samples from a distribution
with known density function (up to normalization constant).
On a low-dimensional state space, it is usually an efficient
approach, but it is not scalable to higher-dimensional spaces.
We use rejection sampling only as a baseline to compare to
the performance of other, more scalable methods.

(b) Ergodic integration of the Langevin dynamics. An-
other standard approach is to integrate the SDE (1) over a
sufficiently long time horizon 7', using an Euler scheme or
higher-order integration method. By the ergodic theorem, all
snapshots from the trajectory will then form an approximate
(correlated) sample from the canonical distribution. As is
well known, at high values of 8 (low temperature), a large
time horizon T will be needed to explore the entire position
space and obtain a near-equilibrated dataset. To circumvent
these problems, we employ a generative modeling approach
as outlined in the next section.

2. Thermodynamic interpolation

Thermodynamic interpolation was proposed in Ref. [35]
for equilibrium sampling of the Boltzmann distribution across
different thermodynamic states. The method is based on flow
models where we learn the velocity field b® : [0, 1] x R? —
R? of an ordinary differential equation

dx(7)

=b(z, x(1)), x(0) = Xo, (22)
dr

such that its solution is a flow map @) with a push-forward

CIJ(&) po = p1. In other words, if we draw a sample xy ~ po,
and integrate Eq. (22) for t from O to 1, then we obtain a
sample from x; ~ p;. In Ref. [35], two versions of latent
and ambient TI were proposed. Here we apply the ambient
version, meaning that the initial distribution is the canonical
position space distribution pg = j1q(Bo) at a high temperature
Bo, while the target is the canonical distribution at a low tem-
perature, i.e., p; = ftq(B1). We choose the ambient version
over the latent one because it extrapolates better to 8 values
outside the training range and exhibits superior empirical per-
formance.

Our implementation of TI is based on the two-sided inter-
polant [39],

X(7) = 1(7, X0, X1) + y(7)z, (23)

where z ~ N(0,1d), xg ~ pg, X; ~ p;. The function I is
a deterministic interpolant that satisfies x(0) = xp, x(1) =
x;, and y(r) is a smooth function controlling the noise
level at intermediate times (see Ref. [39] for details.)
We train the model according to the stochastic interpolant

loss function
L) = Er g [3107 (7. x(2): Bo. B1)I°

— b Pz, x(); Bo, B1) - (3:1(T, X0, X1) + ¥ (T)2)],
(24)

employing antithetic sampling for smoother convergence, as
previously described [39]. The loss function essentially min-
imizes the error between the learned velocity field and true
one based on the interpolant. The expectation in the loss is
taken independently over time 7, the random variable z, xq
drawn from initial distribution, and x; drawn from the target
distribution.

Once the TI model has been trained, we can generate
samples from the target distribution (lower temperature) given
initial states from the initial distribution (higher temperature).
We also compute the importance weight of each sample as
proposed in Ref. [35], in order to account for any bias or
inaccuracy in the model output distribution. These weights
are later used to correct towards the equilibrium expectation
of mass and stiffness matrices G and A within the gEDMD
algorithm (see the next section), in the same fashion as in
Ref. [36]. It is worth noting that the weights are computed
with respect to the unnormalized distribution, as the normal-
ization constant cancels out in the gEDMD algorithm.

B. gEDMD

In order to verify if metastable states, eigenvalues and im-
plied timescales are preserved by the CG dynamics, we need
to numerically approximate the coarse-grained infinitesimal
generator £Z in Eq. (16). As shown in Ref. [26], £& can
be approximated by a data-driven method called gEDMD.
Remarkably, the gEDMD algorithm can be applied directly
on the full-space data without the need to compute the coeffi-
cients b and A of the CG dynamics; see also Ref. [34].

The algorithm requires n basis functions acting on the CG
phase-space variables z, v,

¢z, v) = {12, V), ... du(z,V)},

along with position space samples {q;};_; and the Jacobians
of the CG map V&(q;) evaluated at each sample. We then
augment these data by drawing momenta from the canonical
momentum distribution, yielding phase-space samples x; =
(q:, p1)- We project these samples into CG phase space as

v = <Zz) _ ( &(qp) )
! \/ VE(Q M 'p )

Next, we build n x m-dimensional data matrices

<I>=[¢(Zl,V]) | | ¢(vavm)]
L® = [[Lol(qi,p1) | - | [Lol(Qm, Pw)]-

To form the matrix £L®, we apply the full-state generator L,
which requires derivatives of the spatial CG map. Note that
when we apply the full-state generator to functions acting on
the CG space, we treat them as the composition ¢ o E. The
final matrix approximation L to the CG generator £Z is then
given by

L=G A, (25)
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ALGORITHM 1. Numerical approximation of the coarse-grained Langevin equation.

Input: position space samples {q;};",, basis functions ¢(z, v) € R".

1: Data Augmentation:
2: Complement position space samples by random momenta: x; = (q;, p;)-
3: Convert augmented samples into CG phase-space samples: y; = (z;, v;) = E(q,, p1)-
4: Generator Learning (gEDMD):
5: Compute mass and stiffness matrices for the generator:
A Ll
G==>) 9o dy), A=—=2"¢(y)LoIx).
maa maa

6: Compute generator matrix L=G'A.
7: Parameter Estimation:

8: Learn a parametric model for the effective force (f,,) and diffusion (A,,), as in Eq. (29).

1 m
= ¢y ® [LI(x)
m =1

~ 1< —~
G=a§¢()’1)®¢()’z) A=
(26)

are called mass and stiffness matrices, respectively. To solve
for L numerically, we do not explicitly form G, instead, we
perform a whitening transformation by removing the small
singular values of ®:

®=USV', R=US'eR"™, L,=R'AR, (27)

where r < n. In practice, we do not fix r in advance and
instead set a threshold to cut off small singular values. Slowest
timescales #; of the system, or dominant eigenvalues k; of the
generator, can be computed by diagonalization of the reduced
matrix L,.

In this study, we use random Fourier features (RFFs) [44]
as basis functions:

o(y)

where {wy, ..., ®,} are random frequency vectors drawn from
a spectral distribution p. RFFs represent a low-rank approxi-
mation to a reproducing kernel function, e.g., associated to
a Gaussian kernel [44]. The number of basis functions n, or
number of random frequencies in the case of RFFs, and any
parameter associated to the underlying kernel are hyperparam-
eters that need to be optimized.

= {cos ([ y), sin (@] y), . .., cos (w, y), sin (0, ¥)},

C. Parameter estimation for CG dynamics

To produce simulations of the coarse-grained Langevin
SDE, we need to learn models for their diffusion and drift
coefficients defined in Eq. (19). Let us define the local force
fioc and local diffusion Dy, as follows:

fioc(q, p) = —VE(QM'VV(q) +p M 3% ()M 'p,
Dioc(q, p) = VE(@QM'VE(Q) . (28)

These are the terms which are projected onto CG space in
Eq. (20) to form the learnable parts of the effective drift
(velocity component) and diffusion (lower right block). Using
available training data, we can learn the effective drift and dif-
fusion as best approximations of the local force and diffusion

by solving data-driven regression problems, similarly to the
one proposed in Ref. [34]:

D, = arg min— Z D21, v1) — Dioc(qu. p)IIF
D= D(zv)

£, = arg min— Z IF(zi, vi) = fioe (@, PG, (29)
f=f(z,v)

where the regression is carried out against m samples. Note
that the learned effective force and diffusion are only func-
tions of the CG variables. The complete effective drift and
diffusion fields can then be constructed as

= \4 N Ok xk Ok xk
b, = , Ay = .
(fm(z, V) — VV> (kak yDn(z, V))

In the numerical examples, we parametrize the effective
force and diffusion either as a linear combination of random
Fourier features or as the output of a shallow neural network
(NN). We found that the solution of the RFF regression tends
to be accurate within data-rich regions, while the NN pro-
vides better extrapolation accuracy at the cost of increased
computational cost. During simulations of the CG dynamics,
we apply a hybrid method to leverage the strengths of both
models by a switching rule: The RFF-based solution is used
within data-rich regions, while the more accurate NN is used
for extrapolation outside this region.

The summary of the numerical approximation of the CG
dynamics is given in Algorithm 1.

V. NUMERICAL EXAMPLE

We illustrate the coarse graining scheme discussed in Secs.
IT and IIT and the proposed numerical methods in Sec. IV
using the two-dimensional lemon slice potential.

A. Lemon slice potential

The lemon slice potential field is a function of two-
dimensional polar coordinates r and 6 by

V(r,0)=1.2-[cos(40) + 10(r — 1)*]. (30)
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FIG. 1. Potential field of the lemon slice system.

The energy landscape of the system is shown in Fig. 1, con-
sisting of four minima, which correspond to metastable states
at low temperature.

The potential field gives rise to underdamped Langevin
dynamics (1) on four-dimensional phase space (q, p) € R*.

Following previous work [23,34], the polar angle 6 is a
suitable spatial CG coordinate for this system as it separates
the four minima. According to Eq. (11), we can define the
phase-space CG map as

E(q’ P) = <V€(§l()(11v)l—lp>v 5((1) =0= atan(%>~

Figure 2 shows an illustration of the phase-space CG map for
M = Id. For a fixed point in CG space at (z, v) = (6y, 0), the
level set E7'(6y, 0) corresponds to the Cartesian product of
the blue lines shown in position and momentum space, re-
spectively. We prepare training datasets based on all methods
reported in Sec. IV A: rejection sampling, ergodic simula-
tions, and thermodynamic interpolation (see next section for

(a) Position space (b) Momentum space

FIG. 2. CG definition for the lemon slice system, in position and
momentum space. Points belonging to the blue line in positional
space have spatial CG component of £(r, 8) = 6y, and points belong-
ing to the blue line in the momentum space are perpendicular to V&
and therefore have zero velocity CG component. Note that for v # 0,
the preimage in momentum space would be more complex as the
magnitude of the gradient V& depends on r.

(a) Full vs CG Timescales (b) ULD vs OLD

—4— ULD
4= OLD
—¢-- EDMD
-4- RS

.
=

—4— B:0.25
—4— B:0.50
—— B:0.75
—+— B:1.00
—4— B:1.50
—4— B:2.00

Timescale

=
=)
>

Index Index

FIG. 3. (a) Slowest timescales #; to t; of the coarse-grained
Langevin equation (17) with the lemon slice potential, correspond-
ing to different values of the inverse temperature B, computed on
rejection sampling data (RS, dashed lines) or on simulations of the
underdamped Langevin SDE (ULD, solid lines), compared against
the baseline timescales from the EDMD method (EDMD, black
dash-dotted lines). (b) Timescales of the underdamped CG Langevin
dynamics (ULD, solid lines) versus overdamped CG Langevin dy-
namics (OLD, dotted lines).

more details). The simulation details, as well as the selected
parameters are given in Appendix B 2.

B. Timescale analysis

We begin by comparing the implied timescales of the
full four-dimensional Langevin dynamics (1) and the coarse-
grained dynamics (17). We also study their dependence on the
inverse temperature S.

1. Identical masses

We first study the case where M is the identity matrix.
To obtain a baseline, we apply the EDMD method [45] to
the long ergodic simulation data and compute the eigenvalues
and timescales of the full system’s Koopman operator. The
basis set for EDMD consists of RFF on four-dimensional
phase space, which have been shown to provide accurate
approximations of eigenvalues and timescales [46]. The dom-
inant timescales for inverse temperature values in a range
B € [0.25, 2.0] are shown in Fig. 3. The results show that for
the selected inverse temperature range, the timescales vary by
about two orders of magnitude, which proves this setting to
be an interesting test case for the effectiveness of sampling
algorithms.

Next, we compute an approximation of the projected gener-
ator L= following Algorithm 1, using both datasets obtained
by rejection sampling and by ergodic simulation of the full
Langevin dynamics. Again we use RFF basis functions, their
main hyperparameters (the number of random features and
the kernel bandwidth) are optimized using cross validation
based on the VAMP score. Details of this analysis are given in
Appendix B1. We then solve the associated eigenvalue
problem for the projected generator, which provides the eigen-
values and implied transition timescales of the CG dynamics
(17). The results depicted in Fig. 3 show agreement of the CG
generator’s timescales with the baseline, regardless of the data
generation scheme. We conclude that if the spatial CG map is
chosen well, then the underdamped CG dynamics (17) can be
expected to retain slow transition timescales of the full system.
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(a) Free Energy - equal masses

(b) Free Energy - unequal masses
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FIG. 4. Top row: Empirical free-energy surface for lemon slice with identity mass matrix in (a) and with unequal masses in (b), both at
B = 1. Bottom row: Slowest timescales #; to #; of the coarse-grained Lemon slice system with equal masses in (c) and unequal masses in (d),
both based on the integration of the underdamped Langevin SDE at g = 1.

Moreover, we can use the gEDMD algorithm to analyze the
properties of the CG Langevin dynamics.

We also compute the timescales of the system if it was gov-
erned by overdamped Langevin dynamics in position space
only. The results show a similar temperature dependence
and are almost identical but slightly smaller compared to
the underdamped case. In previous work, it was observed
that overdamped dynamics lead to an acceleration of the
timescales [34]. The effect is not drastic for this model system
but can be expected to be much more noticeable for larger-
scale systems.

2. Unequal masses

Next, we study the case where different masses act
along different coordinate directions by setting M =
diag(1.00, 0.25), meaning that the mass in the horizontal
direction is larger than along the vertical direction. The free-
energy surface in CG space is depicted in Figs. 4(a) and 4(b).
The full space momentum distribution is more spread out in
the p, direction for decreased m;, and hence we expect to see
a larger spread of the v distribution in CG space, which is
indeed observed in the free-energy surface.

Next, we again approximate the projected generator L&
to obtain the timescales of this system. Figure 4(d) show
the dominant timescales computed via the gEDMD algorithm
compared to EDMD timescales serving as a reference. Both
sets of timescales are once again in agreement. With the in-
troduction of unequal masses, the first and second nontrivial
timescales are no longer identical, as the unequal masses

break the symmetry of the system. As a result, the transition
from the left- to the right-hand side of the potential field is
slower than the transition from the bottom to top part of the
potential field, leading to a down-shift of #,.

C. Application of thermodynamic interpolation

Next, we show that thermodynamic interpolation can pro-
duce accurate position space samples outside its training
regime, allowing us to estimate transition timescales using
gEDMD. Returning to the case where M = Id, the TI model
is trained against a dataset consisting of samples from a
simulation of the lemon slice system at high temperatures
B € [0.25,0.50, 0.75, 1.00]. In each training step, we choose
two specific values of 8 from this set, along with one sample
corresponding to each of these values, and ask the model
to interpolate between them. This process is repeated while
shuffling through different combinations of 8. The model is
then validated against simulation data corresponding to low
temperature B8 = 2.00 interpolated from B = 1.00. Further
details on the TI architecture and training are provided in
Appendix B 4.

Once we have trained the generative model, we
use it to produce samples at various temperatures S €
[0.25, 0.50, 0.75, 1.00, 1.50, 2.00] interpolated from g =
1.00. Note that the sampler provides the positional infor-
mation of the samples, so as before, we complement these
samples by drawing their momentum components according
to a Gaussian distribution with zero mean and covariance %Si 17
Figure 5 shows the histogram of the positional data obtained
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Reference Model

FIG. 5. Histograms comparing the dataset obtained via rejection
sampling (left) with data generated by the TI model without (middle)
and with (right) importance sampling weights. First row is for the
case of 8 = 1.50 and the second row is for the case of 8 = 2.00.

Model (weighted)

via TT model for 8 € [1.50, 2.00]. One can see that the TI
model produces samples whose distribution is very similar to
the one of the rejection sampling scheme. The last column of
the figure shows that results improve further after taking the
importance weights of the samples into account, making the
distributions near-indistinguishable.

Using the augmented TI dataset, we perform gEDMD as
in Algorithm 1 and compute the timescales of the system via
estimation of the generator. Figure 6 shows the timescales
corresponding to the temperature values listed above. Here
we incorporated the sample weights computed via importance
sampling only for B € [1.50, 2.00] as it does not affect other

—4— B:0.25

B: 0.50
—4— B:0.75
—F— B: 1.00
—$— B: 1.50
—F— B:2.00

101 4

Timescale

109

Index

FIG. 6. Slowest timescales #; to t; of the Lemon slice poten-
tial corresponding to different values of the inverse temperature S,
computed using data generated via simulations of the underdamped
Langevin SDE (solid lines) and via the TI generative model (dash-
dot-dotted lines).

cases which were included in the training phase. The fig-
ure shows that dataset generated via TI allows to recover the
timescales computed via other sources of data up to statistical
error. Thus, the TI data allows to predict the kinetic properties
of a system that takes an order of magnitude longer to equi-
librate relative to the training data. It is worth highlighting
that the information about the case with 8 = 1.50 has neither
been involved in the training nor validation of the TI model,
which emphasizes the extrapolation capabilities of TI. This is
a significant result since the sole usage of the sampler to gen-
erate equilibrated samples takes considerably less time than
integrating the SDE governing the underlying underdamped
Langevin dynamics at unseen S.

D. CG dynamics learning

We now turn our attention to identifying the CG dynamics
by solving the two minimization problems (29) in Sec. IV C.
Figure 7 shows the learned effective force and diffusion for
B = 1. Results for learned diffusion show that it is almost
constant as a function of z and within the strongly populated
region v € [—2, 2], while it keeps increasing in magnitude
towards the tail of CG velocity distribution. A similar behavior
can be observed for the learned drift, with the difference that
it exhibits a sinusoidal behavior as a function of z. Note that
the CG drift is two-dimensional, but we only need to learn
the velocity component. We repeat the same process for the
case of B = 2, and it results in similar patterns as shown in
Fig. 8.

E. Analysis of learned CG dynamics

After learning the coefficients b,, and A,, of the CG
Langevin dynamics, we integrate the learned dynamics to
verify its statistical and dynamical properties agree with ref-
erence values. Figure 9(a) shows the position space time
series of two independent simulations of the CG dynam-
ics at B=1 for 10° time steps. The trajectories visit
the expected metastable regions which are highlighted by
horizontal dashed lines. We also compute an empirical
free-energy surface in the CG space based on these simu-
lation data, as shown in Fig. 9(b), which is in agreement
with the potential of mean force obtained from the full
dynamics.

In Fig. 9(d), we compare multiple ways of assessing the
slowest timescales of the CG Langevin process. First, we
show the same timescales as in Fig. 3 (blue lines), which were
obtained by applying Algorithm 1 to the original data in full
space. These timescales represent a direct approximation of
the CG generator £& using the full space training data. Next,
we can project the full space data into CG space, and then use
the gEDMD method with these data and the learned parame-
ters A,, and b,,, to estimate a model for the generator of the
learned CG dynamics. Note that this model for the learned
CG generator, and its implied transition timescales, can be
estimated without explicit integration of the CG Langevin
dynamics. The corresponding implied timescales are shown
by the orange line in Fig. 9(d).

Using the CG simulation data and the gEDMD algorithm,
we can compute yet another model for the learned generator
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FIG. 7. Learning of the effective diffusion (A,,) and effective drift (b,,) for 8 = 1. (a) shows a scatter plot of the local diffusion Dy, while
(b) shows the learnable component D,, of the effective diffusion. Similarly, (c) shows a scatter of the local force fi,., while (d) shows the

learnable component f,, of the effective drift.

in CG space. The corresponding timescales are depicted by
the green line. Finally, we also apply the EDMD method at
finite lag time to the CG simulation data, these timescales
are represented by the red line. It is clear that all of these
timescale estimates are in agreement within statistical error.
These results show that we can evaluate transition timescales
of the CG dynamics a priori by applying gEDMD to the
full space training data. We can also assess the quality of the
learned CG dynamics before running CG simulations. All of
these results are consistent with the timescales we obtain after
actually integrating the CG dynamics in time.

We also apply robust Perron cluster cluster analysis
(PCCA+) algorithm [47] to the eigenvectors of the CG gener-
ator built upon the integrated dataset to assign to each sample
point a degree of membership to each metastable state. As
depicted in Fig. 9(c), we can confirm that metastable states
are also recovered. We conclude that all dynamical properties
related to slow transitions are successfully retained by the
learned dynamics.

Last, we repeat the same experiment for the case of 8 = 2.
Figure 10 shows the results, which confirm all of our findings
for the previous setting. We note that the CG dynamics are sig-
nificantly more metastable than for 8 = 1, as the oscillations
around the minima are smaller and transitions occur rarely.
In fact, extremely long CG simulations were needed to obtain
statistically significant reference values. This highlights the

value of our proposed approach: We can faithfully predict CG
dynamics without long-time simulations and their transition
timescales without explicit integration of the CG dynamics.

VI. SUMMARY

We investigated coarse graining of the underdamped
Langevin dynamics based on a phase-space CG map which
uses both a coarse-grained position and velocity component.
We showed that application of the Zwanzig projection leads to
a coarse-grained dynamics with a similar structure as the full
Langevin equation. We have also shown that the CG generator
can be decomposed into symmetric and antisymmetric parts
resembling the Hamiltonian and Ornstein-Uhlenbeck parts of
the full generator. Moreover, we showed that thermodynamic
interpolation, a generative modeling technique that interpo-
lates in temperature space, can be used to produce accurate
samples of the position space distribution after training on
high-temperature simulations. These samples can be com-
bined with data-driven learning techniques, in particular the
gEDMD method, to analyze kinetic properties of the CG
dynamics, and to estimate its parameters, without explicit
integration of the coarse-grained model. By means of a two-
dimensional model potential, we demonstrated that the CG
dynamics reproduce thermodynamic and kinetic properties of
the full-space dynamics.
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FIG. 8. Learning of the effective diffusion (A,,) and effective drift (b,,) for 8 = 2. (a) shows a scatter plot of the local diffusion Dy, while
(b) shows the learnable component D,, of the effective diffusion. Similarly, (c) shows a scatter of the local force fi,., while (d) shows the

learnable component f,, of the effective drift.
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APPENDIX A: PROOFS FOR ANALYTICAL RESULTS

In this section, we provide technical proofs for Proposi-
tions 1 and 2. We start by verifying the structure of the CG

parameters (20), which follows quite directly after calculating
the derivatives of the phase-space CG map. The proof of
Proposition 2 is along the lines of Proposition 4 in Ref. [22],
which deals with CG for SDEs with nondegenerate noise.
We spell out these results for the underdamped Langevin
equation. In a few places, we use the summation convention
that repeated indices are being summed over, as well as the

2
shorthands 9; = aiqw 0;j = _8q?6q"
i g ]

1. Proof of Proposition 1

Let us compute the derivatives of the CG map E. We have

foranyl € {1,...,k}

T 2
Va = (Vofz ) cR¥, Vi = <V &
d

Oaxa c R2x2d
Oy xa

04 xa

VZEM'p 2d
Vv = (Vg,TM1 R
dnEmpi V2EM™!
2 ijkSIMPi i 2dx2d
\% vV, = (VZEIMI ded cR .

The key observation is that the lower right blocks of the
Hessians of all CG variables E; vanish, which means that
A V2 8;j=0forany j € {l,...,2k}. Therefore, all second-
order terms vanish when computing the action of the generator
LE on the phase-space CG map. With this in mind, the
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FIG. 9. Integration of coarse-grained SDE for § = 1. Time evolution of the CG position for exemplary simulations in (a), empirical

free-energy surface in (b), PCCA+ analysis of the CG dynamics in (c), and a comparison for the timescales of the coarse-grained system in
(d). For a detailed description of panel (d), see the main text.
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FIG. 10. Integration of coarse-grained SDE for 8 = 2. Time evolution of the CG position for exemplary simulations in (a), empirical
free-energy surface in (b), PCCA+ analysis of the CG dynamics in (c), and a comparison for the timescales of the coarse-grained system in
(d). For a detailed description of panel (d), see the main text.

055308-12



CONSISTENT PROJECTION OF LANGEVIN DYNAMICS: ... PHYSICAL REVIEW E 113, 055308 (2026)

(a) Kernel Bandwidth (b) Number of Features

102

1014 . —$— B=0.25

) L2 ﬁ=050

§ +- % B=075
wn

B

—4— B=2.00

1071<
01 03 07 1 13 5 50 100 200 500
Y p

FIG. 11. VAMP-score analysis. Score corresponding to various values of the kernel bandwidth and number of Fourier features in (a) and
(b), respectively.

computation of the effective drift b according to Eq. (18) simplifies to

b(z,v) = P(LE) = P(VEb +0) (A1)
_ P(( Vé(q) Okxa ) _ ( M 'p >>
P'M '9%(q) VE@M') \-VV(qQ)—yp
_ ( P(V&(QM™'p) )
P(=VE@M'VV(q)+p M '9°(q@)M~'p — yVE(Q)M'p)
v
- (f(z, V) — yv)' (A2)
A similar calculation shows that the effective diffusion coefficient A is given by
< 0 0 0 0
A = VEAVET — kxk kxk — kxk kxk
P ) <0kxk yPVE@M'Ve@)) = \0ux  yD@ v )

with D(z, v) defined as D(z, v) = P(VE(QM~'VE(q))(z, V).

(

2. Proof of Proposition 2 The gradient V (h o E) is taken with respect to the full phase-
space variables (q, p) and by the chain rule we have V(h o
E) = Vyh VE. Inserting this relation, and applying the coarea
formula in the reverse direction, we reexpress the above in

a. A different expression for the effective drift terms of CG space integrals and projections:

1
— E(AVET, V(ho E)),

The decomposition (21) of the coarse-grained generator
LE is obtained in multiple steps.

First, we derive an alternative expression for the effective (JUV =T ho g)
drift b, which is given by the projection of the action of £ on o hE R

the phase-space CG map. We derive this relation in a weak

form, that is, we multiply b by an arbitrary function / on the = PINVE ) (y)h(y)e PF¥dy
CG space, and integrate against the Boltzmann factor e~#F . R
An application of the coarea formula (13) together with the 1

N EAVET —BF(y)
relation (9) then lead us to the following expression in terms B Jrx PVEAVE )W)Vyh(y)e dy.

of integrals on full phase space: . L .
It remains to apply a partial integration to the second term,

_ hich provides:
bWVA(V)e FFMd W
/R L PA(y)e y

b(v)h —BFy)gq
= [ Pearwhme "y fR @yl Ty
R2

1
— ey = 1 — LBF(Y)
:AZdﬁE(X)h(E(x))e‘ﬁH(")dx _/ﬂw |:7?(J VE )(y)—i—ﬂe vy

={JUVE', hoE), ~ %(AVET, V(ho B))

W

x [P(VEAV ET)(y)eﬂF(Y)]}h(y)eﬂF(y)dy_
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As the function 4 is arbitrary, and recognizing the definition
(18) of the effective diffusion field, we have shown that

b(y) = PUMVET)(y) + %eﬂ”” Vy - [Ay)e 0] (A3)

Using that only the lower right block of A is nonzero, the
second term simplifies to

1 - 14 0
EeﬂF(Y) v, [A(y)e ﬁF(y)] — EeﬁF(Y) (VV . [D(y)e_ﬁF(y)]).

This furnishes the final expression for the effective drift,

b(y) = PUUVE")(y) + %eﬂ”” (vv . [D(;’)e_w]).
(A4)

b. A first decomposition of the effective generator

Using Eq. (A4), we can start from the general definition of
the CG generator £Z, and rewrite it as follows:

2 N 1. 2
L =b-Vy+EA:Vy
= PJuV ET) . Vy + %eﬁF(Y)Vv . [D(y)e—ﬁF(y)]

XV + %D(y) L V2.

To rewrite the last term, we have used again that only the lower
right block of A(y) is nonzero. The second and third term can
be summarized as follows:

LE — PJIV ET) X Vy + %eﬂF(y)Vv . [D(y)efﬂF(y)Vv].

(A5)
The decomposition (AS5) is intriguing as the second term is
in divergence form, which implies that it is automatically
symmetric with respect to the inner product defined by e=#F.
The first term remains as a candidate for the antisymmetric
part, which is going to be verified next.

¢. Continuity equation

Rearranging Eq. (A3), we see that
_ 1 _
PUMVEDE) = by) = eV Vy - [A@)e ),

which is exactly the definition of the probability flow asso-
ciated to the Boltzmann factor e #F under the CG dynamics
[15]. If we can show that P(J9V ET) satisfies the continuity
equation,

—Vy - [PAUVED e ] =0,

then it follows that e #¥ is the invariant distribution for the
CG dynamics. The continuity equation follows from a similar
sequence of arguments that led us to the decomposition (A4).

TABLE I. Simulation setup.

Parameter Value
Kernel bandwidth (y) 1
Number of features (p) 400
Tolerance in SVD truncation 107*

Again, we test against an arbitrary function . and integrate
over CG space:

- / Y, - [PUCVE )y O] h(y) dy
R2k

= [, PUY EN)(y)e P YV, h(y)dy

2[ Jeq(X)VET(X)Vyh(E(X))efﬂH(x) dx,
R2d

where we applied partial integration and the coarea formula.
Using the chain rule and another partial integration, we arrive
at the continuity equation in full space, which is zero as J®! is
already the stationary probability for the full system:

/ JIx)VET (X)Vyh(E(x))e PH® dx
R2d
:/ J(x) - Veh(E(x))e PH® dx
R

- _/ V- [J9x)e PH®In(E(x)) dx = 0.
R2d

Indeed, e#¥ is the invariant distribution of the CG dynamics,
and we can introduce the notation

J(y) == PINUVE)(y)

for its stationary probability flow. The continuity equa-
tion also implies directly that the first term in Eq. (A5) is
antisymmetric:

/Ru JUy) - Vyd(y) ¥ (y)e PO dy
- /m Vv, - [J9me P Ol (y) v (y) dy
_ /RM Jea(y) - Vo (y) p(y)e PF™) dy
= _/]RZk JUy) - Vyur(y) p(y)e PP dy.

d. Summary of the results

We have shown that Eq. (AS5) furnishes the decomposition
of the CG generator into its symmetric and antisymmetric

parts, with invariant distribution e”# and stationary proba-
bility flow J¢4:
L8 =LE+ LB

L:a% = Jd. Vo,

Lip= %eﬂ”wvv DeTVVp].

TABLE II. Simulation setup.

Parameter Value

Inverse temperature (S) [0.25,0.5,0.75, 1.0, 1.5, 2.0]
Time constant (1/y) 0.2

Time step 1073

Simulation time steps 10°-107
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TABLE III. Hyperparameters for the CG dynamics model.

TABLE IV. Hyperparameters and TI model settings.

Parameter Value Parameter Value
Batch size 200 Batch size 1024
Number of hidden layer 1 Number of layers in MLP 5
Hidden layer size 8 Positional embedding size, N 256
Learning rate (1074, 1071 Hidden layer size 256
Optimizer Adam Learning rate 1074
Number of epochs 200 Optimizer Adam
Number of epochs 75
Positional encoder scale, /g 350
Last, we note that J* indeed accounts for the Hamiltonian Pos,lt,lonal encoder scale, [ 10
. Positional encoder scale, Iy 50
part of the CG drift: .
Numerical solver Euler

J =P(VEJM)

_P<< VE(q) O xd >'<M‘1p ))
B p M '9%(q) VE@M ') \-VV(g)

\4
B (P(pTM‘BZS(mMIp - Vs(q)MIVWq)))
_ \4
=(7)-

APPENDIX B: SIMULATION AND LEARNING DETAILS

1. Vamp-score analysis

We tune the parameters of the random Fourier feature
basis for the approximation of the generator based on the
VAMP variational principle proposed in Ref. [49]. The two
main parameters are the number of random Fourier features
and the kernel bandwidth. Figure 11 shows the result for
these two parameters at given temperature. This leads to the
following optimal parameters used to produce the timescale
plots shown in the main text.The VAMP-score analysis
for the kernel bandwidth shows that there is a range of values
that results in almost the same score, leading to flexibility in
the choice of the parameter. For the number of features, we
take the lowest value in the range where the score becomes
constant. The summary of parameters relevant to the analysis
is provided in Table I.

2. Parameters for Langevin simulations

We produced simulation data for the lemon slice system
by integrating the Langevin SDE (1) using Euler-Maruyama
scheme, with the input setting summarized in Table II.

3. Neural network architecture for parameters
of the effective dynamics

To learn the parameters b,, and A,, of the coarse-grained
dynamics, we adopt a shallow fully connected feed-forward
neural network with the setup summarized in Table III.

4. TI

For the TI model we employ the two-sided linear inter-
polant with a sine-squared noise schedule [39], implying that
the interpolant is defined as

x(1) = (1 — T)xo + TX; + sin*(7 1)z, (B1)

for T € [0, 1], Xo ~ po(Xo), X1 ~ p1(x;) and z ~ N(0, 1d).

To encourage extrapolation of the TT model to temperatures
unseen during training, we embed the inverse temperatures
using a positional embedding Apos(8;1g) [35]. Similarly, we
also use positional embeddings Apos(T; ) and Apos (X(T); Ix) tO
embed the positions x and times 7. We define the embeddings
for some model feature X as Apos(X(7);lx) = {Agos(x; lx)}lnvzo,
where

cos ((1+ %) + ”,—ﬂ) n even

A (x;l) =
D= Vain (14 51 + ™) nodd,

pos (B2)
for some maximal embedding dimension N. Then, the em-
bedded 7, By, B1 and x(¢) are projected through individual
linear layers, concatenated and fed into a shared MLP. The
network architecture and the corresponding hyperparameters
are summarized in Table IV.
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