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Abstract

Several recent papers have studied the decay rate of the expectation of Wilson loop and
Wilson line observables in lattice gauge theory and the lattice Higgs model. These results
have all been perturbative in the sense that the parameters need to scale with the length of
the loop or line for the error term to be smaller than the estimate. In this paper, we further
develop ideas from [14] and [15] to give more detailed asymptotics for the expectation of
Wilson loop and Wilson line observables, which do not require the parameters to be very
large or very small for the error term to be small, thus improving the results of [16-19]. In
particular, we show that Wilson line and loop observables have a pure perimeter law in the
Higgs and confinement phases of the lattice Higgs model.

1 Introduction

Lattice gauge theories are a family of spin models defined on the edges of hypercubic lattices
with interaction between edges in the boundary of some common plaquette. The lattice Higgs
model is a lattice gauge theory coupled to an external field that is a simple model of a Higgs
field. In the simplest case, the model is described by the Hamiltonian

B pelda(p)+r Y. twpco@)pndpe)”! (LD)

peCa(By) eeC1(By)

together with a uniform reference measure. Here 8, k > 0 are two parameters, By C 79 is
a box of side length N, C|(By) is the set of all oriented edges in By, C2(By) is the set of
oriented plaquettes in By, G and H are Lie groups, o € Q1(By, G) is a G-valued 1-form,
¢ € Qo(By, H) is a H-valued O-form, and pg and py are one-dimensional representations
of G and H respectively. We let ug , v be the corresponding measure, and let Ey g . be
the corresponding expectation. Elements in o € 1(By, G) will be referred to as gauge
field configurations, and elements in ¢ € Qo(By, H) will be referred to as Higgs field
configurations. We think of the pair (o, ¢) as describing spin configurations where a group
element o (¢) € G is attached to each edge e of the lattice and a group element ¢ (v) € H is
attached to each vertex of the lattice. The measure described by (1.1) thus gives a probability
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measure on such spin configurations. The simplest example of a lattice Higgs model is
obtained by letting G = H = Z, and this model will be referred to as the Ising lattice Higgs
model.

We note that in the physics literature, one always has G = H, while the more general
setting here is considered in, e.g., [1]. Moreover, the case G # H can also be considered a
toy model for the abelian lattice Higgs model with charge, see, e.g., [20, 22].

Two natural observables for lattice gauge theories and lattice Higgs models are Wilson
loops and Wilson lines. Given a path y of oriented edges, the Wilson line observable asso-
ciated to y is defined by

Wy = p6 (0 () pu@ @) = [ e (@) [ pu@®). (12)

ecy veay

If y is aclosed loop, the Wilson line observable is also referred to as a Wilson loop observable,
and in this case, we have

Wy = pGa() =[] rco(e). (1.3)

ecy

By the Ginibre inequality, for any Wilson line or Wilson loop observable W,,, the limit
(Wy) g« of En g [W,]as N — oo exists and is translation invariant (see, e.g., [18].

In this paper, we will make the additional assumption that G and H are cyclic groups, i.e.,
that there is m, n > 0 finite such that G = Z,, and H = Z,,, and in this case we can assume
that the representations are the one-dimensional representations j +> €7, In this case,
since (1.1) describes a spin model with block spins that take values in a finite group, the GHS
inequalities hold, and hence by standard arguments (see, e.g., [21]) a limiting probability
measure on Z¢ exists. This will let us transfer results from a finite lattice to an infinite lattice.

Wilson loop and Wilson lines observables are known to undergo phase transitions and
can thus be used as order observables. In particular, when « = 0, the expected value of
Wilson loop observables are known to obey a perimeter law for large B and an area law for
small 8. In other words, there are constants Cg and C’ﬁ such that for sufficiently large 8,

(Wy)po ~ e C#17I, and for sufficiently small B, (W,)p0 ~ e_C/gaIea(y), where area(y)

is the cardinality of the smallest set of plaquettes that has the loop y as its boundary. In
contrast, when « > 0, Wilson loop observables are known always to obey a perimeter law
(see, e.g., Theorem 1.1 below). When « = 0, the expectation of Wilson line observables
corresponding to open paths is always zero. However, when « > 0, the expected value of
Wilson line observables is non-trivial, and Wilson line observables are known to undergo
phase transitions when « > 0 (see, e.g., [5] and also [15]), which we now describe. To this
end, let y, be a straight path of length » and let the parameters 8, k > 0 be fixed. We say
that the model has perimeter law decay if the limit

—log(W.
ag ‘= lim 70‘%( )

n—>00 |¥al

exists and is strictly positive. The model is said to have pure perimeter law decay if the limit
Cﬁ,f( = nll)ngo - 10g<Wy,,>ﬂ,K - aﬂ,fch/nl (L.4)

exists and is strictly positive. In contrast, the model is said to have perimeter law decay with
lower-order corrections if the limit in (1.4) is zero and there is a function g: N — R such
that lim,,_, », |g(n)| = 00, lim,_, , g(n)/n = 0, and the limit

nli)ngo—log(Wy,,)ﬁ,K —agilynl — g(yal)
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N Higgs phase

N pure perimeter law decay

Confinement phase

pure perimeter law decay

Free phase

perimeter law decay with
polynomial corrections

Fig. 1 The phase diagram of the Ising lattice Higgs model as described in the physics literature [10, 20, 22].
In the Higgs and confinement phases, the expectation of Wilson line observables is believed to have pure
perimeter law decay. In contrast, in the free phase, one expects the expectation of Wilson line observables to
have perimeter law decay with polynomial corrections

exists. The model is said to have perimeter law decay with polynomial corrections if there is
a polynomial p(x) such that g(|y|,) = log p(|yx|). In this case, we have

e*aﬂ,/c |Vl

pUyal)

This type of decay is known as Ornstein-Zernike decay and holds, e.g., in the high-temperature
regime of the Ising model (see, e.g., [7, 23]).

The lattice Higgs model, with G and H finite, is believed to have pure perimeter law
decay in some parts of the phase diagram, referred to as the Higgs/confinement regime, and
perimeter law decay with polynomial corrections in other parts of the phase diagram, referred
to as the free phase (see Fig. 1) [10, 20, 22]. (See also [3, 22] for a discussion about potential
differences between the Higgs and confinement regime.) The main contribution of this paper
is to verify that the model indeed has pure perimeter law decay in the Higgs and confinement
regimes, thus verifying some parts of this picture.

Wy, )i ~

1.1 Results

In this section, we present our main results. Our first result shows that Wilson line and loop
observables obey a perimeter law for all cyclic groups G and H when k > 0. In particular,
it never has a so-called area law decay, which is known to hold for Wilson loop observables
when k = 0 and B is sufficiently small.
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86 Page4of30 M. P. Forsstrom

Theorem 1.1 Form,n > 2, let G = Z,,, and H = Z,,. Further, let B > 0 and k > 0. Then
the following holds.

(i) There is a constant bg . € (0, 00) (which depend on m and n) such that for any path y,

e oL (W g < 1.

(ii) Leta,b € N.If, for each j > 1, y; is a straight path of length j or a rectangular loop
_10g<W)/j )/SK

- € (0, 00) exists.
‘le

with side lengths aj and bj, then lim_, oo

The assumption on the shape of y; in Theorem 1.1 (ii) is not strictly necessary. Rather, it

is sufficient to have a sequence of paths that is increasing in length while having the same
shape in some sense, and the proof can easily be adapted to this setting.

The proof of Theorem 1.1 can without much work be extended to finite abelian groups, and
we outline such a proof in Appendix A. However, since the proof of this result use Griffiths
second inequality, a proof for general finite groups would require a different approach.

We now present our main results for the Higgs and confinement phases. These results
state that in both regimes, Wilson line and Wilson loop observables corresponding to straight
lines and rectangular loops have a pure perimeter law. In both theorems below, the constants
agc, Cpucr Dg i, D,/s, . that appear are given by concrete expansions in the corresponding
proofs.

Theorem 1.2 Let G = H = 75, and for each n > 1, let y, be a straight path of length n or
a rectangular loop with side lengths an and bn for some a, b € N.

(Higgs)

Then there is K, > 0, independent of a, b and n, such thatif 8 > 0 and k > KéHiggs)

|~ log(Wy, ). = apuelval = Cpuc| < Dpuce™Prs". (1.5)
for some constants Cg ., ag ., Dg «, D/’S’K > 0.

Theorem 1.3 Let G = H = 75, and for eachn > 1, let y,, be a straight path of length n or
a rectangular loop with side lengths an and bn for some a, b € N.
Then there is ﬂéwnf) > 0, independent of a, b and n, such that if 0 < B8 < ﬁéconf) and
Kk > 0, then
|—1og(Wy,) — ag.lyal — Cp| < Dp e e, (1.6)

for some constants Cg i, ag ., Dg i, DI/&K > 0.

Remark 1.4 In the settings of Theorem 1.2 and Theorem 1.3, it follows from (1.5) and (1.6)
respectively that

el
(W) — e~ slrl=Cpuc| < Co=Cllrnl+Ce Il —ap.clval+Cpuc

This upper bound holds throughout the Higgs and confinement regimes and does not require
the constants 8 and x to tend to infinity or zero as |y| — oo. Theorem 1.2 thus greatly
improves [16, Theorem 1.1], while Theorem 1.3 is a substantial strengthening of [ 17, Theorem
1.3]. Moreover, the proofs can easily be modified to give the analog results for connected
paths along the boundary of rectangles, and in this case, substantially strengthen the main
results of and the case G = H = Z; in [19]. Moreover, with slightly more work, the results
of this paper can also be extended to finite abelian groups with G = H (see Appendix A, thus
improving the main results of [18]. In detail, for Theorem 1.2, the proof extends immediately
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to this case, and for Theorem 1.3, as for Theorem 1.1, the proof extends immediately if one
first obtains a high temperature expansion for this general setting.

Finally, we mention that using the cluster expansion of [14], the methods developed in
this paper can also be used to get the analog results in the pure model with x = 0, which
would then substantially strengthen the main results of [8, 9, 18] in the case G = Z5, by
removing the assumption that 8 — oo with the length of the loop.

Remark 1.5 To obtain a scaling limit of lattice gauge theories where Wilson loop and line
observables have non-trivial limits, one presumably needs to let either S or x grow with the
size of the loop or line considered. All of our results are also valid in this setting. However, in
the physics literature, lattice gauge theories are well-studied models also away from this limit
[2, 10, 12, 20, 22, 24], and studying them in greater generality increases the understanding
of other related models of statistical physics. From this point of view, taking $ and |y | large
is insufficient to fully understand the model.

Remark 1.6 The thresholds ﬂ(()conf ) and Kéngg %) for B and « that appear in Theorem 1.2 and
Theorem 1.3, respectively, correspond to the largest and smallest values of the corresponding
parameters respectively for which the cluster expansion is absolutely convergent, which in
turn corresponds to the size of the polymers in the corresponding expansion having expo-
nential decay (see also [21, Chapter 5]). This latter property is suggested as the driving force
behind the model’s phase transitions, see, e.g., [22]. However, in both regimes of the model
considered, this property should depend on both parameters. Since the thresholds used in the
theorems here depend on only one parameter, they should not be sharp in general.

1.2 Outline of Proof

The main ideas of the proofs of Theorem 1.2 and Theorem 1.3 are as follows. The first step
is to express the logarithm of the expectation of a Wilson line observable in terms of a sum
over clusters using a cluster expansion as in [15] (see also [14]). In the confinement phase, to
do this, we must first use a high-temperature expansion to translate the relevant observables
to a related low-temperature model. In both cluster expansions, the logarithm of the Wilson
line observable is affected only by clusters whose edge support intersects the corresponding
path. The main contribution to the Wilson line (or loop) expectation comes from clusters that
are small compared to the length of the path. From the perspective of a small cluster, most
edges in the path look the same, and hence each type of cluster gives an equal contribution
for each edge, except for edges that are close to the boundary (or corners) of the path. This
gives a contribution of order |y,|. After this contribution has been accounted for, the next
order of contributions is caused by clusters that are sufficiently close to exactly one of the
endpoints (or corners) of the path for their contribution to be affected by the endpoint. This
gives a contribution of order one. Finally, the next-order contributions are given by clusters
whose edge support is very close to both endpoints (or several of the corners) of the path. To
achieve this, the cardinality of the support of the cluster has to be at least |y, |, and this gives
a term that is exponentially small.

The papers [14, 15] used the first step of the outline above to conclude perimeter law,
but did not include subsequent steps to be able to deduce the finer asymptotic behavior for
obtained in this paper.

We mention that in the free phase, when « is small and 8 is large, the above proof idea
fails. The reason for this is that the model obtained after performing a high-temperature
expansion (in « only) in this phase results in a model that is forced to contain a random path
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that connects the two endpoints of y,,. Even a first-order estimate of (W,, ) g . requires a fine
analysis of the geometry of this path.

1.3 Relation to Other Work

Several recent papers [1, 8, 9, 16—-19] consider lattice gauge theories or lattice Higgs models
with finite gauge groups. In all of these papers, the aim is to describe the leading order
asymptotics of (W), )« in a dilute gas limit, with y,, being a loop or path along the boundary
of a rectangle. A dilute gas limit means that the parameters g or k are chosen such that they
go to either zero or infinity as the length of the path goes to infinity in such a way that the
density of plaquettes assigned a non-zero spin goes to zero with the length of the path. Such
results are also said to be perturbative. In contrast, the main results of this paper do not require
the parameters to be very small or very large compared to the length of the path in order to
get a small error term. As a consequence, our results substantially strengthen the results of
[1,8,9,16-19] in the special case that G and H are both cyclic groups. In addition, the error
term obtained by this technique is smaller than the error term obtained in these papers also in
the dilute gas limit. While the methods of [1, 8, 9, 16-19] are relatively similar, the current
paper uses very different techniques that seem more suitable in a non-dilute setting, and that
in instead similar to the techniques employed in [14] and [15].

In [14], non-perturbative results for the decay of Wilson loops in the low-temperature
regime were found by using cluster expansions. In [15], these ideas were adapted to the
abelian lattice Higgs model to show that the Marcu-Fredenhagen ratio, which is a limit
of a ratio of Wilson line expectations whose length goes to infinity, undergoes a phase
transition and can thus be used as an order parameter to distinguish between the phases of the
lattice Higgs model. The ideas used in this paper are a further development of the ideas and
techniques of [14, 15]. We stress that the main contribution of these papers is not the cluster
expansions, as these are special cases of the cluster expansion as presented in, e.g., [21],
and cluster expansions have been used to study the decay rate of Wilson loop observables
also in the physics literature (see, e.g., [4, 6, 11, 25]). In particular, in [25, Theorem 3.18], a
sketch of how to use cluster expansions to obtain perimeter law is presented. However, we
stress that our main result is not that Wilson loops obey a perimeter law but rather that in
the Higgs/confinement regimes, there are no polynomial corrections to the perimeter law. In
other words, our main result describes the behavior of the term remaining after the perimeter
law term has been accounted for.

In [15], we used cluster expansions to show that the Marcu-Fredenhagen ratio was non-
zero in the Higgs/confinement regime. Moreover, in [14], we used cluster expansions to find
an expansion for the counterpart of the constant ag , in (1.5) and (1.6) for the case k = 0. In
both these papers, the main contribution was new symmetry arguments applied to the terms in
the cluster expansions which were needed to obtain the results (see also Section 1.2 below).

However, the methods used there, applied to the setting of this paper, were too coarse
to obtain the asymptotics of Theorem 1.2 and Theorem 1.3. The main contribution of this
paper is a substantial refinement of these symmetry arguments, which, in addition to (1.5)
and (1.6), also explain what the different order asymptotics are caused by. These methods
could easily be adapted to yield even finer asymptotics.
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1.4 Structure of the Paper

In Section 2, we collect the notation and results that we will need for the proofs of our main
results. In particular, in Section 2.3, we review the model arising from a high-temperature
expansion of the lattice Higgs model, and in Section 2.6, we recall the cluster expansions from
[15] which we will use. In Section 3, we use the high-temperature expansion from Section 2.3
to give a proof of Theorem 1.1. Finally, in Section 4, we give proofs of Theorem 1.2 and
Theorem 1.3.

2 Preliminaries
2.1 Discrete Exterior Calculus

The following notation from discrete exterior calculus will be used throughout the paper. For
a more thorough introduction to this notation, we refer the reader to [19].
For N > 1, we let By € 7 be a box of side length N.

e Fork € {0,1,...,d}, welet Cr(By) denote the set of all oriented k-cells of By, and let
C(By)™ denote the set of all positively oriented cells in Ci(By). In particular, C (By)
is the set of oriented edges in By and C»(By) is the set of oriented plaquettes in By .

e Fork € {0,1,...,d}, welet CX(By, Z) denote the set of all integer-valued k-chains on
Ci(Bp). In particular, when k = 1, then this is the set of all formal sums of positively
oriented edges with coefficients in Z.

e Fork € {0,1,...,d}, welet Qr(By, G) denote the set of all k-forms on Cy (By). When
c e CX(By,7), and w € Qi (By, G), we write w(c) = qu c(p)o(p).

e Whenk € {1,2,...,d}, we let dc be the (k — 1)-chain corresponding to the oriented
boundary of c. Fork € {0, 1,...,d} and ¢ € Cx(By), we let dc := 3. ,cqr €'-

e We let d denote the discrete exterior derivative mapping Q2 (By, G) to Qi+1(Bn, G),
and let § be the co-derivative mapping Qk(By, G) to Qx—_1(By, G).

e Whenk € {0,1,...,n} and w € Qi(By, G), we let suppw = {c € Cr(Byn): w(c) #
0}.

2.2 Standing Notation
To simplify notation, for a path y € C 1 (Bn, Z), we let
—1
Zl= Y po@en @@y le? Trecay) 670 & Teeey ) £6 @ @rr )
oeR) (BN,Zm)
$€Q0(BN.Zn)
Whenever the group is clear from the context, we will suppress the subscript on p to

simplify notation.

2.3 High Temperature Expansions
In this section, we present a high-temperature expansion which will be useful in the con-

finement phase. The high temperature expansion is a well-known tool in the literature, but
we include it here for G = Z,, and H = Z,, for completeness. The proof is similar to the
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proof for the case G = H = Z, in [17, Proposition 4.1], and in this case, we recover [16,
Proposition 4.1]. However, even in this case, this proof is slightly different since it does not
involve first passing to a unitary gauge (see Section 2.4).

2.3.1 The High Temperature Expansion When G = Z;; and H = 7,

The main purpose of this section is to present a high-temperature expansion of the lattice
Higgs model for the case when the gauge group and the Higgs group are general cyclic groups
(not necessarily the same).

Form,n > 2, we let m \ n denote the smallest number that is divisible by both m and n.
Forn >2,i € Z, anda > 0, we let

00 .
aljti

Yan (i) = JXZ[:) m

where we abuse notation by identifying Z, and {0, 1, ..., n — 1} in the natural way. Further,
for j € Z,, we let
Gan(D =" D PanPan() =Y Pan()anli — j).
€T, i—i'=] i€z,

Note that for any j # 0, we have lim,—0 @4.,(j) =0 and @, ,(j) = @an(n — j).
The next result, Proposition 2.1 below, describes the high-temperature expansion that we
will use throughout the paper to study the confinement regime.

Proposition2.1 Letm,n > 2, and let G = Z,, and H = 7,,. Further, let B,k > 0, let
y € CY(By, 7), and let Ny € Q(BN, Zyvn) be defined by 1, (e) = y[e] mod m\ n.Then

Zlyloc ) [T #m@®) [] Gemm@ —y)e)

'€ (BN, Zpvn) PEC2(BN)T eeC(By)T
€0 (BN, Zm)

16 + ) =0 (mod m)),

where the proportionality constant depends on m, n, and N, but not on y.

Proof Form > landk € {0, 1...,d}, let Yy , denote thesetofall {0, 1, ..., m — 1}-valued
functions on C;(By), and let T e denote the set of all {0, 1, ..., m — 1}-valued k-chains
on Cy(Bn)T.

Leto € Qi1(Bn, Zy) and ¢ € Q(By, Zy).

Note that for any n > 2, a > 0, and z a nth root of unity, we have

v 00 (LZZ)j _n—l : 00 gt
LT g(w oy Zwanmz @1
Hence
m—1
P Y pecyay) PO (D)) _ l_[ ePrda(p)) l_[ Z (pﬁ,m(l')p(dU(p))i
peCa(BN) peCa(By) i=0

o I1 eemtoneop))’®

i€Y2m peCa(BN)
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Yo I1 em@)epmi(=p)pdo(p) PP

iETZ,m pECQ(BN)+

Yo I @smGene@sp)/®.

jexs, peCa(By)t

Similarly, since for any g € Z,, and h € Z,, ,o(g),o(h)‘1 is a (m V n)th root of unity, we
have

o Teccyy) PO @)pAdE)™ _ [] eec@eaee
eCi(By)

mvn—1

[T Y ecmmdp@@p@pEen)

ecCi1(Bn) i=0

Yo I emwtien ] (olo@)pdpe) )

i€Y1 mvn e€C1(By) eeC1(BN)

Yo T] eemnli@)pemvn(i(—e))p(o (€)@ pde (e)) =@~

ieTl,mVn €€C| (BN)+

Yo I Gemm®@)o@ @)@ o@pe) .

ke . e€Ci(By)T

1,mvn

Combining the above observations, we get

p(o ()p(p(@y)) e LPEI(P) gk X, p@@)pddie)™!

= Y. Pe@p@@y)!
Jers,

ke

I,mvn

[T @mGeeda@)'® [  Gemvnk@)p(o @)t pdge)) ™

peCa(BN)T ecCy(By)*+

= > I @aGen [ Gcmvalkie)

jexs, peCa(Bn)* eeCi(By)*
key

1,mvn

1_[ p(¢(v))79y[v]73k(v) l_[ p(a(e))VIEHk(e)JrBj(E).

veCO(By)*+ eeCy(By)*

Now fix j € Y5, and k € Y

1,mvn

Sjki= ) [T p@) =@ [T po(eyriethedie,

0€Q(BN,Zm) UECO(BN)Jr eeCi(By)t
Qo (BN, Zp)

and consider the sum

By symmetry, S; ; is identically zero unless 0y + 0k = 0 (mod n) and y +k +9dj =0
(mod m), and in this case, we have

Sjk = 1921 (By, Zn)| - 1Q0(By, Zy)| = m 1 EW T gl CoENT]
Combining the previous equations, we obtain

Zlyl = Z p(g(y))p(qg(ay))*leﬁZp(dc(p))ek Y. po(e)pde(e) !

0€Q(BN,Zm)
¢€Q (BN, Zn)

@ Springer



86 Page 10 0f 30 M. P. Forsstrom

— m!C1BW1, 1Co(BN) |

Y TL #mGen [ @emvanlke)
jexy, peC2(Bn)* eeCi(By)™
keTffmv”

10y + 0k =0 (mod n))1(y +k+9j =0 (mod m)).

We will now use three observations. First, recall that n,, € Q1(By, Zyvn) was defined by
ny(e) = yle] mod m Vv n, and thus 3y =0 mod n is equivalent to that §7, =0 mod n.
Next, we note that there is a natural bijection ’Y‘Z w — $2(By, Zy,). Finally, we note that the

mapping k +— (k —y mod m V n) is a bijection from Tffmvn — Q1(BN, Zyvn)- Using
these observations, it follows that

Zly] = m!C1 BN |CoBy)*|

> [T @m@®) ] Gcmvnl@ =)

weQ (BN, Zn) peCa(By)t eeCi(By)T
€ (BN, Zmvn)

-1(6n =0 (mod n))1(n +dw =0 (mod m)).

Comparing the above equation with the previous equation, we have let j = w, k = n—1n,,
oy + 0k — ény, +8(m —mny) = dn,and y +k +9j (mod m) — ny, +1n —ny, + 0w
(mod m) = n + dw (mod m).

Now note that if n € Q(By, Zvn) is such that n + dw = 0 (mod m) and én = 0
(mod n), then §n = 0 (mod m V n). By the Poincaré lemma (see, e.g., [9, Lemma 2.2]),
when n € Q1(By, Zyvy) is such that §n = 0, then there is ' € Q2(By, Z,vy) such that
8w’ = n, and the mapping ' > 8w’ is C-to-1 for C = |{n € Q1 (Bn, Zinvn): dn = 0}].
Using this, it follows that the previous equation is equal to

c ) [T @m@®) [] @omva(@o —y)e)

'€ (BN, Znvn) PEC2(BN)T eeCi(By)*
W€ (BN, Znm)

-18(w' +w) =0 (mod m)).

From this, the desired conclusion immediately follows. m]

2.3.2 The Special Case G = H = 7,

In the special case G = H = 7, using the notation of Section 2.3.1, one has
©4,2(0) = cosh(2a) and @, 2(1) = sinh(2a).
To simplify notation, for j € Z,, we let

(/_)a,2(j)
?a,2(0)

@a(].) = @a,Z(j) =
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so that ¢,(0) = 1 and ¢, (1) = tanh(2a). With this notation, by Proposition 2.1, for any path
y € C'(By, Z) we have

Zlyloc Y [T @s2@pe) ] @c2(s0/e) - ylel)

' €Q(By,Z2) peCa(By)™ ecC1(By)™
w€Q (BN, Z2)

-1(8(0' + @) =0  (mod 2))

o« [T @2@e) [ @c2ldwe - ylel)

we (BN, Z2) peCa(By)* ecCi(By)*
o« Y [T e ] ¢ —yle)
weQ(BN,Z3) peCa(By)T ecCi(By)*t
. . P (dw(e) — ylel
O((Pk(l)ly‘ Z 1_[ pp(w(p)) l_[ K(A([e]))-
0eQ(By.Z2) peCs(By)+ eyt KV

Above, the proportionality constants depends on N, §, and «, but not on y.
To simplify notation, we let

y . . G (b (e) + yle])
oh =[] ¢l [] —Frim— (2.2)
peCa(Byn)* ecC(By)* P (vlel)
Further, we let .
Zypxlyl = @x(l)lyl Z 0p (@). (2.3)

w0 (BN, Z7)

For a path y € CY(By, 7), we also define

5 . 0
Zipe= 2.  ¢p.o.

weQ(By.Z2):
Bpesuppw: p~y

2.4 Unitary Gauge

In this section, we recall the notion of gauge transforms and describe how these can be used
to rewrite the Wilson line expectation as an expectation with respect to a slightly simpler
probability measure in the special case G = H. For more details on gauge transforms and
unitary gauge, we refer the reader to [16].

For n € Qo(By, G), consider the map

=1, =1" 7" Q(BN.G) - Q(By.G) > Q(By.G) - Q(By.G)

given by
o(e) = a(e) —dn(e), ee Ci(By),
¢x) = ¢(x) +n(x), x € Co(Bn),

where 0 € Q(By,G) and ¢ € Qo(By,G). A map t of this form is called a gauge
transformation. An important thing about gauge transformations is that for n € Qo(B,,, H),
by the Poincaré lemma (see, e.g., [9]), the map n — o — dn is k-to-1 for some k > 1.

The gauge transform 7, which will be most useful to us is the gauge transform correspond-
ing to n = —¢, which maps o — d¢ to o. After having applied this gauge transformation,

2.4)
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we say we are working in unitary gauge. For B,k > 0 and 0 € Q1(By, G), we define the
probability measure corresponding to unitary gauge as

W g @) =2 0T exp(B Y pldo(p)+k Y ploe)), @253

peCa(BN) eeC(By)

where Z () « 1s anormalizing constant. We let [E(U) .. denote the corresponding expectation.

The followmg lemma, which is considered well known in the physics literature, will be
crucial in the analysis of the lattice Higgs model in the case G = H, as it will allow us
to consider a model with only one field, which will in addition form finite edge clusters
whenever « is sufficiently large,

Lemma 2.2 (Corollary 2.17 in [16]) Let B > 0,k > 0, G = H, and let y € C{(Byn) be a
path. Then

En g [Wy (0, 9)] = BN} [Wy (0. D] =B} [p(0()]-

In [16], Lemma 2.2 was proven only in the case when y was a path, but it holds (with the
same proof) more generally also for 1-chains in the sense that for any 1-chain ¢ € C;(By),
one has

En g (o) = 600) | =By}  [p(0©)]:

With the current section in mind, we will work with o ~ M(Uig . rather than with

(0, ¢) ~ .« throughout the rest of this paper, together with the observable

Wy (o) =Wy (0. 1) = [ p(o (&) = pla ().

ecy

To simplify notation, we further let

zZO 1= Y slem)en(p Y pldem)+x Y o))

0€Q1(BN,G) peC2(BN) eeCi(Bn)
and note that with this notation, Zl(vUzs = ZI(VUL [0].

2.5 The Activity

Fora > 0and g € G, we set
Va(g) = e*Re(P(@)=pO)

Since p is unitary, for any g € G we have p(g) = p(—g), and hence Re p(g) = Re p(—g).
In particular, for any g € G

Va(g) = e Rep(g)=p(0)) _ ,aRep(=g)—p0)) _ Va(—g). (2.6)

Foro € Q1(By, G) and B, k > 0 we define the activity of o by
Vpe0)= [] wsldop) [] velote).

peCa(BN) e€C1(BN)

We note that, by definition, if o, 6" € Q1(By, G), suppc’ € supp o, o |sppo’ = o' and
(dU)|suppdrr’ =do’, then

Vg (0) = Y (0N pu(o — o).
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For 0 € Q1(Bn, G), the probability measure corresponding to (Wilson action) lattice
gauge theory in unitary gauge can be written as

wﬂ,K(U)
> 0e0i(By.G) YBx(0)
In the case G = Z», for 0 € Q(By, Z3) we have

Vpe)= [ veldom) ] welote)

U
1y (o) =

2.7)

peCr(By) e€Cy(BN)
_ l_[ e—2ﬁjl(d(r(p)=]) l_[ 21 (©=1)
peCa(By) e€Cy(BN)

_ e—2ﬂ Z[lECz(BN) ]l(d(r(p):l)e—ZK ZeeCI(BN) 1(o(e)=1)

— e—Zﬂ\ suppd(r|e—2/(\ suppo\.

2.6 Cluster Expansions

In this section, we will describe the cluster expansions which we will use in the proofs of our
main results. In both the Higgs phase and confinement regime, these are the same expansions
that were used in [15]. However, here we improve several of the technical lemmas from [15]
for them to apply also to the loops and paths considered here.

2.6.1 The Higgs Phase

In this section, we recall the cluster expansion for the lattice Higgs model on a finite box
By in the Higgs phase as described in [15], which is a special case of the cluster expansion
described in [21].

Throughout this section, we will assume that G = Z,. However, we mention that the
same ideas can be used, with some work, for any finite abelian group.
Polymers Let G; be the graph with vertex set C;(By)™ and an edge between two distinct
vertices eq, e iff supp 3e1 N supp 5(32 # J, 1.e. if e] and +e; are both in boundary of some
common plaquette. Since any edge e € C;(By)™ in By is in the boundary of at most 2(d — 1)
plaquettes, and any such plaquettes has exactly three edges in its boundary that are not equal
to e, it follows that there are at most

My =3-2d—-1)=6(d—-1) (2.8)

edges ¢’ € C1(By)T \ {e} with supp de N supp de + . Asa consequence, it follows that
each vertex in G| has degree at most M. The graph G; will be useful when we describe the
cluster expansion when we use it in the Higgs phase.

When o € Q(By, G), we let G| (o) be the subgraph of G induced by (suppo)™. We
let A = Ap be the set of all 0 € Q(By, G) such that G| (o) has exactly one connected
component. The spin configurations in A will be referred to as polymers.

Foro,0’ € A, we write 0 ~ ¢’ if G1 () U G| (¢”) is a connected subgraph of G;. In the
notation of [21, Chapter 5], the model given by (2.3) corresponds to a model of polymers
with polymers as described above and interaction function

0 ifo; ~op

(o1, 00) = 1 else 01,00 € A.
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Clusters of polymers Consider a multiset

S =My MM oo ey sy i) = (0}, Y,
——— —— — ————
ns(ny) cdot  ng(n2) cdot ng(ng) cdot
where 11, ..., nr € A are distinct and n(n) = ns(n) denotes the number of cdot 1 occurs

in S. Following [21, Chapter 3], we say that S is decomposable if it is possible to partition
S into disjoint multisets. That is, if there exist non-empty and disjoint multisets S;, S» C S
such that S = S; US> and such that for each pair (n1,72) € 81 - S2, 1 = mp. If S'is
not decomposable, we say that S is a cluster. We stress that a cluster is unordered and may
contain several copies of the same polymer. Given a cluster S, we define

IS =Y ns|suppm*|, ISlla =Y nsm|suppdm™],

neA neA

n(S) =7 ns(m. and suppS=|_J suppn.
neA nes
For a 1—chain ¢ € C!(By, Z), we define

S(e) =Y nsmn(c).

nei

We let E be the set of all clusters. For e € C;(By)T, y € C!(By, Z), and i, Jk>1,
we define

o]

ijke={S€B:n(S =i, |ISIh =j, ISl2 =k, e € suppS},
g ={SeB:n(S =i},

]

ij={8e€8n® =i Ish = j},

]

{Se&:nS) =i, ISl =j, e € suppS},

JJse

and

1]

iy ={SeB:nS) =i, ISl = j, S(y) #0}.

Further, we let

[1]

o= {S € B: n(S) =i},

and define E;+, jo 8 jt+s B+ j+, ete analogously. We note that the sets defined above

depend on N but we usually suppress this in the notation. When we want to emphasize this

= —~(N) ~(N
dependence, we write ), ag ), cg 4), etc.

We extend the notion of activity from Section 2.5 to clusters S € E by letting

Vi (S) = [ [ wp.cn)s™.

nes
When G = H = 7Z,, we note that
V. (S) = e 4BIS 2 —4clISh

We note that we get 48 and 4« here as | S||; and ||S]|» counts the number of positively
oriented edges and plaquettes in the support of S with multiplicities instead of all edges and
plaquettes in the support.
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Ursell functions In cluster expansions, special functions known as Ursell functions naturally
appear. We define the Ursell function relevant to our setting below.

For k > 1, we let G¥ be the set of all connected graphs G with vertex set {1, 2, ..., k}.
Whenever G is a graph, we let E(G) be the (undirected) edge set of G.

Definition 2.3 (The Ursell functions) Fork > 1 and ny, n2, ..., nx € A, we let

1
U, om0 = o5 2 DEOT T a0 ~ ).

GegGk (i,))EE(G)
Note that this definition is invariant under permutations of the polymers 11, 72, . .., Nk.
For § € Ej, and any enumeration 71, .. ., n; (with multiplicities) of the polymers in S,
we define
UsS)=kKUmi,...,n). (2.9)

Note that for any S € E;, we have U(S) = 1, and for any S € E;, we have U(S) = —1.
Cluster expansion of the partition function and Wilson line observables The partition
function for the Ising lattice Higgs model with parameters g8, k > 0 is given by

U
ZVhe= Y Upalo).
0€Q(ByN,G)

Since N is finite, this is a finite sum. Now instead consider the cluster partition function,
which is defined by the following (formal) expression:

Ziv g = exp( D Vpi(S)), (2.10)
SeE

where for S € E, we define

Vg (S) = U(S)Yp.(S)

and U is the Ursell function as defined in (2.9). Recalling the definition of M| from (2.8),
we define
(Higgs) .__ IOg(M12 +1/a)

and e = 1T LT 01

2 ’
o = o829 arg min log(M7 + 1/a)
4(1 — o)

«’'€(0,1) 4(1 —C(/)

By [15, Lemma 3.3], the series on the right-hand side of (2.10) is absolutely convergent

whenever k > KO(HiggS), and by [15, Lemma 3.4], in this case we further have
log Zyh =102 Z}y 5o = Y Wp(S). 2.12)
SeE

In [15, Lemma 3.3], there is an additional assumption that the path y had a specific shape,
but since this is not used in its proof, it holds more generally for any path y € C!(By, Z).
Given a path y € C1(By, Z), consider the weighted cluster partition function

Z;k\’,ﬂ,/c[y] = exp(Z qjﬂ,K,y(‘S))v (2.13)

SeE

where

Vg e,y (S) = US)Yp . (S)p(SW)).
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By [15, Section 3.1.7], when 8 > 0 and k¥ > K(()Higgs), the series on the right-hand side
of (2.13) is absolutely convergent, and moreover,

log Zy, y[¥1=10g Ziy g [y =D Wp .y (S). (2.14)

Set

Useful upper bounds In this section, we recall a lemma from [15], which gives an upper
bound on sums over clusters.

Lemma2.4 (Lemma 3.10 in [15]) Let B > 0 and & > i\ Further, let k > 1 and
e € C1(By).

Then, for any ¢ > 0, we have
Y ()] < 47 et 0,

S€E I+ k+.e

where C; is defined by

Ce:=4sup sup E |\IJO (Higgs) (S)| < 0.
Ko +e
N>1ecCi(BN) s, 1.,

2.6.2 The Confinement Phase

In this section, we describe the cluster expansion we will use in the confinement phase. The
main difference between the approaches we use in the Higgs phase and the confinement
phase is that in the latter, we first perform a high-temperature expansion (see Section 2.3.2)
and then use a cluster expansion on the model obtained thereof.

Polymers In this section, we consider the case G = H = Z;, and assume that a path
y € CY(Bn, Z) is given.

Let G, be the graph with vertex set C(By)™, an edge between two distinct plaquettes
p1, p2 € C2(By) T if suppdp Nsupp dp’ # & (written p; ~ py). In other words, p; ~ p2
if they have some common edge in their boundaries. Note that any p € C2(By)™ has degree
at most M =4 - (2(d -1 - 1) =8d — 12in G;.

For € Q3(By, Z3), we let Go(w) be the subgraph of G, induced by (suppw)™*. In
other words, G, is the graph with vertex set (suppw)™ and an edge between two vertices
p1, p2 € (suppw)* if p1 ~ pa.

In this section, we let

A= {a) € Q(Byn, Z2): G2(w) has exactly one connected component}.

The spin configurations in A will be referred to as polymers.

For w, o’ € A, we write o ~ o’ if Gy(w) U G2 (@) is a connected subgraph of G,.

In the notation of [21, Chapter 3], the model given by (2.3) corresponds to a model of
polymers with polymers described in the previous section and interaction function

0 ifw; ~
(w1, wp) == {1 elsa: @2 wl,w) € A.

Forw € Q,(Bn, Z3), we write w ~ y if thereis p € supp w such that supp d pNsupp y #
. Finally, we also write y ~ y.
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Clusters of polymers Exactly as in the Higgs phase, consider the multiset

S={nla"'!nlﬂ7727"'77727""77/(7"'7771(}={r]?(nl)v"'?n/}:(nk)}v
——— —— ————
ns(ny) cdot  ng(n2) cdot ng(ng) cdot
where 711, ..., nr € A are distinct and n(n) = ns(n) denotes the number of cdot n occurs

in S. Following [21, Chapter 3], we say that S is decomposable if it is possible to partition
S into disjoint multisets. That is, if there exist non-empty and disjoint multisets S1, S» C S
such that S = S; U Sy and such that for each pair (n1,172) € S; - S2, 11 = . If S'is
not decomposable, we say that S is a cluster. We stress that a cluster is unordered and may
contain several copies of the same polymer. We let E be the set of all clusters.
For S € E, we let S° be the set of all € S such that 7 = y. Welet S7 == S \ S°.
Given a cluster S € E, we let

IS =" ns(m|(suppm)*

neA

)

)

ISl =Y ngo(n)|(suppm)™

nen
and
ISIly =Y nsr(m)]suppsn N suppy|.
nea
We also let

suppS = _J (suppn)*.
nes

Further, for p € Co(By)T and j > 1, we let

E1.j.p = {{n}: n € A and p € suppn and ||{n}]| = j}
and

Eit.jrp ={S€E: pecsuppSand|S| > j}.

These sets depends on N, and when this dependency is important, we write 8V, &

=(N) -
and B ity respectively.

The activity of clusters We extend the notion of activity from (2.2) to clusters S € E as
follows.

o), (S) =[] ek
nes

Note that
0h.(S) = ¢ (S)pe ()18l

The following lemma, which we now state and prove, generalizes [15, Lemma 4.3].

Lemma2.5 Let B,k > 0. Further, let y € C'(By, Z) be a path along the boundary of a
rectangle with side lengths R and T . Then, as R, T — oo, for any w € A, we have

‘/’Z () < gDﬂ(1)(1*Omin(R,T)(l))\(Sllll'll'w)Jr|
K ’

where the constant only depends on min(R, T).
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In particular, if y € C1(By, Z) is a straight path and w € A, then
Y < 1)lGupp )| 2.15
¢} (@) < pp(D) . 2.15)

Proof Let yg 1 be a path around a rectangle with side lengths R and T such that suppy <
supp Yr,7- Then <p () < <pﬂ " (w). The desired conclusion thus follows immediately
from [15, Lemma 4 3] Moreover, by noting that if y is a straight path, then we can take R
and T arbitrarily large, we obtain (2.15). This concludes the proof. O

Ursell functions The Ursell functions we will use in the confinement phase are identical to
the Ursell functions used for the Higgs phase (see Definition 2.3), except the set A is different
and we use the graph G, instead of G .

Cluster expansion of the partition function For 8 > 0,« >0,y € A, and S € E, we let

Vi (S) = US)gp (S). (2.16)
Further, we let
M3 (1)1—0(
(conf) 2 298
= su >0: M l)<landdx € (0,1) s.t. —=——— < 2«
By p{8 3op(1) I VP }
(2.17)
and for § < ﬁéconﬂ, we let
. M3 (1)~
a =oag =inf{la € (0, 1): 20}, (2.18)

1 — M3g(1)l—

Next, we present a lemma that shows that the cluster expansion of the logarithm of the
partition function indeed converges. This lemma is a slightly more general version of [15,
Lemma 4.4], and its proof is identical to the proof of [15, Lemma 4.4] after replacing the
reference to [15, Lemma 4.3] in that proof with Lemma 2.5 above.

Lemma26 Let0 < 8 < ,B(C{mf) and k > 0, and let y be either a straight path or a path
with support in the support of the boundary of some sufficiently large rectangle. Then, for
any w € B, we have

Yo LS| < f (@)

Sel: weS
Moreover,
log Zn pilyl= Y W} (S) (2.19)
Se&Y
and .
logZf o= Y. W3S (2.20)
S€eEE: SV=0

Furthermore, the series on the right-hand sides of (2.19) and (2.20) are both absolutely
convergent.

Upper bounds for clusters In this paragraph, we give upper bounds on sums over the activity

of sets of clusters, which naturally arise in the proofs of our main results in the confinement
regime.
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Lemma27 Let0 < B < ,Béconf) and k > 0, let y € C1(By, Z) either be a path whose
support is a subset of the boundary of a rectangle with sufficiently large side lengths. Finally,
let p € Co(By)*. Then

y (pﬁ(l)(l—on(l))(l—a)
Z }\Pﬁ K(8)| S 2 1—0,(1))(1—
’ 1— Mz(pﬁ(l)( 0, (1)) (1—a)

=CP (221
SeE& 1+,1+,p
where o is as in (2.18).

The proof of this lemma is identical to the proof of [15, Lemma 4.5], except that the
reference to [15, Lemma 4.3] is replaced with a reference to the more general Lemma 2.5.

The next lemma, Lemma 2.8 below, gives an upper bound on the weight of all clusters
which has support at a given plaquette, and in addition, is sufficiently large. This lemma will
be crucial in the proofs of our main results to show that the error terms we get are small. The
proof of this lemma is identical to the proof of [15, Lemma 4.6], after replacing the reference
therein to [15, Lemma 4.5] with a reference to Lemma 2.7.

Lemma28 Let0 < 8 < ﬂ(conf) and k > 0, let y € C'(By, Z) be a path whose support
is a subset of the boundary of a rectangle with sufficiently large side lengths, and let p €
C2(BN)™T. Further; letk > 1 and & € (0, B — B). Then

5 ol <cn( O,

SE€B14 k+.p

where C2) is defined in (2.21).

3 Proof of Theorem 1.1

In this section, we provide a proof of Theorem 1.1. The main tools in these proofs are the
high-temperature expansion given by Proposition 2.1, together with and the following lemma.

Lemma3.1 Let B,k > 0, andlety € Cl(BN, Z) be a path. Then Ey g [W, ] is increasing
in both B and k.

Proof By Griffith’s second inequality, for all paths y’, y” € C'(By, Z), we have
[EN,,B.K[W)/’+)/”] > [EN,,B,K[W)//][EN,ﬂ,K[Wy”]-

(For a reference, see, e.g., [13, Proposition 6.3] for the case k = 0. The proof for x > 0 is
analogous.) Since

Y e (By.G) P (@ (1) LRI o @)

En, g [Wy]=

ZUEQ] (By.G) eB 2 p(do(p)+r 3 plo(e) ’
it follows that
d
dﬂ N B, K[Wy Z [EN,B,K[Wy+8p] - [EN,,B,K[W;/] Z [EN,ﬂ,K[WBp] =0
P P
and J
?EN B.k Wy Z En Bk Wy+e] [EN,/ﬁ,K[Wy] Z [EN,ﬂ,K[We] = 0.
e
This concludes the proof. O
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We now give a proof of Theorem 1.1.

Proof of Theorem 1.1 We first show that Theorem 1.1(i) holds. To this end, note that for each
« > 0, we have ¢, > 0. Consequently, for each o’ € Q3(By, Znvn), We have

T (b0 (e) = ylel) (min_,-ez,w,, Gemn(J) )'V

cey i, mvn (50)/(8)) max jez,,, Pc,mvn(j)
Using Proposition 2.1, it follows that there is bg , > 0 such that
(Wy)pue = e 0l

For the other direction, we simply note that by definition, we have (W, )g , < 1.

This completes the proof of Theorem 1.1(i).

To see that Theorem 1.1(ii) holds, recall first that by Griffith’s second inequality, for any
paths y, y’ € C! (Z4, Z) with finite support, we have

Wy 1y = (Wy)puc{Wyr) g

and hence

log(Wy+y’)/3,K> lyl  log{Wy,)p« Iy’ log(W,/)p.«
I+~ i+ ly| lyl =+ 1yl [yl

Now assume that for j > 1, y; is a straight line of length j. Then the above equation implies
in particular that the sequence log(W,,;)g.«/ly;l, j = 1, is superadditive.

Since, by Theorem 1.1(i), log(Wyj )8« /1yl is bounded from above and below, uniformly
lOg(Wyj )/5,;(

in n, it follows that lim; , i
J

case.
The proof for y; being a rectangular loop with side lengths aj and bj for some a, b € N
follows analogously, and is hence omitted here.

€ (0, oo) exists, which concludes the proof in this

m}

4 Proofs of Theorem 1.2 and Theorem 1.3

In this section, we will prove Theorem 1.2 and Theorem 1.3. The main tool in these proofs
will be the cluster expansions of Section 2.6.1 and Section 2.6.2; hence, we use the notation
of those corresponding sections here. We state and prove both theorems for straight lines
only, as the proof in the case of a loop is completely analogous and follows by considering
corners instead of endpoints of the path. We further mention that the same strategy can easily
be adapted to give analogous results also for, e.g., sequences of paths of the same shape
whose side lengths are proportional to 7.

We now introduce three paths that will be useful in the proofs. We will view paths as
elements in C!(Z¢, 7), often restricted to C 1(By, Z) in the natural way.

e Let y be the bi-infinite line placed at the x-axis.

e Let 3} be the restriction of yo to the positive x-axis. Without loss of generality we
can assume that y,, has one end-point at the origin and that its support is a subset of the
support of y5. We let y5, be the restriction of ¥ t0 SUPP(Yoo — V5 + ¥a)-

e Let eg be the unique edge in 3, that has one endpoint at the origin. For e € yoo, we let
7, be the translation that maps e to e. When c € C 1(By, Z) is such that t.e’ € By for
all ¢’ € suppc, we define t.c by t.c(e') = c(1.€).
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4.1 Proof of Theorem 1.2 (the Higgs phase)

In this section, we give a proof of Theorem 1.2. Throughout this section, we use the notation
of Section 2.6.1.

Proof of Theorem 1.2 By combining (2.12), (2.13), and (2.14), we can write

—logEN ) Wy, 1= > (Wpu(S) = Wpiey, ) = D W S)(1=p(Sv))
SeEM SeaW)

Vg (S) (1= p(Srm))

= Z Z | supp S N supp yy |

eey H(N)
Se Sitite

4.1)
To simplify notation, for a path y € C!(By, Z) and a cluster S € &, we let

W (S)(1 = p(S()))
|suppS Nsuppy|

Fg (S, y) =

Let M > |y,| be such that the distance between supp y;,, and the boundary of By is at
least M. Then

—logEN L (W, 1= Y P Syt Y. Y. FpulS.v).

€€Yn SE"UX gy eEYn SEH(ZX)M .
=E =5
For any e € y,, we have ugf)M .= Eiio)M, ,» and hence
=y Z Fp (S, va)
= Z FoSvod+ D 2 (FpwlSoyn) = Fpu(S. )
hses, hsea?,
=5 =83
By symmetry, we further have
Si=lml Y, Fpu(S veo)
=(00)
SEE I+ y- )
=lml Y FpeSve) —lval Y FpulS. v
Se:iof)ﬁ €0 Seh(lof)MJr,eo
=ZE2
Let
age = Y Fpu(S veo)-
SE:EOJS)I* )
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By Lemma 2.4, ag , is well defined and finite. Combining the above equations, we obtain

—log £y} [Wy,] = ap.clyal = Ey — E2 + 8.

‘We now return to the sum S3.
—~(00)

To this end, note that if S € &, , and || S|l1 < dist(e, dy,), then S(yn) = S(¥eo)

and | supp SNsupp ¥, | = | supp Sﬂsyupp’yool, and hence Fg (S, ¥») = Fg,«(S, Y). Using
these observations, it follows that

=20 2 (FaulSom = FpuSov0))-

eEYy =(00)
A S€u1+’M_.e.
dist(e,0y) <[ S

Next, we note that since |y, | > dist(e, dy,) for all e € y,,, we have

Si=Y > (Fpu(S,vn) = Fpuc(S, v0)) (= Sa)

ecyn SEE(O_f) .
dist(e,dyn) SIS <|yal

+Y Y (FpalSovn) = Fpu(S, v00)) (= E3)
M sea® .
1S 11 =1yl

Now assume that S € E!%”, . is such that dist(e, 3y,) < | Sli < |yul- Then we have

either S(y,) = S(y) and | supp S N supp y,| = [supp S N supp y 5| or S(yn) = S(¥)
and | supp S N supp ¥l = | supp S N supp v |. Hence either Fg (S, vu) = Fp (S, v3)
or Fg (S, vn) = Fp.(S, y5) holds.

By symmetry, it follows that

Sa=2Y 3 (Fp (S, vd) = Fpu(S. 7o)
eeysh SEEﬁOf.)Mie:
dist(e,dy5) ISl <Iyal
=22 S (FeaS v — Fua(S ve0)).
ecevn  SeEY,

dist(e,dyH) IS <Ival
Let
Cor=230 D (Fon(S 7 = Fpue(S, ve0)).

+ =
ey Se\Y |

dist(e,0y5) IS

By Lemma 2.4, Cg  is well defined and finite. Moreover, we have

S4=Cgyp —2 Z Z (Fﬁ,;((&& Vo:)_Fﬁ,K(S, Voo))-
ecyss SeE Y, ,:

811 =max (lyx|.dist(e,dy:))

=E4
Combining the above equations, we obtain the upper bound

U
|~ log £} ([Wy,1 = g clval — Cpe| < 1E1l + |Eal + | Es| + | E4]
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<Y U ® ]l Y Wk (S))

€EVn segV) Seg®

St Mt e 1+, M+ e
2 ) [Ws®[+2 )] > |95 (S
€ - . + =(00) .
€Y SE:‘?T?Mj €€Y00 Senlof.ﬁ.e.
Sl =1yal 5111 Zmax(ly|.dist(e,dy))

By Lemma 2.4, under the assumptions of the theorem, all of these sums are finite. Letting
first N and then M go to infinity, it follows that

‘_ IOg(Wy,,>ﬁ,K - aﬂ,K|Vn| - Cﬁ,/{

<Y || +2)] > |Wg ., (S)

ec —~(00) . + = (00) .
Vn Senltlte. €Yo S€“1+<1+,e'
S1=1val IS111 >max (lya|,dist(e,dy5))
oo
<l Y. 9@ +2Y. > )l
=(00) m=1 = (00) .
SE“I*,\W\*,L’O S€“1+,1+,eo'

Sl Zmax(|yy|,m)

Using Lemma 2.4, we can bound the right-hand side of the previous inequality from above
by

(Higgs) _

Ca|yn|e—4h/n|(f(—x N C8|yn|e—4|yn\(f(—x0 £) . Coe4lrmltk—x
(Higgs) _

4 2 2(] _ e—4(K—KO 8))

(Higgs) (Higgs)
0 =) o Y —g)

This concludes the proof. O

4.2 Proof of Theorem 1.3 (the confinement phase)

In this section, we prove Theorem 1.3. Throughout this section, we use the notation of
Section 2.6.2. The proof is very similar to the proof of Theorem 1.2, except the polymers are
now different, causing a slightly different interaction between polymers and the path y,, and
also different upper bounds. In the proof, we let

(N ~(N .

21", = {(n} € 81" e € supp sy and |(supp ) *| = j},

~1,j,e

(N
and define cﬁJr)ﬁ , etc. as before.

Proof of Theorem 1.3 Recall the definitions of \Ilg,K and Z N.g.«[y] from (2.16) and (2.3)
respectively.
By Proposition 2.1, for any n > 1, we have

ZN,ﬁ,K[yn] _ ZN,,B,K[Vn]
ZN,,B,K[O] ZN’ﬁ,K[O] '

Using Lemma 2.6, it thus follows that

—10gEn g [Wy,]1 =102 Zn g c[yn] —10g Zn g 0]
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\p;fK S) — \IJE’K(S)
| supp ¥, N supp 8S|°

Yn 0
= Y V©- Y S = Y
SeaW) Sez) Seg®™
1+, 1t e

To simplify notation, for a path y and S € &, we let

Wi (S) =g (S)

Gg. (S, y) = .
BV = uppy N suppsS]

Since
W) (S) = g (1) 2IspysuepdSigg (),

the function Gg (S, y) depends on y only through | supp y N supp §S|.
Let M > |y, | be such that the distance between supp y;,, and d By is at least M. Then

— 102 En . [Wy, ] — vallog g (1)

=D 2 GpSww+). >, GpelSom).

eVn geg™ €€Vn Se:(N)

1+, Mt e S M e
=E; =51

Next, note that for any e € y,, we have S € EYX,)M*,e =Se E(IT,)M*,@ and hence

Si=>" ) GpulS.vw)
=Y Y GaSovd+ Y. Y (Gpa(S ) = Gpu(S, o)) -
=5 =$;
Note that by symmetry.
Si=1lml Y.,  GpulS veo)
SeEif?M_,l)O
=lvl Y. GpaSive) —lval DY Gpu(S, veo)-

Se sfj?ﬁ_eo Se Eﬁf?MtPO
—=E,

With this in mind, define

age =logp (D + D GpulS. o).
Se E(10':').)1‘*'.80
By Lemma 2.7, ag , is well defined and finite. Combining the previous equations, we have

—logEn g« [Wy,1 —aglyl = E1 — E2 + S3.

We now return to the sum S3. To this end, note that if S € EET)M_ Land || Sl <
dist(e, dyy), then | supp y, N supp S| = |supp yoo N suppdS|, and hence Gg (S, yn) =
G« (S, Yo)- Using these observations, it follows that
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=2 Y (CpulSiv) — GpalS. 1)),

eEYn = (c0) .
Se“lfM*,e‘
ISl =>dist(e,dyy)

Next, we note that

Si=)_ > (Gpu(S ) = Gpa(S v)) (= S4)
s SEEEOE?M’.(’:
[Vul> 1Sl =dist(e,dyn)
+3y 3 (GpuclS. vm) = Gpuc(S. v)). (= E3)
€€V SeE(O_f) :
1T M~ e

IS 111 =max(ly,|.dist(e,dy))

: ,:(OO)
Next, observe that if S € El+ M-

| supp y» Nsupp S| = | supp y5 Nsupp 8S| or | supp y, Nsupp S| = | supp ys; Nsupp 85|
and hence either Gg , (S, yu) = G« (S, y;) or Gg i (S, vn) = G (S, ¥so)-
By symmetry, it follows that

dist(e, dy,) < || Slli < |yul, then we have either

S4=2 3" ) (Gﬁ,K(S, Vo) = Gpic(S, yoo)).
eeys; SeE(lf‘)Mie.

dist(e,8y:) <ISlh <1
Let
Chu=2Y Yo (Gpa(S v = Gp(S. ve)-

+ =
ey, Se\Y |

IS1l >dist(e,dysh)

By Lemma 2.8, Cg, is well defined and finite. Moreover, we have

Si=Cpu—2Y 3 (Gpu(S. 73) = Gpuc(S, v)) -
eey SeB®,

Sl >max(dist(e, 3y, lyu )

—Ey4
Combining the above equations, we have
—logEy g« [Wy,]1 —aglvul — Cgx = E1 — E2 + E3 — E4 + Es.
Letting first N and then M tend to go infinity, by noting that E1 and E» and E4 tend to zero
as M — oo, we thus obtain
|~ log(Wy,)p.c — ap.clval = Cpuc]
<Y D (Gpa(Sv) = Gpu(S. 7)) (=i Ee)

o Se E(Iof?l*’,e

S11=1yal

+23 Y (GpalS ) = Gpu(S.v)) (= En),

eeysh Se8\Y |

[S1l=1yal
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To complete the proof, we now upper bound the right-hand side of the previous equation.
This this end, we note that since ¢, (1) < 1, we have

Eol <lyal Y. [¥F O]+l Y, |[¥Fus).
SEE(IT,)IJr.eO SEE(IOJS.)IJF.EO
IS Z1yal IS Z=1yal

Noting that

1+ k+,e0 S U S+ ket p
pedeg

and using that [deg| = 2(d — 1), it follows from Lemma 2.8 that

op(1) \Iwl
|Esl <4C2)d = Dyl (=)
T e (D

which tends to zero exponentially fast in |y, |.

Next, we note thatif e € yf and S € Egio)ﬁ . 1s such that |supp S N supp yoo| #

| supp 8S N supp 5|, then we must have || S||; > dist(e, dy). Noting that for each j €
{0, 1, ...}, there is a unique edge e € y, with dist(e, dyJ) = j, we obtain

Erl<2 ) > (vl rlvie)
ey ses? .,

S111 =max (lyx.dist(e,dy:))

o0
=2y Y (hol+vrel).
j=0 Seaif’)lte
[IS1lh Zmax(|yal,j)

Again using Lemma 2.8, it follows that

o.¢] ax ny'
|E7] < 16(d — 1)2( pp(l) )ma Uyal. i)

Z\gpre(D)
) Wﬁ(l) [Vnl
(1) \bl 16— I)C&"(wm(l))
<16(d — 1)C2 (‘”’3 )
( )Cealyal @pre(l) + 1_( op(1) )
©p+e (1)
This completes the proof. O

A Extensions of Theorems 1.1, 1.2, and 1.3 to general finite abelian
groups

In this appendix, we outline how the proofs of Theorems 1.1, 1.2, and 1.3 can be extended
to finite abelian groups. To this end, we first note that the starting point for the proofs
of both Theorem 1.1 and Theorem 1.3 was the high temperature expansions described in
Sections 2.3.1 and 2.3.2. The main tool for these expansions is the Fourier expansions for
Z,, which also exist for finite abelian groups. With these expansions at hand, all other proofs
in the paper extend immediately to the finite abelian case, with the caveat that, in particular,
constants and lower bounds are less concrete. The crucial property we use for most proofs
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is that the edges that are assigned a spin o, with tr p(c,)) 7% 1 will form clusters whose
cardinality is very unlikely to be large.

For completeness, we now describe the high temperature expansion for a general finite
abelian group G in the case G = H, and mention how it extends the proof of Theorem 1.1
to this more general case.

To this end, assume that G is a finite and abelian group. Let G= Hom(G, U(1)) denote
the corresponding dual group of characters.

Since G is finite and abelian, the characters form an orthonormal basis of functions on G.
Hence every function f: G — C admits a Fourier expansion

£ =" faGOx(9).

x€G

where, .
Foo ==Y f@x@.

IGl 7%

We note that (2.1) is exactly such an expansion in the special case G = Z".
Using this Fourier expansion, the following result is the general version of Proposition 2.1
in the special case G = H.

Proposition A.1 Let G = H be a finite abelian group, and let pG = py = p be a unitary

representation of G. Further, let G = Hom(G, U (1)) denote the corresponding dual group

of characters. For g € G and a > 0, let f,: G — C be the function g > e??Retrr(),
Then

) 1 C1By) Jete. 0 )
4 [yl1=1G| Ty oy A
B.k,N Z fK(Xe,(Xp),U)

)E§C2<BN)+ eesupp y

[T Zeamno [] Bay. A2

eeC(By)* peC2(BN)T

(Xp

where

Xe.(ey (8) = (rp(@) ] Xp(ap[e]g)>.
pesupp de

Note that since the function f, in Proposition A.1 is strictly positive definite for every
a > 0, all its Fourier coefficients are strictly non-negative. This allows us to think of the
terms in (A.2) as the weights of a probability measure on (G)CZ(BN . Using this observation,
it immediately follows that

Eg i N[Wy] 2> inf = z
()(,,)E(A]CZ(BN)Jr eesuppy Je (Xe,(x,,),O)

fK(Xe,()(p),y) S ( inf ff\(Xe,()(p),Le))lyl
() eG2BNT fie (Xe,(x,),0)

which analogous to the lower bound in Theorem 1.1. The rest of the proof of Theorem 1.1

in this more general setting is completely analogous to the proof for the case G = Z,, and

H = 7, and is thus omitted here.
We now proceed to the proof of Proposition A.1.
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Proof of Proposition A.1 We have

U
Zgvl= Y trpe(y)
UEQ|(BN,G)

[T D Aoxeee@ ] D fGwxpdop))

eeCi (BNt x.eG peC2(BN)* x,€G

= > > [T Zxo 1 70

(xe)eGCIENYT (4 )eGC2BN*T e€C1(BN) peC2(By)

Yo wpe) [] xe@@) [ xpdopy.

5€Q(By,G) eeCi(By)T peC2(By)*

Since characters are multiplicative, it follows that p,(do (p)) = Heea »Pp (o (e)) for any
o € Q(By,G),e € Ci(By) and p € C2(By), and we thus have

Y. wpew) [ xee@) ] xpdoy

0€Q(BN,G) ecCi(By)* peCa(By)+

= Y wpey) [ xG@ ] [lxwee

0€Q(By,G) ecC1(By)t peCa(By)t ecdp

[T D e x(e) [] xp@plele)

ecC(By)t g€CG pesupp de

Noting that for finite abelian groups, we have
D x(@ =1G|-1(x = 1),
geG

that the product of two characters is again a character, and that g — tr p(g) is a character,
we obtain

ZW Iyl =GIadt 3 [T 7 [1 7w

(xe)eGE1BM T e€C1(BN) peCa(By)
(Xp)eG2 BN
[T t(vecciBnwoe i [] x@plel=1)
eeCy(By)T pesupp de
+ - ~
= |Gl BT 3 [l feGteomr@ ] Tt
(XP)EGC2<BN)+ eeC1(BN) peCa(By)
where
Xy (&) = o) [T xp(@plels)).
pesupp de
This concludes the proof. O
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