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Abstract
Several recent papers have studied the decay rate of the expectation of Wilson loop and
Wilson line observables in lattice gauge theory and the lattice Higgs model. These results
have all been perturbative in the sense that the parameters need to scale with the length of
the loop or line for the error term to be smaller than the estimate. In this paper, we further
develop ideas from [14] and [15] to give more detailed asymptotics for the expectation of
Wilson loop and Wilson line observables, which do not require the parameters to be very
large or very small for the error term to be small, thus improving the results of [16-19]. In
particular, we show that Wilson line and loop observables have a pure perimeter law in the
Higgs and confinement phases of the lattice Higgs model.

1 Introduction

Lattice gauge theories are a family of spin models defined on the edges of hypercubic lattices
with interaction between edges in the boundary of some common plaquette. The lattice Higgs
model is a lattice gauge theory coupled to an external field that is a simple model of a Higgs
field. In the simplest case, the model is described by the Hamiltonian

β
∑

p∈C2(BN )

ρG(dσ(p)) + κ
∑

e∈C1(BN )

tr ρG(σ (e))ρH (dφ(e))−1 (1.1)

together with a uniform reference measure. Here β, κ � 0 are two parameters, BN ⊆ Zd is
a box of side length N , C1(BN ) is the set of all oriented edges in BN , C2(BN ) is the set of
oriented plaquettes in BN , G and H are Lie groups, σ ∈ �1(BN ,G) is a G-valued 1-form,
φ ∈ �0(BN , H) is a H -valued 0-form, and ρG and ρH are one-dimensional representations
of G and H respectively. We let μβ,κ,N be the corresponding measure, and let EN ,β,κ be
the corresponding expectation. Elements in σ ∈ �1(BN ,G) will be referred to as gauge
field configurations, and elements in φ ∈ �0(BN , H) will be referred to as Higgs field
configurations. We think of the pair (σ, φ) as describing spin configurations where a group
element σ(e) ∈ G is attached to each edge e of the lattice and a group element φ(v) ∈ H is
attached to each vertex of the lattice. The measure described by (1.1) thus gives a probability

Communicated by Alessandro Giuliani.

B Malin P. Forsström
palo@chalmers.se

1 Mathematical Sciences, Chalmers University of Technology and University of Gothenburg, SE-412 96
Gothenburg, Sweden

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1007/s10955-026-03648-5&domain=pdf
http://orcid.org/0000-0003-2555-8521


   86 Page 2 of 30 M. P. Forsström

measure on such spin configurations. The simplest example of a lattice Higgs model is
obtained by letting G = H = Z2, and this model will be referred to as the Ising lattice Higgs
model.

We note that in the physics literature, one always has G = H , while the more general
setting here is considered in, e.g., [1]. Moreover, the case G �= H can also be considered a
toy model for the abelian lattice Higgs model with charge, see, e.g., [20, 22].

Two natural observables for lattice gauge theories and lattice Higgs models are Wilson
loops and Wilson lines. Given a path γ of oriented edges, the Wilson line observable asso-
ciated to γ is defined by

Wγ := ρG(σ (γ ))ρH (φ(∂γ )) =
∏

e∈γ

ρG(σ (e))
∏

v∈∂γ

ρH (φ(v)). (1.2)

If γ is a closed loop, theWilson line observable is also referred to as aWilson loop observable,
and in this case, we have

Wγ := ρG(σ (γ )) =
∏

e∈γ

ρG(σ (e)). (1.3)

By the Ginibre inequality, for any Wilson line or Wilson loop observable Wγ , the limit
〈Wγ 〉β,κ of EN ,β,κ [Wγ ] as N → ∞ exists and is translation invariant (see, e.g., [18].

In this paper, we will make the additional assumption that G and H are cyclic groups, i.e.,
that there is m, n � 0 finite such that G = Zm and H = Zn, and in this case we can assume
that the representations are the one-dimensional representations j 	→ ei jπ . In this case,
since (1.1) describes a spin model with block spins that take values in a finite group, the GHS
inequalities hold, and hence by standard arguments (see, e.g., [21]) a limiting probability
measure on Zd exists. This will let us transfer results from a finite lattice to an infinite lattice.

Wilson loop and Wilson lines observables are known to undergo phase transitions and
can thus be used as order observables. In particular, when κ = 0, the expected value of
Wilson loop observables are known to obey a perimeter law for large β and an area law for
small β. In other words, there are constants Cβ and C ′

β such that for sufficiently large β,

〈Wγ 〉β,0 ∼ e−Cβ |γ |, and for sufficiently small β, 〈Wγ 〉β,0 ∼ e−C ′
βarea(γ )

, where area(γ )

is the cardinality of the smallest set of plaquettes that has the loop γ as its boundary. In
contrast, when κ > 0, Wilson loop observables are known always to obey a perimeter law
(see, e.g., Theorem 1.1 below). When κ = 0, the expectation of Wilson line observables
corresponding to open paths is always zero. However, when κ > 0, the expected value of
Wilson line observables is non-trivial, and Wilson line observables are known to undergo
phase transitions when κ > 0 (see, e.g., [5] and also [15]), which we now describe. To this
end, let γn be a straight path of length n and let the parameters β, κ � 0 be fixed. We say
that the model has perimeter law decay if the limit

aβ,κ := lim
n→∞

− log〈Wγn 〉β,κ

|γn |
exists and is strictly positive. The model is said to have pure perimeter law decay if the limit

Cβ,κ := lim
n→∞ − log〈Wγn 〉β,κ − aβ,κ |γn | (1.4)

exists and is strictly positive. In contrast, the model is said to have perimeter law decay with
lower-order corrections if the limit in (1.4) is zero and there is a function g : N → R such
that limn→∞ |g(n)| = ∞, limn→∞ g(n)/n = 0, and the limit

lim
n→∞ − log〈Wγn 〉β,κ − aβ,κ |γn | − g(|γn |)
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Confinement phase
pure perimeter law decay

Free phase
perimeter law decay with
polynomial corrections

Higgs phase
pure perimeter law decay

Fig. 1 The phase diagram of the Ising lattice Higgs model as described in the physics literature [10, 20, 22].
In the Higgs and confinement phases, the expectation of Wilson line observables is believed to have pure
perimeter law decay. In contrast, in the free phase, one expects the expectation of Wilson line observables to
have perimeter law decay with polynomial corrections

exists. The model is said to have perimeter law decay with polynomial corrections if there is
a polynomial p(x) such that g(|γ |n) = log p(|γn |). In this case, we have

〈Wγn 〉β,κ ∼ e−aβ,κ |γn |

p(|γn |) .

This type of decay is knownasOrnstein-Zernike decay andholds, e.g., in the high-temperature
regime of the Ising model (see, e.g., [7, 23]).

The lattice Higgs model, with G and H finite, is believed to have pure perimeter law
decay in some parts of the phase diagram, referred to as the Higgs/confinement regime, and
perimeter law decay with polynomial corrections in other parts of the phase diagram, referred
to as the free phase (see Fig. 1) [10, 20, 22]. (See also [3, 22] for a discussion about potential
differences between the Higgs and confinement regime.) The main contribution of this paper
is to verify that the model indeed has pure perimeter law decay in the Higgs and confinement
regimes, thus verifying some parts of this picture.

1.1 Results

In this section, we present our main results. Our first result shows that Wilson line and loop
observables obey a perimeter law for all cyclic groups G and H when κ > 0. In particular,
it never has a so-called area law decay, which is known to hold for Wilson loop observables
when κ = 0 and β is sufficiently small.
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Theorem 1.1 For m, n � 2, let G = Zm and H = Zn . Further, let β > 0 and κ > 0. Then
the following holds.

(i) There is a constant bβ,κ ∈ (0,∞) (which depend on m and n) such that for any path γ,

e−bβ,κ |γ | � 〈Wγ 〉β,κ � 1.

(ii) Let a, b ∈ N. If, for each j � 1, γ j is a straight path of length j or a rectangular loop

with side lengths a j and bj, then lim j→∞
− log〈Wγ j 〉β,κ

|γ j | ∈ (0,∞) exists.

The assumption on the shape of γ j in Theorem 1.1 (ii) is not strictly necessary. Rather, it
is sufficient to have a sequence of paths that is increasing in length while having the same
shape in some sense, and the proof can easily be adapted to this setting.

The proof of Theorem 1.1 canwithoutmuchwork be extended to finite abelian groups, and
we outline such a proof in Appendix A. However, since the proof of this result use Griffiths
second inequality, a proof for general finite groups would require a different approach.

We now present our main results for the Higgs and confinement phases. These results
state that in both regimes, Wilson line andWilson loop observables corresponding to straight
lines and rectangular loops have a pure perimeter law. In both theorems below, the constants
aβ,κ ,Cβ,κ , Dβ,κ , D′

β,κ that appear are given by concrete expansions in the corresponding
proofs.

Theorem 1.2 Let G = H = Z2, and for each n � 1, let γn be a straight path of length n or
a rectangular loop with side lengths an and bn for some a, b ∈ N.

Then there is κ
(Higgs)
0 > 0, independent of a, b and n, such that if β > 0 and κ > κ

(Higgs)
0

∣∣− log〈Wγn 〉β,κ − aβ,κ |γn | − Cβ,κ

∣∣ � Dβ,κe
−D′

β,κ |γn |. (1.5)

for some constants Cβ,κ , aβ,κ , Dβ,κ , D′
β,κ > 0.

Theorem 1.3 Let G = H = Z2, and for each n � 1, let γn be a straight path of length n or
a rectangular loop with side lengths an and bn for some a, b ∈ N.

Then there is β
(conf)
0 > 0, independent of a, b and n, such that if 0 < β < β

(conf)
0 and

κ > 0, then ∣∣− log〈Wγn 〉 − aβ,κ |γn | − Cβ,κ

∣∣ � Dβ,κe
−D′

β,κ |γn |. (1.6)

for some constants Cβ,κ , aβ,κ , Dβ,κ , D′
β,κ > 0.

Remark 1.4 In the settings of Theorem 1.2 and Theorem 1.3, it follows from (1.5) and (1.6)
respectively that

∣∣〈Wγn 〉 − e−aβ,κ |γn |−Cβ,κ
∣∣ � Ce−C ′|γn |+Ce−C ′ |γn |

e−aβ,κ |γn |+Cβ,κ .

This upper bound holds throughout the Higgs and confinement regimes and does not require
the constants β and κ to tend to infinity or zero as |γ | → ∞. Theorem 1.2 thus greatly
improves [16,Theorem1.1],whileTheorem1.3 is a substantial strengtheningof [17,Theorem
1.3]. Moreover, the proofs can easily be modified to give the analog results for connected
paths along the boundary of rectangles, and in this case, substantially strengthen the main
results of and the case G = H = Z2 in [19]. Moreover, with slightly more work, the results
of this paper can also be extended to finite abelian groups withG = H (see Appendix A, thus
improving the main results of [18]. In detail, for Theorem 1.2, the proof extends immediately
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to this case, and for Theorem 1.3, as for Theorem 1.1, the proof extends immediately if one
first obtains a high temperature expansion for this general setting.

Finally, we mention that using the cluster expansion of [14], the methods developed in
this paper can also be used to get the analog results in the pure model with κ = 0, which
would then substantially strengthen the main results of [8, 9, 18] in the case G = Z2, by
removing the assumption that β → ∞ with the length of the loop.

Remark 1.5 To obtain a scaling limit of lattice gauge theories where Wilson loop and line
observables have non-trivial limits, one presumably needs to let either β or κ grow with the
size of the loop or line considered. All of our results are also valid in this setting. However, in
the physics literature, lattice gauge theories are well-studied models also away from this limit
[2, 10, 12, 20, 22, 24], and studying them in greater generality increases the understanding
of other related models of statistical physics. From this point of view, taking β and |γ | large
is insufficient to fully understand the model.

Remark 1.6 The thresholds β
(con f )
0 and κ

(Higgs)
0 for β and κ that appear in Theorem 1.2 and

Theorem 1.3, respectively, correspond to the largest and smallest values of the corresponding
parameters respectively for which the cluster expansion is absolutely convergent, which in
turn corresponds to the size of the polymers in the corresponding expansion having expo-
nential decay (see also [21, Chapter 5]). This latter property is suggested as the driving force
behind the model’s phase transitions, see, e.g., [22]. However, in both regimes of the model
considered, this property should depend on both parameters. Since the thresholds used in the
theorems here depend on only one parameter, they should not be sharp in general.

1.2 Outline of Proof

The main ideas of the proofs of Theorem 1.2 and Theorem 1.3 are as follows. The first step
is to express the logarithm of the expectation of a Wilson line observable in terms of a sum
over clusters using a cluster expansion as in [15] (see also [14]). In the confinement phase, to
do this, we must first use a high-temperature expansion to translate the relevant observables
to a related low-temperature model. In both cluster expansions, the logarithm of the Wilson
line observable is affected only by clusters whose edge support intersects the corresponding
path. The main contribution to theWilson line (or loop) expectation comes from clusters that
are small compared to the length of the path. From the perspective of a small cluster, most
edges in the path look the same, and hence each type of cluster gives an equal contribution
for each edge, except for edges that are close to the boundary (or corners) of the path. This
gives a contribution of order |γn |. After this contribution has been accounted for, the next
order of contributions is caused by clusters that are sufficiently close to exactly one of the
endpoints (or corners) of the path for their contribution to be affected by the endpoint. This
gives a contribution of order one. Finally, the next-order contributions are given by clusters
whose edge support is very close to both endpoints (or several of the corners) of the path. To
achieve this, the cardinality of the support of the cluster has to be at least |γn |, and this gives
a term that is exponentially small.

The papers [14, 15] used the first step of the outline above to conclude perimeter law,
but did not include subsequent steps to be able to deduce the finer asymptotic behavior for
obtained in this paper.

We mention that in the free phase, when κ is small and β is large, the above proof idea
fails. The reason for this is that the model obtained after performing a high-temperature
expansion (in κ only) in this phase results in a model that is forced to contain a random path
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that connects the two endpoints of γn . Even a first-order estimate of 〈Wγn 〉β,κ requires a fine
analysis of the geometry of this path.

1.3 Relation to OtherWork

Several recent papers [1, 8, 9, 16–19] consider lattice gauge theories or lattice Higgs models
with finite gauge groups. In all of these papers, the aim is to describe the leading order
asymptotics of 〈Wγn 〉β,κ in a dilute gas limit, with γn being a loop or path along the boundary
of a rectangle. A dilute gas limit means that the parameters β or κ are chosen such that they
go to either zero or infinity as the length of the path goes to infinity in such a way that the
density of plaquettes assigned a non-zero spin goes to zero with the length of the path. Such
results are also said to be perturbative. In contrast, themain results of this paper do not require
the parameters to be very small or very large compared to the length of the path in order to
get a small error term. As a consequence, our results substantially strengthen the results of
[1, 8, 9, 16–19] in the special case that G and H are both cyclic groups. In addition, the error
term obtained by this technique is smaller than the error term obtained in these papers also in
the dilute gas limit. While the methods of [1, 8, 9, 16–19] are relatively similar, the current
paper uses very different techniques that seem more suitable in a non-dilute setting, and that
in instead similar to the techniques employed in [14] and [15].

In [14], non-perturbative results for the decay of Wilson loops in the low-temperature
regime were found by using cluster expansions. In [15], these ideas were adapted to the
abelian lattice Higgs model to show that the Marcu-Fredenhagen ratio, which is a limit
of a ratio of Wilson line expectations whose length goes to infinity, undergoes a phase
transition and can thus be used as an order parameter to distinguish between the phases of the
lattice Higgs model. The ideas used in this paper are a further development of the ideas and
techniques of [14, 15]. We stress that the main contribution of these papers is not the cluster
expansions, as these are special cases of the cluster expansion as presented in, e.g., [21],
and cluster expansions have been used to study the decay rate of Wilson loop observables
also in the physics literature (see, e.g., [4, 6, 11, 25]). In particular, in [25, Theorem 3.18], a
sketch of how to use cluster expansions to obtain perimeter law is presented. However, we
stress that our main result is not that Wilson loops obey a perimeter law but rather that in
the Higgs/confinement regimes, there are no polynomial corrections to the perimeter law. In
other words, our main result describes the behavior of the term remaining after the perimeter
law term has been accounted for.

In [15], we used cluster expansions to show that the Marcu-Fredenhagen ratio was non-
zero in the Higgs/confinement regime. Moreover, in [14], we used cluster expansions to find
an expansion for the counterpart of the constant aβ,κ in (1.5) and (1.6) for the case κ = 0. In
both these papers, themain contribution was new symmetry arguments applied to the terms in
the cluster expansions which were needed to obtain the results (see also Section 1.2 below).

However, the methods used there, applied to the setting of this paper, were too coarse
to obtain the asymptotics of Theorem 1.2 and Theorem 1.3. The main contribution of this
paper is a substantial refinement of these symmetry arguments, which, in addition to (1.5)
and (1.6), also explain what the different order asymptotics are caused by. These methods
could easily be adapted to yield even finer asymptotics.
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1.4 Structure of the Paper

In Section 2, we collect the notation and results that we will need for the proofs of our main
results. In particular, in Section 2.3, we review the model arising from a high-temperature
expansion of the latticeHiggsmodel, and in Section 2.6, we recall the cluster expansions from
[15] which wewill use. In Section 3, we use the high-temperature expansion from Section 2.3
to give a proof of Theorem 1.1. Finally, in Section 4, we give proofs of Theorem 1.2 and
Theorem 1.3.

2 Preliminaries

2.1 Discrete Exterior Calculus

The following notation from discrete exterior calculus will be used throughout the paper. For
a more thorough introduction to this notation, we refer the reader to [19].

For N � 1, we let BN ⊆ Zd be a box of side length N .

• For k ∈ {0, 1, . . . , d}, we let Ck(BN ) denote the set of all oriented k-cells of BN , and let
Ck(BN )+ denote the set of all positively oriented cells in Ck(BN ). In particular, C1(BN )

is the set of oriented edges in BN and C2(BN ) is the set of oriented plaquettes in BN .

• For k ∈ {0, 1, . . . , d}, we let Ck(BN ,Z) denote the set of all integer-valued k-chains on
Ck(BN ). In particular, when k = 1, then this is the set of all formal sums of positively
oriented edges with coefficients in Z.

• For k ∈ {0, 1, . . . , d},we let�k(BN ,G) denote the set of all k-forms on Ck(BN ).When
c ∈ Ck(BN ,Z), and ω ∈ �k(BN ,G), we write ω(c) = ∑

p∈c c(p)ω(p).
• When k ∈ {1, 2, . . . , d}, we let ∂c be the (k − 1)-chain corresponding to the oriented

boundary of c. For k ∈ {0, 1, . . . , d} and c ∈ Ck(BN ), we let ∂̂c := ∑
c′ : c∈∂c′ c′.

• We let d denote the discrete exterior derivative mapping �k(BN ,G) to �k+1(BN ,G),

and let δ be the co-derivative mapping �k(BN ,G) to �k−1(BN ,G).

• When k ∈ {0, 1, . . . , n} and ω ∈ �k(BN ,G), we let suppω = {c ∈ Ck(BN ) : ω(c) �=
0}.

2.2 Standing Notation

To simplify notation, for a path γ ∈ C1(BN ,Z), we let

Z [γ ] :=
∑

σ∈�1(BN ,Zm )
φ∈�0(BN ,Zn )

ρG (σ (γ ))ρH (φ(∂γ ))−1e
β

∑
p∈C2(BN ) ρG (dσ(p))

e
κ

∑
e∈C1(BN ) ρG (σ (e))ρH (dφ(e))−1

.

Whenever the group is clear from the context, we will suppress the subscript on ρ to
simplify notation.

2.3 High Temperature Expansions

In this section, we present a high-temperature expansion which will be useful in the con-
finement phase. The high temperature expansion is a well-known tool in the literature, but
we include it here for G = Zm and H = Zn for completeness. The proof is similar to the
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proof for the case G = H = Zn in [17, Proposition 4.1], and in this case, we recover [16,
Proposition 4.1]. However, even in this case, this proof is slightly different since it does not
involve first passing to a unitary gauge (see Section 2.4).

2.3.1 The High Temperature ExpansionWhen G = Zm and H = Zn

The main purpose of this section is to present a high-temperature expansion of the lattice
Higgsmodel for the case when the gauge group and the Higgs group are general cyclic groups
(not necessarily the same).

For m, n � 2, we let m ∨ n denote the smallest number that is divisible by both m and n.

For n � 2, i ∈ Zn and a � 0, we let

ϕa,n(i) :=
∞∑

j=0

anj+i

(nj + i)!

where we abuse notation by identifying Zn and {0, 1, . . . , n − 1} in the natural way. Further,
for j ∈ Zn, we let

ϕ̄a,n( j) :=
∑

i,i ′∈Zn : i−i ′= j

ϕa,n(i)ϕa,n(i
′) =

∑

i∈Zn

ϕa,n(i)ϕa,n(i − j).

Note that for any j �= 0, we have lima→0 ϕ̄a,n( j) = 0 and ϕ̄a,n( j) = ϕ̄a,n(n − j).
The next result, Proposition 2.1 below, describes the high-temperature expansion that we

will use throughout the paper to study the confinement regime.

Proposition 2.1 Let m, n � 2, and let G = Zm and H = Zn . Further, let β, κ � 0, let
γ ∈ C1(BN ,Z), and let ηγ ∈ �1(BN ,Zm∨n) be defined by ηγ (e) = γ [e] mod m∨n. Then

Z [γ ] ∝
∑

ω′∈�2(BN ,Zm∨n)
ω∈�2(BN ,Zm )

∏

p∈C2(BN )+
ϕ̄β,m(ω(p))

∏

e∈C1(BN )+
ϕ̄κ,m∨n((δω′ − γ )(e))

· 1(δ(ω′ + ω) = 0 (mod m)),

where the proportionality constant depends on m, n, and N , but not on γ.

Proof Form � 1 and k ∈ {0, 1 . . . , d}, letϒk,m denote the set of all {0, 1, . . . ,m − 1}-valued
functions on Ck(BN ), and let ϒ+

k,m denote the set of all {0, 1, . . . ,m − 1}-valued k-chains
on Ck(BN )+.

Let σ ∈ �1(BN ,Zm) and φ ∈ �0(BN ,Zn).

Note that for any n � 2, a � 0, and z a nth root of unity, we have

eaz =
∞∑

j=0

(az) j

j ! =
n−1∑

i=0

zi
∞∑

j=0

anj+i

(nj + i)! =
n−1∑

i=0

ϕa,n(i)z
i . (2.1)

Hence

eβ
∑

p∈C2(BN ) ρ(dσ(p)) =
∏

p∈C2(BN )

eβρ(dσ(p)) =
∏

p∈C2(BN )

m−1∑

i=0

ϕβ,m(i)ρ(dσ(p))i

=
∑

i∈ϒ2,m

∏

p∈C2(BN )

ϕβ,m(i(p))ρ(dσ(p))i(p)
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=
∑

i∈ϒ2,m

∏

p∈C2(BN )+
ϕβ,m(i(p))ϕβ,m(i(−p))ρ(dσ(p))i(p)−i(−p)

=
∑

j∈ϒ+
2,m

∏

p∈C2(BN )+
ϕ̄β,m( j(p))ρ(dσ(p)) j(p).

Similarly, since for any g ∈ Zm and h ∈ Zn, ρ(g)ρ(h)−1 is a (m ∨ n)th root of unity, we
have

eκ
∑

e∈C1(BN ) ρ(σ (e))ρ(dφ(e))−1 =
∏

e∈C1(BN )

eκρ(σ (e))ρ(dφ(e))−1

=
∏

e∈C1(BN )

m∨n−1∑

i=0

ϕκ,m∨n(i)(ρ(σ (e))ρ(dφ(e))−1)i

=
∑

i∈ϒ1,m∨n

∏

e∈C1(BN )

ϕκ,m∨n(i(e))
∏

e∈C1(BN )

(ρ(σ (e))ρ(dφ(e))−1)i(e)

=
∑

i∈ϒ1,m∨n

∏

e∈C1(BN )+
ϕκ,m∨n(i(e))ϕκ,m∨n(i(−e))ρ(σ (e))i(e)−i(−e)ρ(dφ(e))−(i(e)−i(−e))

=
∑

k∈ϒ+
1,m∨n

∏

e∈C1(BN )+
ϕ̄κ,m∨n(k(e))ρ(σ (e))k(e)ρ(dφ(e))−k(e).

Combining the above observations, we get

ρ(σ(γ ))ρ(φ(∂γ ))−1eβ
∑

ρ(dσ(p))eκ
∑

e ρ(σ(e))ρ(dφ(e))−1

=
∑

j∈ϒ+
2,m

k∈ϒ+
1,m∨n

ρ(σ(γ ))ρ(φ(∂γ ))−1

·
∏

p∈C2(BN )+
ϕ̄β,m( j(p))ρ(dσ(p)) j(p)

∏

e∈C1(BN )+
ϕ̄κ,m∨n(k(e))ρ(σ (e))k(e)ρ(dφ(e))−k(e)

=
∑

j∈ϒ+
2,m

k∈ϒ+
1,m∨n

∏

p∈C2(BN )+
ϕ̄β,m( j(p))

∏

e∈C1(BN )+
ϕ̄κ,m∨n(k(e))

·
∏

v∈C0(BN )+
ρ(φ(v))−∂γ [v]−∂k(v)

∏

e∈C1(BN )+
ρ(σ(e))γ [e]+k(e)+∂ j(e).

Now fix j ∈ ϒ+
2,m and k ∈ ϒ+

1,m∨n and consider the sum

S j,k :=
∑

σ∈�1(BN ,Zm )
φ∈�0(BN ,Zn)

∏

v∈C0(BN )+
ρ(φ(v))−∂γ [v]−∂k(v)

∏

e∈C1(BN )+
ρ(σ (e))γ [e]+k(e)+∂ j(e).

By symmetry, S j,k is identically zero unless ∂γ + ∂k ≡ 0 (mod n) and γ + k + ∂ j ≡ 0
(mod m), and in this case, we have

S j,k = |�1(BN ,Zm)| · |�0(BN ,Zm)| = m|C1(BN )+|n|C0(BN )+|.

Combining the previous equations, we obtain

Z [γ ] =
∑

σ∈�1(BN ,Zm )
φ∈�0(BN ,Zn)

ρ(σ (γ ))ρ(φ(∂γ ))−1eβ
∑

ρ(dσ(p))eκ
∑

e ρ(σ(e))ρ(dφ(e))−1
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= m|C1(BN )|n|C0(BN )+|

·
∑

j∈ϒ+
2,m

k∈ϒ+
1,m∨n

∏

p∈C2(BN )+
ϕ̄β,m( j(p))

∏

e∈C1(BN )+
ϕ̄κ,m∨n(k(e))

· 1(∂γ + ∂k = 0 (mod n))1(γ + k + ∂ j = 0 (mod m)).

We will now use three observations. First, recall that ηγ ∈ �1(BN ,Zm∨n) was defined by
ηγ (e) = γ [e] mod m ∨ n, and thus ∂γ = 0 mod n is equivalent to that δηγ = 0 mod n.

Next, we note that there is a natural bijectionϒ+
2,m → �2(BN ,Zm). Finally, we note that the

mapping k 	→ (k − γ mod m ∨ n) is a bijection from ϒ+
1,m∨n → �1(BN ,Zm∨n). Using

these observations, it follows that

Z [γ ] = m|C1(BN )|n|C0(BN )+|

·
∑

ω∈�2(BN ,Zm )
η∈�1(BN ,Zm∨n)

∏

p∈C2(BN )+
ϕ̄β,m(ω(p))

∏

e∈C1(BN )+
ϕ̄κ,m∨n((η − ηγ )(e))

· 1(δη = 0 (mod n))1(η + δω = 0 (mod m)).

Comparing the above equation with the previous equation, we have let j 	→ ω, k 	→ η−ηγ ,

∂γ + ∂k 	→ δηγ + δ(η − ηγ ) = δη, and γ + k + ∂ j (mod m) 	→ ηγ + η − ηγ + ∂ω

(mod m) = η + ∂ω (mod m).

Now note that if η ∈ �1(BN ,Zm∨n) is such that η + δω = 0 (mod m) and δη = 0
(mod n), then δη = 0 (mod m ∨ n). By the Poincaré lemma (see, e.g., [9, Lemma 2.2]),
when η ∈ �1(BN ,Zm∨n) is such that δη = 0, then there is ω′ ∈ �2(BN ,Zm∨n) such that
δω′ = η, and the mapping ω′ 	→ δω′ is C-to-1 for C = |{η ∈ �1(BN ,Zm∨n) : dη = 0}|.
Using this, it follows that the previous equation is equal to

C
∑

ω′∈�2(BN ,Zm∨n)
ω∈�2(BN ,Zm )

∏

p∈C2(BN )+
ϕ̄β,m(ω(p))

∏

e∈C1(BN )+
ϕ̄κ,m∨n((δω′ − γ )(e))

· 1(δ(ω′ + ω) = 0 (mod m)).

From this, the desired conclusion immediately follows. ��

2.3.2 The Special Case G = H = Z2

In the special case G = H = Z2, using the notation of Section 2.3.1, one has

ϕ̄a,2(0) = cosh(2a) and ϕ̄a,2(1) = sinh(2a).

To simplify notation, for j ∈ Z2, we let

ϕ̂a( j) := ϕ̂a,2( j) := ϕ̄a,2( j)

ϕ̄a,2(0)
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so that ϕ̂a(0) = 1 and ϕ̂a(1) = tanh(2a). With this notation, by Proposition 2.1, for any path
γ ∈ C1(BN ,Z) we have

Z [γ ] ∝
∑

ω′∈�2(BN ,Z2)
ω∈�2(BN ,Z2)

∏

p∈C2(BN )+
ϕ̄β,2(ω(p))

∏

e∈C1(BN )+
ϕ̄κ,2

(
δω′(e) − γ [e])

· 1(δ(ω′ + ω) = 0 (mod 2))

∝
∑

ω∈�2(BN ,Z2)

∏

p∈C2(BN )+
ϕ̄β,2(ω(p))

∏

e∈C1(BN )+
ϕ̄κ,2

(
δω(e) − γ [e])

∝
∑

ω∈�2(BN ,Z2)

∏

p∈C2(BN )+
ϕ̂β(ω(p))

∏

e∈C1(BN )+
ϕ̂κ

(
δω(e) − γ [e])

∝ ϕ̂κ (1)|γ | ∑

ω∈�2(BN ,Z2)

∏

p∈C2(BN )+
ϕ̂β(ω(p))

∏

e∈C1(BN )+

ϕ̂κ

(
δω(e) − γ [e])
ϕ̂κ (γ [e]) .

Above, the proportionality constants depends on N , β, and κ, but not on γ.

To simplify notation, we let

ϕ
γ
β,κ (ω) :=

∏

p∈C2(BN )+
ϕ̂β

(
ω(p)

) ∏

e∈C1(BN )+

ϕ̂κ

(
δω(e) + γ [e])
ϕ̂κ (γ [e]) . (2.2)

Further, we let
ẐN ,β,κ [γ ] := ϕ̂κ

(
1
)|γ | ∑

ω∈�2(BN ,Z2)

ϕ
γ
β,κ (ω). (2.3)

For a path γ ∈ C1(BN ,Z), we also define

Ẑγ

N ,β,κ
:=

∑

ω∈�2(BN ,Z2) :
�p∈suppω : p∼γ

ϕ0
β,κ (ω).

2.4 Unitary Gauge

In this section, we recall the notion of gauge transforms and describe how these can be used
to rewrite the Wilson line expectation as an expectation with respect to a slightly simpler
probability measure in the special case G = H . For more details on gauge transforms and
unitary gauge, we refer the reader to [16].

For η ∈ �0(BN ,G), consider the map

τ := τη := τ (1)
η · τ (2)

η : �1(BN ,G) · �0(BN ,G) → �1(BN ,G) · �0(BN ,G)

given by {
σ(e) 	→ σ(e) − dη(e), e ∈ C1(BN ),

φ(x) 	→ φ(x) + η(x), x ∈ C0(BN ),
(2.4)

where σ ∈ �1(BN ,G) and φ ∈ �0(BN ,G). A map τ of this form is called a gauge
transformation. An important thing about gauge transformations is that for η ∈ �0(Bn, H),

by the Poincaré lemma (see, e.g., [9]), the map η 	→ σ − dη is k-to-1 for some k � 1.
The gauge transform τη whichwill bemost useful to us is the gauge transform correspond-

ing to η = −φ, which maps σ − dφ to σ. After having applied this gauge transformation,
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we say we are working in unitary gauge. For β, κ � 0 and σ ∈ �1(BN ,G), we define the
probability measure corresponding to unitary gauge as

μ
(U )
N ,β,κ (σ ) := (Z (U )

N ,β,κ )−1 exp
(
β

∑

p∈C2(BN )

ρ
(
dσ(p)

) + κ
∑

e∈C1(BN )

ρ
(
σ(e)

))
, (2.5)

where Z (U )
N ,β,κ is a normalizing constant. We let E(U )

N ,β,κ denote the corresponding expectation.
The following lemma, which is considered well-known in the physics literature, will be

crucial in the analysis of the lattice Higgs model in the case G = H , as it will allow us
to consider a model with only one field, which will in addition form finite edge clusters
whenever κ is sufficiently large,

Lemma 2.2 (Corollary 2.17 in [16]) Let β � 0, κ � 0, G = H , and let γ ∈ C1(BN ) be a
path. Then

EN ,β,κ

[
Wγ (σ, φ)

] = E(U )
N ,β,κ

[
Wγ (σ, 1)

] = E(U )
N ,β,κ

[
ρ
(
σ(γ )

)]
.

In [16], Lemma 2.2 was proven only in the case when γ was a path, but it holds (with the
same proof) more generally also for 1-chains in the sense that for any 1-chain c ∈ C1(BN ),

one has
EN ,β,κ

[
ρ
(
σ(c) − φ(∂c)

)] = E(U )
N ,β,κ

[
ρ
(
σ(c)

)]
.

With the current section in mind, we will work with σ ∼ μ
(U )
N ,β,κ rather than with

(σ, φ) ∼ μN ,β,κ throughout the rest of this paper, together with the observable

Wγ (σ ) := Wγ (σ, 1) =
∏

e∈γ

ρ
(
σ(e)

) = ρ(σ (γ )).

To simplify notation, we further let

Z (U )
N ,β,κ [γ ] =

∑

σ∈�1(BN ,G)

ρ
(
σ(γ )

)
exp

(
β

∑

p∈C2(BN )

ρ
(
dσ(p)

) + κ
∑

e∈C1(BN )

ρ
(
σ(e)

))

and note that with this notation, Z (U )
N ,β,κ = Z (U )

N ,β,κ [0].

2.5 The Activity

For a � 0 and g ∈ G, we set

ψa(g) := ea Re(ρ(g)−ρ(0)).

Since ρ is unitary, for any g ∈ G we have ρ(g) = ρ(−g), and hence Re ρ(g) = Re ρ(−g).
In particular, for any g ∈ G

ψa(g) = ea(Re ρ(g)−ρ(0)) = ea(Re ρ(−g)−ρ(0)) = ψa(−g). (2.6)

For σ ∈ �1(BN ,G) and β, κ � 0 we define the activity of σ by

ψβ,κ(σ ) :=
∏

p∈C2(BN )

ψβ

(
dσ(p)

) ∏

e∈C1(BN )

ψκ

(
σ(e)

)
.

We note that, by definition, if σ, σ ′ ∈ �1(BN ,G), supp σ ′ ⊆ supp σ, σ |supp σ ′ = σ ′ and
(dσ)|supp dσ ′ = dσ ′, then

ψβ,κ(σ ) = ψβ,κ(σ ′)ψβ,κ (σ − σ ′).
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For σ ∈ �1(BN ,G), the probability measure corresponding to (Wilson action) lattice
gauge theory in unitary gauge can be written as

μ
(U )
N ,β,κ (σ ) = ψβ,κ(σ )∑

σ∈�1(BN ,G) ψβ,κ (σ )
. (2.7)

In the case G = Z2, for σ ∈ �1(BN ,Z2) we have

ψβ,κ(σ ) =
∏

p∈C2(BN )

ψβ

(
dσ(p)

) ∏

e∈C1(BN )

ψκ

(
σ(e)

)

=
∏

p∈C2(BN )

e−2β1
(
dσ(p)=1

) ∏

e∈C1(BN )

e−2κ1(σ (e)=1)

= e−2β
∑

p∈C2(BN ) 1(dσ(p)=1)e−2κ
∑

e∈C1(BN ) 1(σ (e)=1)

= e−2β| supp dσ |e−2κ| supp σ |.

2.6 Cluster Expansions

In this section, we will describe the cluster expansions which we will use in the proofs of our
main results. In both the Higgs phase and confinement regime, these are the same expansions
that were used in [15]. However, here we improve several of the technical lemmas from [15]
for them to apply also to the loops and paths considered here.

2.6.1 The Higgs Phase

In this section, we recall the cluster expansion for the lattice Higgs model on a finite box
BN in the Higgs phase as described in [15], which is a special case of the cluster expansion
described in [21].

Throughout this section, we will assume that G = Z2. However, we mention that the
same ideas can be used, with some work, for any finite abelian group.
Polymers Let G1 be the graph with vertex set C1(BN )+ and an edge between two distinct
vertices e1, e2 iff supp ∂̂e1 ∩ supp ∂̂e2 �= ∅, i.e. if e1 and ±e2 are both in boundary of some
common plaquette. Since any edge e ∈ C1(BN )+ in BN is in the boundary of at most 2(d−1)
plaquettes, and any such plaquettes has exactly three edges in its boundary that are not equal
to e, it follows that there are at most

M1 := 3 · 2(d − 1) = 6(d − 1) (2.8)

edges e′ ∈ C1(BN )+ � {e} with supp ∂̂e ∩ supp ∂̂e′ �= ∅. As a consequence, it follows that
each vertex in G1 has degree at most M1. The graph G1 will be useful when we describe the
cluster expansion when we use it in the Higgs phase.

When σ ∈ �1(BN ,G), we let G1(σ ) be the subgraph of G1 induced by (supp σ)+. We
let � = �N be the set of all σ ∈ �1(BN ,G) such that G1(σ ) has exactly one connected
component. The spin configurations in � will be referred to as polymers.

For σ, σ ′ ∈ �, we write σ ∼ σ ′ if G1(σ ) ∪ G1(σ ′) is a connected subgraph of G1. In the
notation of [21, Chapter 5], the model given by (2.3) corresponds to a model of polymers
with polymers as described above and interaction function

ι(σ1, σ2) :=
{
0 if σ1 ∼ σ2

1 else
σ1, σ2 ∈ �.
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Clusters of polymers Consider a multiset

S = {η1, . . . , η1︸ ︷︷ ︸
nS (η1) cdot

, η2, . . . , η2︸ ︷︷ ︸
nS (η2) cdot

, . . . , ηk, . . . , ηk︸ ︷︷ ︸
nS (ηk ) cdot

} = {ηn(η1)
1 , . . . , η

n(ηk )
k },

where η1, . . . , ηk ∈ � are distinct and n(η) = nS(η) denotes the number of cdot η occurs
in S. Following [21, Chapter 3], we say that S is decomposable if it is possible to partition
S into disjoint multisets. That is, if there exist non-empty and disjoint multisets S1,S2 ⊂ S
such that S = S1 ∪ S2 and such that for each pair (η1, η2) ∈ S1 · S2, η1 � η2. If S is
not decomposable, we say that S is a cluster. We stress that a cluster is unordered and may
contain several copies of the same polymer. Given a cluster S, we define

‖S‖1 =
∑

η∈�

nS(η)
∣∣(supp η)+

∣∣, ‖S‖2 =
∑

η∈�

nS(η)
∣∣(supp dη)+

∣∣,

n(S) =
∑

η∈�

nS(η), and suppS =
⋃

η∈S
supp η.

For a 1−chain c ∈ C1(BN ,Z), we define

S(c) =
∑

η∈�

nS(η)η(c).

We let � be the set of all clusters. For e ∈ C1(BN )+, γ ∈ C1(BN ,Z), and i, j, k � 1,
we define

�i, j,k,e := {S ∈ � : n(S) = i, ‖S‖1 = j, ‖S‖2 = k, e ∈ suppS}
,

�i := {S ∈ � : n(S) = i
}
,

�i, j := {S ∈ � : n(S) = i, ‖S‖1 = j
}
,

�i, j,e := {S ∈ � : n(S) = i, ‖S‖1 = j, e ∈ suppS}
,

and
�i, j,γ := {S ∈ � : n(S) = i, ‖S‖1 = j, S(γ ) �= 0

}
.

Further, we let
�i+ := {S ∈ � : n(S) � i},

and define �i+, j , �i, j+ , �i+, j+ , etc. analogously. We note that the sets defined above
depend on N but we usually suppress this in the notation. When we want to emphasize this
dependence, we write �(N ), �

(N )
i , �

(N )
i, j , etc.

We extend the notion of activity from Section 2.5 to clusters S ∈ � by letting

ψβ,κ(S) :=
∏

η∈S
ψβ,κ(η)nS (η).

When G = H = Z2, we note that

ψβ,κ(S) = e−4β‖S‖2−4κ‖S‖1 .

We note that we get 4β and 4κ here as ‖ S‖1 and ‖S‖2 counts the number of positively
oriented edges and plaquettes in the support of S with multiplicities instead of all edges and
plaquettes in the support.
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Ursell functions In cluster expansions, special functions known as Ursell functions naturally
appear. We define the Ursell function relevant to our setting below.

For k � 1, we let Gk be the set of all connected graphs G with vertex set {1, 2, . . . , k}.
Whenever G is a graph, we let E(G) be the (undirected) edge set of G.

Definition 2.3 (The Ursell functions) For k � 1 and η1, η2, . . . , ηk ∈ �, we let

U (η1, . . . , ηk) := 1

k!
∑

G∈Gk

(−1)|E(G)| ∏

(i, j)∈E(G)

1(ηi ∼ η j ).

Note that this definition is invariant under permutations of the polymers η1, η2, . . . , ηk .

For S ∈ �k, and any enumeration η1, . . . , ηk (with multiplicities) of the polymers in S,

we define
U (S) = k!U (η1, . . . , ηk). (2.9)

Note that for any S ∈ �1, we have U (S) = 1, and for any S ∈ �2, we have U (S) = −1.
Cluster expansion of the partition function and Wilson line observables The partition
function for the Ising lattice Higgs model with parameters β, κ � 0 is given by

Z (U )
N ,β,κ =

∑

σ∈�1(BN ,G)

ψβ,κ (σ ).

Since N is finite, this is a finite sum. Now instead consider the cluster partition function,
which is defined by the following (formal) expression:

Z∗
N ,β,κ = exp

(∑

S∈�

�β,κ(S)
)
, (2.10)

where for S ∈ �, we define

�β,κ(S) := U (S)ψβ,κ (S)

and U is the Ursell function as defined in (2.9). Recalling the definition of M1 from (2.8),
we define

α = α(Higgs) := argmin
α′∈(0,1)

log(M2
1 + 1/α′)

4(1 − α′)
and κ

(Higgs)
0 := log(M2

1 + 1/α)

4(1 − α)
. (2.11)

By [15, Lemma 3.3], the series on the right-hand side of (2.10) is absolutely convergent
whenever κ > κ

(Higgs)
0 , and by [15, Lemma 3.4], in this case we further have

log Z (U )
N ,β,κ = log Z∗

N ,β,κ =
∑

S∈�

�β,κ(S). (2.12)

In [15, Lemma 3.3], there is an additional assumption that the path γ had a specific shape,
but since this is not used in its proof, it holds more generally for any path γ ∈ C1(BN ,Z).

Given a path γ ∈ C1(BN ,Z), consider the weighted cluster partition function

Z∗
N ,β,κ [γ ] := exp

(∑

S∈�

�β,κ,γ (S)
)
, (2.13)

where
�β,κ,γ (S) := U (S)ψβ,κ (S)ρ

(S(γ )
)
.
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By [15, Section 3.1.7], when β � 0 and κ � κ
(Higgs)
0 , the series on the right-hand side

of (2.13) is absolutely convergent, and moreover,

log Z (U )
β,κ,N [γ ] = log Z∗

N ,β,κ [γ ] =
∑

S∈�

�β,κ,γ (S). (2.14)

Useful upper bounds In this section, we recall a lemma from [15], which gives an upper
bound on sums over clusters.

Lemma 2.4 (Lemma 3.10 in [15]) Let β � 0 and κ > κ
(Higgs)
0 . Further, let k � 1 and

e ∈ C1(BN ).

Then, for any ε > 0, we have

∑

S∈�1+,k+,e

∣∣�β,κ(S)
∣∣ � 4−1Cεe

−4k(κ−κ
(Higgs)
0 −ε),

where Cε is defined by

Cε := 4 sup
N�1

sup
e∈C1(BN )

∑

S∈�1+,1+,e

∣∣�
0,κ(Higgs)

0 +ε
(S)

∣∣ < ∞.

2.6.2 The Confinement Phase

In this section, we describe the cluster expansion we will use in the confinement phase. The
main difference between the approaches we use in the Higgs phase and the confinement
phase is that in the latter, we first perform a high-temperature expansion (see Section 2.3.2)
and then use a cluster expansion on the model obtained thereof.
Polymers In this section, we consider the case G = H = Z2, and assume that a path
γ ∈ C1(BN ,Z) is given.

Let G2 be the graph with vertex set C2(BN )+, an edge between two distinct plaquettes
p1, p2 ∈ C2(BN )+ if supp ∂ p ∩ supp ∂ p′ �= ∅ (written p1 ∼ p2). In other words, p1 ∼ p2
if they have some common edge in their boundaries. Note that any p ∈ C2(BN )+ has degree
at most M2 := 4 · (

2(d − 1) − 1
) = 8d − 12 in G2.

For ω ∈ �2(BN ,Z2), we let G2(ω) be the subgraph of G2 induced by (suppω)+. In
other words, G2 is the graph with vertex set (suppω)+ and an edge between two vertices
p1, p2 ∈ (suppω)+ if p1 ∼ p2.

In this section, we let

� := {
ω ∈ �2(BN ,Z2) : G2(ω) has exactly one connected component

}
.

The spin configurations in � will be referred to as polymers.
For ω,ω′ ∈ �, we write ω ∼ ω′ if G2(ω) ∪ G2(ω′) is a connected subgraph of G2.
In the notation of [21, Chapter 3], the model given by (2.3) corresponds to a model of

polymers with polymers described in the previous section and interaction function

ι(ω1, ω2) :=
{
0 if ω1 ∼ ω2

1 else,
ω1, ω2 ∈ �.

Forω ∈ �2(BN ,Z2),wewriteω ∼ γ if there is p ∈ suppω such that supp ∂ p∩supp γ �=
∅. Finally, we also write γ ∼ γ.
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Clusters of polymers Exactly as in the Higgs phase, consider the multiset

S = {η1, . . . , η1︸ ︷︷ ︸
nS (η1) cdot

, η2, . . . , η2︸ ︷︷ ︸
nS (η2) cdot

, . . . , ηk, . . . , ηk︸ ︷︷ ︸
nS (ηk ) cdot

} = {ηn(η1)
1 , . . . , η

n(ηk )
k },

where η1, . . . , ηk ∈ � are distinct and n(η) = nS(η) denotes the number of cdot η occurs
in S. Following [21, Chapter 3], we say that S is decomposable if it is possible to partition
S into disjoint multisets. That is, if there exist non-empty and disjoint multisets S1,S2 ⊂ S
such that S = S1 ∪ S2 and such that for each pair (η1, η2) ∈ S1 · S2, η1 � η2. If S is
not decomposable, we say that S is a cluster. We stress that a cluster is unordered and may
contain several copies of the same polymer. We let � be the set of all clusters.

For S ∈ �, we let S0 be the set of all η ∈ S such that η � γ. We let Sγ := S � S0.

Given a cluster S ∈ �, we let

‖S‖ =
∑

η∈�

nS(η)
∣∣(supp η)+

∣∣,

‖S‖1 :=
∑

η∈�

nS0(η)
∣∣(supp δη)+

∣∣,

and
‖S‖γ :=

∑

η∈�

nSγ (η)
∣∣supp δη ∩ supp γ

∣∣.

We also let
suppS =

⋃

η∈S
(supp η)+.

Further, for p ∈ C2(BN )+ and j � 1, we let

�1, j,p := {{η} : η ∈ � and p ∈ supp η and ‖{η}‖ = j
}

and
�1+, j+,p := {S ∈ � : p ∈ suppS and ‖S‖ � j

}
.

These sets depends on N , and when this dependency is important, we write �(N ), �
(n)
1, j,p,

and �
(N )
1+, j+,p respectively.

The activity of clusters We extend the notion of activity from (2.2) to clusters S ∈ � as
follows.

ϕ
γ
β,κ (S) :=

∏

η∈S
ϕ

γ
β,κ (η).

Note that
ϕ

γ
β,κ (S) = ϕ0

β,κ (S)ϕκ(1)−‖S‖γ .

The following lemma, which we now state and prove, generalizes [15, Lemma 4.3].

Lemma 2.5 Let β, κ > 0. Further, let γ ∈ C1(BN ,Z) be a path along the boundary of a
rectangle with side lengths R and T . Then, as R, T → ∞, for any ω ∈ �, we have

ϕ
γ
β,κ (ω) � ϕβ(1)(1−omin(R,T )(1))|(suppω)+|,

where the constant only depends on min(R, T ).

123



   86 Page 18 of 30 M. P. Forsström

In particular, if γ ∈ C1(BN ,Z) is a straight path and ω ∈ �, then

ϕ
γ
β,κ (ω) � ϕβ(1)|(suppω)+|. (2.15)

Proof Let γR,T be a path around a rectangle with side lengths R and T such that supp γ ⊆
supp γR,T . Then ϕ

γ
β,κ (ω) � ϕ

γR,T
β,κ (ω). The desired conclusion thus follows immediately

from [15, Lemma 4.3]. Moreover, by noting that if γ is a straight path, then we can take R
and T arbitrarily large, we obtain (2.15). This concludes the proof. ��

Ursell functions The Ursell functions we will use in the confinement phase are identical to
the Ursell functions used for the Higgs phase (see Definition 2.3), except the set� is different
and we use the graph G2 instead of G1.
Cluster expansion of the partition function For β � 0, κ � 0, γ ∈ �, and S ∈ �, we let

�
γ
β,κ (S) := U (S)ϕ

γ
β,κ (S). (2.16)

Further, we let

β
(conf)
0 := sup

{
β � 0 : M2

2ϕβ(1) < 1 and ∃α ∈ (0, 1) s.t.
M3

2ϕβ(1)1−α

1 − M2
2ϕβ(1)1−α

< 2α
}

(2.17)
and for β < β

(conf)
0 , we let

α := αβ := inf{α ∈ (0, 1) : M3
2ϕβ(1)1−α

1 − M2
2ϕβ(1)1−α

< 2α}. (2.18)

Next, we present a lemma that shows that the cluster expansion of the logarithm of the
partition function indeed converges. This lemma is a slightly more general version of [15,
Lemma 4.4], and its proof is identical to the proof of [15, Lemma 4.4] after replacing the
reference to [15, Lemma 4.3] in that proof with Lemma 2.5 above.

Lemma 2.6 Let 0 < β < β
(conf)
0 and κ > 0, and let γ be either a straight path or a path

with support in the support of the boundary of some sufficiently large rectangle. Then, for
any ω ∈ �, we have ∑

S∈� : ω∈S

∣∣�γ
β,κ(S)

∣∣ � ϕ
γ
β,κ (ω)1−α.

Moreover,
log ẐN ,β,κ [γ ] =

∑

S∈�γ

�
γ
β,κ (S) (2.19)

and
log Ẑγ

N ,β,κ =
∑

S∈� : Sγ =∅

�0
β,κ (S). (2.20)

Furthermore, the series on the right-hand sides of (2.19) and (2.20) are both absolutely
convergent.

Upper bounds for clusters In this paragraph, we give upper bounds on sums over the activity
of sets of clusters, which naturally arise in the proofs of our main results in the confinement
regime.
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Lemma 2.7 Let 0 < β < β
(conf)
0 and κ > 0, let γ ∈ C1(BN ,Z) either be a path whose

support is a subset of the boundary of a rectangle with sufficiently large side lengths. Finally,
let p ∈ C2(BN )+. Then

∑

S∈�1+,1+,p

∣∣�γ
β,κ(S)

∣∣ � ϕβ(1)(1−on(1))(1−α)

1 − M2
2ϕβ(1)(1−on(1))(1−α)

=: C (2)
ε,n (2.21)

where α is as in (2.18).

The proof of this lemma is identical to the proof of [15, Lemma 4.5], except that the
reference to [15, Lemma 4.3] is replaced with a reference to the more general Lemma 2.5.

The next lemma, Lemma 2.8 below, gives an upper bound on the weight of all clusters
which has support at a given plaquette, and in addition, is sufficiently large. This lemma will
be crucial in the proofs of our main results to show that the error terms we get are small. The
proof of this lemma is identical to the proof of [15, Lemma 4.6], after replacing the reference
therein to [15, Lemma 4.5] with a reference to Lemma 2.7.

Lemma 2.8 Let 0 < β < β
(conf)
0 and κ > 0, let γ ∈ C1(BN ,Z) be a path whose support

is a subset of the boundary of a rectangle with sufficiently large side lengths, and let p ∈
C2(BN )+. Further, let k � 1 and ε ∈ (0, β(conf)

0 − β). Then

∑

S∈�1+,k+,p

∣∣�γ
β,κ (S)

∣∣ � C (2)
ε,n

( ϕβ(1)

ϕβ+ε(1)

)k
,

where C (2)
ε,n is defined in (2.21).

3 Proof of Theorem 1.1

In this section, we provide a proof of Theorem 1.1. The main tools in these proofs are the
high-temperature expansion given by Proposition 2.1, togetherwith and the following lemma.

Lemma 3.1 Let β, κ � 0, and let γ ∈ C1(BN ,Z) be a path. Then EN ,β,κ [Wγ ] is increasing
in both β and κ.

Proof By Griffith’s second inequality, for all paths γ ′, γ ′′ ∈ C1(BN ,Z), we have

EN ,β,κ [Wγ ′+γ ′′ ] � EN ,β,κ [Wγ ′ ]EN ,β,κ [Wγ ′′ ].
(For a reference, see, e.g., [13, Proposition 6.3] for the case κ = 0. The proof for κ > 0 is
analogous.) Since

EN ,β,κ [Wγ ] =
∑

σ∈�1(BN ,G) ρ(σ (γ ))eβ
∑

ρ(dσ(p))+κ
∑

ρ(σ(e))

∑
σ∈�1(BN ,G) e

β
∑

ρ(dσ(p))+κ
∑

ρ(σ(e))
,

it follows that
d

dβ
EN ,β,κ [Wγ ] =

∑

p

EN ,β,κ [Wγ+∂ p] − EN ,β,κ [Wγ ]
∑

p

EN ,β,κ [W∂ p] � 0

and
d

dκ
EN ,β,κ [Wγ ] =

∑

e

EN ,β,κ [Wγ+e] − EN ,β,κ [Wγ ]
∑

e

EN ,β,κ [We] � 0.

This concludes the proof. ��
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We now give a proof of Theorem 1.1.

Proof of Theorem 1.1 We first show that Theorem 1.1(i) holds. To this end, note that for each
κ > 0, we have ϕ̄κ > 0. Consequently, for each ω′ ∈ �2(BN ,Zm∨n), we have

∏

e∈γ

ϕ̄κ,m∨n
(
δω′(e) − γ [e])

ϕ̄κ,m∨n
(
δω′(e)

) �
(
min j∈Zm∨n ϕ̄κ,m∨n( j)
max j∈Zm∨n ϕ̄κ,m∨n( j)

)|γ |
.

Using Proposition 2.1, it follows that there is bβ,κ > 0 such that

〈Wγ 〉β,κ � e−bβ,κ |γ |.

For the other direction, we simply note that by definition, we have 〈Wγ 〉β,κ � 1.
This completes the proof of Theorem 1.1(i).
To see that Theorem 1.1(ii) holds, recall first that by Griffith’s second inequality, for any

paths γ, γ ′ ∈ C1(Z4,Z) with finite support, we have

〈Wγ+γ ′ 〉β,κ � 〈Wγ 〉β,κ 〈Wγ ′ 〉β,κ ,

and hence

log〈Wγ+γ ′ 〉β,κ

|γ | + |γ ′| � |γ |
|γ | + |γ ′|

log〈Wγ 〉β,κ

|γ | + |γ ′|
|γ | + |γ ′|

log〈Wγ ′ 〉β,κ

|γ ′| .

Now assume that for j � 1, γ j is a straight line of length j . Then the above equation implies
in particular that the sequence log〈Wγ j 〉β,κ/|γ j |, j � 1, is superadditive.

Since, by Theorem 1.1(i), log〈Wγ j 〉β,κ/|γ j | is bounded from above and below, uniformly

in n, it follows that lim j→∞
log〈Wγ j 〉β,κ

|γ j | ∈ (0,∞) exists, which concludes the proof in this
case.

The proof for γ j being a rectangular loop with side lengths aj and bj for some a, b ∈ N
follows analogously, and is hence omitted here.

��

4 Proofs of Theorem 1.2 and Theorem 1.3

In this section, we will prove Theorem 1.2 and Theorem 1.3. The main tool in these proofs
will be the cluster expansions of Section 2.6.1 and Section 2.6.2; hence, we use the notation
of those corresponding sections here. We state and prove both theorems for straight lines
only, as the proof in the case of a loop is completely analogous and follows by considering
corners instead of endpoints of the path. We further mention that the same strategy can easily
be adapted to give analogous results also for, e.g., sequences of paths of the same shape
whose side lengths are proportional to n.

We now introduce three paths that will be useful in the proofs. We will view paths as
elements in C1(Zd ,Z), often restricted to C1(BN ,Z) in the natural way.

• Let γ∞ be the bi-infinite line placed at the x-axis.
• Let γ +∞ be the restriction of γ∞ to the positive x-axis. Without loss of generality we

can assume that γn has one end-point at the origin and that its support is a subset of the
support of γ +∞. We let γ −∞ be the restriction of γ∞ to supp(γ∞ − γ +∞ + γn).

• Let e0 be the unique edge in γ +∞ that has one endpoint at the origin. For e ∈ γ∞, we let
τe be the translation that maps e0 to e. When c ∈ C1(BN ,Z) is such that τee′ ∈ BN for
all e′ ∈ supp c, we define τec by τec(e′) = c(τee′).
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4.1 Proof of Theorem 1.2 (the Higgs phase)

In this section, we give a proof of Theorem 1.2. Throughout this section, we use the notation
of Section 2.6.1.

Proof of Theorem 1.2 By combining (2.12), (2.13), and (2.14), we can write

− logE(U )
N ,β,κ [Wγn ] =

∑

S∈�(N )

(
�β,κ(S) − �β,κ,γn (S)

) =
∑

S∈�(N )

�β,κ (S)
(
1 − ρ

(S(γn)
))

=
∑

e∈γ

∑

S∈�
(N )

1+,1+,e

�β,κ(S)
(
1 − ρ

(S(γn)
))

| suppS ∩ supp γn | .

(4.1)

To simplify notation, for a path γ ∈ C1(BN ,Z) and a cluster S ∈ �, we let

Fβ,κ (S, γ ) := �β,κ(S)
(
1 − ρ

(S(γ )
))

| suppS ∩ supp γ | .

Let M > |γn | be such that the distance between supp γn and the boundary of BN is at
least M . Then

− logE(U )
N ,β,κ [Wγn ] =

∑

e∈γn

∑

S∈�
(N )

1+,M+,e

Fβ,κ (S, γn)

︸ ︷︷ ︸
=:E1

+
∑

e∈γn

∑

S∈�
(N )

1+,M−,e

Fβ,κ (S, γn)

︸ ︷︷ ︸
=:S1

.

For any e ∈ γn, we have �
(N )

1+,M−,e = �
(∞)

1+,M−,e, and hence

S1 =
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e

Fβ,κ (S, γn)

=
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e

Fβ,κ (S, γ∞)

︸ ︷︷ ︸
=:S2

+
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e

(
Fβ,κ (S, γn) − Fβ,κ (S, γ∞)

)

︸ ︷︷ ︸
=:S3

.

By symmetry, we further have

S2 = |γn |
∑

S∈�
(∞)

1+,M−,e0

Fβ,κ (S, γ∞)

= |γn |
∑

S∈�
(∞)

1+,1+,e0

Fβ,κ (S, γ∞) − |γn |
∑

S∈�
(∞)

1+,M+,e0

Fβ,κ (S, γ∞)

︸ ︷︷ ︸
=:E2

.

Let
aβ,κ :=

∑

S∈�
(∞)

1+,1+,e0

Fβ,κ (S, γ∞).
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By Lemma 2.4, aβ,κ is well defined and finite. Combining the above equations, we obtain

− logE(U )
N ,β,κ [Wγn ] − aβ,κ |γn | = E1 − E2 + S3.

We now return to the sum S3.
To this end, note that if S ∈ �

(∞)

1+,M−,e and ‖ S‖1 < dist(e, ∂γn), then S(γn) = S(γ∞)

and | suppS∩supp γn | = | suppS∩supp γ∞|, and hence Fβ,κ (S, γn) = Fβ,κ (S, γ∞).Using
these observations, it follows that

S3 =
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e
:

dist(e,∂γn)�‖S‖1

(
Fβ,κ (S, γn) − Fβ,κ (S, γ∞)

)
.

Next, we note that since |γn | � dist(e, ∂γn) for all e ∈ γn, we have

S3 =
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e
:

dist(e,∂γn)�‖S‖1<|γn |

(
Fβ,κ (S, γn) − Fβ,κ (S, γ∞)

)
(=: S4)

+
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e
:

‖S‖1�|γn |

(
Fβ,κ (S, γn) − Fβ,κ (S, γ∞)

)
(=: E3)

Now assume that S ∈ �
(∞)

1+,M−,e, is such that dist(e, ∂γn) � ‖ S‖1 < |γn |. Then we have

either S(γn) = S(γ +∞) and | suppS ∩ supp γn | = | suppS ∩ supp γ +∞| or S(γn) = S(γ −∞)

and | suppS ∩ supp γ −∞| = | suppS ∩ supp γ −∞|. Hence either Fβ,κ (S, γn) = Fβ,κ (S, γ +∞)

or Fβ,κ (S, γn) = Fβ,κ (S, γ −∞) holds.
By symmetry, it follows that

S4 = 2
∑

e∈γ +∞

∑

S∈�
(∞)

1+,M−,e
:

dist(e,∂γ +∞)�‖S‖1<|γn |

(
Fβ,κ (S, γ +∞) − Fβ,κ (S, γ∞)

)

= 2
∑

e∈γ +∞

∑

S∈�
(∞)

1+,1+,e
:

dist(e,∂γ +∞)�‖S‖1<|γn |

(
Fβ,κ (S, γ +∞) − Fβ,κ (S, γ∞)

)
.

Let

Cβ,κ := 2
∑

e∈γ +∞

∑

S∈�
(∞)

1+,1+,e
:

dist(e,∂γ +∞)�‖S‖1

(
Fβ,κ (S, γ +∞) − Fβ,κ (S, γ∞)

)
.

By Lemma 2.4, Cβ,κ is well defined and finite. Moreover, we have

S4 = Cβ,κ − 2
∑

e∈γ +∞

∑

S∈�
(∞)

1+,1+,e
:

‖S‖1�max(|γn |,dist(e,∂γ +∞))

(
Fβ,κ (S, γ +∞) − Fβ,κ (S, γ∞)

)

︸ ︷︷ ︸
=:E4

.

Combining the above equations, we obtain the upper bound
∣∣∣− logE(U )

N ,β,κ [Wγn ] − aβ,κ |γn | − Cβ,κ

∣∣∣ � |E1| + |E2| + |E3| + |E4|
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�
∑

e∈γn

∑

S∈�
(N )

1+,M+,e

∣∣�β,κ(S)
∣∣ + |γn |

∑

S∈�
(∞)

1+,M+,e0

∣∣�β,κ(S)
∣∣

+
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e
:

‖S‖1�|γn |

∣∣�β,κ(S)
∣∣ + 2

∑

e∈γ +∞

∑

S∈�
(∞)

1+,1+,e
:

‖S‖1�max(|γn |,dist(e,∂γ +∞))

∣∣�β,κ(S)
∣∣.

By Lemma 2.4, under the assumptions of the theorem, all of these sums are finite. Letting
first N and then M go to infinity, it follows that

∣∣∣− log〈Wγn 〉β,κ − aβ,κ |γn | − Cβ,κ

∣∣∣

�
∑

e∈γn

∑

S∈�
(∞)

1+,1+,e
:

‖S‖1�|γn |

∣∣�β,κ(S)
∣∣ + 2

∑

e∈γ +∞

∑

S∈�
(∞)

1+,1+,e
:

‖S‖1�max(|γn |,dist(e,∂γ +∞))

∣∣�β,κ(S)

� |γn |
∑

S∈�
(∞)

1+,|γn |+,e0

∣∣�β,κ(S)
∣∣ + 2

∞∑

m=1

∑

S∈�
(∞)

1+,1+,e0
:

‖S‖1�max(|γn |,m)

∣∣�β,κ(S)
∣∣∣∣.

Using Lemma 2.4, we can bound the right-hand side of the previous inequality from above
by

Cε|γn |e−4|γn |(κ−κ
(Higgs)
0 −ε)

4
+ Cε|γn |e−4|γn |(κ−κ

(Higgs)
0 −ε)

2
+ Cεe−4|γn |(κ−κ

(Higgs)
0 −ε)

2(1 − e−4(κ−κ
(Higgs)
0 −ε))

.

This concludes the proof. ��

4.2 Proof of Theorem 1.3 (the confinement phase)

In this section, we prove Theorem 1.3. Throughout this section, we use the notation of
Section 2.6.2. The proof is very similar to the proof of Theorem 1.2, except the polymers are
now different, causing a slightly different interaction between polymers and the path γn and
also different upper bounds. In the proof, we let

�
(N )
1, j,e := {{η} ∈ �

(N )
1 : e ∈ supp δη and |(supp η)+| = j

}
,

and define �
(N )

1+, j+,e etc. as before.

Proof of Theorem 1.3 Recall the definitions of �
γ
β,κ and ẐN ,β,κ [γ ] from (2.16) and (2.3)

respectively.
By Proposition 2.1, for any n � 1, we have

ZN ,β,κ [γn]
ZN ,β,κ [0] = ẐN ,β,κ [γn]

ẐN ,β,κ [0] .

Using Lemma 2.6, it thus follows that

− logEN ,β,κ [Wγn ] = log ẐN ,β,κ [γn] − log ẐN ,β,κ [0]
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=
∑

S∈�(N )

�
γn
β,κ (S) −

∑

S∈�(N )

�0
β,κ (S) =

∑

S∈�
(N )

1+,1+,e

�
γn
β,κ (S) − �0

β,κ (S)

| supp γn ∩ supp δS| .

To simplify notation, for a path γ and S ∈ �, we let

Gβ,κ (S, γ ) := �
γ
β,κ(S) − �0

β,κ (S)

| supp γ ∩ supp δS| .

Since
�

γ
β,κ(S) = ϕκ(1)−2| supp γ∩supp δS|�0

β,κ (S),

the function Gβ,κ (S, γ ) depends on γ only through | supp γ ∩ supp δS|.
Let M > |γn | be such that the distance between supp γn and ∂BN is at least M . Then

− logEN ,β,κ [Wγn ] − |γn | logϕκ

(
1
)

=
∑

e∈γn

∑

S∈�
(N )

1+,M+,e

Gβ,κ (S, γn)

︸ ︷︷ ︸
=:E1

+
∑

e∈γn

∑

S∈�
(N )

1+,M−,e

Gβ,κ (S, γn)

︸ ︷︷ ︸
=:S1

.

Next, note that for any e ∈ γn, we have S ∈ �
(N )

1+,M−,e = S ∈ �
(∞)

1+,M−,e, and hence

S1 =
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e

Gβ,κ (S, γn)

=
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e

Gβ,κ (S, γ∞)

︸ ︷︷ ︸
=:S2

+
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e

(
Gβ,κ (S, γn) − Gβ,κ (S, γ∞)

)

︸ ︷︷ ︸
=:S3

.

Note that by symmetry.

S2 = |γn |
∑

S∈�
(∞)

1+,M−,e0

Gβ,κ (S, γ∞)

= |γn |
∑

S∈�
(∞)

1+,1+,e0

Gβ,κ (S, γ∞) − |γn |
∑

S∈�
(∞)

1+,M+,e0

Gβ,κ (S, γ∞)

︸ ︷︷ ︸
=:E2

.

With this in mind, define

aβ,κ := logϕκ(1) +
∑

S∈�
(∞)

1+,1+,e0

Gβ,κ (S, γ∞).

By Lemma 2.7, aβ,κ is well defined and finite. Combining the previous equations, we have

− logEN ,β,κ [Wγn ] − aβ,κ |γ | = E1 − E2 + S3.

We now return to the sum S3. To this end, note that if S ∈ �
(∞)

1+,M−,e and ‖ S‖1 <

dist(e, ∂γn), then | supp γn ∩ supp δS| = | supp γ∞ ∩ supp δS|, and hence Gβ,κ (S, γn) =
Gβ,κ (S, γ∞). Using these observations, it follows that
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S3 =
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e
:

‖S‖1�dist(e,∂γn)

(
Gβ,κ (S, γn) − Gβ,κ (S, γ∞)

)
.

Next, we note that

S3 =
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e
:

|γn |>‖S‖1�dist(e,∂γn)

(
Gβ,κ (S, γn) − Gβ,κ (S, γ∞)

)
(=: S4)

+
∑

e∈γn

∑

S∈�
(∞)

1+,M−,e
:

‖S‖1�max(|γn |,dist(e,∂γn))

(
Gβ,κ (S, γn) − Gβ,κ (S, γ∞)

)
. (=: E3)

Next, observe that if S ∈ �
(∞)

1+,M−,e, dist(e, ∂γn) < ‖ S‖1 < |γn |, then we have either

| supp γn ∩ supp δS| = | supp γ +∞ ∩ supp δS| or | supp γn ∩ supp δS| = | supp γ −∞ ∩ supp δS|
and hence either Gβ,κ (S, γn) = Gβ,κ (S, γ +∞) or Gβ,κ (S, γn) = Gβ,κ (S, γ −∞).

By symmetry, it follows that

S4 = 2
∑

e∈γ +∞

∑

S∈�
(∞)

1+,M−,e
:

dist(e,∂γ +∞)�‖S‖1<|γn |

(
Gβ,κ (S, γ +∞) − Gβ,κ (S, γ∞)

)
.

Let

Cβ,κ := 2
∑

e∈γ +∞

∑

S∈�
(∞)

1+,1+,e
:

‖S‖1�dist(e,∂γ +∞)

(
Gβ,κ (S, γ +∞) − Gβ,κ (S, γ∞)

)
.

By Lemma 2.8, Cβ,κ is well defined and finite. Moreover, we have

S4 = Cβ,κ − 2
∑

e∈γ +∞

∑

S∈�
(∞)

1+,M−,e
:

‖S‖1�max(dist(e,∂γ +∞),|γn |)

(
Gβ,κ (S, γ +∞) − Gβ,κ (S, γ∞)

)

︸ ︷︷ ︸
=:E4

.

Combining the above equations, we have

− logEN ,β,κ [Wγn ] − aβ,κ |γn | − Cβ,κ = E1 − E2 + E3 − E4 + E5.

Letting first N and then M tend to go infinity, by noting that E1 and E2 and E4 tend to zero
as M → ∞, we thus obtain

∣∣− log〈Wγn 〉β,κ − aβ,κ |γn | − Cβ,κ

∣∣

�
∑

e∈γn

∑

S∈�
(∞)

1+,1+,e
‖S‖1�|γn |

(
Gβ,κ (S, γn) − Gβ,κ (S, γ∞)

)
(=: E6)

+ 2
∑

e∈γ +∞

∑

S∈�
(∞)

1+,1+,e
‖S‖1�|γn |

(
Gβ,κ (S, γ +∞) − Gβ,κ (S, γ∞)

)
(=: E7).
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To complete the proof, we now upper bound the right-hand side of the previous equation.
This this end, we note that since ϕκ(1) < 1, we have

|E6| � |γn |
∑

S∈�
(∞)

1+,1+,e0‖S‖1�|γn |

∣∣�γn
β,κ (S)

∣∣ + |γn |
∑

S∈�
(∞)

1+,1+,e0‖S‖1�|γn |

∣∣�γ∞
β,κ (S)

∣∣.

Noting that
�1+,k+,e0 ⊆

⋃

p∈∂e0

�1+,k+,p

and using that |∂e0| = 2(d − 1), it follows from Lemma 2.8 that

|E6| � 4C (2)
ε,n(d − 1)|γn |

( ϕβ(1)

ϕβ+ε(1)

)|γn |

which tends to zero exponentially fast in |γn |.
Next, we note that if e ∈ γ +∞ and S ∈ �

(∞)

1+,1+,e is such that | supp δS ∩ supp γ∞| �=
| supp δS ∩ supp γ +∞|, then we must have ‖ S‖1 � dist(e, ∂γ +∞). Noting that for each j ∈
{0, 1, . . . }, there is a unique edge e ∈ γ +∞ with dist(e, ∂γ +∞) = j, we obtain

|E7| � 2
∑

e∈γ +∞

∑

S∈�
(∞)

1+,1+,e
‖S‖1�max(|γn |,dist(e,∂γ +∞))

(∣∣�γ +∞
β,κ (S)

∣∣ + ∣∣�γ∞
β,κ (S)

∣∣
)

= 2
∞∑

j=0

∑

S∈�
(∞)

1+,1+,e0‖S‖1�max(|γn |, j)

(∣∣�γ +∞
β,κ (S)

∣∣ + ∣∣�γ∞
β,κ (S)

∣∣
)
.

Again using Lemma 2.8, it follows that

|E7| � 16(d − 1)
∞∑

j=0

( ϕβ(1)

ϕβ+ε(1)

)max(|γn |, j)

� 16(d − 1)C (2)
ε,n |γn |

( ϕβ(1)

ϕβ+ε(1)

)|γn | +
16(d − 1)C (2)

ε,n

(
ϕβ(1)

ϕβ+ε(1)

)|γn |

1 −
(

ϕβ(1)
ϕβ+ε(1)

) .

This completes the proof. ��

A Extensions of Theorems 1.1, 1.2, and 1.3 to general finite abelian
groups

In this appendix, we outline how the proofs of Theorems 1.1, 1.2, and 1.3 can be extended
to finite abelian groups. To this end, we first note that the starting point for the proofs
of both Theorem 1.1 and Theorem 1.3 was the high temperature expansions described in
Sections 2.3.1 and 2.3.2. The main tool for these expansions is the Fourier expansions for
Zn , which also exist for finite abelian groups. With these expansions at hand, all other proofs
in the paper extend immediately to the finite abelian case, with the caveat that, in particular,
constants and lower bounds are less concrete. The crucial property we use for most proofs
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is that the edges that are assigned a spin σe with tr ρ(σe)) �= 1 will form clusters whose
cardinality is very unlikely to be large.

For completeness, we now describe the high temperature expansion for a general finite
abelian group G in the case G = H , and mention how it extends the proof of Theorem 1.1
to this more general case.

To this end, assume that G is a finite and abelian group. Let Ĝ = Hom(G,U (1)) denote
the corresponding dual group of characters.

Since G is finite and abelian, the characters form an orthonormal basis of functions on G.
Hence every function f : G → C admits a Fourier expansion

f (g) =
∑

χ∈Ĝ
f̂a(χ)χ(g),

where,

f̂ (χ) = 1

|G|
∑

g∈G
f (g)χ(g).

We note that (2.1) is exactly such an expansion in the special case G = Zn .

Using this Fourier expansion, the following result is the general version of Proposition 2.1
in the special case G = H .

Proposition A.1 Let G = H be a finite abelian group, and let ρG = ρH = ρ be a unitary
representation of G. Further, let Ĝ = Hom(G,U (1)) denote the corresponding dual group
of characters. For g ∈ G and a > 0, let fa : G → C be the function g 	→ e2a Re tr ρ(g).

Then

Z (U )
β,κ,N [γ ] = |G||C1(BN )+| ∑

(χp)∈ĜC2(BN )+

∏

e∈supp γ

f̂κ (χe,(χp),γ )

f̂κ (χe,(χp),0)
(A.1)

·
∏

e∈C1(BN )+
f̂κ (χe,(χp),0)

∏

p∈C2(BN )+
f̂β(χp), (A.2)

where

χe,(χp),γ (g) := (tr ρ(g))γ [e] ∏

p∈supp ∂̂e

χp(∂ p[e]g)
)
.

Note that since the function fa in Proposition A.1 is strictly positive definite for every
a > 0, all its Fourier coefficients are strictly non-negative. This allows us to think of the
terms in (A.2) as the weights of a probability measure on (Ĝ)C2(BN )+ .Using this observation,
it immediately follows that

Eβ,κ,N [Wγ ] � inf
(χp)∈ĜC2(BN )+

∏

e∈supp γ

f̂κ (χe,(χp),γ )

f̂κ (χe,(χp),0)
�

(
inf

(χp)∈ĜC2(BN )+
f̂κ (χe,(χp),1·e)
f̂κ (χe,(χp),0)

)|γ |
,

which analogous to the lower bound in Theorem 1.1. The rest of the proof of Theorem 1.1
in this more general setting is completely analogous to the proof for the case G = Zm and
H = Zn, and is thus omitted here.

We now proceed to the proof of Proposition A.1.
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Proof of Proposition A.1 We have

Z (U )
β,κ,N [γ ] =

∑

σ∈�1(BN ,G)

tr ρ(σ (γ ))

·
∏

e∈C1(BN )+

∑

χe∈Ĝ
f̂κ (χe)χe(σ (e))

∏

p∈C2(BN )+

∑

χp∈Ĝ
f̂β(χp)χp(dσ(p))

=
∑

(χe)∈ĜC1(BN )+

∑

(χp)∈ĜC2(BN )+

∏

e∈C1(BN )

f̂κ (χe)
∏

p∈C2(BN )

f̂β(χp)

·
∑

σ∈�1(BN ,G)

tr ρ(σ (γ ))
∏

e∈C1(BN )+
χe(σ (e))

∏

p∈C2(BN )+
χp(dσ(p)).

Since characters are multiplicative, it follows that ρp(dσ(p)) = ∏
e∈∂ p ρp(σ (e)) for any

σ ∈ �1(BN ,G), e ∈ C1(BN ) and p ∈ C2(BN ), and we thus have
∑

σ∈�1(BN ,G)

tr ρ(σ (γ ))
∏

e∈C1(BN )+
χe(σ (e))

∏

p∈C2(BN )+
χp(dσ(p))

=
∑

σ∈�1(BN ,G)

tr ρ(σ (γ ))
∏

e∈C1(BN )+
χe(σ (e))

∏

p∈C2(BN )+

∏

e∈∂ p

χp(σ (e))

=
∏

e∈C1(BN )+

∑

g∈G
(tr ρ(g))γ [e]χe(g)

∏

p∈supp ∂̂e

χp(∂ p[e]g)

Noting that for finite abelian groups, we have
∑

g∈G
χ(g) = |G| · 1(χ = 1),

that the product of two characters is again a character, and that g 	→ tr ρ(g) is a character,
we obtain

Z (U )
β,κ,N [γ ] = |G||C1(BN )+| ∑

(χe)∈ĜC1(BN )+

(χp)∈ĜC2(BN )+

∏

e∈C1(BN )

f̂κ (χe)
∏

p∈C2(BN )

f̂β(χp)

·
∏

e∈C1(BN )+
1
(
∀e ∈ C1(BN )+ : (tr ρ(g))γ [e]χe(g)

∏

p∈supp ∂̂e

χp(∂ p[e]g) = 1
)

= |G||C1(BN )+| ∑

(χp)∈ĜC2(BN )+

∏

e∈C1(BN )

f̂κ (χe,(χp),γ (g))
∏

p∈C2(BN )

f̂β(χp).

where

χe,(χp),γ (g) := (tr ρ(g))γ [e] ∏

p∈supp ∂̂e

χp(∂ p[e]g)
)
.

This concludes the proof. ��
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