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Generating non-Gaussian states and converting them into traveling wave packets is crucial yet
challenging for scalable, fault-tolerant quantum computing. We present a hardware-efficient approach
that simultaneously achieves both tasks by combining an engineered nonlinear dissipation with a linear
transmission loss from a superconducting circuit to a waveguide. This combination of dissipative channels
leverages low-order interactions to induce a high-order nonlinearity, enabling deterministic emission of a
wide range of non-Gaussian, error-correctable states, such as Schrodinger cat states, Gottesman-Kitaev-
Preskill states, and pair-cat states. We identify experimental superconducting-circuit platforms and realistic

parameter regimes for our proposal.

DOI: 10.1103/dtd2-4vpn

Introduction—Encoding quantum information in states
that populate propagating wave packets is essential for
communication in a quantum internet [1] and for coupling
of remote quantum processors in scalable architectures
for quantum computing [2]. Using photons or phonons
as carriers, the losses in transmission lines, along with
decoherence and dephasing errors in the emitters and
receivers, limit the fidelity of the desired remote quantum
operations. One possibility to overcome these effects is to
encode the quantum information in the logical basis of error-
correctable quantum states, permitting recovery of the
information despite the possible errors [3-5]. Different
non-Gaussian bosonic states, such as Schrodinger cat states,
binomial states, and Gottesman-Kitaev-Preskill grid states,
have been proposed to realize quantum communication and
fault-tolerant computing [6—11]. Preparation of quantum
information into the logical basis of the Schrodinger cat
states has been extensively explored in the optical regimes,
either by photon subtraction from squeezed states [ 12—14] or
by utilizing the interaction with single atoms [15,16]. In the
microwave regime, the Kerr nonlinearity in Josephson
junctions has been used for deterministic generation of
cat states in quantum resonator eigenmodes [17-20].

Previous works have explored architectures that include
a tunable coupler to transfer the prepared stationary state to
a waveguide [2,3,21,22]. Such couplers may introduce
unwanted nonlinear interactions, and the longer duration of
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the separate preparation and release processes reduces the
output quantum-state fidelity due to dissipation. In this
Letter, we directly generate traveling non-Gaussian states
by parametric driving of a nonlinear resonator undergoing
constant linear loss to a transmission waveguide. In this
approach, the release is faster, and the profile of the
parametric drive determines the shape of the propagating
wave packet and eliminates the need for tunable couplers.

Unitary preparation of an n-legged cat state requires a
nonlinear interaction proportional to a™a" [(2n)th order of
nonlinearity in field amplitude operators]. A procedure
based on such interactions has been analyzed in the Kerr-
parametric oscillator [23]. As an alternative approach, one
may obtain nonlinear effects from an engineered dissipative
coupling, n-photon decay to the environment [24-26]. The
use of dissipation to generate nonclassical states and achieve
steady-state entanglement in stationary modes has been
proposed and demonstrated in various quantum systems
[27,28], and preparation of stationary bosonic states has
been extensively studied both theoretically [29-33] and
experimentally [34-36]. In this Letter, we demonstrate that
an engineered nonlinear dissipation channel can affect a
quantum bosonic system such that its linear emission into a
waveguide forms high-fidelity propagating quantum states
in single wave-packet modes. Our theory thus marks a
significant step toward the development of hardware-effi-
cient quantum processors for long-distance communication.

Cat state in a resonator mode—Following [18,19,37],
we consider a single oscillator mode, described by the
Lindblad master equation ¢ = —i[H, 9] + kD(L)¢ where
D(L)o=LoL" —L{L'L,5}, « is a dissipation rate, and
the Hamiltonian A and Lindblad operator L are expressed
in terms of the ladder operators (&,a"). Considering the
Hamiltonian A = Q,(L 4 L), the master equation can be

Published by the American Physical Society
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FIG. 1. Combination of engineered nonlinear dissipation and
linear dissipation for the preparation of traveling cat-state wave
packets. The cat state is generated in the output field of the a mode,
SGS (orange box). The buffer » mode (blue box) is coupled to the
SGS through the “n-to-1-photon” interaction H,,. Both modes
undergo strong linear transmission, I" and y, into two separate
waveguides. The total output field consists of a cat state |y),, in
the left waveguide and a coherent state |@),, in the right waveguide.
The entire system is initialized in the vacuum state, and the time-
dependent drive Q(7) shapes the output wave-packet mode.

written in the compact form ¢ = kD(L — 1)¢ which has the
stable steady state satisfying I:Qmady = AQgtcady» Where 4 =
e(B7/2)(2Q,/x) is the eigenvalue corresponding to the
eigenstate of L. A linearly driven and damped oscillator
(L = &) has a coherent steady state, while assuming L. = 42
or L = a* leads to the steady-state generation of two or four
different coherent states (the solutions to @" = 1) and their
Schrodinger cat superposition states [18,19,37].

The n-photon loss L « a" can be accomplished by
engineering the interaction with a second, so-called “buffer
mode” through the interaction Hamiltonian H,, =
Gup(@"b" 4+ a™b); cf. the schematics shown in Fig. 1.
The buffer mode with field operators {b,5"} is strongly
coupled with rate y to a waveguide through a linear loss
Lindblad operator L, = \/77?), and when y > g, the buffer
mode can be adiabatically eliminated: b = —ig,,a" —
(y/2)b~0 = b= (—i2g,,a"/y). This results in the
effective Lindblad master equation on the desired form,
0=(4¢%,/7)D(@" —a")p, where A=a"=eB2)(Quy/
2¢2,). The engineered anticommutator loss term in the
master equation corresponds to the evolution by a non-
Hermitian Hamiltonian H « iL'L ~ia™a" and thus a
(2n)th-order nonlinearity in field amplitude operators,
resulting from an only (n + 1)st-order interaction with
the buffer mode.

Cat state in a wave-packet mode—Introducing a constant
linear loss with rate I into a waveguide turns the oscillator
into a state generating source (SGS), releasing the oscillator
field to a traveling wave-packet mode whose shape is
controlled by the time-dependent drive €,(f). Assuming
that the coupling to the waveguide is weak, and that Q,(¢)

varies slowly, the intracavity field will adiabatically follow
the steady-state solution of (4¢2,/y)D[a" — a(t)"]0 =0
with a(1)" = e37/2[Q,(t)y/24%,]. Because of the linear
loss, the time-dependent amplitude of the emitted field
follows the intracavity amplitude, and emission into a
specifically desired mode function « a() is enabled by
applying the corresponding time-dependent drive strength,
Q,(1) = e=37/2)(2¢2, /y)a(t)". For drive pulses of finite
duration, nonadiabatic corrections will cause the emitted
mode to differ from the desired shape «(¢) and the quantum
state to differ from the desired cat quantum state. We
compensate these effects in parts by a counterdiabatic
correction [38] to the drive amplitude; see Supplemental
Material for more details [39].

We examine the dynamics obtained, without adiabatic
elimination of the buffer mode, by solving the master
equation of the combined system, shown in Fig. 1,

6 = —i[Qu(N@" +a™) + gup(a"b* +a'"b). o]
+yD(h)o +TD(a)o. (1)

With realistic parameters for superconducting-circuit
platforms and with the driving field Q,(¢) appropriately
adjusted by the counterdiabatic correction, we verify that
the emitted microwave field with a very high fidelity
populates the single wave-packet mode cat state specified
by our simple analysis.

In the full system, the SGS and the buffer-mode field
become entangled by their high-order interaction, and the
field lost through the buffer mode could cause decoherence
of the wave-packet quantum state. However, our simulation
shows that the buffer-mode output separates from the SGS
output, and, moreover, that it occupies a single-mode
coherent state with high fidelity, so that quantum jumps
associated with the detection of photons from the buffer
mode have no effect on the state of the system.

Multimode analysis of the output field—To investigate
the SGS output field character, we utilize the master
equation (1) and the quantum regression theorem to
evaluate the autocorrelation function and the mode decom-
position of the emitted field, see End Matter. This analysis
serves to validate that the output field almost exclusively
populates a single time-dependent mode function. We find,
indeed, that only small deviations are visible between
the precise shape of the most occupied mode v;(¢) and
the temporal shape a(7), and that the cat-state fidelity of the
mode directly controlled by the drive Q(¢) is high in all
our calculations for the two-legged cat-state protocol. For
the four-legged cat-state protocol, the cat-state fidelity is
high in the most occupied mode v, (¢); however, to have
the least deviation as a two-legged cat state, a correction of
the drive amplitude must be applied to control the wave-
packet shape.
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Experimental proposal—In this section, we present
a superconducting-circuit implementation of Eq. (1);
see Ref. [39] for details. In this platform, controlling
the interaction between microwave photons relies on
Josephson junction (JJ) elements to implement nonlinear
dynamics through the potential U(®)  E;[1 — cos(®)],
where ¢ is the phase across the junction with the junction
energy E; [43]. The JJ acts as a nonlinear inductance, and
its response can be tuned in situ by applying a phase bias,
which is achieved by threading a magnetic flux @ through a
superconducting loop including the JJs. The flux drive can
be tuned to implement particular interactions and avoid
escape to unconfined states. In our proposal, we utilize an
asymmetrically threaded superconducting quantum inter-
ference device (SQUID) (ATS) [34] that consists of a
SQUID, including two JJs with junction energies £, E, in
parallel, shunted in the center by a large inductance L;.
This device comprises two loops with the corresponding
flux drives ¢, ¢,, respectively; see Sec. A in [39].

We consider a symmetric SQUID, i.e., E; = E, = E},
with the nonlinear potential of the ATS obtained as
U(p) & 2E; cos(gz) cos(@ + ¢4), where 295 = ¢y + ¢
and 2¢, = ¢ — ¢,. To suppress the dominant self-Kerr
and cross-Kerr resonant interactions, we assume the differ-
ence between the two dc bias drives is ¢, = 7/2. Then, the
Hamiltonian of the ATS depends only on the nonlinear odd
terms of the flux operator A o sin(®) « 3, ***!. Finally,
the flux drive 23 is adjusted to implement the interaction

needed [44,45].

The full circuit follows the ATS design for both SGS and
buffer modes, which are capacitively coupled. By adjusting
a flux drive on the buffer-mode ATS with the frequency
x nw, —®;, and introducing an n-photon drive on the
SGS-ATS through the charge line o [@'e®«' + H.c.],
the effective Hamiltonian of the circuits is evaluated
as Hyr = Q,(1)(@" +a™) + g,(@'b" +a™b), where the
coefficients Q,(7), g, depend on the circuit parameters; see
Ref. [39]. By coupling the SGS and buffer mode to the
waveguides, the dynamics of the quantum circuit can be
described by the evolution in Eq. (1). It is worth noting that,
compared to recent papers on stabilizing the two-legged cat
state [19,30,34,35], they consider a linear resonator as a
storage cavity and apply both drives on the buffer mode.
However, in our proposal, we use a separate ATS for the
SGS and apply only the n-photon decay to the buffer mode
for two important reasons. First, this prevents the transition
of photons from the » mode to the SGS and then into the
waveguide, ensuring that the output field only populates a
single-mode wave packet. Second, since we generate and
release the state in the same process, we do not rely on long
storage and coherence times of the resonator.

Simulation results—As discussed, the SGS is subject to a
linear and an effective nonlinear dissipation channel with
rates I and x, = 493 »/ 7> which must be properly balanced
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FIG. 2. The fidelity of the output field two- and four-legged cat
states is shown in panel (a) and (b), respectively, with the
corresponding achievable amplitude parameters a,,, together with
the corresponding achievable amplitude parameters a,,. The
relative values of the coupling and dissipation rate y/g,, are
indicated by the number on several filled circles in each panel. The
color bar indicates the ratio between linear I' and nonlinear
dissipation «,,. The left and right insets show the Wigner function
of the highest and lowest fidelity two- and four-legged cat states
(here, and in all figures, the Wigner functions are rotated to align
with the real and imaginary axes).

to produce the high-fidelity cat states. In Fig. 2, we show
the fidelity and size of cat states obtained for various
combinations of decay rates and coupling strengths. In both
panels, the color represents the ratio «,, /T, cf. the right color
bar, and the numbers indicated above the filled circles
inside each panel box correspond to g,,/y. For each set of
parameters, we identify the value of o = a,, maximizing
the state fidelity F = (w|dqu|w) of the two- and four-
legged cat state. In the resulting (a,,, F) plot, we see that
the fidelity is in the range of 95% or more for cat state sizes
relevant for quantum communication and computing. The
insets in the figure show the Wigner functions of the
smallest and largest cat states generated.

State transformations in the cat state qubit basis—The
Hamiltonian in Eq. (1) and the Lindblad damping operators

commute with the parity operator P = (—1)4'?, so that
starting from the vacuum state, the dynamics is restricted to
the even-parity subspace. Thus, we prepare two- and four-
legged even cat states with equal amplitudes on coherent
states  |C4?) = N(la) +|—a)) and |CL*) = N (|a) +
| —a) + |ia) + | — ia)), respectively. Defining these as
logical qubit |0) states, to encode a qubit, we need a
protocol to prepare also the respective logical qubit |1)
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states (odd cat-state basis), |Cz?) = N (|a) — | —a)) and
|IC;Y) = Nla) + | —a) = (Jia) + | — ia))] and qubit
superposition states. To this end, we note that a linear or
parametric drive, V = ep(r)(a/? + at/?) n =2(4),
executes a rotation in the two- (four-) legged -cat-
state qubit space because of the dissipative suppression
of state components outside this space. Considering the
projection operators in the basis of the cat state qubit
" = |C*")(C*"|,n =2, 4, the interaction can be
written ep(7)(IT" +117) (a2 4 a7 /2D (T +TT7") =
Q. (|CH){(C7+[C7)(C ™)), where Q, = 2ep(r)]a] "/
denotes the coherent coupling between the logical cat state
qubits. The dissipative suppression of transitions out of the
qubit space requires |ep(t)| < |a|’k,; see Refs. [18,37] for
more details. In our numerical analysis, we assume the same
drive profile as in Eq. (1), with the additional requirement
€ < Q, and we find that the added drive does not alter the
buffer-mode output state, and we can therefore apply the
qubit rotation and produce high-fidelity cat state qubit
superposition states in outgoing single-mode wave packets.

Figures 3(a) and 3(b) show the Wigner functions of the
most populated mode, revealing the expected two- and
four-legged cat state qubit superposition states, respec-
tively. The states are ideally of the form /py|CS") +
e, /p~|C;"). The state shown in Fig. 3(a) has a fidelity of
95.3% with the cat-state qubit superposition state with
parameters p, =0.75, p_=0.25, ¢ =052z, and
|a|? = 2.52, with a Wigner function shown in Fig. 3(c).
The state shown in Fig. 3(b) has a 94.5% fidelity with the
four-legged cat superposition with parameters p, = 0.9,
p_=0.1, ¢ =15zx, and |a|*> = 1.85, with the Wigner
function shown in Fig. 3(d). It is important to note that the
two-legged cat state can be generated faster than the four-
legged cat state, as it only requires a third-order non-
linearity. Hence, we obtain higher fidelity, in general, for
the two-legged cat state than the four-legged cat state. For
the details of the parameters of the circuits, we refer the
reader to Appendix B in [39]. Considering values of '~ =
0.22 and 1.32 ps, the total generation times obtained from
Fig. 3 are approximately 7 = 2 and 9.3 ps for the two and
four cat states, respectively; see Supplemental Material [39]
for more details.

Summary—We have demonstrated a deterministic and
hardware-efficient method for generating propagating
Schrodinger cat states using superconducting circuits. By
engineering two- and four-photon loss, we have shown that
it is possible to produce high-fidelity two- and four-
component cat states in single traveling wave-packet
modes, controlled by the shape of a classical driving pulse.
Our calculations show that the emission into the buffer-
mode reservoir is well approximated by a single wave-
packet mode coherent state. This implies that the system is
always in an eigenstate of the buffer-mode jump operator
\/713, and hence the state evolution is governed exclusively

(a) 5 W(w,p) (b) 5 W(Z, p)
0.2 0.2
‘ -
a0 N 0 a0 N S 0
’
-0.2 0.2
5 5
-5 0 5 5 0 5
X X
(c) S Wz,p)  (d) S W (z, p)
0.2 0.2
. B
a0 N 0 a0 NS 0
-0.2 0.2
5 5
-5 0 S 5 0 S
X X
FIG. 3. A two- (four-) legged cat-state qubit superposition state

generated with the simulation parameters «,/T" = 6.9(2.0) and
rotating drive strength ¢/Q = 5%(8%) is displayed in (a),(b).
The corresponding ideal cat-state qubit superposition state is
displayed in (c),(d). The cat state amplitudes and state fidelities
are presented in the text.

by the no-jump (2n)th order non-Hermitian term o ia'"a”",
arising from the interaction with the buffer mode. We have
also shown that, by applying a simultaneous linear or
quadratic drive, we can rotate the cat state qubit super-
position states, which is essential for applications in
quantum communication and computing.

As an important application of our proposal, we have also
studied the generation of propagating grid states from
propagating four cat states, marking a significant step
toward large-scale fault-tolerant quantum communication
and computing. As detailed in Supplemental Material [39],
our theory also extends to the generation of entangled
propagating states, such as pair-cat states. We further note
that propagating non-Gaussian quantum states may also
serve as sensitive probes for metrological purposes [46—49].

The state generation source and the buffer mode may
both be subjected to additional noises, e.g., dephasing and
other dissipation channels. Because of the simultaneous
generation and release of the quantum states, our approach
will, however, be less sensitive to such effects than
preparation methods that rely on storage and subsequent
release of the quantum state. Looking ahead, controlling
higher-order terms in the expansion of the Josephson
nonlinearities and utilizing optimal control may enable
even faster preparation and higher-fidelity cat state qubit
states than the approach presented here and relying on
approximations and low-order interactions [50].
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End Matter

Appendix A: Analysis of the SGS output field—To
investigate the output field from the SGS, we simulate
Eq. (1) and use the quantum regression theorem [51,52]
to evaluate the autocorrelation function Q(l)(tl, ) =
x(a*(t)a(t)) = kTe(a"L(ty, 1,)(aL(1,,0)2(0))), where
L(¢,t) denotes the linear time evolution map of the
master equation (1) from time ¢ to ¢ and 9(0) denotes
the initial vacuum state of the system and buffer modes.

When evaluated on a temporal grid, G\ (¢,,1,) con-
stitutes a matrix that we diagonalize to identify the mode
decomposition G (1,,1,) = >, njvi(t))v;(t,), where
{v;(r)} are orthonormal temporal modes of the output
field with corresponding mean photon number n;. The aim
of our protocol is that the output field of the SGS populates
only one mode v(t) that is determined by the classical drive
amplitude, v(f) ~ a(t) « Q4(t)"/". Our numerical analysis
confirms that the overlap | [a(t)*v,(r)dt| between the
normalized desired mode @(r) = V/Na(r) and the most
populated mode v, (¢) typically exceeds 0.99 for the two-
legged cat states. The similar values are typically 0.96 or
above for the four-legged cat states.

The state fidelities and the Wigner functions provided
in the figures in the main text of the Letter refer to the
quantum states populating the most occupied single-
mode component of the output field [v(¢) = v, (7)], which
is, for the two-legged cat states, practically indistinguish-
able from the population of the mode @(f), while a
correction of the drive amplitude Q,(z) may be needed to
prepare a four-legged cat state in an output wave packet
of our own choice.

To calculate the quantum state populating an arbitrary
wave-packet mode (), we follow Ref. [53] and determine
the state of the field building up in an artificial downstream
cavity with ladder operators {d,d’}. Such a cavity will
fully capture the quantum-state contents of the mode v(?),
if its coupling to the wave guide is g,(¢) = —v*(¢)/

\/ J&]v(2)], and we recover the quantum state (reduced

density matrix) of the wave-packet mode by solving the
cascaded systems master equation including H,,(f) =
i(VT/2)lgs(natd - g,(nd'a) and Ly, = VTa+ g(t)d
[53,54].
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FIG. 4. (a),(b) The Wigner distribution of the propagating grid

state obtained by the first and second iteration of the breeding
protocol on the generated four cat state with fidelity 95% with
|a|? = 2.1, respectively. The effective squeezing parameters A, =
3.6 and A, = 1.1 dB along the x and p axes, respectively, are
evaluated for (b).

To determine the characteristics of the signal emitted by
the buffer mode, we evaluate the autocorrelation function
G (1), 1) = y(b"(1,)b(1,)). Using the mode decomposi-
tion, we find an all-dominant single buffer-mode output
field, and with the cascaded-system formalism, we find that
the output has a very high overlap of 0.99 (0.985) with a
coherent state with amplitude —3.85 (—2.39) in the case of

the two- (four-) legged cat state protocols presented in Fig. 3.

Appendix B: Application: Propagating grid states—A
significant example of propagating non-Gaussian quantum
states is the traveling grid state, which serves as an ideal
state for sensing purposes and also as an important
resource for obtaining fault-tolerant quantum computing
and error correction [8,49,55-61]. Our theory enables
the breeding of wave-packet quantum states, which can
be combined on beam splitters and subjected to
measurements of x or p quadratures that herald the
presence of grid states in definite temporal modes in the
unmeasured output port. While [62,63] suggest preparing
grid states by breeding from binomial states « |0) + |4),
we breed from four-legged cat state with dominant |0) and
|4) components when |a|> ~2.1. The Wigner functions
after one and two iterations of the beam splitter and
quadrature measurement on one output port are shown in
Figs. 4(a) and 4(b); see Ref. [39] for further details.

Appendix C: Extension to entangled-state wave
packets: Generation of pair-cat states—Our theoretical
approach can be generalized for the preparation of
multimode entangled states, particularly pair-cat states
[64-68], which occupy wave packets traveling in
different waveguides or different frequencies. For this to
work, the wave packets are released from two distinct
resonator modes with field operators {a;,a,} and
resonance frequencies {@,,,®,, }, respectively; see Fig. 3
in Supplemental Material [39]. These modes are both
coupled to the SGS and buffer mode of Fig. 1, causing
correlated losses described by the master equation
0 =«D(L—2)p, with L xa}ad. The steady-state
solutions of this equation are the so-called pair-coherent
states |a, ), ,, « >_,(a*"/n!)|n,n), and superposition
states such as the “pair-cat state” with only even
numbered Fock state components, |pair cat)  |a,a),, ,, +
lia,ia),, ., [39]. These states can protect effective two-
qubit entanglement and exponentially suppress dephasing
errors and arbitrary photon loss in both modes [66].

Implementation of the joint Lindblad operator L,
a3a3 can be achieved by a flux drive on the buffer mode
with a frequency w,; = @, — 2(w,, + @,,) and on the SGS
with the frequency « 2(w,, + ®,,), which lead to the

{pair

effective  Hamiltonian A% = Q,(r)(a%a3 + He.) +
g(a?a3b’ + H.c.); see the details in Supplemental
Material [39], Sec. D. To simultaneously release the
entangled state into wave-packet modes in two wave
guides, we consider the same constant decay rate for both
modes, L, = vTa,,L,, = VTa,, ie. in Eq. (1) the SGS
dissipation changes as I'D(a)¢ — I'D(a,)o + I'D(a,)o.
We assume the temporal profile similar to Fig. 3(b) with
a rescaled amplitude with maximum (drive/T") = 1.3 and
total pump duration 3.5/T". Using the simulation parameter
v/9a = 7.2,49%,/Ty = 1.2, we obtain 96% of the output
fields in a single mode, with the fidelity F = 95% to a pair-
cat state with |a|> = 0.94 during the total evolution time
T = 6/T. This high fidelity is promising for the sharing of
entanglement and information between distant quantum
processors. For the details of the drive shape and the
relevant parameters, check Appendixes B and D in [39].
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