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ABSTRACT

Accurate forecasting of large earthquakes is of great importance, yet most current earthquake forecast evaluation metrics, such as

the log-likelihood score, do not give additional weight to large-magnitude events. To this end, magnitude-weighted goodness-of-fit

scores for earthquake forecasting have recently been introduced, such as potency-weighted log-likelihood and the Q-score. In this

article, we investigate properties of the O-score, which is a quotient emphasizing model fit for the largest 5% of earthquakes.

We explore the theoretical properties of the Q-score, demonstrating that under certain null conditions, the expectations of the

numerator and denominator are equal and thus the expectation of Q is 1 in a ratio sense. Additionally, the score satisfies a law of

large numbers. We evaluated the O-score of 21 next-day gridded earthquake forecasts for California, provided by the Collaborative
for the Study of Earthquake Predictability (CSEP) for the years 2012, 2014, and 2017. We also calculate the log-likelihood scores
of the forecasts to obtain a more comprehensive evaluation of how well different models perform, both for predicting the largest

events and also in terms of overall model fit.

1 | Introduction

Although seismic regions such as California frequently experi-
ence earthquakes, the vast majority are minor and do not sig-
nificantly disrupt daily life. Major earthquakes occur rarely, but
the accurate forecasting of them is essential to facilitate pre-
paredness, mitigate fatalities, and reduce infrastructure damage.
Earthquakes can be modeled with spatial-temporal point pro-
cesses, such as the Epidemic-Type-Aftershock-Sequence (ETAS)
model (Ogata 1988). While effective at predicting aftershock
sequences, these models unfortunately do not substantially out-
perform a baseline homogeneous Poisson model in the context of
large-magnitude earthquake prediction (Schoenberg and Schor-
lemmer 2024).

The Collaboratory for the Study of Earthquake Predictability
(CSEP) is a global-scale project designed to support a wide range
of forecasting experiments by building community standards and
protocols for comparative testing (Zechar et al. 2010; Michael and
Werner 2018; Schorlemmer et al. 2018; Graham et al. 2024). CSEP
is involved in the development of rigorous scores and hypothesis
tests used to evaluate and compare earthquake forecasting mod-
els. The model evaluation scores currently employed are useful
for assessing overall model fit to observed data, but do not empha-
size the fit to the largest events. For example, the log-likelihood
score, used in some of these tests, does not explicitly weight
the larger magnitude events more heavily than the smaller ones
(Schoenberg and Schorlemmer 2024). As a complement to exist-
ing evaluation methods, Schoenberg and Schorlemmer (2024)
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introduced the Q-score, which rewards models for accurately
estimating the largest 5% of magnitude earthquakes.

In this article, the Q-score is defined, and its statistical proper-
ties are explored. It is shown that for a marked spatial -temporal
point process with separability in the marks, the expectation of
the numerator of Q and the expectation of the denominator of
Q are equal. This means that the expectation of Q is 1 in a ratio
sense. Further, we show a law of large numbers for Q, stating that
O approaches 1 asymptotically, under additional assumptions of
stationarity. These assumptions lay out the conditions for a null
hypothesis against which the Q-score for a particular model can
be tested. Specifically, in applications, one may wish to set the null
hypothesis that QO = 1, and inspect whether the observed value of
Q for a given forecast exceeds 1 by a statistically significant mar-
gin. The Q-score is evaluated for several next-day gridded fore-
casts produced by 21 models operated fully prospectively by CSEP
(Serafini, Bayona, Silva, et al. 2025). The evaluation is performed
for the years 2012, 2014, and 2017, for all 21 models. The earth-
quake forecast models evaluated with the O-score include ETAS
and its variants, ensemble models of ETAS, and alternative mod-
els such as the Short-term Earthquake Probability (STEP) model,
whose Q-scores are comparable with those of the ETAS models.
We also evaluate the models using the log-likelihood, L-score,
as a complement to the Q-score. The use of Q and L-scores in
tandem allows us to evaluate simultaneously whether a model
performed well at forecasting the largest events, and whether it
fit well to the dataset as a whole.

The article is structured as follows. In Section 2, we provide the-
oretical background and details of a few models used in CSEP.
Section 3 describes the O-score and presents theoretical results.
Application to California seismicity and results can be found in
Section 4, followed by a discussion in Section 5.

2 | Background

A point process is a measurable mapping from a filtered probabil-
ity space (Q, F, P) onto N (Daley and Vere-Jones 2003). Here, N
is the set of Z*-valued random measures (counting measures) on
a complete separable metric space (c.s.m.s.) X, where Z* denotes
the set of positive integers. We will consider point processes that
are boundedly finite, that is, processes having only a finite num-
ber of points inside any bounded set. Further, we consider a
spatial-temporal point process, where X is a subset of R* x R?,
where R* and R? represent the set of positive real numbers and
the 2-dimensional Euclidean space, respectively. The point pro-
cess is assumed to be adapted to the filtration {7} ., containing
all information on the process N at all locations and all times up
to and including time ¢. Continuing, we will assume the spatial
domain S of the point process is a finite and bounded portion of
the plane R? and denote point i of the process as t; = (1;, X;, y;)-

A process is F-predictable if it is adapted to the filtration gen-
erated by the left-continuous processes 7_,. Assuming it exists,
the F-conditional intensity 4 of N is an integrable, non-negative,
F-predictable process such that for = = (¢, x, )

E[N([t.1+ h) X B, ) )IF,_]

hré? )

0= lim,

where Bysisa ball centered at location (x, y) with radius §, and
F,_ represents the history of the process N up to but not including
time 7. Here, 762 is the area of B, , 5, and N([t.1+h) X B, ,, 5)
is the number of points occurring in the time interval [z,7 + h),
and in the ball B, , ;. The conditional intensity is the expected
number of points of the point process happening in a given subre-
gion of the space-time domain, with the volume of the subregion
approaching zero.

A point process is simple if, with probability one, no two points
occur at the same time and location. In this article, we will only
consider simple point processes. Since the conditional intensity 4
uniquely determines the finite-dimensional distributions of any
simple point process (Daley and Vere-Jones 2003, Proposition
7.2.IV), one typically models a simple spatial-temporal point
process by specifying a model for A.

We want to consider a marked spatial -temporal process, since
we observe magnitudes, in addition to the space-time locations.
A point process N on X x M with point i as (z;,m,), is called a
marked point process with marks m; € M if the projection N with
point i as t;, exists as a well-defined point process on X. Here,
M(u) € M, u € X, is the mark function/random field assigning
marks to N, so that m; = M(z;) for each point i in N. We con-
sider the space X x M and points z; = (7;,m;), and the marked
point process N with the marked conditional intensity A(t, m),
where in the context of magnitudes, we let the mark space be
M = R. Similarly to (Daley and Vere-Jones 2008), we call the
unmarked spatial -temporal process N the ground process, X the
ground space and M the mark space. If the marks are i.i.d., that
is each point 7, is assigned a mark m; with the same probability
distribution #z(m;), independent of the other points, conditional
on the ground process, it is meaningful to call z(m) the mark
density. Some models assume separability in the marks, that is
A, m) = A(x)x(m).

2.1 | CSEP Earthquake Forecast Models

The Collaboratory Study for Earthquake Predictability (CSEP)
provides access to a database of next-day forecasts! containing
daily forecasts produced by 21 models ranging from the dates of
01 August, 2008 to 31 August 2018 for the California region. In
this time span, the models have been operated in a fully prospec-
tive fashion, independently of the modelers, at the SCEC test-
ing center (Zechar et al. 2010) These grid-based forecasts cover
a0.1" x 0.1° latitude, longitude space grid with 0.1 magnitude bin
intervals, which range from 3.95 to 8.95 and one open-end bin for
magnitudes over 8.95 (Serafini, Bayona, Silva, et al. 2025). The
depths are contained in a large bin ranging from Okm to 30km.
The expected earthquake rate for the day forecast starts from
00:00:00 UTC (coordinated universal time) until 23:59:59 UTC.
For each space-magnitude grid given the depth range, a daily rate
is calculated.

In this section, we discuss two of the models that scored the
highest, in terms of the Q-score, when their next-day gridded
forecasts were evaluated. Ten of the earthquake forecasting mod-
els run by CSEP are a version of the Epidemic-Type Aftershock
Sequence (ETAS) model. Another four are ensemble models,
which are linear combinations of alternative models (to ETAS)

20f13

Environmetrics, 2026

8SUB017 SUOLILIOD SAERID) 3 [qedjdde U Ag peuen0b a1 SSPNIE YO ‘38N JOS3INJ 10} AR 1T BUIIUO AB]IM UO (SUORIPUOD-PUR-SWLRYLIOD" A3 1M AR Iq1BUIIU0//SANY) SUORIPUOD Pue SWi L 3Ly 885 *[9202/.0/e2] uo Ariqriauliuo Aejim * ABojouyos L JO ASIRAIIN SieWRYD - YoJeesay SBUIRYD AQ ETTOL AUS/Z00T OT/I0p/0d A3| 1M Azeiq1eul|uo//Sdny wo.y pepeoumod ‘G ‘9202 XS60660T



with ETAS. The remaining seven of the 21 models in CSEP, for the
time periods considered, are alternatives to ETAS. All 21 earth-
quake forecasting models considered base their magnitude distri-
bution on the Gutenberg-Richter (Gutenberg and Richter 1944)
relationship. This relationship captures the relative frequency of
earthquakes in relation to their magnitude. The Omori-Utsu law
(Omori 1894; Utsu 1961; Davidsen et al. 2015), is also used. This
law describes the trend of expected number of aftershocks after a
parent event.

21.1 | ETAS

ETAS was first introduced by Ogata (1988), as a marked temporal
process with no spatial aspect. ETAS models belong to the family
of marked Hawkes point processes (Hawkes 1971), which have
conditional intensity obeying

AUF) = p+ Y, klm)glt —1,), @)

i<t

where F, is the history of all events up to time z. Here, y is the
background seismicity rate, g(t — t,) is the intensity of the process
describing the occurrence of the offspring of the event occurred
at time 7;, x(m) = ef"=™) js the aftershock productivity func-
tion, with m, being the magnitude of completeness or the min-
imum magnitude considered in the earthquake catalog, and the
parameter f§ controls the effect of magnitude on the generation of
aftershocks.

The forecast catalog used in Section 4 comes from the ETAS
model formulation of Zhuang (2011), which assumes that any
magnitude m that is greater than the magnitude of completeness
mg has a rate of

A, s,m|F,) = 71'(’")(/4(3) + Z k(m)g(t —1)f (s - Si,m,-)>,

(t;,8;,.m;)EF,
(3)

with s = (x, y) the latitude and longitude spatial location, and
x(m) the magnitude density. Here, u(s) is a spatially varying back-
ground rate that is assumed not to change over time, and x(m,) =
Ae®mi=m) for m; > my, is the aftershock productivity function.
The function g(r —1,) is the probability density function of the
length of time between an aftershock and its parent, and the spa-
tial triggering function f (s — s;; m;) describes the spatial locations
of aftershocks with scaling for magnitude, thus allowing wider
spatial areas for higher magnitudes. The function g(¢ — ¢;) can be
viewed as the intensity function of an inhomogeneous Poisson
process describing the temporal locations (¢) of aftershocks of a
given earthquake occurring at time #;, and similarly, f(s — s;;m;)
governs the aftershock locations given a parent at location s; with
magnitude m,. In other words, ETAS can be seen as a super-
position of various inhomogeneous Poisson processes, with one
component for the background events, and another component
representing the aftershocks.

2.1.2 | STEP

The STEP model, first described by Gerstenberger et al. (2005),
is an alternative model to ETAS. The STEP model shares

components with a model called the Reasenberg-Jones model
(Reasenberg and Jones 1989), which in turn combines both the
Gutenberg-Richter (Gutenberg and Richter 1944) relationship
and the Omori-Utsu law (Omori 1894; Utsu 1961) to define the
earthquake intensity rate as

Aty m) = 10472 (1 4 ¢)7P ()]
with parent event of magnitude m,,.

STEP has two main components at play to model the spatial and
clustering elements of aftershocks. It uses the Reasenberg-Jones
model to describe the aftershock rate with an added component
that models the long-term background seismicity with a spatial
component. The second component is a clustering model with
its complexity depending on the amount of aftershock data cur-
rently available (Gerstenberger et al. 2005). This clustering model
is very active and localized during strong earthquake sequences,
which leads to STEP having a narrow spatial distribution in the
days after earthquake events. In ETAS, all events are considered
capable of triggering aftershocks, while in STEP, only the largest
events have aftershocks. Thus, instead of combining the back-
ground and all aftershock components by taking a sum as in
ETAS, STEP essentially only takes the maximum of these after-
shock components.

2.2 | Log-Likelihood Score

The log-likelihood (L) (Daley and Vere-Jones 2003) score is often
used to evaluate earthquake forecasting models, such as those
considered here in Section 4, as an overall measure of fit of the
model to all the observed events. It is defined as

L= Z log 4; — / A, x, y, m)dtdxdydm,
i=1

given the set of observations (¢;,x;,y;,m;), i=1,...,n for all n
observed events, with 4; the mean intensity rate in the bin con-
taining observation i. Here, A(t, x, y, m) denotes the model’s fore-
cast conditional intensity.

A proper scoring rule for model forecasting is one where the true
model maximizes the expected score (Gneiting and Raftery 2007).
In other words, no model cannot achieve a higher expected score
than the true model. The Q-score is not proper because rather
than rewarding accuracy, Q rewards a model for forecasting a
high rate where the largest events occur, relative to the other
events. If model 0 is correct, and model 1 tends to overestimate
the rate in spatial-temporal locations where the largest events
occur, relative to where the bulk of the events occur, then the
expected Q-score for model 1 will exceed that of model 0, vio-
lating properness. Despite its lack of accuracy, such a model 1
would be extremely useful in practice. While the Q-score may be
useful in highlighting models that forecast higher rates where the
largest events occur, the Q-score is not a proper scoring rule and
should not be used independently from other evaluation scores
for a comprehensive evaluation of goodness of fit. In contrast,
the L-score is a proper score. However, even though the L-score
gives a general goodness-of-fit score between the model’s fore-
cast and the observed events, it does not explicitly weight large
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magnitude events more than the other events. Log-likelihood
scores essentially reward the model equivalently for accurately
forecasting a magnitude 3 or a magnitude 7 event. Events of
greater magnitude are more hazardous and thus of much more
interest to forecast, and since the Q-score rewards models with
higher rates in locations with the highest magnitude observed
events, the L- and O-scores complement each other well and may
be used in tandem as forecast model diagnostics.

3 | O-Score

The Q-score is a recently proposed magnitude-weighted
goodness-of-fit score for the a-largest earthquakes, where
a € [0,1] is the proportion of the largest earthquakes. The
Q-score was introduced in Schoenberg and Schorlemmer (2024)
and Schoenberg (2025), with a recommendation of « = 5%.

Let N be a marked spatial-temporal point process with con-
ditional intensity A(t, m), where 7 = (1, x, y). Let N denote the
ground process, 4,(t) = f M A(z,m)dm the conditional intensity
integrated over the mark space, and #(m) the mark density.
Define M1~ a5 the threshold value such that P(m > M1-41) =
a for me M. Now let A, = {r : M(z) > M=%} be all the
space-time locations where the magnitude threshold M=% is
exceeded. Then, the Q-score can be defined as

o

(/ 4,(01{r € A,}dN)/([ 1{zr € A,}dN)
(/ 4@dN)/(] dN) '

Having observed data on the times, locations and magnitudes of

nevents, z = {(z;,m;)}!_;, we obtain

0" ( FVNCH TEC A,,,})/(Z;’:ll{rj c Aa}>
- ;-':1/11:(7/‘)/” .

Here, [ dN is the number of observed events, n. Let n, =
Z;zll{r ; € A, } be the number of observations with magnitude
m > M=%l This number will vary depending on the point pat-
tern (observed earthquakes). The Q%-score can be interpreted as
the mean of the conditional intensity at the space-time locations
of the largest earthquakes, divided by the mean of the conditional
intensity over all the observed space-time locations. The Q-score
thus represents the extent to which the model forecasts higher
rates at spatial -temporal locations where the largest events hap-
pen to occur, relative to the spatial -temporal locations where the
other events occur.

3.1 | Basic Properties

We now look into some properties of Q%. Q% depends critically
on a. A special case is A;, where @ = 1. In this case the selected
subset of interest simply contains all the observations, so that n; =
n. Thus

1

~ Z;.’:l/\(rj)l{rj € A} /n ~ Z;':IA(TJ-)/H
- ¥ AT)/n X AG)/n

In the other extreme, when a = 0, Q° is undefined since f 1{r €
A,}dN = 0. For small datasets and/or small values of , this can
also be an issue in practice, as A, may contain no observations.

For the case of a homogeneous Poisson process, Q* = 1 for any
a € [0,1], assuming A, contains at least one observation. Indeed,
for a homogeneous Poisson process with constant intensity p,

A(r):/ Az, m)dm = p|M|.
M

Then Q¢ reduces to

Z;':lpIMH{Tj € A,}/n, p|M|Z;':11{'tj € A, /n,
X pIMl/n pIMIY_1/n
Z;':ll{rj € A,}/n, n,

1 n

a

According to Schoenberg and Schorlemmer (2024), Schoen-
berg (2025), the higher the value of Q% the better the model
appears to be forecasting the spatial -temporal locations of the
largest earthquakes. Note that the Q-score accounts for how
much more intensity is assigned to large earthquakes relative to
what is usually assigned, but does not give a satisfactory overview
of overall model fit. The Q-score may also be misleading when
there are very few observations, or when «a is very low. When
Q® > 1, the model is better than a homogeneous Poisson pro-
cess at forecasting the largest earthquakes, whereas if 0% < 1,
then the model forecasts the largest events worse than a homoge-
neous Poisson process. Section 4 presents examples of Q-scores
for different earthquake models, with Q* > 1 for some models
and Q“ < 1 for others. It is difficult to calculate the distribution or
even the expectation of the O-score for a given model analytically,
but under some assumptions, we can derive some properties for
the null case where the model in question is separable in mag-
nitude. Proposition 1 states that in such cases, the expectation of
Q% is 1in aratio sense, and Theorem 1 states that O* approaches
1 asymptotically.

3.2 | Expectation

The expectation of Q* is

(zjzlA(rj)l{rj e Aa}>/na
E[Q°]=E m
ijl./\(‘l'j)/l’l

It is challenging to calculate the expectation directly, but by
assuming separability in the marks, which is true for example, the
ETAS model, the expression is simplified. Using this assumption,
Proposition 1 shows that the numerator and denominator of Q“
are the same in expectation, but note that this does not necessarily
mean that E[Q%] = 1.

Proposition 1. Assuming separability in the marks, that is,
Az, m) = A(t)z(m), the numerator and denominator of Q* are the
same in expectation, which means that

E[(/ 4,z € A,}dN)([ dN)]

E[(/ 4, (®)dN) (/[ 1{r € A,}dN)|
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Proof. We first rewrite Q% as

(f 4,(1{r € A,}dN) /([ 1{r € A, }dN)
(/ 4,@dN)/([ dN)

(/ 4(®1{r € A,)dN)([ dN)

(/[ 4,(dN)([ 1{r € A,}dN)

0" =

Then, for the expectation of the denominator, we get

<[ (f auoan ) tre mnan)] = (B ) (Zots )]

= E[ZZAg(TJ)l{T, € Aa}]A

Jj=11=1

Using the law of total expectation, we obtain

n n o k k
E [ZZAZ(Tj)l{f, € Aa}] = Zp(n =kE [ZZAg(rj)l{f, € Aa}}

Jj=11=1 k=0 Jj=11=1

Ms

k k
ZZP(n = DE[4,(t)1{1, € A4,}].
j=11=1

k=0

Now, looking only at the expectation term, one obtains
E[4, ()17, € A.)] = E[4,(7)l{7, € A )| P((7, € A,))

= E[A,(x)lm; > MU P(m; > MU=) = E[4,(x )| P(m; > M),

Similarly, for the expectation of the numerator, we obtain

[E[(/ ﬂg(r)l{reAa}dN></dN>] =[E|:(/Z:}/lg('rj)l{rj EA,Z}>n]

n oo k
=E [Zig(rj)l{r‘, € A“}n] =Y P(n=kE [Zig(rj)l{rl e Aa}k]
j=1 k=0 Jj=1

k
P(n= k)kZ[E[Ag(rj)l{fj €Al

Jj=1

Ms

=~
I}
o

k
= Y P(n =)k Y E[4,(x)] P(m; > M=),
0 j=1

8

=~
Il

When a process is separable in the marks,
Ag(T) = / Az, m)ydm = / z(m)A(t)dm = A(r)/ m(m)dm = A(T).
M M M

Thus, Q% reduces to

_([am1{r €A, }dN)([dN)
~ (f #@dN) ([ 1{z € A, }dN)’

Now, the expectation of the numerator is
[E[(/ Aot e Aa}dN) </ dN)]
o0 k
= ZP(n = k)Zk[E[/l('rj)]P(mj > MU-a),
k=0 j=1
and the expectation of the denominator is

{(f ) 10220}

) k k
= ZP(n = k)ZZ[E[A(Tj)]P(m, > M=),
k=0

j=11=1

Using the assumption of separability in the marks, we have that
P(m, > M=) =qforl=1, ... k.

Therefore, the expectation of the numerator is

oo k
D P(n=k) Y kE[i(t))]a,
k=0 Jj=1

and the expectation of the denominator is

o ko k o k
Y P(n=k)Y Y E[Mrp]a= Y Pn=1k)) kE[AT))]a.
k=0 j=11=1 k=0 Jj=1
Thus, the expectation of the numerator and the expectation of the
denominator are equal. O
3.3 | Law of Large Numbers

In Theorem 1, we provide a law of large numbers for O* for
a marked temporal point process N. In our context, N is our
marked temporal point process recording time ¢ and magnitude
m. An the end of the proof, we explain how to extend the proof
for a marked spatial -temporal process.

Theorem 1 states that asymptotically, when time T — oo, Q%,
defined in Equation (5) approaches 1 almost surely and in L,
norm. This result is stronger than the result in Proposition 1,
which says that the ratio of the expectation of the numerator
and the expectation of the denominator is 1. But Theorem 1
also requires more assumptions. In Proposition 1, it is enough to
assume separability in the marks, while in Theorem 1 we need
additional assumptions.

The first additional assumption is stationarity and metric transi-
tivity of the ground process N. We also assume that the weighted
random measure ¥ with ¥((0,T]) = fOT A (D)d N is stationary and
metrically transitive. Note here that ¥ is a random measure but
not necessarily a point process, since the point counts are scaled
with the aggregated conditional intensity 4,(¢). For stationary
random measures, metric transitivity is equivalent to ergodic-
ity (Daley and Vere-Jones 2008, Proposition 12.3.1I1). We refer to
Daley and Vere-Jones (2008) for definitions of stationarity, metric
transitivity and ergodicity. We use the definition for stationarity
from (Daley and Vere-Jones 2008, Definition 12.1.II), and ergod-
icity from (Daley and Vere-Jones 2008, Definition 12.3.1(i)).

We further assume that both N and ¥ have finite mean density.
For a stationary random measure &, the mean measure E[£(A)] is
translation invariant, which means it only depends on the size of
the set A and not on shifts in the space X. If £ has a finite mean
density m, the mean measure can be written as ml/(A) where 0 <
m < oo and / is the Lebesgue measure.

Theorem 1. Let N be a marked temporal point process on
R* x M, with conditional intensity A(t,m) and ground intensity
A (1) = /M A, m)dm, for some c.s.m.s. M. We also assume that N
is separable in the marks, thatis A(t, m) = A(t)z(m), where A() is the
conditional intensity for N andz(m) is the mark density. We assume
that the ground process N is stationary and metrically transitive
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with finite mean density b. Now, let¥ be the weighted random
measure with ¥((0,T)) = [,/ A,()d N, where N((0,T]) = [, dN.
Further, assume that ¥ is also stationary and metrically transitive,
with finite mean densityAb. Let

_ (f" 2011 € 4,3aN)/(f 11 € 4,)4N )
oo

(5)

Then limy_,, Q7 = 1 almost surely and in L, norm.

Proof To simplify lim;_,, O% we want to use Slutsky’s lemma
(Ferguson 1996, Theorem 6) twice to obtain

(Tliirgo%/()TAg(t)l{t = Aa}dN)/(Tli_{xgo%foTl{t € Aa}dN>

lim OF =
T—o : T : T
(fim 720048 )(fim .7

To be able to use Slutsky’s lemma, we first have to verify that all
denominator terms are constant, that is,

1 rT
7o AWdN 1T
lim —— =¢ lim=

T L T pme [ dN=c,
—00 -
=)o AN 0

1 T
lim —/ 1{t € A,}dN =c,,
T 0

T—oo

where c¢,c;,c, are constants. Note that we also require
that lim;_ % fOTA(t)dN is constant, since both lim;_

(%fOTAg(t)dN>/ <%fOTdN) and lim;_, %/OTdN are constant.

We will now verify that all these terms are constant, starting
with the term lim;_ % fOTdN . We want to use (Daley and
Vere-Jones 2008, Corollary 12.2.V(a)), which is a corollary of
(Daley and Vere-Jones 2008, Theorem 12.2.IV), so first we must
verify that the assumptions hold.

Corollary (Corollary 12.2.V(a) from (Daley and
Vere-Jones 2008)). Let & be a stationary and metrically
transitive random measure onR? with finite mean density m.
Then, for any convex averaging sequence { A, } on R? it holds that
E(A,)/1(A,) — malmost surely and in L1 norm.

Let Ay = (0,T1], then itis easy to verify that { A} } is a convex aver-
aging sequence on R*, see (Daley and Vere-Jones 2008, Definition
12.2.1) for the definition of a convex averaging sequence. It
holds that /(A;) = T, where [ is the Lebesgue measure. We have
assumed that N is a temporal point process which is stationary
and metrically transitive with finite mean density ». Then, Daley
and Vere-Jones (2008, Corollary 12.2.V(a)) gives us that

N(A
/ iy Nan
) ( AT) T—»oo
almost surely and in L, norm. Note that the limit is a constant,
as required.

. . 1 rT .
Let us now consider the term lim;_, = J A,(dN, that is
lim;_ %‘P(AT). Since we have assumed that W is stationary

and metrically transitive with finite mean density b, Daley and
Vere-Jones (2008, Corollary 12.2.V(a)) gives us that

— / Ay (NdN = ¥Ar) — b

( T) T—»oo

almost surely and in L, norm. We thus obtain

lim 2 [ 2,0aN <

almost surely and in L, norm. The limit is a constant, as required.

Let us now consider

}ij{}o%foﬂg(z)l{z € A }dN

. 1 pT
Tlgl‘}o;fo 1{r€e A, }dN
We want to show that this ratio converges to 2, so that Q7. con-
verges to 1.

We start with the term % /OTl{t € A,}dN.Due to the separability
we have

T
1 1
— 1{re A, }dN = = 1{re A
L[ weann=1 ¥ awea,

teNNA;
-7 X
T £
(t,m)ENNAFXM

N(A7)
a 5
1(Ay)

Um> M-} = %aN(AT) -

since the probability of having a mark larger than M~ is inde-
pendent of the time 7. Then, we can use the previous result to
obtain

N(A7)
14 —_—

l ( AT) T—-c

1 T
— 1{te€ A }dN =
T/O (re A,

almost surely and in L, norm. Here, the limit is also a constant,
as required.

In order to complete the proof, we need only verify that the term
/ A, (H1{t € A, }d N converges to aAb, as we have then shown
that hmT_)oo Q7 =1 almost surely and in L; norm.

By separability in the marks, we have

1 /" 1 (7.
7/0 A O1{t € A,}dN = T/o /Mﬂ(t,m)dml{teAa]dN
1 /" 1 /"
= —/ / Ae.m)1{t € A,}dmdN = —/ / ADz(ml{t € A, }dmd N
TJo Jm TJo Jm

T
= l/ / AN x(m)1{m > M=y dmd N
TJ)o Jm
1 T
= —/ /1(:)/ a(m)1{m> MY~V dmd N
T Jo M

1 [T «© 1 /T
= —/ A(t)/ a(m)ydmd N = _/ M;)p(M N Mll—aj)dN
T Jo Mll-al T Jo

1 /" 1 /"
:a—/ l(t)dN:a—/ A®dN,
T Jo T Jo

which implies that
1 /" 1 /" -
lim = [ A,(0)1{t€ A,}dN =a—/ A, (HdN — alb
T-ooT 0 8 T 0 8 T—o

almost surely and in L, norm, using the previous results.
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To extend the proof for a spatial-temporal point process on
R* x S where S C R? is bounded, consider the convex averag-
ing sequence A; = (0,7] X S. Here, I(A;) = T|S]|, and the 1/|S]|
term is an additional factor in all four terms in Q7. This factor can
be seen as a constant, as it does not vary when T' — o0, and it is
canceled out in both the ratios in the numerator and the denom-
inator. Similarly, N(Ay), and the other terms are scaled up with
an additional factor, which does not vary when T' — 0. O

4 | Application to California Seismicity

The Collaboration for the Study of Earthquake Predictability
(CSEP) provides access to next-day forecasts for California from
21 different models (Serafini, Bayona, Silva, et al. 2025), for which
we calculated their O- and L-scores to obtain an evaluation of
their fit. An In-depth description of the models and the experi-
ment conducted to generate their forecasts can be found in Gra-
ham et al. (2024). In this section, we present the annual Q-scores
and L-scores of forecasts available during the years 2012, 2014,
and 2017. The forecast catalogs for the models have different start
and end run dates; therefore, we chose years that would allow
us to evaluate the Q-scores and L-scores of most models pro-
vided by CSEP. Forecast catalogs cover different time periods last-
ing from August 1, 2007 to August 2018 (Serafini, Bayona, Silva,
et al. 2025). All model forecast catalogs, as well as the observed
catalog, have a minimum magnitude of 3.95. Figure 1 shows the
observed event locations for those years, with point sizes propor-
tional to their magnitudes. In 2012, there was the Brawley earth-
quake swarm; in 2014, there was the magnitude 6.0 South Napa
earthquake (Brocher et al. 2015; Wei et al. 2015); and in 2017, the
last full annual forecast was available.

In 2012, the three largest events had magnitudes 5.6, 5.41, and
5.32. In 2014, the three largest events had magnitudes 6.8, 6.02,
and 5.1. In 2017, when only 18 events were recorded in Cal-
ifornia with magnitude of at least 3.95, only one event quali-
fies as a top 5% event, and it has magnitude 5.08. As a refer-
ence, Tables A1-A3 in the Appendix contain all Q- and L-scores
calculated annually for all models depending on the forecast
time period available, ranging from 2008 to 2017. As seen in
Figure 2a,b, STEPJAVA had the highest O-score in 2012 and
the second-highest O-score among all CSEP models in 2014.

However, as seen in Figure 2c, STEPJAVA had a score of zero
for the year 2017 since the forecast had a rate of zero on the
space-magnitude bin where the only top 5% event occurred.

As seen in Figure 2, models with the highest O-scores also typ-
ically had relatively high L-scores. However, the converse was
not generally true, for example, the forecasts for the year 2014.
During this year, the top observed event magnitude was 6.8, cor-
responding to the second-largest magnitude event documented
within the observed catalog between 2008 and 2017. The four
models that had the highest L-scores had Q-scores under 1, as
seen in Table 1, indicating these models did not accurately fore-
cast the locations of the largest events, even though they fit the
rest of the observed events. However, models that had the high-
est Q-scores in 2014 also had relatively high L-scores, and thus
offered relatively good fits to the observed catalog. As a side note,
the highest magnitude event observed in the catalog was in the
year 2010, with a magnitude of 7.2. In Table Al in the Appendix,
the model with the highest O-score (STEP) for 2010 also had the
highest L-score, while in this same year the models ETAS and
KJSSOneDay had Q-scores near 1, which is the expected score
for a homogeneous Poisson process.

One particularly exceptional case for these scores was STEPJAVA,
whose log-likelihood diverges for all years. In each of the 3 years
considered, STEPJAVA provided a forecast rate of zero for at least
one bin where events actually occurred, which should theoret-
ically never happen for a suitable forecast model. The STEP-
JAVA forecast seems to provide zero rates for spatial bins from
the Northern California coastal area, as seen in the Appendix,
Figure A2, where at least one 3.95 or larger magnitude earth-
quake typically occurs annually. This is compared to Figure Al,
where other models provided a rate above zero for the same
region. A possible solution to the problem of earthquakes occur-
ring in areas with zero forecasted rate is the use of a “waterlevel,”
which is a minimum rate to be added to the zero rate bins. The
selected value of the water level highly influences the L-score of
the model’s forecast, which makes it not an ideal solution. For
instance, the L-score with the water level of 107 for STEPJAVA
in the year 2012 was —296.76, for 2014 it was —351.91, and for
2017 it was —136.89. These were the values used in Figure 2. Com-
paring these values to the rest of the L-scores in the figure, we
see that STEPJAVA is still not one of the best models in terms of

Magnitudes Magnitudes

4.0
4.0

45

a9

5.8
5.0
6.8

5.6

Magnitudes
4.0
43
a7
5.1

(a)

(c)

FIGURE1 | ComCat catalog events above magnitude 3.95 in California. (a) 50 events in the year 2012, with a 5.6 magnitude of the largest event.
(b) 44 events in the year 2014, with a 6.8 magnitude of the largest event. (c) 18 events in the year 2017, with a 5.08 magnitude of the largest event.
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2017 Model Scores
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FIGURE2 |

(©)

Q-scores and L-scores of the models for the three different years. Models are in descending order based on the Q-score. The red dashed

line indicates a Q-score of 1. The purple bars are the model’s O-score, and the orange bar its corresponding L-score. STEPJAVA* uses a water level to

calculate the L-score. In reality, all loglikelihood scores for STEPJAVA diverge to —oo. Models with a Q-score above 1, and an L-score close to 0 should

be considered good fits to the observed data. Forecast model data was obtained from https://zenodo.org/records/15076187.

TABLE1 | Top 4 Models with the highest L-scores in the year 2014.
Model Q-score L-score
ETAS_HWMd3 0.82 -161.50
ETAS_HWMd2 0.71 —164.51
ETAS_HW_K3_AVERAGE_Md3 0.38 —168.90
ETAS_HW_K3_AVERAGE_Md2 0.43 —169.72

L-score even with the water level correction, though it had one
of the highest O-scores in two of these years.

Even though STEPJAVA is the model with the highest Q-score in
some of the time periods, it is the only model that we analyzed for
which the L-score diverges every year. The STEP and STEPJAVA
models, as seen in Appendix Figure A3, seem to forecast more
magnitude 6 earthquakes than the rest of the models. However,
STEP does seem to be a good fit to the observed data, evidenced

by the relatively high L-scores, while also having a high O-score.
Conducting a more thorough evaluation using other scores in
addition to the Q and L-scores needs to be conducted in order to
explore if the magnitude distribution of these models is affecting
these scores.

Aside from STEP and STEPJAVA, models that had high QO-scores
for these three years were the ETAS_DROneDayMd mod-
els, which account for spatial inhomogeneity by implement-
ing a spatial-temporal varying background rate through the
Proximity to Past Earthquakes (PPE) model (Serafini, Bay-
ona, Silva, et al. 2025). These ETAS_DROneDayMd models
also had relatively high log-likelihood scores. In fact, the
ETAS_DROneDayMd3 model had a Q-score of 5.06 for the year
2014, which is the highest O-score observed. This means the
ETAS_DROneDayMd3 model assigned forecasted rates at the
largest magnitude earthquakes that were 5.06 times higher than
the forecasted rates for all events in general. During the year 2014,
there was a series of earthquakes off the Northern California coast
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that occurred on the same day, March 10. Four earthquakes of
magnitude above 4 occurred on this day, with a magnitude 6.8
happening first, followed by three aftershocks within the hour.
Another top 5% event of magnitude 5.1 also had a large aftershock
within 14 hours. The use of the PPE model could be a factor in
these ETAS models having such high O-scores.

5 | Discussion

This article focuses on the Q-score, a recently proposed
magnitude-weighted goodness-of-fit score to evaluate earthquake
forecasts. The Q-score was first introduced for the 5% largest
earthquakes in Schoenberg and Schorlemmer (2024) and Schoen-
berg (2025). In Section 3, the Q-score is defined more generally,
allowing the proportion « of the largest earthquakes to vary, with
a € [0,1]. Proposition 1 states that the expectation of Q% is 1 in
a ratio sense, under the assumption of separability in the marks.
Under additional assumptions, such as stationarity, Theorem 1
states that Q% approaches 1 almost surely and in L1 norm, as
time approaches infinity. These assumptions help form the con-
ditions for a null hypothesis; in practice, one may set the null
hypothesis that O = 1, and evaluate if the value of Q for a given
model and a given dataset exceeds 1 by a statistically significant
margin. Since a homogeneous Poisson process has Q = 1, and for
magnitude-separable models such as ETAS one expects Q to be
approximately 1, such models form a natural basis of comparison
for other models.

The interpretation of Proposition 1 is that the expectation of Q*
will tend to be close to 1, since the expectation of 0% is 1 in a ratio
sense, and the required assumption for Proposition 1 is separa-
bility in the marks, which holds for many of the models in CSEP,
such as the ETAS model. Further, the interpretation of Theorem 1
is that O will tend to be close to 1 for separable and stationary
models when we look over long periods of time. However, the
real purpose of the Q-score is to allow future models that forecast
the largest events better than ETAS to properly distinguish them-
selves, models where the magnitude distribution is dependent on
the spatial and/or temporal distribution. In such cases the expres-
sion for E[Q*] will be less tractable, and Q will hopefully be much
greater than 1. Another relevant aspect here is that we now know
something about the expectation of Q* but not about its variabil-
ity. The issue of having very high variance of potency-weighted
metrics is discussed in (Schoenberg 2025), so future work should
focus on calculating or approximating the variance of Q%, though
this will probably lead to very complicated expressions.

In the application provided, many of the earthquake forecast
models were some version of ETAS, or some combination of
ETAS models with other models. Such models often had rela-
tively high O-scores and L-scores. However, there is still room
for improvement when it comes to forecasting the largest events.
In fact, some of the models with high L-scores, and thus good
overall fit to the observed catalog, had Q-scores under 1. It would
be interesting to analyze more time periods with high magnitude
events to get a better understanding of the Q-score’s performance
in terms of evaluating earthquake forecasts. While Q-scores and
L-scores can be used in tandem to identify models with good
overall fit and good ability to forecast the largest events, care

should be taken especially when models forecast zero rates in
certain bins where events occurred. We recommend using other
goodness-of-fit evaluation methods in addition to the O-score.
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Appendix A

ETAS cumulative forecast 2012

10910 M3.95+ rate per cell per forecast period

STEP cumulative forecast 2012

(b)

10g10 M3.95+ rate per cell per forecast period

KISSOneDay cumulative forecast 2012

1010 M3.95+ rate per cell per forecast period

FIGURE A1 | Plot of the cumulative rate for different models during the year 2012 in California. (a) is for the ETAS model, (b) is for the STEP

model, and (c) is for the KISSOneDay model.

STEPJAVA cumulative forecast 2012

STEPJAVA cumulative forecast 2014

(b)

10910 M3.95+ rate per cell per forecast period

STEPJAVA cumulative forecast 2017

10910 M3.95+ rate per cell per forecast period

FIGURE A2 | Plot of the cumulative rate for the STEPJAVA model during the specified time period in California. (a) is for the forecast during the
year 2012, (b) is for the year 2014, and (c) is for the year 2017. The days with zero rates in 2012 are (month/day): 01/17, 06/30, 07/21, 08/09, 09/24, and
10/14. In 2014 the days are: 01/23, 03/10, 03/14, 03/16, 03/18, and 12/04. In the year 2017, the days are: 03/06 and 07/29.
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FIGURE A3 |
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2014, and (c) is for the year 2017. The “X” markers indicate the observed number of events.

ETAS_DROneDayMd3
STEPJAVA
ETAS_DROneDayMd2
ETASV1.1
OneDayBayesianSeqBMA
OneDayBayesianBMA

ETAS

KISSOneDay

ETAS_HWMd3
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ETAS_HW_K3_AVERAGE_Md2
ETAS_HW_K3_AVERAGE_Md3
K3Md2

K3Md3

Observed M= m earthquakes

Plot of the annual magnitude distribution for the models available. (a) is for the forecasts during the year 2012, (b) is for the year

TABLE Al | Tableshows the O and log-likelihood scores of the models run during the years 2008 through 2011 (Serafini, Bayona, Silva, et al. 2025).
2008 2009 2010 2011
Model Q-score L-score Q-score L-score Q-score L-score Q-score L-score
ETAS 0.47 —330.78 1.66 —276.55 1.06 —667.65 0.94 —295.47
STEPJAVA 196 -inf (~254.19)
KJSSOneDay 1.58 -inf (-224.68) 1.16 —634.06 0.83 —248.38

Note: Highlighted in green are the highest scores for that year. Models that didn’t have a forecast for the year are left blank. Models whose L-score diverges also have an
L-score calculated with the water level of 107° within the parentheses. The last three models are an alternative to ETAS.
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TABLE A2 | Table shows the Q and log-likelihood scores of the models for the years 2012 through 2014 (Serafini, Bayona, Silva, et al. 2025).

2012 2013 2014

Model Q-score L-Score Q-score L-Score Q-score L-Score
ETAS 1.31 —295.56 1.09 —242.07 1.62 —281.87
ETASV1.1 2.80 —-170.21 2.64 —186.91
ETAS_DROneDayMd2 3.33 —193.04 3.87 -177.07
ETAS_DROneDayMd3 3.40 —161.71 5.06 —180.13
ETAS_HWMd2 2.73 —-164.77 0.71 —164.51
ETAS_HWMd3 2.92 —164.84 0.82 —161.50
STEP 3.13 —178.90

STEPJAVA 3.44 -inf (-259.42) 3.33 -inf (—229.90) 4.68 -inf (-278.75)
KJSSOneDay 2.10 —274.86 2.84 —-197.22 1.35 —207.67
K3Md2 2.44 —195.63 0.17 —184.08
K3Md3 2.14 —202.26 0.08 —-193.63
ETAS_DROneDayPPEMd2 1.03 —253.79 0.58 —311.05
ETAS_DROneDayPPEMd3 0.98 —237.91 0.74 —289.89
ETAS_HW_K3_AVERAGE_Md2 2.61 —174.20 0.43 —-169.72
ETAS_HW_K3_AVERAGE_Md3 2.68 —-176.59 0.38 —168.90
OneDayBayesianBMA 2.80 —170.22 2.63 —186.92
OneDayBayesianSeqBMA 2.80 —170.22 2.63 —186.92

Note: Highlighted in green are the highest scores for that year. Models that didn’t have a forecast for the year are left blank. Models whose L-score diverges also have an
L-score calculated with the water level of 10~ within the parentheses. The first 6 models are ETAS models, the next 7 models are an alternative to ETAS, and the last 4

models are ensemble models.

TABLE A3 | Table shows the Q and log-likelihood scores of the models for years 2015 through 2017 (Serafini, Bayona, Silva, et al. 2025).

2015 2016 2017

Model Q-score L-score Q-score L-score Q-score L-score
ETAS 1.75 —246.75 1.41 —246.06 2.52 —147.36
ETASV1.1 0.88 —154.13 1.74 —167.68 2.21 —113.58
ETAS_DROneDayMd2 0.83 —136.95 3.15 —158.02 3.82 —-101.23
ETAS_DROneDayMd3 0.67 —137.05 1.74 —158.25 3.27 —100.63
ETAS_DROneDayMd2.95 3.34 —99.53
ETASSYN_DROneDayMd2.95 3.94 —-99.94
ETAS_HWMd2 0.20 —139.46

ETAS_HWMd3 0.37 —134.88 1.91 —159.55 1.62 —105.52
GSF_ISO 0.94 —144.62
GSF_ANISO 0.77 —134.85
STEPJAVA 0 -inf (-212.33) 1.90 -inf (-184.97) 0 -inf (-133.12)
KJSSOneDay 0.51 —181.48 2.54 —224.14 0.38 —112.88
K3Md2 0.08 —159.34

K3Md3 0.05 —-161.37 0.66 —206.38 0.13 —134.32
ETAS_DROneDayPPEMd2 1.85 —253.16 0.24 —248.95 0.70 —-151.11
ETAS_DROneDayPPEMd3 1.71 —232.92 0.15 —234.25 1.10 —140.44
ETAS_HW_K3_AVERAGE_Md2 0.14 —146.63

ETAS_HW_K3_AVERAGE_Md3 0.20 —143.15 1.56 —172.86 1.07 -113.54
OneDayBayesianBMA 0.88 —154.13

OneDayBayesianSeqBMA 0.88 —-154.13

Note: The first 10 models are ETAS models, the next 6 models are an alternative to ETAS, and the last 4 models are ensemble models.
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