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 A B S T R A C T

The phase-field approach to brittle fracture provides a continuum framework for modeling crack 
initiation and propagation without explicit representation of discrete crack surfaces, provided 
the spatial discretization is fine enough to resolve the regularization length scale. However, 
uncertain local material parameters due to material defects can strongly influence simulation 
results, such as crack paths and remaining structural strength. At the same time, the ability to 
continuously monitor structures using sensors allows complementing modeling predictions with 
displacement measurements for example.

In this contribution, we connect these two complementary sources of information and 
present a Bayesian inference procedure that allows updating the current model state with 
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incoming sensor data. We construct a Bayesian prior for the model state (both displacements 
and phase-field) and employ an ensemble Kalman filter (EnKF) to perform the update. In the 
EnKF, the update is computed by performing a Kalman shift on each ensemble member. Since 
the standard EnKF may produce assimilated states that violate common modeling assumptions, 
we present a phase field-based regularization technique as a proximal step correction towards 
model-consistent updates. 1D and 2D numerical examples demonstrate the performance and 
accuracy of the proposed method and show that the updated state matches the ground truth 
reasonably well. Unlike traditional Bayesian inversion techniques, which have already been 
applied to brittle fracture, we infer not the model parameters but the model state, i.e., the 
displacement field and the phase-field. Although only displacements are observed, the strong 
correlation between both fields also allows inference of the posterior phase-field.

1. Introduction

Phase field fracture modeling was originally proposed to simulate crack propagation in brittle materials [1,2], and has later been 
extended to ductile fracture [3] and fatigue crack growth [4]. The gradient-regularization ensures mesh-independent results in the 
case of a sufficiently fine spatial discretization. However, crack propagation is highly dependent on variations in boundary conditions 
and local material defects, both in physical experiments and models. Given that material parameters and initial conditions are often 
only partially known, Uncertainty Quantification (UQ) methods are employed to establish a probabilistic forward problem [5,6].

In this context, the forward problem entails propagating uncertainty in the input parameters to model outputs. Input parameters 
can be related to material properties, initial conditions, and boundary conditions. The goal is then to determine the induced 
probability distribution for model outputs, such as displacement and the phase field and the corresponding crack paths. In this 
context, multivariate Gaussian approximations for the output densities are appealing to reduce the computational cost. These 
Gaussian distributions are defined via a mean and variance for each point of the domain, as well as two-point correlation functions 
and the correlations across fields.

For non-linear phase field problems, the uncertainty in the output can be substantial. To mitigate this uncertainty, real-world 
data can be collected, for instance, through Digital Image Correlation (DIC) [7]. In a Bayesian context, prior distributions can be 
conditioned on this data, see, e.g. [8], effectively assimilating the data into the model. For a specific structure of the data model, 
this results in a new Gaussian posterior that has a reduced variance, particularly around sensor locations.

The phase field fracture model operates using a quasi-static time-stepping regime, incrementally increasing the load to trace the 
evolving damage. In some cases, measurement data may be available at various time steps or loads during the simulation, requiring 
conditioning of the time-evolving probability distribution on incoming data. This process can be managed through Kalman filtering, 
where the model is advanced until the time step with available data. The solution is then conditioned on the measured data, and 
the resulting posterior distribution serves as the initial condition for subsequent uncertainty propagation. For non-linear models, the 
Extended Kalman Filter (EKF) is typically employed to linearize the problem. Alternatively, the Ensemble Kalman Filter (EnKF) can 
be used for non-linear problems, operating in a Monte Carlo fashion, which reduces uncertainty over time as different members of 
the ensemble converge towards a common mean. The reader is referred to [9] and the references therein for a discussion.

Applying Kalman filtering to the phase field brittle fracture model presents several challenges. Since the phase field variable 
attempts to model a smeared but localized crack, fine discretization and the positioning of sensors around the crack path are 
needed. Additionally, the phase field variable is history-dependent, requiring measures to prevent unphysical solutions during the 
conditioning process. The aforementioned non-linearities further complicate the filtering approach.

This paper aims to provide a data-corrected solution to the phase field fracture problem, particularly when dealing with non-
unique crack path solutions. These may occur if the phase field is highly sensitive to mesh parameters, initial conditions or material 
configurations [5]. Our goal is to infer the phase field solution based on data for the displacement, leveraging the model-based 
correlation between both fields.

It is important to note that there  exist other works on data assimilation procedures, applied to numerical fracture problems. 
For instance, [10] derived a Bayesian approach to update scalar parameters of the phase field model, albeit not the complete high-
dimensional state as targeted in this publication. The authors in [11] employ a linear elastic fracture mechanics approach and use it 
in conjunction with an EKF. The method parametrizes the crack, hence e.g. the length or the angle of the crack surface take a certain 
value, given a load increment. These parameters are subject to uncertainty and updated throughout time with the EKF. The authors 
state that, so far, only cracks in form of a straight line can be parametrized and updated in the given framework.  In [12], the authors 
make use of an hydraulic fracture model in 1D, the parameters of which are updated using, again, an EKF. Here, the corresponding 
crack surface, i.e. the shape of the crack path, is parametrized with few parameters which are updated with the EKF. Using an 
implicit level set algorithm, that approach was adapted to infer the crack front of a planar hydraulic fracture in [13]. See [14] for 
an application thereof with real measurement data. The authors of [15] focus on fatigue fracture. The model is based on XFEM and 
three crack parameters, stemming from Paris’ law for fatigue crack growth, are updated with an EKF. In [16], the authors use an EnKF 
to update fracture length and angle parameters of a 2D fracture field featuring multiple straight cracks. The mentioned references 
have in common that they use a Kalman Filter and parametric fracture models. The downside of these parametric fracture models, 
albeit being rather computationally cheap, is a lack in flexibility concerning the crack path compared to phase field models. In many 
2 
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Fig. 1. Phase field regularization of a fracture in a continuum, based on [18].  On the displacement fields, Dirichlet and Neumann boundary 
conditions 𝛤 𝑢

D and 𝛤 𝑢
N can be imposed. The phase field is left unconstrained.

cases, the overall shape and rough path of the expected crack need to be known beforehand. Geometrically complex crack surfaces 
are very hard to model. For XFEM, specifically, tracking a crack in three dimensions is challenging. The phase field approach to 
brittle fracture, as adopted in this paper, however, does not assume a certain geometry of the crack. An extension to three dimensions 
is rather simple. Instead of updating only few parameters, the complete state of the phase field and displacement is updated using 
an EnKF. This makes it possible to gather real world data from complex crack paths and, in theory, end up with a model solution 
much closer to reality compared to the parametric models. The differences of phase field fracture models to a parametric one (in 
that case XFEM) are explained in great detail in [17].

The paper is structured as follows:  Section 2 introduces phase field brittle fracture modeling, with a focus on the micromorphic 
phase field model [18]. Following this, the stochastic forward problem is presented, resulting in the prior state suitable for data 
assimilation.  Section 3 addresses the stochastic data model as well as the filtering. We put a special focus on the regularization of 
the posterior which is necessary in order to enforce physically relevant properties. A 1D numerical example is developed alongside 
the theory to illustrate the procedure. In  Section 4, a 2D example is used to demonstrate the ideas in a more relevant setting.

1.1. Notation

Before proceeding to the phase field model and Kalman filtering techniques, we first comment on the notation used throughout 
this study. Scalars (scalar fields) are denoted by Roman type, while vectors (vector fields) are represented with bold-italic characters. 
Additionally, blackboard bold characters are reserved for function spaces and sets (e.g. R). After discretization, bold-italic characters 
are used again for vectors and matrices. A Gaussian random vector is denoted as 𝒂 ∼  (𝒂̄,𝑪𝐚), with mean vector 𝒂̄ and covariance 
matrix 𝑪𝒂. We use 𝑝(𝒂) to denote the (multivariate) probability density function of 𝒂 and 𝑝(𝒂|𝒃) to denote the density, conditional 
on 𝒃. We use the same symbol for a random variable/vector and the respective realization, since the meaning is clear from the 
context. The quantity ‖𝒂‖2𝑪 = 𝒂⊤𝑪−1𝒂 denotes a weighted Euclidean norm. We will employ indices as follows: 𝒂𝑛,𝑘 denotes the 𝑘th 
iterate in the Newton–Raphson iteration at displacement increment 𝑛 and 𝒂𝑛 refers to the final iterate. During Kalman filtering we 
distinguish between the  forecast state 𝒂F and the assimilated state 𝒂A from data. In the context of the ensemble Kalman filter, 𝒂F∕A𝑛,𝑖
denote the  forecast/assimilated state at increment 𝑛 of the 𝑖th ensemble member. Finally, we distinguish between a function and 
the value it takes, e.g., 𝐸̂ refers to a function, whereas 𝐸 is the value it takes given specific arguments.

2. Phase field brittle fracture

The phase field modeling approach summarized in this chapter has been  presented in [18–20]. Let 𝛺 ⊂ R𝑑 , 𝑑 = 1, 2, be an open 
and bounded domain, occupied by a linear elastic continuum. The boundary is separated into an  inhomogeneous essential (Dirichlet) 
boundary 𝛤 𝑢

D, an inhomogeneous natural (Neumann) boundary 𝛤 𝑢
N, such that 𝛤 𝑢

D ∩ 𝛤 𝑢
N = ∅, and the homogeneous natural Neumann 

boundary 𝛤 0
N. The homogeneous Neumann boundary conditions appear naturally on the complement of 𝛤 𝑢

D ∪𝛤
𝑢
N. In principle, mixed 

boundary conditions are possible, but these are not considered here. For the phase field itself, no boundary conditions are imposed, 
hence only the natural homogeneous Neumann boundary conditions are involved on the phase field boundary. Within the continuum, 
cracks can develop, as visible in Fig.  1(a).

A sharp crack results in a discontinuity within the continuum along the time-evolving crack surface 𝛤c. The phase field method 
for brittle fracture aims to regularize the discontinuity in terms of the phase field variable 𝜑(𝒙, 𝑡) ∈ [0, 1], where 0 signifies an 
undamaged material and 1 a fully fractured one. The length scale parameter 𝓁 ∈ R+ controls the width of the resulting regularized 
crack, as visible in Fig.  1(b). The phase field method for brittle fracture is based on minimizing an energy functional 

𝐸(𝒖, 𝜑) = ∫𝛺
𝑔(𝜑)𝛹+(𝝐̂(𝒖)) d𝛺 + ∫𝛺

𝛹−(𝝐̂(𝒖)) d𝛺 − ∫𝛤 𝑢
N

𝒕N ⋅ 𝒖 d𝛤

+
𝐺c (

𝑤(𝜑) + 𝓁2
‖∇𝜑‖2

)

d𝛺,
(1)
∫𝛺 𝑐w𝓁

3 



L. Hermann et al. Computer Methods in Applied Mechanics and Engineering 461 (2026) 119182 
in which 𝛹± (𝝐̂(𝒖)) is the split elastic strain energy density, where 𝛹+ is the fracture driving part  and 𝛹− is the residual part. 
Moreover, 𝝐̂(𝒖) is the symmetric part of the displacement gradient and 𝒖(𝒙, 𝑡) the displacement. In the numerical examples, the 
volumetric–deviatoric split is used and we have for 𝛹±

𝛹+ = 1
2
𝐾⟨tr(𝝐)⟩2 + 𝜇(𝝐dev ∶ 𝝐dev), 𝛹− = 1

2
𝐾⟨−tr(𝝐)⟩2, (2)

 where 𝐾 and 𝜇 are the bulk and shear modulus, respectively. The boundary term over the Neumann boundary 𝛤 𝑢
N models an applied 

traction. Finally, we use the so-called AT2 fracture model with 

𝑔(𝜑) = (1 − 𝜑)2, 𝑐𝑤 = 2, 𝑤(𝜑) = 𝜑2 (3)

where 𝑔 is the degradation function, 𝑤 the local dissipation function, and 𝑐𝑤 the associated scaling to make 𝐺c the fracture energy. 
Notice that this is a quasi-static problem, hence the numerical problem will be treated as being stationary. Therefore, we omit time 
indices at this point of the derivation and will introduce these later when they become relevant for the EnKF. For the moment it is 
sufficient to introduce 𝜑′ as the phase field of the previous time/loading step.

In this paper, a modified version of the phase field problem will be used, namely the micromorphic approach according to [18]. 
The energy functional parametrization is then extended by the micromorphic variable, 𝑑, and a term penalizing the difference 
between the phase field 𝜑 and 𝑑 is added, resulting in 

𝐸 = 𝐸̂(𝒖, 𝜑, 𝑑) = ∫𝛺
𝑔(𝜑)𝛹+(𝝐̂(𝒖)) d𝛺 + ∫𝛺

𝛹−(𝝐̂(𝒖)) d𝛺 − ∫𝛤 𝑢
N

𝒕N ⋅ 𝒖 d𝛤

+∫𝛺
𝐺c
𝑐w𝓁

(

𝑤(𝜑) + 𝓁2
‖∇𝑑‖2

)

d𝛺 + ∫𝛺
𝛼
2
(𝜑 − 𝑑)2d𝛺.

(4)

 Choosing the interaction parameter 𝛼 well leads to 𝑑 ≈ 𝜑 [18], hence the micromorphic field approximates the phase field. In 
practice, 𝛼 is defined as a function of 𝐺𝑐 , 𝓁 and a scaling constant 𝛽.  By introducing the function spaces 

U = {𝒖 ∈ (𝐻1(𝛺))2 ∣ 𝒖 = 𝒖D on 𝛤 𝑢
D}, (5a)

U0 = {𝒖 ∈ (𝐻1(𝛺))2 ∣ 𝒖 = 𝟎 on 𝛤 𝑢
D}, (5b)

D = 𝐻1(𝛺), (5c)

the Euler–Lagrange equations, related to (4), read: find (𝒖, 𝑑, 𝜑) ∈ U × D × 𝐿2(𝛺) such that

∫𝛺
𝑔(𝜑)𝝈+ ∶ 𝝐̂(𝛿𝒖) d𝛺 + ∫𝛺

𝝈− ∶ 𝝐̂(𝛿𝒖) d𝛺 − ∫𝛤 𝑢
N

𝒕N ⋅ 𝛿𝒖 d𝛤 = 0 ∀𝛿𝒖 ∈ U0, (6)

∫𝛺
2𝐺c𝓁
𝑐w

∇𝑑 ⋅ ∇𝛿𝑑 d𝛺 − ∫𝛺
𝛼(𝜑 − 𝑑)𝛿𝑑 d𝛺 = 0 ∀𝛿𝑑 ∈ D, (7)

∫𝛺
𝛿𝜑

(

𝑔′(𝜑)𝛹+(𝝐̂(𝒖)) +
𝐺c
𝑐w𝓁

𝑤′(𝜑) + 𝛼(𝜑 − 𝑑)
)

d𝛺 = 0 ∀𝛿𝜑 ∈ 𝐿2(𝛺) . (8)

Eq.  (8) implies that 

𝑔′(𝜑)𝛹+(𝝐̂(𝒖)) +
𝐺c
𝑐w𝑙

𝑤′(𝜑) + 𝛼(𝜑 − 𝑑) = 0, (9)

almost everywhere1 in 𝛺, however, we will assume additional regularity so that (9) holds pointwise in 𝛺. The constraints on 𝜑, 
irreversibility, 𝜑̇ ≥ 0, and bounds, 0 ≤ 𝜑 ≤ 1, can then be enforced locally. With the chosen AT2 fracture model, Eq.  (9) can then 
be solved analytically as 

𝜑 = 𝜑̂(𝒖, 𝑑, 𝜑′,𝓁) = min
⎛

⎜

⎜

⎝

max
⎛

⎜

⎜

⎝

2𝛹+(𝝐̂(𝒖)) + 𝛼𝑑

2𝛹+(𝝐̂(𝒖)) + 𝛼 + 𝐺c
𝓁

, 𝜑′
⎞

⎟

⎟

⎠

, 1
⎞

⎟

⎟

⎠

, (10)

where the dependence on quantities (𝒖, 𝑑, 𝜑′,𝓁) is highlighted, since these will be modified later on as part of the Kalman filter.

FEM for PF fracture

The phase-field fracture problem is solved with the Finite Element Method (FEM), introducing the approximations 

𝒖(𝒙) ≈ 𝒖ℎ(𝒙) =
∑

𝑖
𝝓𝑢
𝑖 (𝒙)𝑎

𝑢
𝑖 , 𝑑(𝒙) ≈ 𝑑ℎ(𝒙) =

∑

𝑖
𝜙𝑑
𝑖 (𝒙)𝑎

𝑑
𝑖 (11)

such that the energy, 𝐸 ≈ 𝐸̂(𝒖ℎ, 𝑑ℎ;𝜑′
ℎ,𝓁) = 𝐸̂ℎ(𝒂𝑢,𝒂𝑑 ;𝝋′,𝓁). Note that because of 𝜑ℎ = 𝜑̂(𝒖ℎ, 𝑑ℎ, 𝜑′

ℎ;𝓁) we have rewritten 
𝐸̂(𝒖ℎ, 𝜑ℎ, 𝑑ℎ) = 𝐸̂(𝒖ℎ, 𝑑ℎ;𝜑′

ℎ,𝓁), where we now explicitly state the dependence on 𝜑′
ℎ,𝓁. This notation will be required to introduce 

1 That is except on sets of Lebesgue measure zero.
4 
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Fig. 2. 1D numerical experiment.

Table 1
Model parameters for the 1D tension rod example.
 Parameter Value  
 Fracture Model AT2  
 𝐸 210000 [N/mm2] 
 𝜈 0.3 [–]  
 𝐺c 2.7 [N/mm]  
 𝑙 2.5e−2 [mm]  
 𝛽 200 [–]  
 𝛼 𝛽𝐺c∕𝓁  

the Kalman filter regularization. Minimizing 𝐸̂ℎ leads to  (cf. the original, not FE approximated Euler–Lagrange Eqs. (6), (7))

𝑅𝑢
𝑖 (𝒂

𝑢,𝒂𝑑 ;𝝋′,𝓁) = ∫𝛺
𝝐̂(𝝓𝑢

𝑖 ) ∶
[

𝑔(𝜑ℎ)𝝈+ + 𝝈−] d𝛺 − ∫𝛤 𝑢
N

𝝓𝑢
𝑖 ⋅ 𝒕N d𝛤 = 0, (12)

𝑅𝑑
𝑖 (𝒂

𝑢,𝒂𝑑 ;𝝋′,𝓁) = ∫𝛺
∇𝜙𝑑

𝑖 ⋅
[

2𝐺c𝓁
𝑐w

∇𝑑ℎ

]

d𝛺 − ∫𝛺
𝜙𝑑
𝑖 𝛼(𝜑ℎ − 𝑑ℎ) d𝛺 = 0. (13)

Following [18], we adopt convexification via extrapolation [21], using the extrapolated micromorphic field, 

𝒂̌𝑑 = 𝒂𝑑𝑛−1 + 𝛥𝑡𝑛

(𝒂𝑑𝑛−1 − 𝒂𝑑𝑛−2)
𝛥𝑡𝑛−1

, 𝑑ℎ =
∑

𝑖
𝜙𝑑
𝑖 𝑎̌

𝑑
𝑖 , (14)

and 𝜑 ≈ 𝜑̌ = 𝜑̂ℎ(𝒖ℎ, 𝑑ℎ;𝜑𝑛−1,𝓁) in (12) and (13). Note that we only indicate past indices 𝑛 − 1, 𝑛−2 and not the current one 𝑛, to keep 
the notation lighter. We also use 𝜑 instead of 𝜑̌ in the following, keeping in mind that always 𝑑ℎ is used here as an argument. With 
these definitions, we now collect the state variables (per quadrature point), 𝝋, unknowns, 𝒂 = (𝒂𝑢,𝒂𝑑 ), and residuals, 𝑹 = (𝑹𝑢,𝑹𝑑 ), 
such that we have the complete equation system

𝑹𝑢(𝒂𝑢, 𝒂̌𝑑 ;𝝋𝑛−1,𝓁) = 0, (15)

𝑹𝑑 (𝒂𝑢,𝒂𝑑 ;𝝋𝑛−1,𝓁) = 0, (16)

that we solve monolithically in each time step using the standard Newton–Raphson method. Note that (16) is linear in 𝒂𝑑 , as 𝒂̌𝑑 is 
used to calculate 𝜑ℎ.

Remark.  Solving the FE system of equations, which is defined in this section, is computationally very demanding. In [22], the 
CPU hours were compared for different solution schemes. As we not only aim to solve a deterministic phase field problem, but a 
stochastic one based on an ensemble strategy, which potentially involves hundreds of parallel model evaluations, some precautions 
have to be taken to keep the CPU hours per ensemble member low and hence the stochastic evaluation feasible.

Firstly, a coarser mesh is applied in the regions where a crack is not expected in order to reduce the number of degrees of 
freedom of the resulting FE system of equations. Secondly, the monolithic solution strategy has been chosen deliberately over a 
staggered one, because it requires significantly less CPU hours [22]. Lastly, the Volumetric–Deviatoric energy split is chosen over 
the spectral decomposition, as that split is computationally more demanding than the Volumetric–Deviatoric split.

2.1. Deterministic solution of the phase field problem/true underlying solution

Solving the phase field problem for a fixed set of parameters yields a deterministic solution. This solution can in the further 
process serve as a reference solution from which data can be observed. We want to explain the concepts developed in this paper 
along with a simple example. To this end, we introduce a solution to the phase field problem on a 1D domain. Fig.  2 illustrates the 
mechanical setup: A tension rod on 𝛺 = [−1, 1] in [mm] is pulled in a displacement controlled manner until failure.

With 𝑁 = 200 degrees of freedom for each 𝑢 and 𝑑, i.e. a mesh size of ℎ = 1𝑒 − 2mm, the length scale is fixed to 𝑙 = 2.5𝑒 − 2. 
We use piecewise linear approximations for 𝑢 and 𝑑. While the left boundary is fixed, a Dirichlet boundary condition on the right 
boundary is used to prescribe a displacement increment of 𝛥𝑢 = 1𝑒−4 [mm] per pseudo time step. As the problem is 1D, the energy 
split does not apply here. Table  1 lists all chosen parameters for the model. An initial value of 𝜑 = 0.7 for the phase field at a 
certain position, in this case 𝑥0 = −0.285, i.e. an initial damage, serves as a nucleus for the development of a crack. In Fig.  4, the 
deterministic solution for both phase field and displacements is visible in blue for a single time step. The whole time series can be 
condensed to a force displacement diagram as visible in Fig.  3. The time step marked in red is the one at which the displacement 
and phase field is shown in the plots within  Section 3.
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Fig. 3. Reaction forces over pseudo time for the 1D numerical example. A linear elastic interval is followed by an abrupt crack and loss of 
remaining stiffness. The red dot marks the first load increment and reaction force at which data assimilation will take place in the later section.

3. Data assimilation

If both a predictive model and measured data exist, the process of connecting both, to ideally obtain improved predictions, 
is called data assimilation [23]. Assimilating a normally distributed output from a linear model with measurement data that also 
follows a normal distribution can be achieved in closed-form via conditioning of multivariate Gaussian distribution, see [24]. In the 
time-dependent case, a Kalman filter can be used. Details on the most important flavors of the Kalman Filter and related techniques 
can be found in [25]. The Kalman filter is very similar to the usual conditioning of a multivariate Gaussian, with the difference 
that the updated distribution serves as a prior in a subsequent time step. The standard Kalman filter is derived for linear problems. 
If the problem is non-linear, linearization leads to the extended Kalman filter (EKF). Another method to treat the non-linearity is 
to use derivative-free sampling methods. Examples for sampling-based data assimilation methods are the Ensemble Kalman Filter 
(EnKF) [26] and the Particle Filter [27]. In any case, a prior is needed and is obtained here by propagating uncertainties through 
the predictive model. The following introduction and discussion is based on [9,25].

3.1. Stochastic forward problem

Many aspects of numerical modeling require making assumptions, handling a lack of knowledge and quantifying errors, 
originating e.g. from discretization. In these cases, instead of using deterministic quantities, accounting and propagating uncertainties 
is crucial. For the given phase field problem, there are many sources of uncertainty. A prominent example is parametric uncertainty, 
e.g. in the boundary, initial conditions and material parameters which can be either scalar or fields. Another source of uncertainty is 
in the chosen initial damage field. In this paper, we will focus on the latter and introduce a random initial damage field. Uncertainty 
in these input parameters will lead to uncertainty in the solution fields, as well. For a linear model, Gaussian distributions in the 
random coefficients will lead to a Gaussian solution. The EnKF, which is the data assimilation technique used in this work, propagates 
a particle ensemble through the model, which can be used to approximate the output statistics and obtain a prior. Hence, uncertainty 
propagation is carried out in a Monte Carlo (MC)-like fashion, where the phase field model is simulated repeatedly with varying 
realizations of the model inputs.

In Fig.  4, multiple samples of the stochastic phase field problem are shown. These arise from treating the initial value for the 
phase field as a random variable: The position and magnitude of the damage nucleus is different for each realization, hence also 
the position and behavior in time of the resulting crack. The position is sampled from a normal distribution 𝑥0 ∼  (−0.25, 0.12), 
whereas the initial magnitude of the phase field is sampled from a uniform distribution 𝜑mag ∼  (0.73, 0.76). The shape of the initial 
damage is defined as a Gaussian with magnitude 𝜑mag, standard deviation 𝜎 = 0.05 and mean 𝑥0. From the ensemble, a Gaussian 
approximation can be computed, i.e. mean and covariance are calculated from the samples. The next step towards data assimilation 
is to connect the prior ensemble with data in form of a data model.

3.2. Data model

The basis for assimilating model predictions with data is a model of the observations. A data model connects the phase field FE 
solution to the sensor data and the derivation in this section mainly follows [8]. First, based on [28], we model the measurement 
data generating process as 

𝒚𝑛 = 𝜌𝑯𝒂𝑛 + 𝜹𝑛 + 𝜼𝑛 (17)

now with an explicit iteration index 𝑛, the measured data 𝒚𝑛 ∈ R𝑁  at time 𝑛𝛥𝑡 and the linear observation map 𝑯 ∶R𝑀 → R𝑁

which maps from the high-dimensional state-space of the solution to the lower dimensional measurement space. The matrix can be 
6 
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Fig. 4. Solution to the 1D phase field brittle fracture problem at a single time step. The deterministic reference solution is visible in blue, whereas 
the prior ensemble is visible in gray. Some ensemble members indicate a complete fracture (phase field of 1, displacement is a step function) 
while others only have a phase field smaller than 1, hence there is some stiffness degradation but no complete fracture. The prior ensemble is 
the result of row 6 in Algorithm 1.

constructed by evaluating the FE basis functions at the sensor locations. In general, 𝑯 is constructed by discretizing the respective 
operator relating the FE solution to measurable quantities. Moreover, 𝜼𝑛 ∼  (𝟎, 𝜎2𝑛𝑰) models measurement noise and

𝒂𝑛 ∼ 
(

𝒂̄𝑛,𝑪𝑎;𝑛
)

is the FE solution vector containing both displacements 𝒖 and the micromorphic field 𝒅. At every time/load step, data can be 
generated. Note that measurements will only be taken on the displacements and not on the phase field variable, hence the 
observation matrix is non-zero only in the part related to the displacement vector. The measurement data can be collected on 
arbitrary points throughout the domain which are not restricted to the nodes of the FE mesh. Finally, sensor noise is modeled with 
the Gaussian 𝜼𝑛 whereas the model-data-mismatch is captured with another Gaussian 𝜹𝑛. Note that 𝜹𝑛, 𝜼𝑛 are independent of 𝒂𝑛. To 
do so, a kernel function, e.g. of squared exponential or Matérn type, has to be chosen and this kernel is then evaluated at the sensor 
points. In the numerical examples given in this manuscript, the Matérn kernel 

𝑐(𝒙,𝒙′) = 𝜎2 2
1−𝜈

𝛤 (𝜈)

(
√

2𝜈‖𝒙 − 𝒙′‖
𝑙

)𝜈

𝐾𝜈

(
√

2𝜈‖𝒙 − 𝒙′‖
𝑙

)

(18)

will be used throughout. It is defined with the scaling parameter 𝜎 ∈ R+, 𝛤 (𝜈) the Gamma function and 𝐾𝜈 a modified Bessel 
function. Moreover, 𝑙 ∈ R+ is the lengthscale parameter and 𝜈 ∈ R+ controls the smoothness of the kernel. For 𝜈 → ∞(18) becomes 
the squared exponential kernel. See [24] for a thorough discussion.

The data model, connecting model to measurements, needs to be calibrated. The calibration is accomplished by tuning the model 
error covariance. The corresponding hyperparameters 𝒘 = (𝜈, 𝜎, 𝑙) can be learned from the given data by minimizing the negative 
log likelihood of the data model with an optimizer such as L-BFGS. A full sampling based approach, based on Markov Chain Monte 
Carlo (MCMC) can also be used, if uncertainties for the parameter estimation are sought. With a calibrated data model, the Kalman 
filter equations, to be described below, can be derived by conditioning the FE solution fields on the data. For a single observation 
we obtain 

𝑝(𝒚|𝒘) = 1
(2𝜋)𝑛sens∕2|𝑮|

exp
(

−1
2
(𝒚 − 𝜌𝑯𝒂̄)⊤𝑮−1(𝒚 − 𝜌𝑯𝒂̄)

)

(19)

with 𝑛sens the number of sensors and 

𝑮 = 𝜌2𝑯𝑪𝑎𝑯⊤ + 𝑪𝛿 + 𝑪𝑒 (20)

the covariance of (17). Taking the natural logarithm yields 

log 𝑝(𝒚|𝒘) = −
𝑛sens log(2𝜋) − 1 log|𝑮| − 1 (𝒚 − 𝜌𝑯𝒂̄)⊤𝑮−1(𝒚 − 𝜌𝑯𝒂̄) . (21)

2 2 2

7 



L. Hermann et al. Computer Methods in Applied Mechanics and Engineering 461 (2026) 119182 
For multiple observations per sensor we find 

log 𝑝(𝒀 |𝒘) =
𝑛obs
∑

𝑖=1
log 𝑝(𝒚𝑖|𝒘) , (22)

which can be applied if at one sensor location 𝑛obs multiple independent observations exist.  See [8] for details on the treatment of 
the independence assumption in this case. After optimizing with regard to the given likelihood, the data model can be evaluated 
with the estimated hyperparameters.

In order to generate artificial measurement data, one can sample from the data model with a fixed set of parameters. Another 
possibility is misspecifying the model by changing parameters or adding complexity through different boundary terms etc. In this 
paper, a fixed initial phase field is chosen that is not part of the prior ensemble. Also, in order to prevent an inverse crime [29], the 
reference solution is computed on a different triangulation data with ℎdata < ℎ compared to the prior ensemble. An uncorrelated, 
mean-free noise term 𝒆 ∼  (0,𝑪𝑒) is added to the process. The resulting data generating process is then sampled 𝑛obs times.

3.3. Ensemble Kalman filter

The EnKF is an equal-weight particle system variant of the Kalman filter [26]. This enables using non-linear models without an 
explicit linearization. Another sampling-based variant is the particle filter [30], where each ensemble member gets assigned a weight 
which is updated over time. Particle filters are known to work well for non-linear problems [31], hence they appear promising in 
our regard. However, the problem with the particle filters is the scaling to higher dimensions, as shown in the literature [32]: Filter 
breakdown is expected at only hundreds of parameters already, but a high-dimensional state-space system, as the one used here, 
utilizes tens of thousands or more state parameters. The named problems have also been addressed in the context of statFEM in [9], 
where the authors chose an EnKF instead of the particle filter. Because of the limitations in regard to high-dimensional problems, 
we also resort to the EnKF in this paper. Within the EnKF, each ensemble member has the same weight and in the update step, as 
data comes in, each member is conditioned individually on data.

The EnKF consists of two repeating steps: First, in the prediction step, the approximate solution to the PDE is evolved in time. 
The resulting fields can then either directly be used as initial conditions to further evolve in time or be updated. Thus, the second 
step is the update, or analysis, step. If at some point in time measurement data are available, the solution fields of each ensemble 
member are updated via a Kalman shift, which can be framed in a Bayesian updating framework. It should be noted that the 
EnKF converges to the true filter for an increasing particle size, only in the linear Gaussian setting [33]. However, the phase field 
problem is inherently non-linear, hence the accuracy of our particle approximations is less obvious. Recent works develop theory 
for the near-Gaussian setting, see [33,34], and bounds for the Gaussian approximation, as discussed in [25], become available. This 
introduction and also the implementation of the filter, presented below, follows [9,25].

It will be instructive to view the EnKF update from an optimization perspective. We also re-introduce the time index 𝑛 at this 
point. Following [25], we consider the objective function 

𝐽𝑛,𝑖(𝒂A𝑛,𝑖) =
1
2
‖

‖

‖

𝒚𝑛 −𝑯𝒂A𝑛,𝑖
‖

‖

‖

2

𝛤
+ 1

2
‖

‖

‖

𝒂A𝑛,𝑖 − 𝒂F𝑛,𝑖
‖

‖

‖

2

𝑪𝑛
, (23)

where the analysis vector 𝒂A𝑛,𝑖, for each ensemble member 𝑖, is determined by minimization. The forecast 𝒂F𝑛,𝑖 is obtained by 
propagating the particles according to the phase field model from the previous time step, to be detailed in Section 3.3.1. For 
simplicity, only a single time step 𝑛 and the corresponding data are considered here. We can observe that the model is not strongly 
enforced, hence the analysis can potentially violate constraints that would be imposed be the phase field model; unless 𝑪𝑛 tends 
to zero and the data are without any influence. Because the non-linear model is not part of the optimization, a closed form can 
be derived, i.e. (27). At the same time, we observed that the standard EnKF update can fail and we attribute this precisely to the 
missing explicit influence of the phase field model in the update equations, in combination with the strong nonlinearities of the 
phase field equations. In order to resolve this issue, a constraint approach will be introduced below.

The EnKF has to be initialized at first. As it is a sampling based approach, the forward problem is solved for 𝑛ens samples of 
the input parameters. Uncertain input parameters could be the spatial configuration of an initial damage field, a random material 
parameter or probabilistic forcing with random perturbations in the initialization or at each timestep.

3.3.1. Forecast
Consider the ensemble {𝒂𝑛−1,𝑖}𝑖 at time/loading step 𝑛 − 1, originating from either the initialization of the filter or a previous 

prediction or update. Note that we omit the dependence on 𝒚1∶𝑛−1,𝒘1∶𝑛−1. For each ensemble member, the prediction 𝒂F𝑛,𝑖 =
(𝒂F,u𝑛,𝑖 ,𝒂

F,d
𝑛,𝑖 ) is computed from the residual equation system (16), Subsequently, the prediction’s mean and covariance can be computed 

as 

𝒂̄F𝑛 = 1
𝑛ens

𝑛ens
∑

𝑖=1
𝒂F𝑛,𝑖 (24)

and 

𝑪F
𝑛 = 1

𝑛ens
∑

(

𝒂F𝑛,𝑖 − 𝒂̄F𝑛
)(

𝒂F𝑛,𝑖 − 𝒂̄F𝑛
)⊤

, (25)

𝑛ens − 1 𝑖=1
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Fig. 5. The posterior ensemble in gray compared to the reference solution, from which noisy measurements are drawn, in blue.  The noisy 
measurements of the reference solution (multiple observations per sensor) are visible as gray dots in a regular interval. They are only taken on 
the displacement field, not on the phase field. Compared to the prior, the ensemble now clusters more closely around the reference. However, 
numerical artifacts and unphysical phase field solutions appear, which can lead to the next time step not converging. This posterior ensemble, 
or analysis, is the result of row 10 in Algorithm 1.

respectively. To keep the notation short, from here on we drop the dependence of the forecast on previous time steps, as e.g. in 
𝒂̄F𝑛|𝑛−1. The prediction step is iteratively executed until reaching a time step at which data are available. Then, each ensemble member 
is updated with respect to the given measurement data. In the 1D numerical example, data are available from time step 82 on in 
an interval of 10 steps. Because a finite ensemble size is used, the covariance is usually inflated and a localization procedure is 
employed. Details on that can be found in the Appendix.

3.3.2. Analysis
The first step towards updating the prior state, i.e. conditioning it on new data 𝒚𝑛, is updating the hyperparameters 𝒘1∶𝑛−1

of the data model, in case that they change over time. If so, the negative log-marginal posterior of the data model is minimized 
given suitable priors for the individual parameters. With the updated hyperparameters 𝒘1∶𝑛, each ensemble member is updated by 
a Kalman shift. The Kalman shift is an analytical solution to the optimization problem (23), see [25] for details. For the state of one 
member and a single observation per sensor we obtain 

𝒂A𝑛,𝑖 = 𝒂F𝑛,𝑖 + 𝑪F
𝑛𝑯

⊤ (

𝜌2𝑯𝑪F
𝑛𝑯

⊤ + 𝑪𝛿 + 𝑪𝑒
)−1 (𝒚𝑛 − 𝜌𝑯𝒂F𝑛,𝑖

)

. (26)

For the data model as proposed in [8], i.e. with multiple available readings per sensor, there holds for the updated state of a 
single ensemble member 

𝒂A𝑛,𝑖 = 𝒂F𝑛,𝑖 + 𝑪F
𝑛𝑯

⊤ (

𝜌2𝑛obs𝑯𝑪F
𝑛𝑯

⊤ + 𝑪𝛿 + 𝑪𝑒
)−1

(𝑛obs
∑

𝑗=1
𝒚𝑛,𝑗 − 𝜌𝑛obs𝑯𝒂F𝑛,𝑖

)

. (27)

The updated states now serve as an initial condition again for the next prediction step. In Fig.  5, the ensemble analysis for the 
running example are visible. The ensemble members now cluster closely around the reference solution, although it is clearly visible 
that the posterior ensemble members exhibit strong unphysical noise. Also, the phase field drops below zero, which violates the 
constraints encoded in the system of PDEs. Subsequent Newton iterations for the next time step might not converge due to this 
effect. The reason for these problems is the strong gradient in the displacement field. The problem can be overcome to some extent 
by smoothing the displacement field before the update, as visible in Fig.  6 (a). The resulting posterior ensemble exhibits much less 
noise, yet negative phase fields still occur and the displacements are still unphysical. This unphysical behavior of the posterior can 
be overcome by regularization within a staggered solution of the individual equations for phase field and displacement. This will 
be discussed in  Section 3.3.3.

In Algorithm 1, the forecast time stepping as well as the EnKF analysis are summarized. 𝑻  denotes the set of pseudo-time steps 
at which the phase field problem is solved with different loadings. 𝑻 D denotes the set of time steps at which data is available and 
the EnKF update is performed.
9 
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Fig. 6. (a): Posterior ensemble with prior smoothing through a Gaussian Process. The strongest artifacts are filtered out, but the unphysical phase 
field remains. (b): The posterior ensemble in gray after the first regularization step compared to the reference solution in blue. By the projection 
on a solution space with larger phase field length scale 𝐿, most of the numerical artifacts are filtered. However, the larger length scale leads 
to more accumulated damage in the whole domain and therefore a loss in total stiffness, which reflects in a slightly larger displacement. This 
intermediate result corresponds to the results of rows 2 − 5 in Algorithm 2. (c): Correction with the original phase field length scale. On the left 
in (c1), the process has been repeated once. On the right in c2), the process has been repeated four times. It is visible that a single repetition 
yields results closer to the reference. This is because inference takes place on two phenomena here: fracture initiation and fracture localization. 
Bayesian treatment of initiation appears much harder in this context; the iterations lead to results which indicate mostly complete damage or 
only very little damage. However, fracture localization works as desired: the correct position of the crack is found. We are mostly interested in 
fracture localization at this point. This regularized ensemble corresponds to row 13 in Algorithm 2.

3.3.3. Regularization
Fig.  5 depicts the updated ensemble for the running example. It is clearly visible that the Kalman update can generate both 

spurious oscillations in the displacements as well as phase field variables with negative values. Several paths can be pursued to 
remove these effects. One could transform the phase field variable to enforce the bounds [0, 1] and smooth the displacements, 
however, we found that in particular the smoothing is difficult to realize in higher dimensions. Another option is to enforce the 
phase field model as a strong constraint in a 3D-Var or 4D-Var type approach. This however, appears to be very costly to realize 
and is left for future research.

Here, we propose a different solution, where we regularize the Kalman shift with a few well-chosen staggered iterations using 
the phase field model. Instead of a standard Newton approach to solve the individual equations, we treat each Newton step as a 
single-step approximation to a proximal operator, which serves to balance between the purely PDE-based regularization and the 
data influence from the EnKF analysis. The reasoning behind this will be discussed in Section 5.
10 
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Fig. 6. (continued).

Algorithm 1 Phase Field Ensemble Kalman Filter

Require: 𝒂F0 =
{

(𝒂F,𝑢0,𝑖 ,𝒂
F,𝑑
0,𝑖 )

}𝑛ens

𝑖=1
, 𝑡 = 𝑡0 = 0  ⊳ Initial ensemble at 𝑡 = 0

1: for 𝑡 ∈ 𝑻  do   ⊳ Calculate next pseudo-time forecast...
2:  𝑡 = 𝑡 + 𝛥𝑡
3:  𝑛 = 𝑛 + 1
4:  for 𝑖 = 1 to 𝑛ens do   ⊳ ...for each ensemble member
5:  update 𝒂̌𝑑 ,𝝋𝑛−1 based on 𝒂F𝑛−1,𝑖
6:  solve monolithically:

𝑹𝑢(𝒂𝑢, ̌𝒂𝑑 ; 𝝋𝑛−1, 𝓁) = 0,
𝑹𝑑 (𝒂𝑢, 𝒂𝑑 ; 𝝋𝑛−1, 𝓁) = 0

7:  set 𝒂F𝑛,𝑖 equal to (𝒂𝑢,𝒂𝑑 )
8:  𝒂F𝑛 =

{

(𝒂F,𝑢𝑛,𝑖 ,𝒂
F,𝑑
𝑛,𝑖 )

}𝑛ens

𝑖=1
9:  if 𝑡 ∈ 𝑻 D then
10:  for 𝑖 = 1 to 𝑛ens do
11:  perform EnKF analysis Eq. (27) 𝒂F𝑛,𝑖 → 𝒂A𝑛,𝑖
12:  𝒂A𝑛 =

{

(𝒂A,𝑢𝑛,𝑖 ,𝒂
A,𝑑
𝑛,𝑖 )

}𝑛ens

𝑖=1
13:  for 𝑖 = 1 to 𝑛ens do
14:  perform iterative regularization (following section) 𝒂A𝑛,𝑖 → 𝒂R𝑛,𝑖
15:  𝒂R𝑛 =

{

(𝒂R,𝑢𝑛,𝑖 ,𝒂
R,𝑑
𝑛,𝑖 )

}𝑛ens

𝑖=1
16:  𝒂F𝑛 = 𝒂R𝑛 

The first step towards regularizing the posterior is to compute the displacement and phase field again at the same pseudo-time 
step. Instead of the monolithic approach used in the prediction, we solve for 𝒖 and 𝑑 individually and with a larger phase field 
length scale 𝐿 > 𝓁.

(1) Given the result from the EnKF update, i.e. 𝒂A,𝑢𝑛,𝑖 , solve 

𝑹𝑑 (𝒂A,𝑢𝑛,𝑖 , 𝒂̃
R,𝑑
𝑛,𝑖 ; 𝟎, 𝐿) = 0 (28)

for 𝒂̃R,𝑑𝑛,𝑖 .
(2) Solve for 𝒂̃R,𝑢𝑛,𝑖  subject to 

𝑹𝑢(𝒂̃R,𝑢, 𝒂̃R,𝑑 ; 𝟎, 𝐿) = 0. (29)
𝑛,𝑖 𝑛,𝑖

11 
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Fig. 7. Here, the EnKF analysis and regularization procedure have been performed at a later time step, where the reference solution and all 
ensemble members already indicate complete damage at a respective position. On the left, the process has been repeated once. On the right, the 
process has been repeated four times. It is visible that a single repetition yields good results already. Repeating the staggered scheme leads to 
similar results, but with converged ensemble member phase fields shapes. Crack nucleation does not play a role here, hence inference is simpler 
and the analysis exhibits a smaller standard deviation in the samples.

Note that, with 𝝋 = 0, we essentially removed the irreversibility constraint at this step. The notation 𝑭 1;𝑛 reflects, that we 
are still imposing the prescribed displacement at step 𝑛.

The result is visible in Fig.  6 b). The phase field appears much wider, while still pinning the reference solution accurately. The 
wider phase field covers most of the noise around the position of the crack. This is also reflected in the corresponding displacement, 
computed with the regularized phase field. A downside is that although the displacement indeed pins the correct reference position 
of the crack, the remaining stiffness at the crack is lower than in the reference solution. The reason for that is the increase in the 
overall, cumulated, damage in the domain due to the wider phase field. In turn, that leads to a faster propagation speed of the crack 
in higher dimensional settings. Once a crack is fully developed, the effect is not relevant any more. Nevertheless, we consider this 
effect to be preferable to the noisy, unphysical posterior.

The second part consists in recomputing the phase field from the regularized displacement, this time with the original length 
scale:

3. Given the regularized displacements, i.e. 𝒂̃R,𝑢𝑛,𝑖 , find 𝒂R,𝑑𝑛,𝑖  subject to 

𝑹𝑑 (𝒂̃R,𝑢𝑛,𝑖 ,𝒂
R,𝑑
𝑛,𝑖 ; 𝟎,𝓁) = 0. (30)

4. Using the phase field model without the reversibility constraint find 𝒂R,𝑢𝑛,𝑖  such that 

𝑹𝑢(𝒂R,𝑢𝑛,𝑖 ,𝒂
R,𝑑
𝑛,𝑖 ; 𝟎,𝓁) = 0. (31)

The result is visible in Fig.  6 c). Clearly, there is still some uncertainty left, which is expected due to a limited amount of sensors and 
measurement noise. For comparison, the regularization scheme is applied to a completely fractured 1D domain, i.e. with a phase 
field maximum of 1. These results are visible in Fig.  7.

Finally, the full state vector is reconstructed as 

𝒂R𝑛 =
{

(𝒂R,𝑢𝑛,𝑖 ,𝒂
R,𝑑
𝑛,𝑖 )

}𝑛ens

𝑖=1
(32)

and serves as start value for the next pseudo time step. Algorithm 2 summarizes the described regularization procedure.
The regularization process is similar to the staggered approach towards solving a phase field problem [35,36] in the first place. 

If subsequent Newton iterations still fail to converge, the staggered scheme can be repeated. It is worth noting, however, that the 
stiffness can either decrease or increase further with every new iteration of the staggered scheme and hence the crack propagation 
speed either increases or decreases, as it can be noticed in Fig.  6(c2). The inferred position of the crack will still be inferred correctly. 
This effect highlights that the proposed method is able to successfully perform crack localization, which is the desired functionality 
for higher dimensional settings, but when repeating the staggered scheme the method is less successful at accurately inferring the 
magnitude of the phase field at the crack front.
12 
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Algorithm 2 Regularizing the Kalman analysis 

Require: 𝒂A𝑛 =
{

(𝒂A,𝑢𝑛,𝑖 ,𝒂
A,𝑑
𝑛,𝑖 )

}𝑛ens

𝑖=1
  ⊳ Ensemble after EnKF analysis

Ensure: 𝐿 > 𝓁
1: for 𝑖 = 1 to 𝑛ens do   ⊳ Regularize each ensemble member
2:  with 𝒂A,𝑢𝑛,𝑖  and 𝝋𝑛−1

!
= 0

3:   solve 𝑹𝑑 (𝒂A,𝑢𝑛,𝑖 , 𝒂̃
R,𝑑
𝑛,𝑖 ; 𝟎, 𝐿) = 0 for 𝒂̃R,𝑑𝑛,𝑖

4:  with 𝒂̃R,𝑑𝑛,𝑖  and 𝝋𝑛−1
!
= 0  ⊳ Degrade stresses

5:   solve 𝑹𝑢(𝒂̃R,𝑢𝑛,𝑖 , 𝒂̃
R,𝑑
𝑛,𝑖 ; 𝟎, 𝐿) = 0 for 𝒂̃R,𝑢𝑛,𝑖

6:  with 𝒂̃R,𝑢𝑛,𝑖  and 𝝋𝑛−1
!
= 0

7:   solve 𝑹𝑑 (𝒂̃R,𝑢𝑛,𝑖 ,𝒂
R,𝑑
𝑛,𝑖 ; 𝟎,𝓁) = 0 for 𝒂R,𝑑𝑛,𝑖

8:  for 𝑗 = 1 to 𝑛stagger do   ⊳ Staggered solution scheme
9:  with 𝒂R,𝑑𝑛,𝑖  and 𝝋𝑛−1

!
= 0

10:   solve 𝑹𝑢(𝒂R,𝑢𝑛,𝑖 ,𝒂
R,𝑑
𝑛,𝑖 ; 𝟎,𝓁) = 0 for 𝒂R,𝑢𝑛,𝑖

11:  with 𝒂R,𝑢𝑛,𝑖  and 𝝋𝑛−1
!
= 0

12:   solve 𝑹𝑑 (𝒂R,𝑢𝑛,𝑖 ,𝒂
R,𝑑
𝑛,𝑖 ; 𝟎,𝓁) = 0 for 𝒂R,𝑑𝑛,𝑖 

13: 𝒂R𝑛 =
{

(𝒂R,𝑢𝑛,𝑖 ,𝒂
R,𝑑
𝑛,𝑖 )

}𝑛ens

𝑖=1
  ⊳ Ensemble after regularization

Fig. 8. The more EnKF analysis steps are included at different time steps (82, 92 and 102), the smaller the uncertainty about the crack position 
becomes: Displacements and phase field converge towards the reference. At each time step, the staggered scheme has been repeated once.

After regularization, the next pseudo-time prediction can be computed. Fig.  8 shows more snapshots of the analysis timeline: 
With more updates, the ensemble clusters more closely around the reference, hence the uncertainty decreases.

The number of sensors has an influence on the quality of the posterior ensemble. Intuitively, more sensors imply a larger weight 
on the data and less on the prior. Fig.  9 shows the analysis at the same time step, but with different numbers of sensors in the 
domain.

4. Numerical study

4.1. Single edge notched specimen under shear (SENS)

For a 2D example, the SENS benchmark is chosen. As visible in Fig.  10, the mechanical setup consists of a unit square in [mm], 
fixed at the bottom. No vertical displacement is permitted at the left and right edges. A notch, depicted in red, of half of the edge 
length is modeled within the FEM mesh. The structure is loaded in a quasi-static manner at the top boundary. The Dirichlet boundary 
condition on the top boundary is used to prescribe a displacement increment of 𝛥𝑢 = 1𝑒− 4 [mm] per pseudo time step for the first 
13 
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Fig. 9. The more  sensor positions (5, 15, 50) are used in the data generation and analysis, the smaller the uncertainty about the crack position 
becomes. Compare to Fig.  8 with 25 sensor positions. All plots show the first analysis at time step 82.

Fig. 10. SENS numerical experiment. Edge length: 1.0 mm, notch length: 0.5 mm.

Table 2
Parameters for the phase field model of the 2D numerical 
example.
 Parameter Value  
 Fracture Model AT2  
 Energy Split Volumetric–Deviatoric 
 𝐸 210000 [N/mm2]  
 𝜈 0.3 [–]  
 𝐺c 2.7 [N/mm]  
 𝑙 1.5e−2 [mm]  
 𝛽 200 [–]  
 𝛼 𝛽𝐺𝑐∕𝑙  

70 pseudo time steps. The increment decreases to 𝛥𝑢 = 1𝑒−5 [mm] from that time step on.  The 2D solid is in a state of plane strain 
linear elasticity. See all model parameters in Table  2.

The ground truth, i.e. the solution fields from which noisy data are measured, is visible in Fig.  11. Data of the displacement in 
both spatial dimensions is collected at sparse sensor locations (𝑛sens ≪ 𝑛dof), denoted with a black cross. The parameters for the 
data assimilation and regularization are visible in Table  3 and Table  4, respectively.
14 
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Table 3
Parameters for the data assimilation problem.  Multiple 
(i.e. 𝑛obs) observations per sensor are assumed to be inde-
pendent.
 Parameter Value  
 𝑛ens 100  
 𝑛sens 100  
 𝑛obs 20  
 𝜎𝑒 4𝑒 − 4  
 𝑛dof 34071 
 𝑛dof ground truth 36070 
 𝑟 1.05  
 𝑙loc 0.45  

Table 4
Regularization parameters.
 Parameter Value 
 𝑙reg 4𝑙  
 𝑛iter 4  

Fig. 11. Data are collected from the displacement field of the depicted phase field solution. The EnKF is supposed to restore the phase field and 
displacements from a prior process and the measurements only. The sensor locations are marked with black crosses.  The initial pore is marked 
with a green dot.

The prior ensemble is constructed by randomly sampling 𝑛ens different initial conditions for the phase field. Each sample is 
defined by a single pore in the x-y plane in proximity to the slit. The position of the pore is defined with two random variables

𝑋0 ∼ 0.51 + (0.62 − 0.51) ⋅ Beta(8, 8) (33)

𝑌0 ∼ −0.11 + (0.02 − (−0.11)) ⋅ Beta(8, 8). (34)

Beta(8, 8) indicates the Beta distribution [37] with parameters 𝑝 = 8, 𝑞 = 8. In Fig.  12, a single prior sample of displacement in 
𝑥-direction and the corresponding phase field is visible along with the absolute error.  Before the EnKF analysis, for the crack tip, 
an error norm ‖𝒙tip − 𝒙tip;ref‖2 of 3.985 𝑒−2 and an 𝐿2 error norm ‖𝑢1,𝑖 − 𝑢1,ref‖𝐿2  of 1.994 𝑒−4 for the displacement in 𝑥 direction is 
observed. The second column shows the  time step after an EnKF analysis step. Qualitatively, the absolute error reduced, i.e. the 
posterior phase field aligns more closely with the ground truth.  For the crack tip, an error norm of 3.726 𝑒−3 and an 𝐿2 norm of 
9.467 𝑒−5 for the displacement in 𝑥 direction is observed. The third column shows a later time step after a second analysis. The error 
remains small.  Here, for the crack tip, an error norm of 2.244 𝑒−2 and an 𝐿2 norm of 2.194 𝑒−4 for the displacement in 𝑥 direction is 
observed. The chosen ensemble member exhibits a particularly strong deviation from the ground truth. Still, the analysis leads to 
a small error. Notice that this is also the case for all other ensemble members, i.e. the error either decreases or stays low if there 
is already only a small deviation.  In Table  5, the corresponding hyperparameter estimates are given. Notice that the model error 
standard deviation is very small. This indicates a low degree of model error.

In Fig.  13, on the other hand, no analysis steps have been applied to the sample and hence the error increases over time, both 
in displacements and phase field.  At time step 381, for the crack tip, an error norm of 3.985 𝑒−2 and an 𝐿2 norm of 1.994 𝑒−4 for the 
displacement in 𝑥 direction is observed. At time step 485, for the crack tip, an error norm of 5.334 𝑒−2 and an 𝐿2 norm of 4.156 𝑒−4
for the displacement in 𝑥 direction is observed. Hence, it can be stated that performing a Kalman shift on the prior ensemble indeed 
leads to a reduction in the error of the individual sample and therefore also in the uncertainty of the whole ensemble.
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Fig. 12.  SENS analysis timeline for a single ensemble member. From left to right, three different time steps are visible. At time step 381, no data 
assimilation has been performed yet. An error both in phase field and displacement is noticeable. At time step 382, the first data assimilation and 
regularization procedure has been performed. As the regularization introduced smoothing, a couple of time steps are necessary for the sample 
to obtain a sharp crack again. At time step 385, it is hence now visible that the sample changed and resembles the ground truth more closely. 
The error decreased. At time step 485, a second analysis has been performed. The error is still low.

4.1.1. Reaction forces and extrapolation after the update
An important quantity for the evaluation of the effect of a certain crack path is the remaining strength of a structure. A different 

path can potentially lead to a different residual load bearing capacity, which could in practice be an important quantity to base 
decisions on. Naturally, each random sample in the EnKF ensemble shows a different reaction force per time step. Fig.  14 shows the 
whole time line for the 2D SENS example. Regardless of the given initial damage, all samples behave similarly in the first, elastic 
only, part of the pseudo time line. Only when the fracture driving energy is large enough to initiate a crack that reaches the initial 
16 
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Table 5
 Point estimates for the data model hyperparameters at each ensemble 
analysis step in Fig.  12.
 𝜌 𝜎𝑑 𝓁𝑑  
 𝑡382 0.9983 1.470 𝑒−8 0.1713 
 𝑡482 0.9923 3.516 𝑒−8 0.1512 

Fig. 13.  SENS timeline for a single ensemble member, without data assimilation. It is visible that the error increases with every time step.
17 
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Fig. 14. Reaction forces for the SENS benchmark with a single analysis step at time step 𝐴1, visible in black. After the Kalman shift, the ensemble 
members cluster more closely around the reference solution. For comparison, the ensemble without Kalman shift is visible in green.

Fig. 15. Histogram of the distribution of reaction forces at extrapolation time step 𝐸 for the SENS benchmark with a single analysis step at time 
step 𝐴. The spread (2𝜎) reduced while the reference solution still lies in the range of the posterior covariance.

damage, differences become apparent. The spread of different reaction forces is visible in the plotted samples. At time step A, the 
EnKF analysis step is performed. A couple of interesting phenomena can be observed at this point:

• Firstly, the spread reduces. While there are some outliers and a noticeable but smaller spread, most ensemble members now 
show a similar reaction force.

• Further in time, the average reaction force still closely follows the reference, i.e. the solution from which sparse data are 
drawn. Notice that the spread increases over time also for the updated ensemble. For time step E, Fig.  15 shows a histogram 
of the updated ensemble compared to the same ensemble simulation without the Kalman analysis step. The standard deviation 
of the resulting distribution is smaller than the one for the case with no analysis step at A. Also, the reference value is still 
captured within the PDF.

• Fig.  16 captures the histogram of the peak force of each sample, i.e. the maximum load that the structure can resist. Also here, 
the variance reduces significantly compared to the prior.

In Fig.  17, two analysis steps are introduced, in alignment with Fig.  12. Notice that, compared to only performing the Kalman 
shift once, the variance decreases even further. This is also visible in the histograms of the extrapolation time step 𝐸 and the 
histogram of the peak force in Figs.  18 and 19, respectively.  On an Intel(R) Core(TM) i7-13850HX with 64 GB of RAM, the average 
runtime for a single forecast time step is ca. 160 s on a single core. Hence, for the whole time line in this study, the computation 
of the phase field forecast itself took about 26 h. By running the code in parallel, i.e. one ensemble member per core, the runtime 
18 
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Fig. 16. Histogram of the distribution of the maximum reaction force for the SENS benchmark with a single analysis step at time step 𝐴. The 
spread (2𝜎) reduced while the reference solution still lies in the range of the posterior covariance.

Fig. 17. Reaction forces for the SENS benchmark with two analysis steps at timesteps 𝐴1 and 𝐴2, visible in black. After the Kalman shift, the 
ensemble members cluster more closely around the reference solution. For comparison, the ensemble without Kalman shift is visible in green.

can be decreased accordingly. The runtime for a single ensemble analysis, including the regularization step, was measured at ca. 43
min in total. We see great potential for surrogate modeling techniques at this point.

5. Discussion

Recalling the objective function of the ensemble Kalman update 

𝐽𝑛(𝒂A𝑛,𝑖) =
1
2
‖

‖

‖

𝒚𝑛 −𝑯𝒂A𝑛,𝑖
‖

‖

‖

2

𝛤
+ 1

2
‖

‖

‖

𝒂A𝑛,𝑖 − 𝒂F𝑛,𝑖
‖

‖

‖

2

𝑪𝑛
, (35)

reveals that the physical model only enters through the simulation of the prior ensemble. Indeed, the ensemble Kalman update is 
not forced to respect the physical constraints of the phase field model, which is the origin of the stability problems observed in the 
numerical experiments. The regularization projects the data-driven ensemble update back towards the physically admissible mani-
fold, while also filtering spurious oscillations through an increased length-scale. In this section we will interpret the regularization 
in terms of proximal correction and formulate an outlook towards strongly constrained variational data assimilation in this context.

To this end, it is instructive to adopt the perspective of energy minimization on the discrete level, see Section 2. From this 
viewpoint, we can  motivate one regularization step of Section 3.3.3 in the following way: given an EnKF-assimilated state (𝒖A𝑛,𝑖,𝒅A𝑛,𝑖), 
consider 

𝒅̃R = argmin
(

𝜏‖𝒅 − 𝒅A ‖

2 + 𝐸 (𝒖A ,𝒅; 𝟎, 𝐿)
)

, (36)
𝑛,𝑖 𝒅 𝑛,𝑖 𝑪𝒅 ℎ;𝑛 𝑛,𝑖
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Fig. 18. Histogram of the distribution of reaction forces at extrapolation time step 𝐸 for the SENS benchmark with two analysis steps at timesteps 
𝐴1 and 𝐴2. The spread (2𝜎) reduced while the reference solution still lies in the range of the posterior covariance.

Fig. 19. Histogram of the distribution of the maximum reaction force for the SENS benchmark with two analysis steps at timesteps 𝐴1 and 𝐴2. 
The spread (2𝜎) reduced while the reference solution still lies in the range of the posterior covariance.

where the irreversibility of cracks is lifted by setting 𝝋′ = 𝟎 and the phase fields are smoothed by employing 𝐿 > 𝓁.  Note that we do 
not solve (36) until convergence, but simply carry out a single approximate step. This  approximate proximal step projects the purely 
data-driven Kalman shift back into the direction of the physical model  and is, in practice, realized with a single Newton step with 
the Kalman analysis as a starting point. In (36), large values of 𝜏 force the update to stay close to the starting value. The covariance 
matrix of the ensemble Kalman update naturally gives high weight to the ensemble parts with low variance. Nevertheless, as storing 
a complete covariance matrix in memory requires a lot of memory, we replace it with the identity matrix in the examples presented 
in this paper.

Having highlighted the prominent role of the physical model in phase field data assimilation it appears natural to target strongly 
constrained variational data assimilation in future work. The 4DVAR approach, for instance, considers smoothing instead of filtering 
over a time window with 𝑁𝑇 + 1 steps with the model entering as strong constraint. The respective optimization problem seeks to 
determine the solution vector at the beginning of that window 𝒂A0  such that 

𝐽0(𝒂A0 ) =
1
2

𝑁𝑇 −1
∑

𝑛=0

‖

‖

‖

𝒚𝑛+1 −𝑯𝒂̃A𝑛+1
‖

‖

‖

2

𝜞
+ 1

2
‖

‖

‖

𝒂A0 −𝒎0
‖

‖

‖

2

𝑪0
, (37)

subject to the phase field update 
𝒂̃A𝑛+1 = (𝒂̃A𝑛 ), (38)

is minimized. Here, 𝒎0 is an initial guess, e.g., the forecast 𝒂F𝑛 at that time step. Part of the optimization problem are all time steps 
with data inside the assimilation window. This implies that in each iteration of the optimizer, the model has to be solved from 
time 0 up until time 𝑁𝑇 , so that the objective function can be evaluated. Although 4DVAR is formulated for a mean vector instead 
of an ensemble, one could also replace the mean at time 0 with an ensemble member and the covariance 𝑪0 with the ensemble 
approximated covariance.

In principle, the assimilation window could be reduced to a single time step, thereby enforcing the model to hold for the analysis 
vector and thus only permitting physically admissible solutions. A drawback is that no closed form solution exists for the 4DVAR 
20 



L. Hermann et al. Computer Methods in Applied Mechanics and Engineering 461 (2026) 119182 
optimization problem and hence, gradient descent methods or others need to be employed. This in turn leads to a huge computational 
cost because the model needs to be solved multiple times per time step in the assimilation window and also gradients are typically 
required.

6. Conclusion and outlook

In this paper, we presented a way to quantify and reduce uncertainty in a phase field brittle fracture problem by means of data 
assimilation. Random initial conditions lead to randomness in the crack path and hence also the remaining stiffness of the structure 
under consideration. In practice, knowledge over both these quantities is desired. Therefore, reducing the uncertainty about it by 
using an Ensemble Kalman Filter, given sparse measurement data, makes it possible to make more precise statements about the load 
capacity of a given structure compared to a stochastic model or data alone.

The stochastic phase field model is propagated in time up until a time step at which data are available. At that point, the 
measurement data are assimilated with the model and the result is regularized in order to form a suitable initial condition for the next 
pseudo time step. The procedure was analyzed in detail along with an illustrative 1D example. A 2D numerical benchmark example 
served to demonstrate the applicability of the method in more relevant settings. It could be demonstrated that the displacement 
and phase field states can be updated very accurately. However, a plain Ensemble Kalman Filter does not lead to acceptable results: 
A subsequent regularization is necessary to provide physically meaningful solutions. The problem of a lack of regularization can 
potentially be solved by adopting an variational perspective on data assimilation and using methods such as 4DVar, which constrain 
the analysis to a feasible model output without explicitly projecting the analysis after inference. However, an approach like that 
requires solving the model again for multiple time steps during inference, which leads to much higher computational cost.

Also, different sources of uncertainty such as randomness in parameters and the mesh should be addressed, as well as an extension 
of the method towards dynamical phase field methods. These involve derivatives in time for which the EnKF needs to be adapted.

Another research direction that should be explored is the optimal placement of sensors. In order not to miss important information 
about crack paths, it should be avoided to simply place a large number of sensors throughout the whole domain, which would in 
practice not be feasible. Possibly the phase field ensemble itself can be used to steer a sensor placement criterion in order to only 
place sensors in regions which promise a strong uncertainty reduction in the EnKF.
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Appendix. Covariance inflation and localization

An EnKF is usually not used in the large ensemble limit, i.e. with more ensemble members than degrees of freedom. In the 
present examples, much fewer ensemble members are used compared to the high number of degrees of freedom in the phase field 
problem, which are necessary to resolve the crack. This can lead to numerical issues such as spurious long-distance correlations 
and filter collapse due to the rank deficiency of the empirical covariance matrix [38]. Two countermeasures are commonly advised 
in the EnKF literature: Firstly, covariance inflation is used to ensure that the covariance does not vanish. As put forth in [39], to 
inflate the covariance, each ensemble member is inflated individually before the analysis step. An inflation factor 𝑟, usually slightly 
greater than 1.0, is used. For an ensemble member [𝑖] at time step 𝑛, we obtain 

𝒂inf𝑛,𝑖 = 𝑟(𝒂𝑛,𝑖 − 𝒂̄𝑛) + 𝒂̄𝑛. (39)

From the inflated ensemble members, an inflated covariance matrix 𝑪 inf
𝑛  is computed.

The second countermeasure is covariance localization which serves to prevent spurious correlations and hence, unphysical effects 
in the posterior state. According to e.g. [40], covariance localization is accomplished by performing the Schur product of a locally 
supported correlation matrix 𝝆loc with the covariance matrix, i.e. 

𝑪 loc = 𝝆loc◦𝑪 loc. (40)
𝑛 𝑛
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The authors in [40] state that there are many suitable 𝝆loc, while a commonly used one has been defined by [41] and closely 
resembles a squared exponential covariance. Hence, in this paper, we use a squared exponential covariance function for the 
localization which works well for the discussed problems.

Data availability

The source code (written mainly in Julia [42] with Ferrite.jl [43] as a FEM backend) which was developed along this paper is 
available on GitHub and Zenodo at https://github.com/herluc/EnKF_Phase_Field and https://doi.org/10.5281/zenodo.20828230.
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