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ABSTRACT The paper presents the performance of an adaptive finite element/finite difference domain
decomposition method for reconstructing dielectric permittivity and conductivity functions in a 3D
malignant melanoma model using measurements of the backscattered electric field at the boundary of the
domain. The inverse problem is formulated as the minimization of a regularized Tikhonov functional, which
is solved by constructing the corresponding Lagrangian function. The optimality conditions are obtained
from the Fréchet derivative of the Lagrangian. The finite element/finite difference domain decomposition
method is formulated, and explicit schemes for solving the forward and adjoint problems are also developed.
We present both conjugate gradient and adaptive conjugate gradient reconstruction algorithms to compute
a stationary point of the Lagrangian. Numerical experiments are conducted in both homogeneous and
non-homogeneous settings with adaptive refinement of the finite element mesh. The computational results
demonstrate accurate qualitative and quantitative 3D reconstructions of the weighted dielectric properties
of malignant melanoma at 6 GHz.

INDEX TERMS Maxwell’s equations; conductive media; microwave imaging; coefficient inverse problem;
adaptive finite element method; finite difference method; domain decomposition; Tikhonov functional;

Lagrangian approach; conjugate gradient algorithm

. INTRODUCTION

ITH the global increase in the incidence of malignant

melanoma (MM), improving methods for its early
detection has become increasingly important [36]. As with
most cancers, melanoma is most effectively treated when
identified at an early stage , . Therefore, the develop-
ment and promotion of new methods for early detection is
essential to reducing mortality from skin cancer, particularly
given that MM is the most aggressive form [I]l. Recent
advances in microwave imaging suggest the potential for
developing tools that can support clinical decision-making
in melanoma diagnosis, ultimately improving detection out-
comes.

In [8]], [20], it is shown that MM tissue has different
dielectric permittivity and conductivity values from those of
the surrounding skin tissue. This suggests that permittivity
and conductivity are useful markers for detecting MM tissue.

It is important to emphasize that the prognosis of malig-
nant melanoma is strongly related to the invasion depth of
the primary tumor within the skin [13].

In this article, we apply an optimization-based recon-
struction algorithm for qualitative and quantitative recon-
struction of the weighted relative dielectric permittivity and
conductivity functions in three dimensions. This is done
using simulated time-dependent backscattered electric field
data at the boundary of the investigated domain. One of
the most important applications of the studied algorithms
is microwave medical imaging.

Microwave biomedical imaging (using electromagnetic
waves of frequencies around 1 GHz) has been successfully
used for breast cancer screening. In particular, reports
different malignant-to-normal tissues contrasts, revealing that
malignant tumors have a higher water/liquid content, and
thus, higher relative permittivity and conductivity values,
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than normal tissues. This observation motivates the develop-
ment of quantitative algorithms for solving the corresponding
coefficient inverse problems (CIPs).

Since the 1990s, quantitative reconstruction algorithms
based on the solution of CIPs for Maxwell’s system have
been developed to provide images of the complex permit-
tivity function. See [11] for 2D techniques, [10], [[19] for
3D techniques in the frequency domain and [30], [37] for
time domain (TD) techniques. However, in all the above
works microwave medical imaging remained largely a re-
search topic and achieved only limited clinical acceptance,
[14] since the computations are inefficient, require long
processing times, and yield low-contrast images of internal
inclusions.

There are two main approaches in microwave medical
imaging: microwave tomography [14], [33]] and radar-based
imaging [21], [22]. In [33] a microwave imaging system
was developed in which antennas are arranged in different
configurations within a circular array and mounted on a
cylindrical chamber filled with various solutions. Another
system was developed in [[14], [30] for microwave breast
imaging. One of the leading groups employing the radar
approach in microwave imaging is the research team from the
University of Bristol, which has reported clinical tests of a
multistatic radar approach [[18]. A clinical trial of microwave
breast imaging using a mono-static radar-based system was
performed in [[12].

We begin by presenting the Cauchy formulation of
Maxwell’s equations restricted to the electric field. The sys-
tem is then reformulated in a stabilized form to suppress spu-
rious solutions that may arise in numerical implementations.
A mathematical analysis of the stabilized Maxwell system is
provided in [7], [26]. Based on this stabilized formulation,
the inverse problem is posed as an optimization problem
for reconstructing two coefficients — dielectric permittivity
and conductivity — from backscattered boundary data. This
constitutes a CIP, which is inherently ill-posed [15], as the
solution does not depend continuously on the input data.
Small measurement errors can lead to large variations in the
reconstructed coefficients.

To address this issue, we employ Tikhonov regularization
within a Lagrangian framework, combined with adaptively
refined finite element meshes to reduce reconstruction errors.
An a posteriori error indicator was introduced in [6] to guide
mesh refinement for the reconstruction of a single parameter
in Maxwell’s system. In the present work, we extend this
approach to enable the simultaneous reconstruction of both
dielectric permittivity and conductivity. The objective is then
to minimize the Lagrangian and consequently reconstruct the
dielectric permittivity and conductivity functions on refined
meshes. To this end, we apply an adaptive conjugate gradient
algorithm (ACGA) of [24]. The ACGA has been applied to
realistic breast phantoms in [5], [|6], [25]], where the dielectric
permittivity function was reconstructed using known values
of conductivity. In these studies, the setup was slightly dif-

ferent, with the main distinction being that transmitted data
was used in the computations instead of backscattered. The
numerical experiments of the current work are performed
on simulated backscattered data mimicking a realistic MM
growth model in skin at 6 GHz, which was developed in
[4]. The present work is an expansion of the ICEAA-IEEE
APWC 2025 conference paper [24]. In the paper [24], the
authors reconstructed the weighted dielectric properties of
MM at 6 GHz placed in a homogeneous domain. In the
current paper, we present the reconstruction of weighted
dielectric properties of MM in the skin, a significantly more
challenging task compared to the reconstruction of MM in a
homogeneous domain presented in [24]. Backscattered data
from MM in the skin is significantly more complex, as
it includes signals not only from the melanoma itself, but
also from the epidermis, dermis, and fat. To address this,
we employ data preprocessing and calibration procedures.
The preprocessing step removes unwanted signal compo-
nents, isolating those originating solely from the melanoma.
Consequently, the backscattered data from the melanoma in
the skin becomes more comparable to data from melanoma
in a homogeneous domain. We then use the model of
melanoma in a homogeneous domain as a reference model
for calibrating the preprocessed data. The preprocessed and
calibrated data are subsequently used to validate the ACGA
reconstruction algorithm. The objective of the numerical ex-
periments is to reconstruct the maximum values of dielectric
permittivity and conductivity, as well as their location and
shape, in order to identify MM in the skin.

We note that our recent works [24], [27] as well as the
current paper use scaled values for the dielectric permittivity
and conductivity functions. This simplification is necessary
because in our implementation, we apply an adaptive fi-
nite element/finite difference domain decomposition method
(AFE/FDDDM) [3]. In this approach, finite element and
finite difference methods are employed in distinct subdo-
mains. In order to reduce discontinuities between computed
solutions in the finite element and the finite difference
domains, we use reduced values for dielectric properties of
MM. Modifying the finite difference solver to handle realistic
values of dielectric properties, particularly for MM, is a
planned direction for future research.

The outline of this article is as follows. In Section [}
we formulate our forward problem and CIP for Maxwell’s
equations. We then introduce the regularized Tikhonov func-
tional and the corresponding Lagrangian as well as present
the optimality conditions using the Fréchet derivatives of
the Lagrangian. Section |lIIj introduces the domain decompo-
sition method that solves the forward and adjoint problems,
and formulates the ACGA. Section presents the data
preprocessing procedure used in our numerical simulations.
In Section [V| we present numerical examples in which the
proposed methodology is applied to solve our CIP in both a
homogeneous domain and non-homogeneous domain. Lastly,
in Section we draw conclusions based on the results.
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FIGURE 1: A two-dimensional representation of the decom-
position of the domain 2. Here 2 = Qppym U QppMm.

Il. The mathematical model

This section presents the theoretical foundations of the model
problem. We begin by presenting the Cauchy formulation
of Maxwell’s equations, followed by the stabilized forward
problem and the corresponding CIP. The inverse problem is
formulated as the minimization of a regularized Tikhonov
functional, and the corresponding Lagrangian is introduced
to derive the optimality conditions.

A. Formulation of the problem

Let Q be a bounded, convex domain in R? with smooth
boundary T'. The time domain of interest is the interval (0,T)
for some end time 7" > 0. Define the space-time domains
QT =Q x (O,T) and I'r =T x (O,T)

The model problem considered in this work is formulated
solely for the electric field F (x,t) = (E1, Ea, E3) (x,t),
x € R3, satisfying the time-dependent Maxwell’s equations
in non-magnetic conductive media, under the assumption of
zero electric volume charge density:

1
C_QSTattE +VxVxFE= —/.toO'atE,
V- (cE) =0, (1
E(')O):fﬂv atE(ao):fl
In the model problem (TJ), the function &,(x) = e(z)/eo
is the dimensionless relative dielectric permittivity, o(z)
is the effective conductivity function, €q, o are the per-

mittivity and permeability of free space, respectively, and
¢ =1/\/eopo is the speed of light in free space.

VOLUME ,

Since the multiplicative constants in (]I[) are small, round-
ing errors occur. To remedy this, we perform the change of
variable ¢ — ct. Note that this change of variable implies
that the time interval henceforth becomes (0, T'/c). However,
since 1" was chosen arbitrarily, we relabel the new end time
T/c as T for simplicity. We also introduce the notation
o = poco in order to shorten the notation, and we let
€ := ¢,. Applying this change of variable to (I)) yields the
following model equation

2
E%Tf—FU%—f—FVX(VXE):O )
in QT.

In order to use the AFE/FDDDM of , the spatial domain
Q is decomposed into subregions Qppy and Qg such that
QFEM, QrpMm C R3 where Q = QrpMUQrEM and QFEM -
Q with 9QreMm C QrFpMm, S€€ Fig. Note that I' C ﬁFDM-
The finite difference method is applied in Qppy, and the
finite element method in QpgMm.

We make the following assumptions on the coefficients:

eeC, = {5 € Cz(ﬁ) : 6(.’13) =1Vx e QFDM,
E(I) (S [l,g] Vo € QFEM}

0€Cy:={0cC?*Q):0(x) =0 Ve € Qrpum, .
0'(217) € [O,E] Vr € QFEM}
where € > 1 and & > 0 are constants.
Using the assumptions (3)) together with the identity
Vx(VxE)=VV-E—-AE, ()
in the equation in (]Z[), we obtain the wave equation
%275 —AE =0, 5)

on QFDM X (O,T)
We impose the first-order absorbing boundary condition
specific to the wave equation (3), as

OFE O0F 0

o o
on I'r. Here, n denotes the unit outer normal on I' and
g—g = n- VFE is the outer normal derivative of the electric
field E.

To obtain a numerical solution of (2) with specific initial
and boundary conditions, we use a P! finite element method
(FEM), which can result in spurious solutions [29]. In order
to suppress spurious solutions, we introduce the divergence-
free condition as a stabilizing term in (]ZD In IE]], it is shown
that the introduction of the divergence term into the model
equation, when solved with P! FEM, removes the spurious
solutions for specific values of the dielectric permittivity
function. Combining this with the identity @) gives

’E E
6%?+0%—t—AE—VV-((€—1)E) =0.

Let HP(Qr) denote the usual Sobolev space of order
p € {1,2}, and let fo, f1 € [Hz(Q)]3 denote the initial
conditions. Then the forward problem and the inverse prob-
lem can be stated as follows.
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Forward problem Let € € CE, o€ Cy, and fy, f1 €
[H2(Q)]%, find E € [H*(Q7)]” such that
62E OE
— AFE .
ST T in Qp,  (6a)
-VV.-((e-1)E) =0,
E(-,0) = fo, in, (6b)
aaf( 0)=/f1, inQ, (6¢)
OF OF
ain + E = 0, on I'r. (6d)

This problem is well posed; see [7]], [26] as well as references
therein. Let Fops € [LQ (FT)} 8 be the observations made on
the boundary I'r, we can state the inverse problem.

Inverse problem: Suppose that an exact solution of the
problem (6) exists, E*, for the exact functions (£*, ).
Let the function Fs be such that

Eops(z,t) = E*(z,t,%,0")|lrp+Es(x,t), (z,t) € T'r,

where the function Ej5(x,t) denotes the measurement
error satisfying

1E5(z,t)lry < 6.

Find ¢ € C. and o € C, for observations E,s on I'p.

It is well known that the CIP for Maxwell’s equations is
an ill-posed problem, see [28, Section 3]. In this article,
we adopt an optimization-based approach, similar to that
employed in [5], (6], [24], [25].

B. The Tikhonov functional and the Lagrangian

To solve the inverse problem, we introduce a regularized
Tikhonov functional J, which we aim to minimize. The
minimization problem is solved using a Lagrangian approach
subject to the constraint that the electric field satisfies (6a)).
Optimality conditions are derived using the Fréchet deriva-
tives of the Lagrangian, leading to the formulation of an
associated adjoint problem.

We first introduce the following function spaces. For p €
{1, 2}, let

13(0) = {0 € Q) v(,0) = i,
Geo=rl.

Hy(©r) = {o e @0 .00 = 52,0 =0

m(0r) = {o e @0 ol 7) = 1) =0

Next, we introduce the Tikhonov functional defined by

/ / |E EObb| dsdt

e _ do + L2
+2Q(5 E)x—i—zﬂ

J(E,¢e,0)

(0 —o%)%dz.
(N
Here, Eops € [L? (FT)]3 is the observed electric field,
e, Yo € R are the regularization parameters, £° and o are
initial guesses for € and o, respectively. The latter two terms
of (7) are regularization terms that penalize deviations of ¢
and o from their initial guesses. We define the minimization
problem as
r?ign J(E,¢e,0), (8)

where € € C¢, 0 € Cy, and E solves (0).

To solve the minimization problem @]) we assume that
E € [H?(Qr))? satisfies (). We then use as a constraint
and introduce the Lagrangian, £, in strong form as

T 2
,C(E,)\7€,J)=J(E,€,U)+/ /A(E%f
o Ja t
+088—]f —AE-VV-((e-1) E)) dzdt.

®
Here, A\ € H3(Qr) is the Lagrange multiplier, and we
restrict E € H%(Qr), where the initial conditions (6b) and

are imposed']

Because the finite element method is employed later to
solve the CIP, the Lagrangian must be formulated in weak
form. The weak formulation of the Lagrangian given in (9)

is:
1 T
=7/ /|E—Eobs|2dsdt
T

+ (5750)2dx+k/(0—00)2dx
2 Ja 2 Jo

f/ze()(xom()

/ / (32 3E

ot 825
f/ o(z)\x,0) fo(x)dx

/ / —Edtd
/ /)\dsdt—i-/OT/QV/\VEdmdt
+/O /QV-)\V-((e—l)E)dxdt.

Next, we define the domain U/ of the variational formula-

L(E \e, o)

tion of the Lagrangian, and the set U as

U= Hp(Qr) x Hy(Qr) x C. x Cy,
U = Hy(Qr) x Hy(Qr) x C: x Cy,

"Note that (6d) is still assumed to hold for E.
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such that £ : U — R. 5
Then, to solve (8), we need to find a stationary point u = Adjoint problem: Find A € [H?(Qr)]" such that
(E,\ e,0) €U of the Lagrangian, such that 62 I\
T4 s AN —(e—1 ‘A=0, inQ
DL(u;@) = 0 (10) ‘oz " ot (e-DVV »om (1T5’ :
a
for all @ € U°. Here, oA
DL(u;u) ACT) = (%( T)=0, in4,
~ ~ ~ - (15b)
= (aEﬁ(u;E),a,\[,(u; A), 0-L(u;€), 05 L(u; 0)) ox  an
is the Fréchet derivative of £ at u in the direction of @ = on ot (E — Eobs), onl'r,
E,\EG). (15¢)
The optimality condition (I0) is equivalent to the follow- for given functions E, Eyp, € [ LQ(QT)]3, ceC.,and
ing four optimality conditions: find v € U/ such that oeC,.
0= 8E£ u E)
O\ OFE
(F — Eops Ed dt — — —dtdx
/ / be) Eds / / ot ot
lll. Domain Decomposition method
/ / 7Edtd + / / Aidet We formulate our problem in the framework of the domain
_ decomposition method, since all our computations use the
/ / VAV Edxdt AFE/FDDDM developed in [5].
Q

Let us now define a partition of Qpgy and the time

+ / ! / V-A\V- ((5 —1) E) dzdt, interval (0,7"), before stating the forward problem (6) and
0o Ja the adjoint problem (I3) on Qrgm, = Qrem X (0,7). Let
an K}y, be a partition of the FE domain Qpg) consisting of
tetrahedra satisfying the regularity condition in [9], [23]],

0 = O\L(u; 5\) such that

—/a(x)X(x,o)fl(x)dx—/g/ %%—fdtd

/ ()~(x0f0 dx—/ ~/ —Edtdx Kh:LLJKE’
+ /0 /F )\Edsdt—i— /0 /Q VAV Edadt =1
+/OT/QV-5\V-((5—1)E)da:dt,

(2) " Where L is the number of elements & ¢ Here, h = h(x) is
0= 0.L(u;é) a piecewise constant mesh function such that
— . [ (e eds = [ @)@ 0 (a)do
Q
- OXOE
7/96/0 aﬁdtd Jr/ /V AV - £Edzdt, h(z) = hg, for z € Ky, forall £ € {1,...,L},

(13)

0= 0,L(u;5)

=% / (0 —0)odr — / a(x)A(2,0) fo(x)dx (14) and represents the diameter of each mesh element. Let

@ 0K}, denote the partition of the boundary 0Qpg\ into the

/ / —— FEdtdz, boundaries 0K, of those elements K, having vertices on

OQpgMm. We partition the time interval [0, T'] as follows: Let

which hold for all E € H}(Qr), A € H-(Qr), €€ C. and N € N be the number of time steps, and let 7 = T//N be the

o€ Cy,. uniform mesh size. Let t;, € [0, T'] be the k-th time level such

By applying integration by parts in space to the optimality that ¢, = 7k for all k£ € {0,..., N}. Let us now formulate

conditions (TI) and (12), we derive the adjoint problem and the forward and adjoint problems within the AFE/FDDDM
the forward problem, respectively. framework.
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Forward FEM problem in AFE/FDDDM: Find Erg €
[H2 (QFEMT )] 8 such that

0?Erg 0Frg
— AFE .
ot2 to ot FE in QrgM,,
—VV - ((e = 1) Epg) =0,
(16a)
Erg(-,0) = fo, in QppwM,
(16b)
OF .
ajE(70) :f17 mn QFEM;
(16¢)
oF OE)
ar};E = 8:3’ on IOFEM,,
(16d)

for given functions ¢ € C., 0 € C,, and fy,f1 €
[H2(0)]°.

Forward FDM problem in AFE/FDDDM: Find
FErp € [HQ(QFDMT)]3 such that

0?FErp .
2 — AEFD = 0, mn QFDMT> (173')
Erp(-,0) = fo, in Qrpum, (17b)
O0ErD .
D (-,0) = fi, in QppwM, (17¢)
OF OF
781F1D - TEE, on 9Qrpary N QFEM;
(17d)
OF) OF
8IF1D 8§D = O, on I'r N QFDMTv (176)

for given functions fo, f1 € [H2(Q)}3

Lemma 1: 5
Given ¢ € C., 0 € C,, and fo, f1 € [H*(Q)]", let Epg
and Erp be the solutions to and (T7), respectively. Set

E
g )ErE
Erp

Then E solves (6).

on QrEM;
on Qepmy \QFEM, -

See [7]] and the references therein for a proof.

In order to discretize the forward and adjoint problems,
we need to define finite-dimensional subspaces of the test
space. To do this, let

Vh(QFEM) = {’U S Hl(QFEM) : /U‘Kg S PI(K4)7
for all £ € {0,...,L}},

where P!(K}) is the set of piecewise linear functions over
K.

Lemma 2:

The explicit finite element scheme for with E = Epg,
L 3
is: Given €5, 0y € Vi4(Qrem) and th,f31h € [Vh(QreMm)]
find a sequence {EF}Y | C [V, (rrm)]” such that

E2 = f0h7
Ellz = E2 + Tflfu

/ (26h -I—TO'h) Eﬁ“vhdx
QreEM
= 4/ EhEZUhdZC
QrFEM
— 27'2/ VENVu,dz
QrEM
- 272/ V.- ((en — 1)ENV -vpda
QrEM

— / (2ep, — Top) Eﬁ_lvhdx
QrEMm

OEk
+ 272 / ——FDw vpds,
IQrEM on

for all vy, € [Vh(QFEM)]S

Proof:

Multiplying (16a) by a test function v € H}(Qrgm),
integrating over Qpgy and performing integration by parts
in space, we get the following expression

0’FE oF
= s—zvdx + aa—vdax
QFEM ot QrFEM t

vds + / VEVuvdzx (18)
QrEM

+ /QFEM V. ((e —1)E)V -vdz.

In order to obtain a time-discrete scheme in Qpgnm,.,
we apply finite difference (FD) approximations of the time
derivatives. We define Ef(x) € [Vi(Qrem)]® as the FEM
approximation of E*(x) = E(x,t;,) for all k € {0,..., N},
where t;, = Tk as previously defined. Applying FD approx-
imations to the time derivatives in (I8) and evaluating the
resulting equation at ¢ = ¢ yields

EfI _opk 4 pF-l
0= / 153 h 2h +5h vpdax
Qrem T

ERHl _ ph-1
—|—/ op | Z—h ) ypda
QrFEM 27

OE% 19
_ / FDn s 19)
0QrEM On
+ / VENVu,dx
QrFEM
+ / V- ((5h — 1)E;’f)V - vpde,
QrEM
VOLUME ,
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for k € {1,..., N — 1}. Multiplying both sides of (T9) by
272 and rearranging the terms, we get

/ (2ep, + Top) E,]fﬂvhda:
QrEMm
= 4/ EhE}fvhdx
QFEM
— 272 / VENYu,dx
QrEM
— 272 / V- ((en —1)EN)V - vpda
QrEM

— / (2ep, — Top) E,’jflvhdx
QrEM

k
+ 272 / ko,
OQFEM

vpds.

8n/

Since fon = En(-,0) = EY and fi, = agth(o,(]) ~
M by the FD approximation, where fo; and fy; are
the [V;L(QFEM)}?’ projections of fy and fi, respectively,
rearranging these terms gives i = E} + 7 f15,. The result
then follows. u

Details of the derivation of the explicit FE scheme can

be found in [5]. An analogous result holds for the adjoint
problem (T3).

Adjoint FEM problem in AFE/FDDDM: Find Apg €
[H2 (QFEMT)] such that

82)\FE

_ _A .

c 8t2 7 (9t AFE m QFEMT7

—(s—l)VV~)\FE=O,
(20a)
oA .
Are(sT) = ajE (-.T) =0, in QrgpwM,
(20b)
OArE  OArp

m  om " OrEM, )
(20c)

for given func;ions e € C.,, o0 € Oy, and A\pp €
[H*(Qrpmy)] "

VOLUME ,

Adjoint FDM problem in AFE/FDDDM: Find App €
[HQ(QFDMT )] such that

9%\ :

8t§D — A)\FD = 07 m QFDI\/IT’

(21a)

O\

Arp(z,T) = ;D (z,T) =0, in Qrpwm,

(21b)

oA oA

OIFlD = 81F1E’ on 0QrpMm, N QrEM,,

(21c)

oA oA

ale = aIZD — (E — Eobs)7 on FT n QFDMT7

(21d)

for given functions F, E,ps € [LQ(FT)]S, and \pg €
3
[H?(Qrem,)]

Lemma 3:

Let B, Eops € [LQ(FT)]B be the forward solution and the
observed electric field, respectively, as well as € € C, and
o € Cy. Further, let Apg and Agp be the solutions to @
and @, respectively, and set

A
\_ e
AFD

Then A solves (T3).

on QreM;,

on Qppmy \QFEM -

See [7]] for proof.

Lemma 4:

The FEM formulation of 0) with A\ = Apg is:
Given ¢5,,04, € Vi(Qrrm), find a sequence {AF}0_ . C
[Vi(QpEnm)]” such that

M =2Vt =0,

/ (2ep, + TU;L)/\Z_lv;de
QFEM
= 4/ Eh)\ﬁvhdx
QrFEM
— 272 / Vi Vo, da
QreEM
- 27'2/ VMV - ((en — op)de
QrEM
— / (2ep, — Top) )\Zﬂvhdx
QrFEM

0
+ 272 /
OQFEM

for all vy, € [Vh(QFEM)]?’.

A’E‘Dh
on

vpde,

Proof:
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Proceeding as in the proof of Lemma [2| we define A} €
[Vh(QFEM)]3 as the FEM approximation of M\f(z) =
Az, ty) for all k € {0,...,N} and apply FDM in time
to (20). This gives

ONE
/ FDp vpdo
OQFEM on
)\k—i-l . 2>\k )\k—l
= / 153 h 2h * A vpdx
QrEM 0

)\k:+1 _ )\k:fl
_/ on Zh  Th vpdz
QFEM 27

+ / VA Vo, da
QreM

(22)

+/ VAV - ((en — 1)vp)da.
QrEM

Here, A{?Dh denotes the FEM approximation of Agp(z, ty),
where App solves (21). Multiplying (22) by 272 and re-
arranging the terms yields an explicit expression of /\k !
in terms of the subsequent time steps A and AFTY. Ob—
serving that 0 = dé\th( T =~ ’\J’y%" together with

= (-, T) = Afbv implies that A\)' ' = 0. The result
then follows. ]

For details on applying AFE/FDDDM for the numerical
solution of forward and adjoint problems, see [5]. We now
have the necessary tools to solve both the forward and adjoint
problems, and we turn our attention to the remaining opti-
mality conditions, (I13) and (T4). These conditions are used
in the iterative gradient update of the dielectric permittivity
and conductivity functions in both the CGA and the ACGA.

A. Gradient methods
In this section, we introduce the conjugate gradient al-
gorithm (CGA) and the adaptive conjugate gradient algo-
rithm (ACGA). The conjugate gradient method minimize the
Tikhonov functional (7), thereby solving the inverse problem.
Solving the inverse problem amounts to finding a solution
of the optimality conditions and (T4). We define the
gradients g. : 0 — R and g, : 2 — R such that

ge(a) = [w—e%— 0 fl—/o DB,

. ot Ot (23)
V- AV . Ed
- t] (@),
4o(z) = [w )~ AC.0)fo - ZjEdt}( ).
0
24)

Then [, g-6dx = 9.L(u;€) and [, go6dx = 85L(u;5) for
all £ € C. and & € C,. Here, we assume that (VE)E = 0.
Applying the chain rule, we obtain V-£F = (VE)E + £V -
E = ¢V - E. Utilizing 23) and (24), we formulate the CGA
as Algorithm [T}

To further improve the reconstruction results obtained by
the CGA, mesh refinement is incorporated, leading to the

Algorithm 1: Conjugate Gradient Algorithm (CGA):
For iterations m = 0,..., M perform the following
steps.

1 Initialization: set m = 0 and choose initial guesses
0, oY, 42, and 0.
2 Calculate E™, \™, g* and ¢)".

3 Set
dm .= _gg ifm= 0,
T e pmartt it m>0,
PO if m =0,
y —g 4 Brdr it m > 0,
where 87" := HH; Llslf2 and B = HHZ” U‘glzz
4 Compute optimal step sizes as:
am = — w
= —
) Ve fQ (dz)” da
m___Jodggyde

Oy =— ——— 55—
5" Jo (d5)” do
5 Update the dielectric permittivity and conductivity as:

m—+1

m+1 o ="+ al

€ =™+ a’d], mndr.

6 Compute new regularization parameters for any
p € (0,1) via iterative rules of [2] as

,_merl — 72 ,_merl — /72
: (m+1p’ 7 (m+1)p
7 Terminate the algorithm if either ||<€erl em|| < nl
and ||g™ % — o] <, or lg2]| < n2 or

llgm|| < n2, where nl, n2, nl and 2 are tolerances
chosen by the user. Otherwise, set m := m + 1 and
repeat the algorithm from step 2.

formulation of the ACGA, see Algorithm [2] Details of the
AFE/FDDDM and ACGA can be found in [5f], [25]]. This
algorithm refines the mesh only in space and not in time in
order to ensure the efficient execution of the adaptive finite
element/finite difference method.

The ACGA employs the following stopping criteria. The
algorithm is terminated if either:

M; M;— M;— 1
D |leni —€nii . and Hahl Ohi 1| <05, or
2) ||gMi|| < 62, or
3 Joi| < 6.

where 01, 62, 01 and 62 are tolerances chosen by the user.
Criterion [I) indicate that the ACGA is terminated once
the reconstructed values of sh ; and o, Mi have stabilized.
Note that we always verify that the reconstructed coefficients
belong to the sets of admissible parameters C. and C,
defined in (28), see also (@). Criteria 2)) and [3) indicate that
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the ACGA is terminated when the computed gradients with
respect to € or o, respectively, become sufficiently small.

Algorithm 2: Adaptive Conjugate Gradient Algo-
rithm (ACGA): For mesh refinements i = 0,...,G
perform the steps below.

1 Choose initial spatial mesh Kj, o in Qpgnm and set
i=0.

2 Compute 52/11, a,]yz
CGA.

3 Refine all mesh elements K, € K}, ;, satisfying

on mesh Kj, ; according to the

max |hepl],
K;€Kp,i ’
and

M;
|h0h,i

> po, max |holhi].
jtl p0'1 KgEKh,z‘ | h,i
Here, p., € (0,1), p,, € (0,1) are constants chosen
by the user.

4 Construct the new mesh Kj, ;41 and interpolate 524;,
U}]:/I; and the measurements F;, onto it.

5 If ¢ > 0, terminate the algorithm if either
; M, ; M,
62/{; —epiia| < 6! and La%‘ — ahﬂ-fiH < 0L, or
gMi|| < 62 or ||g¥:|| < 62, where 61, 62, 6% and
93 are tolerances chosen by the user. Otherwise, set
1 =1+ 1 and repeat the algorithm from step 2.

IV. Data preprocessing
When working with experimental data, one typically encoun-
ters a mismatch between experimental and simulated results.
This discrepancy can arise from several factors, including
instability in the amplitude of the emitted signals (plane
waves in the case of our simulations), unwanted scattering
from healthy skin, and differences between the simulated
and experimental incident waves. Similar conclusions have
been reported in experimental studies [34], [35]], in which a
numerical method for imaging buried objects using experi-
mental backscattered time-dependent data was developed. In
the current work, we apply the data preprocessing procedure
developed in [34]], [35] for imaging buried objects in sand,
to the reconstruction of the dielectric properties of MM in
the skin.

First, we note that when the incident wave E* (plane wave
in our case) interacts with a non-homogeneous domain, it
generates a scattered wave, and the total field satisfies

E'=E*+E".
According to [[16]], [17], the scattered field is defined as F° =
E'— E'. For the model problem (6), E* denotes the solution
of the forward problem with £ = E* and with the dielectric
parameters € and o prescribed in the investigated domain.

The incident field E? corresponds to the background medium
with dielectric parameters ¢, and o},. In the extraction of
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backscattered signals for MM, the background medium is
the skin without the tumor. Such a reference signal can be
measured for each patient at any location on healthy skin. It
is only necessary to ensure that the geometry of the healthy
skin region matches that of the region containing the MM.
We note that approximate depths of healthy skin and MM
can be taken from [13], and these values are used in our
experiments.

We now describe a procedure for isolating the backscat-
tered electromagnetic waves generated by MM in a non-
homogeneous medium. To isolate the scattered electromag-
netic waves originating from MM tissue, we repeat the
generation of backscattered electromagnetic fields for tissue
without MM. That is, we repeat the simulation in the domain
QreM, consisting of the epidermis, dermis, and fat. We then
subtract the backscattered data obtained from healthy tissue,
which we denote as E’(z,t), from the data produced by
the total field in the presence of MM, which we denote
as E*(z,t). The resulting scattered data E*(z,t) should be
dominated by the reflections caused by MM tissue, since the
reflections caused by other tissue types are subtracted away.
Thus, to determine the scattered data F*(x,t) from MM we
compute

Eé(x,t) = E*(z,t) — E'(a,t). (25)

Fig. [I0] shows the backscattered data produced by healthy
skin with dielectric properties shown in Fig. 0] Fig.[TT|shows
the backscattered data produced by skin containing MM.
Dielectric properties for this case are presented in Fig. [§]
We note that Fig. [I0] and Fig. [IT] present the backscattered
data for all components of the electric field. The dominant
reflections arise from the second component because, in our
numerical experiments, the plane wave is initialized only
in this component of the electric field — see (30). This
observation is theoretically justified in [32] and numerically
presented in [5]], [24], and in the current work.

In Fig. [I2] the preprocessed data computed using ([25) are
shown, where we see clear reflections caused by MM tissue.
Note that the MM tissue is modeled to be a hemisphere
with center in the center of 0,2, while other tissue types
are modeled as flat layers. Therefore, a high variation in the
backscattered data at the center of the observation region is
expected to originate from the MM tissue.

A. Data calibration and embedding

Comparing Fig. [3|and Fig.[I2] we observe that our simulated
data for MM in a homogeneous domain (shown in Fig.[3) and
data for MM after the preprocessing procedure (presented in
Fig. [I2) have different amplitudes.

Fig. [I0] and Fig. [IT] also show that the amplitude of the
backscattered data for skin with MM and for healthy skin is
nearly identical, and that the corresponding datasets are very
similar. The preprocessed data shown in Fig.[12|have a much
smaller amplitude than the data presented in Fig. [T0] and
Fig. [IT] This can be explained by the fact that the dielectric
properties of MM are very close to those of the epidermis
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and dermis (see Table [T). Consequently, the procedure
with these dielectric properties leads to smaller reflection
amplitudes from the MM. As a result, the data for MM after
the preprocessing procedure using produce a scattered
field E*(z,t) of small amplitude because the amplitudes of
E%(z,t) and E(x,t) are approximately equal — see Fig.
and Fig. From these figures, we also observe that it
is visually impossible to distinguish between E'(z,t) and
E‘(z,t). Only the computation of the scattered field E*(z, t)
using makes it possible to identify the field scattered by
the MM, as shown in Fig.

Thus, we define quantities, which we call calibration
factors to scale preprocessed data to the same scale as that
used in our ACGA simulations for MM in a homogeneous
domain. In other words, we consider MM in a homogeneous
domain as a calibration object with known dielectric prop-
erties. The same calibration object should be consistently
used in all computational tests involving the reconstruction
of MM from preprocessed data.

We note that all versions of calibration procedures are
heuristic, and each yields successful ACGA reconstructions,
although with different reconstruction errors. A similar
conclusion regarding the calibration procedure, as well as
the main idea behind the calibration procedure, has been
reported in experimental studies [34]], [35].

Let E"(x,t) denote the scattered data for the homoge-
neous domain and E*(z,t) the preprocessed scattered data
where E*(x,t) is computed as in (23)). Let

hpy — h
d"(t) = rgl%(E (z,t),
d®(t) = max E°(x,t).

(t) 61%( (2,1)

Version 1

The quantities d°®!(t) = d*(t)/d"(t) can be used as
calibration factors at every time step. This means that the
preprocessed data are multiplied by these calibration factors
at every time step. The next step is data embedding. We
embed the calibrated scattered data into the data from the
homogeneous domain. To summarize data calibration and
embedding steps, we finally compute the following data

E™P (g, 1) = E%(x,t) - d®(t) + E"(x, 1)
which can now be used for computations in the ACGA.
Version 2
The quantities d*(t) = d"(t) — d*(t) can also be used
as calibration factors at every time step. The data calibration
and embedding procedure is then defined as follows:

ECOmP (1. 1) = E%(x,t) + d(t) + E"(x,t) (26)
which can also be used for computations in the ACGA.
Version 3

The data calibration without an embedding procedure with
d°?(t) = d"(t) — d*(t) can be defined as follows:

E©°mP (g t) = E*(z,t) 4+ d®(t) 27

which can also be employed in computations using the
ACGA.

The second version of data calibration yields better recon-
struction results for both parameters ¢, and o, which we
report in the next subsections. Fig. (14| shows the calibrated
and embedded data obtained using the second version of the
calibration procedure.

V. Numerical examples

In this section, we present numerical examples that illustrate
the theoretical results and demonstrate the performance of
the ACGA. All the numerical computations were performed
in C++ with the PETSc library [39] and WavES package
[40]. All the visualizations are generated using ParaView
[41] and GiD [42].

We show several numerical tests. First, we apply the
ACGA (Algorithm [2) in a setting with only two tissue types,
MM and non-melanoma, corresponding to a homogeneous
media. Then we present results in a non-homogeneous set-
ting, for MM placed in skin. Specifically, we apply the data
preprocessing procedure described in Section to isolate
the reflected electromagnetic waves caused by MM when
several tissue types other than MM are present, such as
epidermis, dermis, and fat, simulating a more realistic sce-
nario. Using the extracted backscattered data, we reconstruct
weighted ¢,, and o, illustrating the dependence on initial
guesses ¢V and o”. We also showcase how calibrating the
observed data and smoothing reconstructed results reduce
the dependence on the initial guess.

The computational domain has been designed to reflect a
realistic physical setting, following the approach developed
in [4], [24]], where MM in the skin is modeled as a hemi-
sphere — see Fig.

We restrict our attention to a frequency of 6 GHz and
use the known values of permittivity and conductivity for
this frequency for different tissue types from [8]]. The initial
regularization parameters are set to 70 = 4% = 0.01. Our
domain of interest is Q := (—2,12) x (—2,12) x (—2,12)
and the computational finite element domain is Qpgy (=
(0,10) x (0,10) x (0, 10). Finally, we set the finite difference
domain as Qppm = 2\ ((1,9) x (1,9) x (1,9)). All spatial
dimensions are given in millimeters.

In all experiments we assume ¢ € C. and o € C, where
we set € = 10 and 6 = 2. More precisely, we assume that
the coefficients satisfy ¢,, € C. and o, € C,, where

C. = {5 € CQ(Q) : 6(.13) =1Vxe QFDM7
8(%) S [1, 10] Vx € QFEM}
C,:={0e€C*Q):0(x) =0V € Qrpm,
0‘(1}) S [0,20} Vx € QFEM}
To reduce computational time of the overall reconstruction
procedure, we chose the maximum number of iterations as
M =5 for the CGA on the coarse mesh K} o, and M =1
on all subsequently refined meshes K7, ;, where 7 denotes the
number of mesh refinements. This explains why the ACGA

converges in the first iteration on the refined meshes. We
note that we obtain |le,|lcc = 10 on all meshes because

(28)
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the step size in the CGA was selected to reach this value
consistently, thereby reducing computational time.

We set the final time to 7" = 12. The motivation behind
this choice is presented later. The boundary I' is divided into
subsets I' = 01 U 050 U 9510, where

o0 = {(;Cl,fbg) €N:x3= 12},
829 = {(331,332) c0: T3 = —2},
80 =T\ (90U 8,9).

We also define the time-dependent boundaries, I'1 ; = 0;{2%
(0,t1] and I'y 5 = 01 x (¢1,T") for some t; € (0,7 as
well as 'y = 022 x (0,7) and I's = 0582 x (0, 7). Setting
fo(z) = fi(x) = 0 for all z € €, the stabilized forward
problem then becomes: Find E such that

0’FE OF
o togr AP in Qr, (292)
-VV-((e-1)E)=0,

E(z,0) = %—f(m,O) =0, in Q, (29b)

OF
I (t), onTIyq, (29c¢)

OFE OF
T T 0, onI'1 o UT'y, (29d)
a—E =0, on I's. (29%e)

on

Here, Q(t) = (Q1,Q2,Q3)(t) = (0,Q2,0)(¢) is a plane

wave, with

: : 2m
Qalt) = {sm(wt) if t € (0, %), (30)

- vrel
0 if ¢ > 21,

initialized only for the second component of the electric field.
The function Q(t) produces a plane wave that passes through
the domain. We consider time-dependent observations only
on 0182 and therefore consider only the backscattered data
of the electric field.

We introduce a uniform mesh Qgpyg, on ppy consisting
of hexahedra, see Fig. 1 in [24]]. On Qpgy\, @ mesh K of
tetrahedral elements is introduced. These meshes are created
such that all points zj, € Qrpm, NQreM are also in K}, The
time interval is discretized into N = 500 partitions, such that
the time step 7 = T/N = 0.024 satisfies the CFL stability
condition derived in [7] ensuring stable solutions from the
explicit methods.

To minimize memory usage while still satisfying the CFL
condition, great care was taken in choosing the final time 7.
We choose T' = 12 so that the plane wave (QQ(¢) can pass
through the whole domain €2, to produce the best possible
reflections from MM using w = 40 in (30).

The values of the different tissue types at 6 GHz are
summarized in Table [[]and are based on data from [[13]], [38],
[8], and [24]. The table presents real-world measurements
alongside the weighted model parameter values used in the
numerical examples.
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TABLE 1: Realistic values of € and o (S/m) at 6 GHz for
skin with MM as well as weighted values ¢,, and o,, used
for testing. Here, the depth of MM is in mm and is measured
from the surface of the skin. The depth of the MM is taken
from [13].

Values Real Test 1 & 2 Test 34 & 5

Tissue type € o Ew Ow Ew ow Depth
(S/m) (S/m) (S/m) (mm)

Im. medium 32 4 1 0 6.4 0.08 -2

Epidermis 35 4 1 0 0.08 1
Dermis 40 9 1 0 8 0.18 3.5
Fat 9 1 1 0 1.8  0.02 5.5
Tum. stage 1 | 45 6 8 1.2 9 0.12 <1
Tum. stage 2 | 50 6 9 1.2 9 0.12 >1

A. Computational setup at 6 GHz

Table [I] lists the specific values taken in all our numerical
tests. These values are used only to generate the observed
electric field F,s, much as in real-world applications. The
main difference is that, in the present work, the observed
electric field is simulated.

In order to generate the electric field E,s in the observa-
tion points {xobs’i}ﬁ\iﬁbs, we assign values to the functions
€y and o, according to Table [I] such that conditions (3)
are satisfied. Using these values of ¢,, and o, the forward
problem (29) is solved using the ACGA on a mesh that
has been adaptively refined five times. This mesh is refined
only in the mesh elements K, € K, that contain MM. Note
that this refined mesh is not the same as the one generated
later by the ACGA when recreating ¢,, and o,,. Since real-
life measurements are invariably affected by noise, we add
synthetic noise to the solution at the desired observation
points. The computed solution E at the observation points
{Zobs.i } b © Qpp, U K, is stored as

Eobs (xobs,ia tk) = (]- + Eei,tk )E(xobs,ia tk) (31)

for all i € {0,..., Mops}, where ¢, = k7 for all k €
{0,...,N}. Here, £ € (0,1) is the noise level and ¢;, are
random numbers generated on the interval [—1, 1] for each
time t, = k7, where k € {0, ..., N}. For all computations,
the noise level is set to & = 0.1, which corresponds to 10%
noise in the data. In all computations, the noisy data are
smoothed by using €;;, =1 in (3I).

We choose the initial guesses € =1 and 02 = 0 on the
meshes Qppuy, and Ky o = Kj. We then set € = 10 and
7 = 2 in (@) thereby constraining the reconstructed values of
€w and o, to remain below 10 and 2, respectively. The mesh
refinement indicators in the ACGA were chosen as follows:

04 ifi<b
= ’ 32
Pe: {0.5 else, (32)
and
04 ifz<5H
o, = ’ 33
Pa {0.5 else. (33)
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In order to reduce computational time, we choose a maxi-
mum number of iterations of M = 5 for the CGA (Algo-
rithm [T)), together with a maximum of G = 8 iterations for
the ACGA (Algorithm [2)). We also use constant step sizes as

o [100 i el <9,
= )o.01 else,
and
m —10  if |mino| < 0.5,
« =

7 —0.01 else.

In our numerical experiments, we use heuristic step sizes
derived numerically by running the ACGA several times
on the same data. These step sizes have provided accurate
reconstructions of dielectric property values in our numerical
settings while reducing the overall computational time of
the reconstruction algorithm. Computing optimal step sizes
requires additional computational time for the overall recon-
struction procedure. We plan to investigate this in future
research, including a comparison of computational time
between constant and optimal step sizes.

During the numerical experiments in Test 1, we ob-
served that the ACGA satisfied the convergence criterion,
but the correct depth of the MM was not reconstructed
(see Fig. ). Therefore, in subsequent tests, we applied a
smoothing procedure as follows. At each step of the CGA,
the computed finite element solution is smoothed according
to the following rule. If the element under consideration is
not a boundary element, its nodal values are replaced by
the average nodal value of the element and its neighboring
elements. If the element is a boundary element, its nodal
values are set to the average of the nodal values within
that element only, without considering neighboring elements.
This procedure helps remove artifacts and enabled a more
accurate reconstruction of the MM depth, as demonstrated
by the reconstructions obtained in Tests 2, 4, and 5.

B. MM in a homogeneous domain

We begin our numerical tests by considering MM in a
homogeneous domain. Fig. [2] provides an overview of the
exact distributions of &, and o, while Table [I] lists the
corresponding parameter values. In both Tests 1 and 2, we
reconstruct MM located in a homogeneous domain.

Test 1

In this section, we consider only two tissue types: MM
and non-melanoma tissue. In Fig. 3] we show the simulated
observations F, at the observation points after smoothing
the noisy data.

Here, we use the initial values of € = 1 and 00 =
Fig. E shows the reconstructed ¢, 5, and o, alongside the
exact solutions. Here, |le 4/, = 10 and oy 4] ~ 1.29,
see Table [2] for the ACGA convergence results. The table
also presents the number of nodes in the generated adaptively
refined finite element meshes which are shown in Fig. [3] It
can be observed from both the figure and the table that mesh

(a) ew (b) ow

FIGURE 2: Spatial distribution of ¢,, and o, in the homoge-
neous domain Qg With ||ey(2)]|eo =9 and o, (z) = 1.2
for z insidle MM and £, (z) = 1 and o,(z) = 0 for z
outside MM.

Time iteration: Time iteration:

(b)yt=4.8

Time iteration:
400

(©)t="17.2

dt=96

FIGURE 3: Test 1. Simulated noisy backscattered data £ =
E,ps after smoothing for different times ¢ € (0,7) in a
homogeneous domain with MM. The noise level in the data
for the electric field is £ = 0.1.

refinement first occurs during the third refinement iteration
of the ACGA.

Test 2

Here, we use the same setup as in [lest I} except that
the smoothing procedure described above, is applied to
the reconstructed functions. The convergence results of the
ACGA are presented in Table [3] with illustrations of the
reconstructed €, 5, and o, , shown in Fig. |§l The projections
of the adaptively refined finite element mesh obtained after
the final refinement are shown in Fig. [7]
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FIGURE 4: Test 1. Solid isosurfaces representing MM in the N R R ININININ AAAAAAA 7 T
reconstructed solutions €,, 5 and o, 5, together with opaque NN Se R ana e PRSI A
R . . R SR < VeV PAVAVAR 7
isosurfaces corresponding to the exact reference solutions &,, R R R s s A VA AV AL LA L
and o,,. Reconstructions are obtained on K, 7. e e R e T o i e
N\ \ N D NN N\ / / / /| /
(e) i = 6. Top view. (f) i = 6. Side view.
AN NN NN P VoV PV VP VA AV Vel VA VAV Pl P
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TABLE 2: Test 1. Computational results of the reconstruc- RRviE NN RIS 17
. . N ORI N % / y y; 7 % 7
tions ||y nllcc and ||oy nlleo, respectively, at 6 GHz. The 334 NN Vet VA VA VA VA VA
results relate to the homogeneous domain with initial values §§ Seis : 3 S
of €, =1 and 0 = 0. Here, i denotes the iteration of the "1 =~ s N B e e e
ACGA, M; is the number of iterations of the CGA, R; is NI ‘ SIS VaVAVAVAYAYAYAYd % vl
the total number of points in mesh Ky, ;. SRR NANNNN % PAVAVa
NN \ % / L/
N N NN N N /] /| / 4 / v /|
i [ ™M | Ri | lewnlle [ lownlle [ gl /Bi | ligoll/Ri ] AN NN NN NINEN N AN NN AN NN v e v VAV VaVaPAVAYa
0] 2 | 9261 10 0.73 9.3173-10°° | 6.1434-100 — : -
1] 1 9261 10 0.71 9.3173-107% | 6.1434-1076 (g) i = 7. Top view. (h) i = 7. Side view.
2| 1 9261 10 0.82 9.9274-107% | 4.9566-10~°
—5 —6 . .
3] 1 | 938 10 091 | 11243 107" | 54783 107 FIGURE 5: Test 1. Adaptively refined finite element meshes
4] 1 | o857 10 1.00 1.0696 - 105 | 3.3198 - 10~ . . .
— — Ky, for i € {4,5,6,7} generated using the ACGA with the
5 1 | 11332 10 1.10 9.3224 - 10 2.9490 - 10 7h f . . d
o T 1 13325 m 1o 78202 10=° | 25610 10=0 mesh refinement parameters given in (32) and (33).
7] 1 | 19255 10 1.29 5.4447-10=6 | 1.7890-10—6
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(@) €w,h (b) ow,n

(€) Ew,h- Side view. (d) ow,n- Side view.

(€) €w,h- Top view. (f) ow,n. Top view.

FIGURE 6: Test 2. Generated isosurfaces of the recon-
structed e,,, and o, 5, on Kj, 4 in the homogeneous domain.
Initial values were chosen as ) = 1 and ¢ = 0. The
isosurfaces of the reference solution are shown in opaque

dark gray.

S < NN NN NN NN < <O
N N N \ \ N o \ N \

(a) Side view (b) Top view

FIGURE 7: Test 2. Projections of the adaptively refined finite
element mesh K, 4 after 4 mesh refinements.

TABLE 3: Test 2. Computational results of the reconstruc-
tions ||ew nllco @and ||ow nllco at 6 GHz. The results relate
to the homogeneous domain with initial values of €9 = 1
and 0¥ = 0, with smoothing applied at each iteration. Here,
7 denotes the iteration of the ACGA, M, is the number of
iterations of the CGA, R; is the total number of points in
mesh Kj, ;.

i 1M | Ri [ lewnlla [ lownlle | Noell /R | ligoll/Ri |
0| 4 9261 10 0.9239 7.520-1076 | 8.672-1076
1 1 10024 10 0.6468 6.947-1076 | 8.012-10—6
2 1 13373 10 0.7270 4.746 -1076 | 4.422.10—6
3| 1 | 27606 10 0.7990 2.380-1076 | 2.149-10°6
4| 1 | 87662 10 0.8768 7.526-10"7 | 7.071-10"7

-
B

L 180400

(a) ew (b) ow

FIGURE 8: Spatial distribution of €,, and o,, in Qg in the
non-homogeneous computational domain. Values of €, (z)
and o, (z) are chosen as in Tests 3, 4 and 5 in the Table

From the reconstructions shown in Fig. [6| we conclude
that the smoothing procedure enabled a more accurate re-
construction of the MM depth than that obtained in Test 1.

C. MM in skin

We now move to the non-homogeneous setting by intro-
ducing additional tissue types into the domain. In the non-
homogeneous case, the domain Qpgy; consists of MM,
epidermis, dermis, and fat. Here, are assigned the values
given in Table [I} see also Fig. [8]

Applying a procedure similar to that in the homoge-
neous setting, but adapted to the non-homogeneous domain,
yields backscattered observations that also contain reflections
caused by tissue types other than the MM. We therefore seek
to isolate the backscattered data originating from the MM
tissue.

Test 3
This section presents the results of applying the ACGA to
MM in the skin using the extracted scattered electric field
E* originating from the MM tissue.

Test 3 is performed with the backscattered data obtained
from (23)), but without applying the calibration procedure to
these data. We note that the ACGA is locally convergent, and
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@) ew b) ow

FIGURE 9: Spatial distribution of &, and o, in Qpgy in
the non-homogeneous computational domain consisting only
of healthy skin. Values of ¢,,(x) and o,,(x) are chosen as

in Tests 3, 4 and 5 in the Table El

Time iteration: Time iteration:

(a)t=24 (b)yt=438

Time iteration: Time iteration:

(©t=12 d)t=96

FIGURE 10: Test 3. Backscattered data computed by solving
the forward problem for different times ¢ € (0,7") for skin
tissue without MM, as presented in Fig. [0] The data were
generated using £ = 0.1 in (3I)), corresponding to 10% noise

in the data, after the smoothing procedure.

its results depend on a good initial guess for the parameters

Y

using two different sets of initial guesses.

Using the same setup as in Test 1 together with the initial

guesses €) = 1 and 0% = 0 yields a poor reconstruction,
which is therefore omitted. However, when the ACGA is

initialized with the solution obtained after the first ACGA

iteration in Test 1, or equivalently with the initial guesses
0 _ A1 0 _ 1 1 1

€w = €homo and Ow = %homo> where €homo and O homo
denote the solutions obtained on the homogeneous domain

in Test 1 using the mesh K} o, we obtain significantly

VOLUME ,

9 and ¢l. To illustrate this, we performed computations

Time iteration: Time iteration:
10 200

(a)t=24 (b)yt=4.8

Time iteration: Time iteration:
300 400

(©t=12 d)t=96

FIGURE 11: Test 3. Backscattered data computed by solving
the forward problem for different times ¢ € (0,7") for skin
tissue with MM, as presented in Fig. 8] The data were
generated using £ = 0.1 in (3I)), corresponding to 10% noise
in the data, after the smoothing procedure.

Time iteration: Time iteration:

R L [,
o[- %10% -
-, —B

0% 0o

byt =48

Time iteration: Time iteration:

(c)t=72 dt=9.6

FIGURE 12: Test 3. Preprocessed backscattered data com-
puted using (23) for different times ¢ € (0,7") generated
using & = 0.1 in (3I), corresponding to 10% noise in the
data, after the smoothing procedure.
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(a) Ew,h (b) Ow,h

(€) Ew,h- Side view. (d) ow,n- Side view.

(€) €w,h- Top view.

(f) ow,n. Top view.

FIGURE 13: Test 3. Solid isosurfaces of MM in the re-
constructed solutions &, 5 and o, j, together with opaque
isosurfaces of the exact reference solutions &, and o.
Reconstructions are obtained on Kj, 5 with mesh refinement

parameter defined in (32) and (33).

TABLE 4: Test 3. Computational results of the reconstruc-
tions ||y nlloo and ||ouw.nllec at 6 GHz. The results relate
to the non-homogeneous domain with the initial values
el =¢} . and o) = o}, where e —and ol
denote the solutions obtained on the homogeneous domain
in Here, 4 is the iteration of the ACGA, M; is the
number of iterations of the CGA, R; is the total number of

points in mesh K, ;.

G T [ R | Jewnlle [ lownlle | ol /R | lgoll/Ri ]
0| 2 9261 10 1.34 1.3006 - 10~° | 3.0550 - 105
1 1 9261 10 1.10 1.3006 - 10~° | 3.0550 - 10~°
2 1 9261 10 1.49 1.3673-107° | 2.6668-10~°
3 1 9385 10 1.77 1.2931-10~5 | 2.0050-10~°
41 9857 10 2.00 1.2304 - 10~ | 1.9034-10~°
5| 1 | 11332 10 2.00 1.0767-10~° | 1.6786-10~°

Time iteration: Time iteration:

200 250

(@t=48 (b) t=6.0

Time iteration: Time iteration:
300 350

j—}

(c)t=72

(dt=284

FIGURE 14: Test 4. Preprocessed, calibrated, and embedded
backscattered data for different times ¢ € (0,7') computed

using (26).

improved results in terms of the geometrical shape of the
reconstructed MM, as shown in Fig. @ From the results of
Test 1 presented in Table 2] we observe that the reconstructed
values are |} |l = 10 and ||o},,,,|lcc = 0.73. Hence,
these reconstructed values provide good initial guesses for
the second ACGA run.

Table [ reports the maximum norms of the reconstructed
€w,n and oy, . We observe that the final reconstructions
llew,hlloo = 10 and ||oy 1 ||cc = 2.0 are obtained on the mesh
K}, 5. These values overestimate the exact values of ||€y]| oo
and ||oy||o0; see reference values for this test in Table
We note that the values ||y 1|lcc = 10 and ||ou pllcc = 2.0
coincide with the upper bounds € and & of the admissible
parameter sets defined in (3) and (28).

Based on the results of this test, we conclude that using
only the scattered data E is insufficient to obtain accurate
quantitative and qualitative reconstructions. Additional cal-
ibration and embedding procedures applied to the scattered
data E° are therefore necessary to improve the reconstruction
results.

Test 4

In this setting, we again consider MM in skin, but here the
preprocessed data are calibrated as described in Section [A]
using (26). Furthermore, the FEM solutions are smoothed
at each iteration, as in The initial values used here
are €2 =1 and ¢f, = 0, as in the homogeneous setting. The
results are summarized in Table[3] the reconstructed solutions
€w,n and oy, are shown in Fig. @ and the resulting FEM
mesh is shown in Fig. [T6
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TABLE 5: Test 4. Computational results of the reconstruc-
tions ||ey pllco and ||oy 1 llc at 6 GHz. The results relate to
the non-homogeneous domain using the initial values !, = 1
and ¢ = 0, with smoothing applied at each iteration. Here,
1 1s the iteration of the ACGA, M, is the number of iterations
of the CGA, R; is the total number of points in mesh Kj, ;.

i [ M| Ri [ ewnlly [ lownlly [ loell /B | ligoll/Ri ]
0| 3 9261 10 0.2367 2.761-10~% | 9.006 -10~
1 1 10112 10 0.1375 2.529-1075 | 8.248.106
2 1 13365 10 0.1609 1.929-107° | 6.497-10~6
3| 1 | 26643 10 0.1831 9.641-10~6 | 3.250-10-6
4 1 79440 10 0.2061 3.209-107% | 1.092-106

@ cun ®) Tun

21001

Lo

(€) €w,h- Side view. (d) ow,n- Side view.

(f) 0w, Top view.

(€) €w,h- Top view.

FIGURE 15: Test 4. Reconstructed isosurfaces of ¢, ;, and
Ow,n on Ky 4 in non-homogeneous medium using prepro-
cessed and calibrated data, with initial values a?u =1 and
o = 0. The isosurfaces of the reference solutions are
displayed in opaque dark gray.

w
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(a) Side view (b) Top view

FIGURE 16: Test 4. Projections of the adaptively refined
finite element mesh K, 4 after 4 mesh refinements.

TABLE 6: Test 5. Computational results of the reconstruc-
tions ||€y. n|loo and |0y 1 l|oo at 6 GHz. The results relate to
the non-homogeneous domain with the initial values £}, = 1
and 00 = 0, while applying smoothing at each iteration.
Here, i is the iteration of the ACGA, M; is the number of
iterations of the CGA, R; is the total number of points in
mesh Ky, ;.

i T [ Ri [ Jewnlloe [ lownlle [ ol /B | llgoll /R ]
0] 4 9261 10 1.150 1.588-107° | 5.192-10~6
1] 1 | 10388 10 0.8590 1.416-107° | 4.629 -10—6
2 1 13881 10 1.039 1.302-10° | 8.784-10"6
3 1 28228 10 1.296 6.401-107% | 4.534-106
4] 1 | 83130 10 1.542 2.171-10~6 | 1.606-10—6
The ACGA converged with ||oy pllcc =~ 0.21, which

somewhat overestimates the reference value of |0yl =
0.12 (see Table [T).

Test5
In this setting, we repeat the setup from except that
the data are calibrated without the embedding procedure
using (27). The results are summarized in Table [6] Visu-
alizations of the reconstructed solutions ¢, and o, j are
shown in Fig. [T7]

From the reconstructed values in Table [6] we observe
that high contrast is achieved for both ¢, ; and oy, 5, with
llew.hlloo =10 and ||ow nlloo = 1.54.

D. Discussion on reconstruction results

Table [7] summarizes the final reconstruction results for
llew,hllo and ||oy nllec obtained on the finite element
meshes K, ;. From Table [/, we observe that the maximum
reconstructed ||, nlloo = 10 is obtained in all tests, which
is close to the exact value ||y |/cc = 9. However, obtaining
an accurate contrast for ||o,, 5| is more challenging.
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() 0w h

(a) Ew,h

(€) €w,h- Side view. (d) ow,n- Side view.

(€) €w,h- Top view.

(f) 0w, Top view.

FIGURE 17: Test 5. Generated isosurfaces of the recon-
structed solutions of e, and oy, on Kp 4 in a non-
homogeneous medium using preprocessed and calibrated
data, with initial values £), = 1 and 0¥, = 0. The isosurfaces
of the reference solutions are displayed in opaque dark gray.

TABLE 7: Summary of the final reconstruction results
for |lew,nlloo and ||y, nllec Obtained on the finite element
meshes K, ; at 6 GHz. Here, ¢ denotes the number of mesh
refinements.

Test 1 | Test2 | Test3 | Test4 | Test 5
Kn7 | Kna | Kps | Kpa | Kpa
lewllo 9 9 9 9 9
llew,nlloo 10 10 10 10 10
T 12 1.2 012 | 012 | 012
llow,nlloo 1.29 0.88 2.0 0.21 1.54
cey = zwl= o | o | o | o | o
eo, = 17Tl 008 [ 027 | 157 | 075 | 118
comp. time (minutes) 14 7 10 7 7

— lew=cwnlleo

The smallest relative errors e.,, = ol

W were obtained in Test 1 and 2 corresponding to
the reconstruction of MM in a homogeneous domain.

Let us analyze the results of Tests 3, 4 and 5 which
correspond to the reconstruction of MM in skin. We note
that in these tests, we use a different reference value of
lowlloo = 0.12 than in Tests 1 and 2, in order to examine
the influence of |0, || On the reconstruction results. Recon-
struction results for the dielectric properties of MM in skin
with ||oy||ec = 1.2 will be reported in future work. Tests 3,
4 and 5 show a small relative error e, in the reconstruction
of ¢,, but a relatively large error e, in the reconstruction
of 0,,. We note that the relative error e, = 0.11 is close
to the noise level 10% introduced into the observation data,
which is consistent with the theory of inverse problems. The
smallest relative errors e., = 0.11 and e,, = 0.75 are
obtained in Test 4 where the reconstructions were performed
using calibrated and embedded data. Tests 3 and 5 exhibit
very large relative errors in e, and should therefore be
omitted from further testing when the objective is to recon-
struct ||ey /oo and ||y, ||oo. However, if the interest lies only
in reconstructing ||e,||c and the shape of MM, these tests
also yield good results.

To improve the reconstruction results for MM in skin
in terms of the maximum contrast for o, j, it would be
necessary to use a different initial guess for o or to select
a different step size in the CGA for o, ;. This leaves
room for further investigation and for improvement of the
reconstruction results in terms of the maximum contrast of
Ow,h-

However, all reconstructions of ||ey, 1 |lcoc show good re-
covery of the geometric properties of the MM in the skin,
including its depth. The depth is not correctly reconstructed
on the initial coarse mesh, and further mesh refinements are
required. We also note that the smoothing procedure on the
refined meshes allows us to obtain an accurate estimate of
the melanoma depth. This can be explained by the fact that
we smooth the obtained reconstructions over neighboring
elements, which are locally refined precisely in regions
where the maximum values of the dielectric permittivity and
conductivity are computed. As a result, the smoothed recon-
structed functions provide improved values for computing
new reconstructions in the subsequent iteration of the ACGA.

Table also presents the approximate computational
times, in minutes, for all five tests. All computations were
implemented efficiently in the WavES software package
[40] and executed on a workstation at our home institution
running Devuan GNU/Linux 4 (Chimaera). We observe that
the reconstructions in Tests 2, 4, and 5 converged on meshes
refined four times and required approximately 7 minutes of
computational time. The reconstruction in Test 1 converged
on a mesh refined seven times and took 14 minutes, while
Test 3 converged on a mesh refined five times and required
10 minutes. We note that, in all tests, the reported times
include not only the computational time but also the time

and e;, =
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required to export results for visualization in ParaView and
GiD.

Overall, the results indicate that all computations were
performed efficiently, suggesting that the reconstruction of
dielectric properties can be achieved within minutes and
highlighting the potential of the ACGA for real-time appli-
cations.

VI. CONCLUSION

The primary goal of this article is to develop efficient and
reliable adaptive algorithms for reconstructing the weighted
relative dielectric permittivity and weighted conductivity of a
given domain. Using Maxwell’s equations, an optimization-
based approach was applied to simulated time-dependent
backscattered electric field data. The resulting reconstruc-
tions show accurate localization, depth estimation, and
recovery of the maximum values corresponding to the
weighted dielectric properties of MM tissue as the mesh is
refined using the ACGA.

The method proved successful, both quantitatively and
qualitatively, for both homogeneous and non-homogeneous
domains. The CIP was formulated using Maxwell’s equa-
tions and the regularized Tikhonov functional was mini-
mized via a Lagrangian approach. The resulting optimiza-
tion problem was solved using an ACGA. To handle the
solution of the associated partial differential equations, a
domain decomposition method of [5] was applied. The
authors of [5]] demonstrated the effectiveness of this approach
for reconstructing the dielectric permittivity of real breast
phantoms from the database [38] for known conductivity,
further supporting the method’s applicability.

Our computational results demonstrate that the ACGA can
reconstruct the maximum values of the weighted relative
dielectric permittivity of MM tissue, both in a homogeneous
domain and in skin, while also recovering its depth and shape
once local mesh refinement is applied. The reconstruction
results for MM in skin can still be improved with respect to
the maximum contrast of o,,. This may be achieved by using
a different initial guess for o0 or by selecting a different step
size in the CGA for o,,.

Our computational results also indicate that all com-
putations were performed efficiently, suggesting that the
reconstruction of dielectric properties can be achieved within
minutes and highlighting the potential of the ACGA for real-
time applications.

Nevertheless, further research is required before the
method can be developed into a robust tool for clinical
applications. It was shown in [20] that MM tends to grow
in cone-like shapes. In [27], such geometries were used
and corresponding finite element meshes were produced. Fu-
ture studies could incorporate the finite element geometries
presented in [27] to improve the biological realism of the
simulations.
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