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Abstract

Quantum algorithms for flow simulation are advancing rapidly, but reproducible wall-
bounded benchmarks with classical reference data are still needed to evaluate future quan-
tum and hybrid quantum-classical solvers. This work presents a forced D3Q19 multiple-
relaxation-time (MRT) lattice-Boltzmann method (LBM) benchmark for body-force-driven
Poiseuille flow in a three-dimensional channel. The solver combines periodic streamwise
and spanwise boundaries, halfway bounce-back walls, moment-space relaxation, and body-
force forcing with the half-force velocity correction. The solution is verified against the
analytical parabolic profile using relative L, and maximum profile errors, mass conser-
vation, extrapolated wall slip, and wall-normal leakage. A verification study over grid
resolution, relaxation time, forcing strength, and initialization demonstrates second-order
grid convergence and robust conservation behavior. The verified timestep is then decom-
posed into quantum-relevant primitives, including streaming, wall reflection, moment
transformation, MRT relaxation, equilibrium evaluation, forcing, macroscopic recovery,
and measurement. The resulting benchmark connects flow-solver accuracy metrics with
operator-level requirements for quantum implementation, providing a compact reference
problem for future quantum processing unit (QPU)-assisted, hybrid quantum-classical, and
quantum-linear-solver-based computational fluid dynamics (CFD) studies. Performance
gains over classical LBM execution are not assessed here.

Keywords: quantum computing; computational fluid dynamics; scientific computing; lattice
Boltzmann method; D3Q19; multiple-relaxation-time collision; quantum linear solvers;
wall-bounded flow; quantum computational fluid dynamics

1. Introduction

Computational fluid dynamics (CFD) relies on large-scale numerical solvers whose
cost grows rapidly with spatial resolution, physical complexity, and Reynolds number.
Quantum computing has therefore attracted interest as a possible route toward new simu-
lation strategies for transport and flow problems. The field is still young. Recent reviews
describe quantum CFD as a promising direction that requires careful benchmark design,
rigorous validation, and a realistic treatment of nonlinear and dissipative operators [1].
These points are especially relevant for lattice-based kinetic methods, where the structure
of the algorithm is close to a sequence of local transformations and lattice shifts.

The lattice Boltzmann method (LBM) evolves particle populations on a discrete velocity
set and recovers hydrodynamic behavior through a kinetic update [2—4]. Its streaming
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and collision structure has made it attractive for parallel classical computing and for early
quantum-fluid ideas. Quantum lattice-gas and quantum lattice-Boltzmann approaches
have been explored for more than two decades [5]. Recent work has renewed this interest
by proposing quantum lattice-Boltzmann, dynamic-circuit LBM, and quantum Carleman
lattice-Boltzmann formulations for transport and nonlinear flow simulation [6-9]. Quantum
linear-system algorithms also motivate hybrid approaches in which nonlinear dynamics
are lifted or linearized before solution on quantum subroutines [10,11].

Beyond its use as a classical CFD solver, LBM is increasingly used as a flexible platform
for modern flow-simulation strategies. Recent examples include physics-constrained
machine-learning closures for LBM large-eddy simulation, reinforcement-learning control
of coarse-grained lattice-Boltzmann closures, high-performance graphics processing unit
(GPU)-oriented LBM formulations for turbulent flows, and complex-geometry applications
ranging from engineering and biological flows to turbulence studies [12-17]. This breadth
makes LBM a useful setting in which to define reproducible benchmarks that connect
classical verification metrics with quantum-operator requirements.

A practical obstacle remains. Many quantum CFD proposals require clean classical
reference problems that include boundary conditions, forcing, and reproducible error
metrics. Periodic cases are useful, yet wall-bounded flows are more representative of
engineering CFD. The present work addresses this benchmark need through a reproducible
forced wall-bounded D3Q19 multiple-relaxation-time (MRT) LBM reference problem with
clear diagnostics for future quantum, hybrid quantum-classical, and quantum-linear-solver-
based flow studies.

Existing quantum-flow studies have made important progress in quantum lattice-
gas models, quantum lattice-Boltzmann algorithms, Carleman-linearized LBM, and non-
linear quantum LBM simulations [5,6,9,18,19]. Dynamic-circuit quantum lattice Boltz-
mann method (QLBM) work advances timestep circuits for linearized advection—diffusion
models [7,8], Carleman-based studies provide lifted collision circuits at moderate Reynolds
number [9,11,19], and recent nonlinear QLBM formulations target strongly nonlinear fluid
dynamics at the algorithm level [6,18]. Those lines of work center on circuit construction,
lifting, or proof-of-principle quantum timestep designs. The present study complements
them with a reproducible forced wall-bounded D3Q19 MRT benchmark, classical validation
metrics, and an operator-level quantum audit tied to the same timestep used in the verified
classical solver.

The solver uses a verified D3Q19 MRT-LBM formulation for body-force-driven channel
flow with a consistent forcing treatment. The collision operator follows the MRT formula-
tion, which provides separate relaxation rates for kinetic moments and has been widely
used for improved stability relative to single-relaxation-time models [20,21]. Halfway
bounce-back is used to impose the two channel walls, following common LBM practice for
no-slip wall-bounded LBM simulations [3,22,23].

The contribution of this paper is threefold. First, it defines a reproducible forced D3Q19
MRT-LBM benchmark for wall-bounded Poiseuille flow, including analytical validation and
machine-readable error metrics. Second, it verifies the benchmark through grid refinement,
relaxation-time variation, forcing-strength variation, and initial-condition tests, thereby
providing performance-relevant accuracy and robustness data. Third, it translates the
verified timestep into quantum-relevant operator primitives, identifying which parts map
to reversible streaming and bounce-back circuits and which parts require block encoding,
dissipative-channel treatment, finite-precision arithmetic, or measurement-heavy readout.

Relative to the QLBM, Carleman, and dynamic-circuit studies cited above, the missing
benchmark elements addressed here are a forced three-dimensional D3Q19 MRT wall-
bounded channel, halfway bounce-back walls, body-force forcing, reproducible classical
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verification data, and diagnostics for profile error, mass conservation, wall slip, and wall-
normal leakage. Existing quantum-LBM studies have mainly emphasized circuit construc-
tion, linearized transport, advection—diffusion models, lifted formulations, or proof-of-
principle nonlinear updates, rather than a fully specified forced D3Q19 MRT wall-bounded
reference case with parameter sweeps and classical error targets. The present benchmark
is therefore designed to support and test several circuit-level components separately: re-
versible streaming circuits, boundary-controlled bounce-back/reflection circuits, local
block-encoded moment-transform circuits, dissipative or channel-based MRT-relaxation
circuits, finite-precision equilibrium/forcing subroutines, and measurement strategies for
macroscopic observables. Thus, the contribution is not a quantum speedup claim, but a
validated classical reference and operator-level circuit target for future quantum processing
unit (QPU)-assisted and hybrid quantum-classical CFD studies.

2. Numerical Method
2.1. D3Q19 Lattice and Macroscopic Fields

The simulations use the D3Q19 velocity set with Q = 19 particle populations f;(x, t),
indexed by i € {0,...,18} in the order used by the reference solver. The lattice velocities are

(£1,0,0), (0,41,0), (0,0, 1), i=0,...,5,
¢ = { (£1,41,0), (0,41, 1), (£1,0,£1), i=6,...,17, (1)
(0/010)/ l - 18,

with weights w; = 1/18 fori = 0,...,5 w; = 1/36 fori = 6,...,17, and wig = 1/3.
Table Al in Appendix A lists each link explicitly. The discrete sound speed is

1

The density is computed as
18
p=) fi (€)
i=0

The velocity includes the standard half-force correction used in consistent forcing schemes,

_ 21120 Cifi + %F (4)
1Y
For the present channel case the body force is spatially uniform and acts in the stream-

wise direction,
F = (F,,0,0). 5)

2.2. Equilibrium Populations
The low-Mach D3Q19 equilibrium distribution is

‘u (¢-u)? u-u

eq Vi
= pw; |1 — .
i pwi L+ c2 + 2ct 2c2

With cg = 1/3, Equation (6) gives the familiar coefficients 3, 4.5, and 1.5.

2.3. MRT Collision

The MRT collision step is performed in moment space. Let f = (fo, ..., fig)! be the
population vector at a lattice node and let M be the D3Q19 moment matrix defined in
Appendix A. The moment vector is
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m = Mf,

m = (5P1 e €, jx/ ‘]x/jy/ f]y/jz/ qz, 3Pxx/ 37Txx, Pww, TTww, Pxy, Pyz, Pxz, Mx, My, mz)Tr (7)

where Jp is the density moment, e and € are energy moments, jy, jy, and j, are momentum
moments, gy, gy, and g, are heat-flux moments, Pup and Ttyp are stress moments, and m,,
my, and m; are higher-order kinetic moments. The diagonal relaxation matrix is

S = diag(so,s1,---,518), ®)

with the entries given in Table A2. The conserved density and momentum moments have
zero relaxation. The shear-related moments use

T—1/2 . 1
3 7 VT 3u4+1/2

©)
for moments 3pyx, Pww, Pxy, Pyz, and pxz. The remaining kinetic relaxation rates follow
the standard D3Q19 MRT values used in the reference implementation. The equilibrium
moment vector m*/ is computed from p and u.

2.4. Forcing Scheme

Body forces are incorporated through the Guo forcing scheme [24], applied here in
moment space; the text below refers to this as body-force forcing. Here F denotes the
macroscopic body-force vector and ®; denotes the discrete Guo source term at lattice link 7.
The discrete source term is

Jei—u | (ci-u)c

D =w -F. 10
=i = (10)

The source term is transformed to moment space as
P, = M, (11)

where @ = (@, ..., P3)". The post-collision moment vector is then computed as

m”*! = m — S(m — m*7) + <I — ;) D). (12)

For conserved moments, the forcing increment is applied directly. The post-collision
populations are recovered through

grost M—lmpost' (13)

2.5. Streaming and Wall Treatment

The channel is periodic in x and z directions. Streaming shifts every population along
its lattice direction. At the lower and upper walls in y direction, halfway bounce-back
reflects outgoing populations into their opposite directions, in line with standard no-slip
wall treatments used in lattice-Boltzmann channel flows [3,22,23,25]. The opposite direction
index is denoted by i. For a link crossing a wall, the reflected population is assigned at the
same boundary fluid node as

fitx t+1) = % (x,1). (14)

This gives a simple wall model suitable for the present Poiseuille verification problem.
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2.6. Analytical Reference Solution

The flow is driven by a constant streamwise body force between two stationary walls.
With halfway bounce-back, the physical walls are placed at y = 0 and y = H, while fluid
nodes lieaty; = j+1/2forj=0,1,...,Ny — 1. The analytical velocity profile in lattice
units is

F.
ana _ X _
w2 Y) = 5oy (H = Y), (15)
where H = N, and pg = 1. The target maximum velocity is used to select the forcing strength,

8Vlmax
F = 27 (16)

Figure 1 summarizes the timestep order used in the solver: macroscopic recovery, mo-
ment transform, equilibrium evaluation, MRT collision with forcing, inverse transform,
streaming, and halfway bounce-back at the channel walls.

{ fi H p.u H m=Mf H m* HMRT collision Guo forcingH = H Streaming HBounce-back}

u=<z‘p,fg+F/2 Ip
i

mPst =m — S(m — m) + (/ — S/2)MD

Figure 1. Schematic of the forced D3Q19 multiple-relaxation-time lattice-Boltzmann method (MRT-
LBM) timestep used in the channel solver.

3. Verification and Performance Metrics

The verification study comprises eighteen simulations grouped as Al (baseline), B1-B4
(grid refinement), C1-C6 (relaxation-time sweep), D1-D5 (forcing sweep), and E1-E2
(initialization). Table 1 summarizes the design. The baseline case Al starts from rest on
the reference grid. The four B cases refine the wall-normal resolution with proportional
Ny = 2Ny and N; = Ny /2, fixed T = 0.8, fixed tmax = 0.02, and a parabolic start to shorten
the transient. The six C cases vary T on the baseline grid while keeping tmax = 0.02 and
a parabolic start. The five D cases vary umax with 7 = 0.8 and a parabolic start. Cases E1
and E2 repeat the baseline physical settings but compare rest and parabolic initialization
(with different time-marching lengths, as noted in Section 4). In every case the body force
follows Equation (16) from the chosen v, H, and #/max.

Table 1. Verification study design (eighteen cases A1-E2). The body force in each case is set from
Equation (16).

Study Cases Purpose Grid Main Parameter Initial Condition
Baseline 1 Reference validation 64 x 32 x 16 T = 0.8, tmax = 0.02 rest

. . Spatial convergence 32 x16 x 8to o - .
Grid refinement 4 (N, = 16,32, 48, 64) 128 x64x3 T 0.8, ttmax = 0.02 parabolic
Relaxation-time sweep 6 Collision-time sensitivity 64 x 32 x 16 T = 0.55-1.60, ttmax = 0.02 parabolic
Forcing sweep 5 Forcing-strength sensitivity 64 x 32 x 16 T = 0.8, Umax = 0.005-0.080  parabolic
Initialization 2 Initial-condition effect 64 x 32 x 16 T = 0.8, umax = 0.02 rest or parabolic

The study is designed to provide reference metrics for future quantum or hybrid
quantum-classical LBM implementations. The reported quantities include the analytical
velocity-profile error, grid-convergence trend, mass-conservation level, wall-slip diagnostic,
wall-normal leakage diagnostic, and parameter-sensitivity behavior.
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To clarify the physical regime, we also report Reynolds and Mach numbers for the
verification campaign. We define

Remax = umsz, Mamax = ur;lax = \/gumax/ (17)
S

where H = Ny, v = (t—1/2)/3,and ¢s = 1/ \/3. For the parabolic Poiseuille profile,
the bulk Reynolds number is Re, = (2/3)Remax. Table 2 summarizes the resulting ranges.
The full campaign spans Remax = 1.6-38.4 and Mamax = 0.0087-0.139. Thus, the benchmark
is a laminar wall-bounded test case, with the main validation cases in the low-Mach regime
and the highest forcing case included as an upper-Mach sensitivity case. The baseline,
grid-refinement, relaxation-time, and initialization cases use Mamax ~ 0.035.

Table 2. Dimensionless parameter ranges for the verification campaign. Here Remax = #maxH /v uses
the centerline target velocity, and Mamax = Umax/Cs.

Study H v Remax M amax
Baseline/initialization 32 0.1000 6.4 0.0346
Grid refinement 16-64 0.1000 3.2-12.8 0.0346
Relaxation-time sweep 32 0.0167-0.3667 1.75-38.4 0.0346
Forcing sweep 32 0.1000 1.6-25.6 0.0087-0.139
Full campaign 16-64 0.0167-0.3667 1.6-38.4 0.0087-0.139

The primary error metric is the relative L, velocity-profile error,

Ny-1 211/2
[T ) - )] .
= 1 oNy—1 211/2 (18)
[ T (g ()]
The maximum profile error is
Eeo = max " () — 2" (y) | (19)
Mass conservation is reported through the maximum sampled relative mass error,
_ max| M) = M(0)

Wall slip is estimated by linear extrapolation of the mean streamwise velocity to the physical
wall locations,

Uyp = 1.51x(yo) — 0.5ux(y1), Ut = L5ux(yn,—1) — 0.5ux (YN, —2)- (21)

The reported wall-slip diagnostic is

) (22)

Eslip = max(‘uw,b‘r |uwrt

For a streamwise Poiseuille flow the target wall-normal velocity is zero. The wall-normal
leakage diagnostic uses the x—z mean of the y velocity component at the near-wall
fluid rows,

1 Ny—1N,—-1

uy(y]-) = 2 Z uy(xi,y]-,zk), j=0,...,N,—1, (23)
NxN: = (=

https://doi.org/10.3390/fluids11070175


https://doi.org/10.3390/fluids11070175

Fluids 2026, 11, 175

7 of 21

and reports the maximum magnitude at the bottom and top fluid nodes,

7

Eleak = max(’ﬁy(yo) ﬂy(yNyﬂ)D' (24)

This quantity measures spurious cross-channel flow at the wall-adjacent lattice rows.

4. Results
4.1. Baseline Validation

Case Al is the baseline validation simulation in Table 1. It uses the grid Ny x Ny x
N; = 64 x 32 x 16, collision time T = 0.8 (so v = 0.1 from Equation (9)), target speed
Umax = 0.02, and a rest start for 20,000 timesteps. Equation (16) gives F, = 1.5625 x 1075,
Figure 2 compares the final streamwise velocity profile with the analytical Poiseuille
solution. The numerical and analytical profiles overlap on the plotted scale and confirm
the expected parabolic shape. Table 3 quantifies the remaining small profile error and
conservation diagnostics. The relative L, error Ej, from Equation (18) and the maximum
profile error E« quantify the streamwise profile. Mass error E,,, wall slip Eg;,, and leakage
Ejcax from Equation (24) measure conservation and wall artifacts. The final centerline and
peak speeds are both 0.01996, close to the target umax = 0.02.

O MRT-LBM
—— Analytical

o8}
=
T

[\
W
I

[\
(e)
T

—
S
!

Wall-normal coordinate, y
w 9
[ [

| | | |
0.005 0.010 0.015 0.020
Streamwise velocity, u,

=]
I

Figure 2. Baseline streamwise velocity profile compared with the analytical Poiseuille solution.

Table 3. Baseline validation metrics for case Al (rest start) at 64 x 32 x 16, T = 0.8, and umax = 0.02.

Metric Value
Ep, (Equation (18)) 1.15 x 1073
Es 1.68 x 10~
En 218 x 10712
Eg; 418 x 107>
Ejeak (Equation (24)) 1.11 x 1016
Final centerline u, 0.01996
Final maximum u, 0.01996

4.2. Grid Convergence

The grid-refinement study keeps T = 0.8 and umax = 0.02 while varying the wall-
normal resolution N, = 16,32,48,64. The streamwise and spanwise sizes scale pro-
portionally as Ny = 2Ny and N; = N,;/2 (Table 1). In each case the channel height is

https://doi.org/10.3390/fluids11070175
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H =

Ny and the body force follows Equation (16), so the analytical Poiseuille solution

keeps the same peak speed umax but spans a different wall-normal extent in lattice units.
All four grid-refinement cases initialize from the analytical profile to shorten the transient.

num

Figure 3 shows the final x—z mean numerical streamwise velocity u}""(y;) at the fluid
nodes y; = j+ 1/2 for the four wall-normal resolutions. Because H changes with N,
the four curves occupy different y-intervals rather than a single shared axis. They share
approximately the same centerline speed (11x =~ Umax at y ~ H/2) and become smoother
parabolic profiles as Ny increases. The coarsest case (N, = 16) has the largest profile error
in Table 4, while the refined cases show progressively smaller errors.

—o— N, =16 N,=32 —o— N,=48 —o— N,=64

60

O
S
T

Wall-normal coordinate, y

N
(@]
T

w
S
T

[\o]
S
T

T T T T T

T

T

10

P ] ] ]
8.000 0.005 0.010 0.015 0.020

Streamwise velocity, u,

Figure 3. Final numerical streamwise velocity profiles for the four wall-normal resolutions Ny = 16,
32,48, 64 with H = Ny, and fixed #max = 0.02. The profiles use the absolute lattice coordinate y at

fluid

nodesy; =j+1/2.

Table 4. Grid-refinement results for cases B1-B4 (parabolic start) with fixed T = 0.8 and umax = 0.02.
Grids use Ny = 2Ny, and N; = Ny /2.

Case Grid (Ny) F, Ep, Ew Egip
Bl 32 x 16 x 8 (16) 6.2500 x 10~° 46 %1073 672x107° 1.67x107*
B2 64x32x16(32) 1.5625x 1075 1.15 x 1073 1.68 x 1075 4.18x107°
B3 96 x 48 x 24 (48)  6.9444 x 10~° 5.11 x 10~% 747 x 107  1.86 x107°
B4 128 x 64 x 32 (64) 3.90625 x 10~° 2.86 x 10~* 42x107%  1.04x10°5

Figure 4 reports the quantitative trend. Table 4 lists cases B1-B4. The F; column shows

the body force from Equation (16) at each H = Ny, so F; drops by roughly a factor of four
when the channel doubles in height while umax stays fixed. For each refinement level, E;,
from Equation (18) compares the final numerical profile with the analytical solution on that
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grid’s fluid nodes. All three error metrics decrease as the grid is refined. On log-log axes,
Ep, versus Ny is close to a power law,

Er, ~ CN,". (25)

Figure 4 adds a grey dashed reference for ideal second-order convergence on the log-log
plot. That line follows Ep, = CrefN]; 2 with C,ef set by the measured point at the coarsest
grid (N, = 16, case B1). The simulation values appear as blue symbols, plotted separately
from the reference line so both remain visible when the data lie close to it. A point on
that reference line would imply a factor-of-four error reduction each time N, doubles.
The measured points track the reference closely, consistent with p ~ 2. A least-squares fit
of log E;, against log Ny, has slope approximately —2.00, which corresponds to p = 2.00
in Equation (25). This second-order wall-normal trend matters for benchmarking because
it separates the expected classical discretization error from extra error that may appear in
future quantum or hybrid implementations.

| Q N - = Ny 2 reference |
9 N
S - N o EL -
$—
N
= - N _
O N
o N
2 N
= N
S Q
a 107 N .
a i N T
~ i N 1
o I N ]
2 i N 1
N | .
; R
(7 i N 1
L N
1 1 1 1 O

Wall-normal resolution, N,

Figure 4. Grid convergence of the relative L, velocity-profile error Ey, from Equation (18) versus
wall-normal resolution Ny, for the four refinement cases in Table 4. Blue circles are the simulation
data. The grey dashed line is an Ny_ 2 reference anchored at Ny = 16.

Figure 5 summarizes Egjjp, Ey, and Ejeqy from Equation (24) for all eighteen verifica-
tion cases in Table 1. The abscissa follows campaign order: baseline A1, grid-refinement
cases B1-B4 (labeled by Ny ), relaxation-time sweep C1-C6, forcing sweep D1-D5, and ini-
tialization cases E1-E2. Lines connect markers to guide the eye across these separate
computations. Each tick marks one verification case rather than a point along a continuous
parameter sweep. The wall-slip metric Egj;;, (blue) is the largest of the three and reflects the
halfway bounce-back treatment. It falls from about 1.7 x 10~* at N, = 16 to about 10 on
the finer grid and baseline-resolution cases, in line with the wall-normal convergence of the
streamwise profile error. Across the fixed-grid T and umax sweeps it stays near 10~5. Mass
error E, (green) stays near 10~!2 and wall-normal leakage Ej.,i (red) near 1016, so profile
and slip error dominate this campaign. Relative to the target velocity scale, these levels are
small for a laminar verification benchmark. For the grid-refinement cases with #max = 0.02,
the largest wall-slip value, 1.67 x 10~% at Ny = 16, is about 0.8% of umax, While the baseline
value 4.18 x 1077 is about 0.2% of umax. These values are below the normalized profile error
on the coarsest grid and comparable to, or smaller than, typical sub-percent verification
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tolerances used for simple laminar benchmark flows. The mass error is near round-off level
and the wall-normal leakage is effectively zero on the plotted scale. Therefore, the dominant
numerical uncertainty in this benchmark is the resolved velocity-profile and wall-slip error,
rather than conservation drift or spurious cross-channel flow.

—O— Wall slip, Egip —— Wall-normal leakage —/—  Mass error, E,

_

o
b
T

10—8 L

10—11 L

Diagnostic magnitude
2
=
T

2 o X N R
AT S NP O

o "y P AP A A S\ N
F N W N\ 7T K SR A A &
A4 S s FE ®

O AT AE WS W

Figure 5. Wall-slip E);,, wall-normal leakage Ejeqx from Equation (24), and mass error Ey, for the
eighteen-case verification campaign (Table 1). The common case ordering and log-scale vertical axis
provide a compact comparison of all three diagnostics across the same simulations.

4.3. Relaxation-Time Sensitivity

The relaxation-time sweep uses cases C1-C6 in Table 1. The grid stays at 64 x 32 x 16,
Umax = 0.02, and the flow starts from a parabolic profile. The collision time ranges from
T = 0.55 to 1.6. Table 5 lists the paired values of v = (7 — %) /3 from Equation (9) and
Fy from Equation (16) at fixed H = 32. Because Fy v for fixed #max and H, both v and
Fy increase down the table. Figure 6 plots E;, from Equation (18) against T on semilog
axes. The error stays near 1073 for T < 0.8 and then falls to about 6.5 x 10~% at T = 1.6.
Between T = 0.55 and 0.60 there is a small non-monotonic increase at the lowest viscosities.
Table 5 reports E,, near 10~!2 for every row. Wall-slip values for the C cases appear in
Figure 5 and vary only weakly near 4 x 10~° across 7.

1073

Relative L, profile error, Ej,

| |
0.6 0.8 1.0 1.2 14 1.6
Relaxation time,

Figure 6. Relaxation-time sensitivity of the relative L, profile error E;, from Equation (18) on
the baseline grid 64 x 32 x 16 with umax = 0.02 and a parabolic start. Each point uses Fy from

Equation (16) at the corresponding v.
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Table 5. Relaxation-time sensitivity for cases C1-C6 (parabolic start) on the baseline grid 64 x 32 x 16
with fixed #max = 0.02. The column v follows Equation (9) and F follows Equation (16).

Case T v E, Ep, E.
C1 0.55 0.016667 26042 x 1076 1.22 x 1073 1.08 x 10712
c2 0.60 0.033333 52083 x107® 1.26 x 103 1.07 x 1012
C3 0.80 0.100000 1.5625 x 107> 1.15x 1073 1.07 x 1012
C4 1.00 0.166667 26042 x 107°  1.03 x 1073 1.09 x 10~12
C5 1.20 0.233333 3.6458 x 1072 9.02 x 10~* 1.05 x 1012
C6 1.60 0.366667 57292 x 107>  6.54 x 1074 1.05 x 1012

4.4. Forcing Sensitivity

The forcing sweep uses cases D1-D5 in Table 1. The grid stays at 64 x 32 x 16 with
T = 0.8 (so v = 0.1) and a parabolic start. The target maximum velocity ranges from
Umax = 0.005 to 0.080. Table 6 gives the matching Fy from Equation (16) at fixed H = 32.
Because Fy o umax at fixed v and H, each doubling of umax doubles Fy in the table. This
sweep checks whether the second-order equilibrium and body-force forcing remain well
behaved as the flow speed increases within a low-Mach band. Figure 7 plots E;, from
Equation (18) against umax on semilog axes (logarithmic u#max, linear Er,) so the nearly
constant error level is visible. The relative error stays near 1.15 x 1073 for every row in
Table 6, which points to a discretization-dominated normalized profile error at these forcing
levels. The pointwise error E,, grows in proportion to #max, as expected when the velocity
scale increases. Wall slip and mass conservation for the D cases appear in Figure 5.

Table 6. Forcing-strength sensitivity for cases D1-D5 (parabolic start) on the baseline grid 64 x 32 x 16
with fixed T = 0.8. The column F; follows Equation (16).

Case Umax F, Ep, Ew
D1 0.005 3.90625 x 106 1.15 x 103 42 x 1076
D2 0.010 7.8125 x 10~° 1.15 x 1073 8.4 x 1076
D3 0.020 1.5625 x 105 1.15x 1073 1.68 x 10~°
D4 0.040 3.1250 x 10~° 1.15x 1073 3.36 x 107>
D5 0.080 6.2500 x 1073 1.15 x 1073 6.72 x 1075
1.152x 1073 — . . . .

5

<§)

R

o

5 1.151x1073 | i

2

=

o O O O O———0

o

9

° 1.150x 1073 - .

2

=

Q

[

1.149%x 1073

| | | | |
0.005 0.01 0.02 0.04 0.08
Target maximum velocity, tmax

Figure 7. Sensitivity of the relative L, profile error E;, from Equation (18) to the target maximum
velocity umax on the baseline grid (t = 0.8, parabolic start). Each point uses F, from Equation (16).
The horizontal axis is logarithmic in #max; the vertical axis is linear in Ep,.
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4.5. Initial-Condition Effect

The initialization study uses cases E1 and E2 in Table 1. Both simulations use the
baseline grid 64 x 32 x 16 with T = 0.8, umax = 0.02, and F, from Equation (16). Case E1
starts from rest and is time-marched for 20,000 timesteps. Case E2 starts from the analytical
parabolic profile and is integrated for 10,000 timesteps because the flow is already near the
forced steady state. Figure 8 tracks the streamwise centerline velocity u, at the mid-channel
fluid row (yn, /2), averaged over x and z, at every 200 timesteps. The rest initialization rises
from zero and reaches about 0.020 by roughly n = 10,000, then stays flat. The parabolic
initialization begins near that same level and remains nearly constant over the shorter time
march, indicating that the forced MRT scheme with halfway bounce-back walls preserves a
correctly initialized Poiseuille state. Table 7 summarizes the final metrics. Both cases reach
the same E L and the same centerline speed 0.01996, close to the target umax = 0.02. Case
E1 matches the baseline rest simulation A1 at these reported precisions. Figure 8 highlights
the transient path, while the final steady-state accuracy is the same for both initializations.

0.020 - - ' ' . M
<
= 0.015 ]
R3)
o)
©
> 0.010 | ]
Q
R=
5
£ 0.005 |
© —— Rest initialization

0.000 |- ! —— Parabolic initialization ]

| | | |
0 5000 10,000 15,000 20,000
Timestep index, n

Figure 8. Centerline streamwise velocity u, at the mid-channel row versus timestep index n for rest
(E1, 20,000 steps) and parabolic (E2, 10,000 steps) initialization on the baseline grid.

Table 7. Initial-condition comparison for cases E1-E2 on the baseline grid 64 x 32 x 16 with T = 0.8
and max = 0.02. The column E;, follows Equation (18).

Case Initialization Timesteps Ep, Final Centerline u,
E1l Rest 20,000 1.15 x 103 0.01996
E2  Parabolic 10,000 1.15x 1073 0.01996

5. Quantum-Algorithmic Audit and Resource Implications

This section interprets the verified forced MRT-LBM timestep as a sequence of opera-
tions relevant to future quantum or hybrid quantum-classical solvers. The aim is to clarify
the algorithmic structure of the benchmark and to identify the parts that are naturally
reversible, linear, dissipative, nonlinear, or measurement-intensive. This distinction is
important because equilibrium evaluation, dissipative relaxation, and measurement are
central challenges for quantum flow simulation [6,26].
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5.1. Operator-Level Decomposition and Register Maps

For the streaming step, a position and velocity basis state may be written as
1, y,2,i),

where i € {0,...,18} indexes the D3Q19 population. The ideal streaming map has the
reversible form
1%,Y,2,0) = |x +Cix, Y + Ciy, 2+ Ciz, 1),

with periodic wrapping in the streamwise and spanwise directions. At a wall-crossing link,
halfway bounce-back can be represented at the operator level as a boundary-controlled
velocity reflection,

1%, ,2,1) = |x,y,2,1),

where i is the opposite D3Q19 direction. These mappings show why streaming and bounce-
back are the most directly quantum-compatible parts of the timestep.

Table 8 summarizes the quantum status of each operator in the present forced D3Q19
MRT benchmark. The audit is operator-level and literature-supported: it maps each
timestep primitive for forced D3Q19 MRT with body-force forcing and halfway bounce-
back walls to quantum implementation requirements. To address implementation feasibility
without claiming measured quantum performance, the final column gives indicative logical
qubit counts, circuit-depth scaling, and gate-count scales for the main timestep operators
before hardware transpilation, error correction, and device-specific routing.

Table 8. Quantum-operator audit and indicative logical circuit-complexity estimate for the forced
D3Q19 MRT-LBM timestep. The final column reports qubit, depth, and gate-scale estimates before
hardware transpilation, error correction, and device-specific routing.

Operator in This Benchmark Quantum Interpretation Literature-Supported Assessment Indicative Qubit/Depth/Gate Metric

Position—velocity encoding

Encode lattice position and
the D3Q19 population index
as quantum registers.

Feasible lower-bound register model.
D3Q19 velocity index: five qubits
([log, 19] = 5; Equation (26)).
Excludes finite-precision, work,
boundary-flag, block-encoding,
loading, and measurement registers.

Gmin = qx + qy +qz + 5.

Baseline grid: gx = 6, 9y = 5, 4: = 4, hence
Gmin = 20 logical index qubits.

This excludes precision, work, loading,
collision, and measurement registers.

Streaming

on the velocity index.

Most quantum-compatible LBM Reversible controlled permutation.
timestep stage. Depth/gate scale O(qx + g, + g2) per
QLBM work commonly treats streamed update.
Reversible lattice stre.ar.ning as a shift or permutation; Baseline: Ixt+ay+4q: = 15, so the transport
permutation conditioned collision and readout need part requires
separate handling. controlled-increment/decrement subcircuits

Dynamic-circuit QLBM supports this  of order 10'-10? elementary logical

mainly for linear advection—diffusion  operations, depending on the chosen adder
LBM, not full forced nonlinear D3Q19 and control decomposition, before routing
MRT with body-force forcing [7,8]. and error correction.

Bounce-back walls

Controlled opposite-link map

is plausible.

Wall detection, valid-link logic, and

boundary flags add overhead. y-register wall comparison plus fixed
QLBM and quantum Carleman five-qubit opposite-link permutation.

Boundary-controlled map lattice Boltzmann method (QCLBM)  Depth/gate scale O(g,) + O(1).
i — i on the velocity register. ~ boundary studies include Baseline: order 10! controlled / Toffoli-class

bounce-back-type treatments mainly  operations plus a small number of
in simplified, low-dimensional, flag/work qubits.

linearized, low-Re, or Carleman-lifted

settings, not yet in full forced D3Q19

MRT channels [9,27,28].
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Table 8. Cont.

Operator in This Benchmark Quantum Interpretation

Literature-Supported Assessment

Indicative Qubit/Depth/Gate Metric

Local linear maps

Moment transforms (M, M~1) between population and

moment space.

Dense local maps are

generally nonunitary.

Require unitary embedding,
block encoding,
linear-combination-of-unitaries
(LCU)/singular-value
decomposition (SVD), or hybrid
classical treatment [7,28,29].
QLBM studies use matrix
decompositions for linearized or
low-Re cases; quantum singular
value transformation (QSVT) and
block encoding provide the
broader framework.

Local 19 x 19 maps embedded in the 25
velocity register.

A generic dense five-qubit unitary
embedding has synthesis scale O(4%) ~ 10°
at the audit level; the actual cost depends on
the block-encoding construction,
normalization, ancillas, postselection or
amplification, and compiler choices [29,30].

MRT relaxation

Dissipative collision in
moment space.

Implementation-critical nonunitary
operator: damps nonconserved
moments; not a reversible

lattice permutation.

No direct unitary update without
embedding, channel treatment,
postselection, or hybrid processing.
Signed two-rail completely positive
trace-preserving (CPTP) construction
realizes the diagonal dissipative MRT
relaxation block [31]; the remaining
timestep operators require

separate treatment.

Diagonal but nonunitary 19-mode map.
No unique fixed gate count without
choosing a dilation, block-encoding,
CPTP-channel, or hybrid realization.
Resource scale is dominated by ancillas,
rail/block encoding, precision,

and amplitude-management overhead.

Equilibrium and
body-force forcing

Local nonlinear/affine
update depending on p, u,
and F.

Among the hardest operators:
equilibrium is nonlinear in recovered
u; forcing in Equation (10) couples the
body force F to the local macroscopic
state through @;.

Nonlinear QLBM, Carleman LBM,
and related schemes advance the field
but do not yet implement this forced
D3Q19 MRT benchmark [6,9,11].

Not a fixed 19 x 19 unitary.

Requires reversible or hybrid evaluation of
0, u, quadratic equilibrium terms,

and forcing.

For p-bit arithmetic, depth is governed by
fixed-point multiplications/divisions,
typically polynomial in p, in addition to
loading and uncomputation overhead.

Macroscopic recovery
and measurement

Estimate p, u, and diagnostic

observables from the
quantum state.

Measurement-intensive: repeated
full-field readout and reinitialization
reduce quantum encoding benefits.
Dynamic-circuit QLBM lowers
overhead for linear
advection—diffusion LBM [7,8];
extension to forced nonlinear
MRT-LBM remains open.

Sampling-limited full-profile recovery over
many observables.

Direct sampling scales as O(1/€?) shots per
estimated observable for accuracy e.
Amplitude estimation can improve
sampling scaling but increases coherent
circuit depth.

5.2. Minimum Logical-Qubit Estimate

A minimal position-velocity encoding requires qubits for x, y, z, and the D3Q19
population index. A lower bound is

dmin = [log, Nx ] + [log, Ny] + [log, N;] + [log, 19]. (26)

Since [log, 19] = 5, each spatial direction uses g, = [log, Ny|, g, = [log, N |, and
9. = [log, N;|. Table 9 lists g,,;, for the channel grids used in the verification study and
one finer illustrative grid. The first four rows match cases B1-B4 (Ny = 2N,, N; = N, /2).
The row 256 x 128 x 64 extends the B-grid sequence one refinement level beyond B4
and lies outside the eighteen-case campaign. The entries 96 x 48 x 24 and 128 x 64 x 32
share g, = 23 because [log, Ny | and [log, N, | reach the same ceilings even though the
physical sizes differ. These counts are lower bounds for the index registers in the basis
state of Equation (27). Amplitude registers for all nineteen populations at every node,
finite-precision arithmetic, wall flags, block-encoding ancillas, and measurement overhead
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lie outside this estimate. Section 5.4 gives a practical streaming—bounce-back estimate gsg
on top of gy

Table 9. Lower-bound logical-qubit estimates for position—velocity encoding of D3Q19 channel grids
from Equation (26). Rows 1-4 are the B-grid refinement levels in Table 4. Row 5 is an illustrative

finer grid.
Grid qx qy q= Velocity Qubits Grmin
32 x 16 x 8 (B1) 5 4 3 5 17
64 x 32 x 16 (B2) 6 5 4 5 20
96 x 48 x 24 (B3) 7 6 5 5 23
128 x 64 x 32 (B4) 7 6 5 5 23
256 x 128 x 64 8 7 6 5 26

5.3. Implications for Future Quantum LBM

The audit suggests that a practical quantum implementation should begin with the
parts that have clear reversible structure. Streaming and bounce-back can be treated as
permutations on position and velocity registers. Local moment transforms are also suitable
targets for block-encoding or small-register linear maps. The main difficulty lies in the
collision and forcing stage. MRT relaxation is dissipative, while the equilibrium and forcing
source term depend on p and u. Recent work shows that the diagonal dissipative MRT
relaxation block can be realized deterministically using a signed two-rail encoding and
completely positive trace-preserving (CPTP) amplitude-damping channels [31]; however,
that result targets the relaxation subblock and does not remove the separate costs of
constructing m®, applying M and M, enforcing boundaries, or measuring macroscopic
fields. Hybrid schemes may therefore compute selected macroscopic fields classically while
preserving quantum treatment for linear transport, or may use lifting and linearization
ideas such as Carleman embedding [9,11]. The present benchmark gives a compact wall-
bounded test case for comparing such choices.

5.4. Explicit Reversible Kernel and Block-Encoding Pathway

To make the operator audit concrete, this subsection specifies an operator-level quan-
tum target aligned with the classical D3Q19 MRT channel solver. The scope is the transport
and wall-treatment part of the timestep, together with a standard block-encoding route
for the local moment transforms M and M~!. It is an audit-level circuit specification
for transport, wall treatment, and local moment embedding. That focus matches recent
quantum-LBM work, in which streaming is the most naturally unitary component, while
collision, forcing, equilibrium evaluation, and measurement remain the more difficult
parts and are commonly treated in related studies using strategies such as Hamiltonian
simulation, Carleman lifting, dynamic circuits, linearization, singular value decomposition
(SVD), block encodings, or hybrid classical-quantum processing [6-8,18,19,28].

Let the computational basis state be

) = X)) 2)]7), (27)

where x € {0,...,Ny -1}, y € {0,...,N, —1},z € {0,...,N, —1},and i € {0,...,18}
is the D3Q19 velocity index. The velocity register uses five qubits; basis states 19, ...,31
are unused in the present encoding and may be flagged as invalid. Based on the halfway
bounce-back rule used in the classical channel solver, we define the following operator-level
wall-crossing flag and reversible streaming-bounce-back permutation in the |x, y, z, ) basis
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(not a standard equation from the quantum-LBM literature). The flag applies at the bottom
and top fluid rows,

1, y=0and Ciy = -1,
b(x,y,z,i)={1, y=N,—1and ¢y =41, (28)

0, otherwise,

where c;;, is the y component of the D3Q19 velocity ;. The reversible streaming-bounce-
back kernel is the permutation

. |x + cix (mod Ny), y + ¢iy, 2 + ¢z (mod N), i), b =0,
Usp|x,y,z,1) = (29)
1x,y,2,1), b=1,

where 7 is the opposite D3Q19 direction. Ordinary streaming is therefore a velocity-
controlled modular shift in x and z and a shift in y when b = 0; halfway bounce-back is
a boundary-controlled permutation of the velocity register when b = 1. Both branches
are one-to-one on the computational basis, so Ugp is unitary. Algorithm 1 summarizes the
reversible streaming—bounce-back kernel used for the D3Q19 channel flow.

Algorithm 1 Reversible streaming—bounce-back kernel for D3Q19 channel flow

Step Operation

1 Input: initialize registers X, Y, Z, and V; set all scratch flags to zero.
2 Decode: from the velocity register V, set the direction flags d3, df,t, and dF.
3 Wall flag: compute

b=[(Y=0)Ad,]V[(Y=N,—1)Ad,].

4 Streaming branch: if b = 0, apply controlled +1 shifts on X, Y, and Z, with peri-
odic wrapping in x and z.

5 Bounce-back branch: if b = 1, apply the opposite-link permutation I'lopp on V:
Iopp i) = 1), i=0,...,18

The map uses the classical D3Q19 opposite-link table.

6 Uncompute: clear all scratch flags.

For the position—velocity encoding, Equation (26) gives gmin. The reversible kernel
requires a modest number of additional scratch qubits. A practical register estimate is

gsB = qmin T Gflag T Jwork~ (30)

where gg,; < 7 stores the six direction flags and the wall flag, and gk denotes one or a
few clean work qubits for controlled increment and decrement operations. For the baseline
grid 64 x 32 X 16, gmin = 20, which yields gsp ~ 28-30 logical qubits before precision
registers, amplitude loading, collision ancillas, block-encoding ancillas, or measurement
overhead. The asymptotic gate scaling of this kernel is

Gsp = O(qx +qy +q2) + O(1), (31)
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because D3Q19 has a fixed number of velocity links and the velocity lookup and opposite-
direction map have cost independent of the lattice size when the state is encoded in
superposition. For the baseline grid, the dominant cost is controlled arithmetic on registers
of sizes qx = 6, gy = 5, and q; = 4.

At each lattice node, the MRT algorithm applies the dense local maps

m=Mf f=M'm (32)

Because M and M~! are invertible linear maps with || A||» generally greater than one, they
are embedded through block encoding [29]. For each local matrix A € {M, M’l}, choose a
scale x4 > ||Al|2 and construct a unitary U, such that

A
(0@ D UA (09 S T) = ——. (33)
A
The corresponding lattice-wide operator is
Us = ) [0 y,2)(xyzl @ Uy, (34)

XY,z

so the same local block encoding is reused at every lattice node. Because the D3Q19 ve-
locity space is fixed, A is a 19 x 19 matrix embedded in the 2°-dimensional Hilbert space
of the velocity register. The local synthesis cost is therefore independent of NxNy N, al-
though the embedding is not free: a generic dense five-qubit unitary has O(4°) synthesis
scale, with additional ancillas, normalization, postselection, possible amplitude amplifica-
tion, and compilation overhead for a block-encoded implementation [7,28-30]. Exploiting
the algebraic structure of the D3Q19 MRT matrix may reduce this cost relative to a generic
dense synthesis.

This decomposition identifies two explicit quantum targets for the benchmark. First,
Usp in Equation (29) is an exact reversible permutation matched to the classical streaming-—
bounce-back step. Second, Equations (33) and (34) provide a standard embedding route
for the local moment transforms. MRT relaxation, equilibrium evaluation, body-force
forcing, macroscopic recovery, and measurement are documented separately in Table 8 as
the demanding stages of a full quantum translation. The benchmark therefore supplies a
verified classical reference problem together with explicit operator-level targets for future
QPU-assisted or hybrid quantum-classical implementations [6,8,18,28].

6. Reproducibility

All simulations were performed with an in-house D3Q19 MRT channel solver with
body-force forcing. The code is available at https://github.com/IdreesKhan3/mrt-lbm-
quantum-audit, (accessed on 4 July 2026). The repository contains five main scripts:
1_mrt_guo_channel.py implements the D3Q19 MRT channel solver, 2_run_campaign.py
defines and runs the eighteen verification cases, 3_collect_results.py collects the case
summaries, 4_make_figures.py regenerates the paper figures, and 5_quantum_audit.py
regenerates the quantum-audit tables.

The verification cases are defined in 2_run_campaign.py and consist of A1, B1-B4,
C1-C6, D1-D5, and E1-E2. Running the campaign writes the case input, summary metrics,
and profile/time-history data for each case. Appendix A specifies the D3Q19 link ordering,
moment basis, full moment matrix M, and relaxation vector used by the solver.
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7. Limitations

The study focuses on laminar, primarily low-Mach-number, body-force-driven chan-
nel flow with a single D3Q19 MRT formulation and the body-force forcing treatment in
Section 2.4. The verification campaign spans Remax = 1.6-38.4 and Mamax = 0.0087-0.139,
so turbulent or high-Reynolds-number regimes are outside the present scope. This scope
isolates ingredients central to quantum flow-simulation benchmarks: streaming, wall
reflection, MRT collision, body forcing, equilibrium evaluation, macroscopic recovery,
and measurement. Future work will extend the benchmark set to more complex wall geome-
tries, unsteady flows, three-dimensional vortical configurations, explicit quantum-circuit
constructions for selected sub-operators, and quantum hardware execution benchmarks
relative to the classical reference. Demonstrating runtime or resource superiority on a QPU
is not attempted in the present study.

8. Conclusions

The eighteen-case verification campaign confirms second-order wall-normal conver-
gence (p ~ 2 from Figure 4) and stable mass conservation for the forced D3Q19 MRT
channel solver on the reported parameter sweeps. The operator audit ranks streaming
and halfway bounce-back as the most directly reversible timestep parts, while MRT relax-
ation, equilibrium evaluation, body forcing, and measurement carry the larger quantum-
implementation burden. Section 5.4 turns that audit into concrete targets: the reversible
permutation Ugp in Equation (29) and block-encoded local moment maps.

The benchmark is intended for methodological operator analysis and reproducibility,
not for performance comparison. It provides a verified classical reference problem, trans-
parent error diagnostics, and an operator-by-operator map of quantum-implementation
requirements for the same forced D3Q19 MRT timestep. The study does not claim quan-
tum speed-up, QPU runtime advantage, or resource superiority over classical execution;
those questions require future hardware implementations and lie outside the present scope.
Scripts at the repository linked in Section 6 regenerate the summary tables, figures, and au-
dit tables so the reference data and operator decomposition can be reused in subsequent
quantum and hybrid studies.

Author Contributions: M.I.K.: methodology, code, validation, analysis, figures, and draft writing.
H.-D.Y.: supervision. Both authors: conceptualization, review, editing, and approval. All authors
have read and agreed to the published version of the manuscript.

Funding: This work was supported by Vinnova—Fordonsstrategisk forskning och innovation (FFI)
in the project “3D Virtual Platform for Digitalization of Holistic Acoustic Environment in Cabs of
Heavy-Duty Vehicles (OCTAVE)” under Grant No. P2024-01011.

Data Availability Statement: The solver, campaign scripts, figure-generation scripts, and quantum-
audit scripts are available at https://github.com /IdreesKhan3/mrt-lbm-quantum-audit, (accessed
on 4 July 2026). The eighteen verification datasets are defined in 2_run_campaign.py and are regener-
ated by running the campaign script. Each run produces the case input, machine-readable summary,
and profile/time-history output files.

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A. MRT Basis Specification

This appendix records the D3Q19 lattice link ordering, moment basis, moment matrix,
and relaxation rates used by the reference D3Q19 MRT channel solver described in Section 6.
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Appendix A.1. D3Q19 Population Ordering

Table A1 lists the velocity vectors and weights for each population index i. Columns

of the moment matrix M in Equation (A1) follow this population order.

Table A1. D3Q19 lattice links and weights used in the reference solver (population index i).

i ¢i = (Cix, Ciy, Ciz) w;

0 (1,0,0) 1/18
1 (—1,0,0) 1/18
2 (0,1,0) 1/18
3 (0,-1,0) 1/18
4 (0,0,1) 1/18
5 (0,0,-1) 1/18
6 (1,1,0) 1/36
7 (=1,-1,0) 1/36
8 (1,-1,0) 1/36
9 (-1,1,0) 1/36
10 (0,1,1) 1/36
11 0,-1,-1) 1/36
12 0,1,—1) 1/36
13 (0,-1,1) 1/36
14 (1,0,1) 1/36
15 (~1,0,-1) 1/36
16 (1,0,—1) 1/36
17 (-1,0,1) 1/36
18 (0,0,0) 1/3

Appendix A.2. Moment Matrix

The moment matrix M maps populations to the moment vector in Equation (7). Its

rows are moments and its columns are populations ordered as in Table Al.

1 1 1 1 1 1
-1 -11 -11 8§ 8 8
-4 -4 -4 1 1 1
0 0 0 1 -1 1
0 0 0 1 -1 1
-1 0 0 1 -1 -1
4 0 0 1 -1 -1
0 1 -1 0 0 ©0
0 —4 4 0 0 O
-1 -1 -1 1 1 1
2 2 2 1 1 1
1 -1 -1 1 1 1
-2 2 2 1 1 1
0 0 0 1 1 -1
0 0 0o 0 0 O
0 0 0O 0 0 O
0 0 0 1 -1 1
0 0 0 -1 1 1
0 0 0O 0 0 0

Appendix A.3. Relaxation Rates

|
[SEN

e ==

|
_

(-
o R = o

1 1
8 8
1 1
0 0
0 0
-1 1
-1 1
-1 -1
-1 -1
-2 -2
-2 -2
0 0
0 0
0 0
1 -1
0 0
0 0
-1 1
1 1

O O O O O OO OO O oo oo oo

(A1)

Table A2 gives the diagonal MRT relaxation rates sy, ...,sig used by the reference
solver. For a chosen 7, the shear moments use s, = 1/(3v 4+ 1/2) withv = (t —1/2)/3
from Equation (9); all other nonconserved entries are fixed to the standard values in

the table.
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Table A2. MRT relaxation rates for the D3Q19 moment basis (t = 0.8, v = 0.1, s, = 1.25).

Index Moment S;
0 op 0
1 e 1.19
2 € 1.4
3 Jx 0
4 qx 1.2
5 Jy 0
6 qy 1.2
7 Jz 0
8 qz 1.2
9 3Pxx Sy
10 37Ty 1.4
11 Pww Sy
12 TTww 1.4
13 Pxy Sy
14 Pyz Sy
15 Pxz Sy
16 My 1.98
17 my 1.98
18 my 1.98
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