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Abstract—Radio-based simultaneous localization and mapping
(SLAM) has the potential to provide precise user equipment (UE)
localization and environmental sensing capabilities by exploiting
radio signals. Most existing approaches leverage line-of-sight
(LoS) and single-bounce non-line-of-sight (NLoS) paths solely,
while higher-order NLoS paths are treated as disturbance. In
this paper, we investigate the benefits of leveraging double-bounce
NLoS paths for solving the bistatic snapshot radio SLAM prob-
lem. We derive the Cramér-Rao bound (CRB) for joint estimation
of the UE state and landmark positions when double-bounce
NLoS paths are present. In addition, we propose an algorithm
to identify double-bounce NLoS paths and leverage them into
joint UE and landmarks estimation. The derived bounds are
validated through simulated data, and the proposed algorithms
are evaluated using experimental millimeter wave (mmWave)
measurements harnessing beamformed 5G cellular reference
signals. The numerical and experimental results demonstrate
that the double-bounce NLoS paths which share at least one
incidence point (IP) with the single-bounce NLoS paths improve
the estimation accuracy of the UE state and existing IPs of single-
bounce NLoS paths. Importantly, exploiting double-bounce NLoS
paths enhances environmental mapping capabilities by revealing
landmarks that are unobservable with single-bounce NLoS paths
alone.

Index Terms—5G, 6G, integrated sensing and communication
(ISAC), Cramér-Rao bound (CRB), double-bounce paths, multi-
path, simultaneous localization and mapping (SLAM), mmWave.

I. INTRODUCTION

INTEGRATED sensing and communication (ISAC) is
emerging as one key enabler towards 6G wireless networks,

as it jointly offers high data-rate communication and precise
sensing capabilities [1]. One promising ISAC application is
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Fig. 1. Illustration of the bistatic radio SLAM problem including LoS,
single-bounce, and double-bounce NLoS paths. Double-bounce NLoS paths
enable improved environmental sensing capabilities since they can be used
to illuminate and detect landmarks and other objects that cannot be observed
with single-bounce paths alone.

radio-based simultaneous localization and mapping (SLAM),
which leverages radio signals to localize the user equipment
(UE) while mapping the surrounding environment [2]. In
general, various types of radio signals can be utilized for this
purpose, including UWB [3], 5G [4], and future 6G signals [5].
In addition, different sensing configurations are possible, such
as monostatic [6], [7], bistatic [8], [9], and multistatic [10],
[11]. Among these options, bistatic radio SLAM using cellular
networks is particularly appealing. It provides full positioning
and mapping functionality with only a single base station (BS),
which allows minimal infrastructure and eliminates the need
for synchronization across multiple BSs [2], [8], [12], [13].

Radio SLAM algorithms are commonly categorized into
snapshot [2], [8], filtering [14], [15], and smoothing [16],
[17] based approaches. These categories differ in how they
operate over time. Snapshot methods (e.g., least squares (LS)
and maximum likelihood estimation (MLE)) [2], [8] solve
each epoch independently based on current measurements,
without propagating motion estimates, state information, or
any prior knowledge forward in time. Filtering methods (e.g.,
extended Kalman filter (EKF) and particle filter (PF)) [14],
[15] perform recursive Bayesian estimation by propagating
the filtering density sequentially via time and measurement
updates. Smoothing approaches (e.g., GraphSLAM and batch
optimization) [16], [17] jointly optimize over a batch of
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time steps to obtain trajectory estimates. All three approaches
rely on signals traveling along the line-of-sight (LoS) path
and non-line-of-sight (NLoS) paths, caused by reflections,
scattering, and diffraction, to jointly infer the UE state and
the positions of environmental landmarks. Most existing works
consider only direct LoS and single-bounce NLoS paths,
typically assuming that all the NLoS paths are single-bounce
paths [18], [19], [20], [21]. This assumption leads to severe
performance degradation when multi-bounce paths are present
[8], [22]. Moreover, disregarding multi-bounce paths leaves
potential information unexploited, especially in rich multipath
environments where higher-order NLoS paths can be strong
and geometrically structured [23], [24]. An example scenario
is illustrated in Fig. 1, where the double-bounce NLoS path
encode rich environmental maps.

The fundamental performance limits of UE state estimation
in the presence of NLoS paths have been investigated in [25],
[26], [27], and [28]. In [25], a single anchor localization
scenario was considered and the Fisher information matrix
(FIM) for the UE position and orientation, as well as the
NLoS parameters were presented. Similarly, [26] derived the
FIM for channel parameters and further obtained a closed-form
expression for the FIM of the UE position and orientation
by leveraging the geometric relationship between channel
parameters and the UE position and orientation. Continuing
with this idea, [27] applied a geometric transformation to
convert the channel parameter FIM into the FIM of UE
position, orientation, and locations of single-bounce incidence
points (IPs), and the influence of different UE, BS and IPs
geometries was also investigated. Likewise, the effect of the
Doppler shift on the FIM as well as difference in uplink and
downlink positioning were considered in [28]. Collectively,
the above works show that exploiting NLoS components can
benefit the UE position and orientation estimation. However,
all the analyses above are limited to single-bounce NLoS
components, and the mapping performance is not discussed,
as positions of IPs are often treated as nuisance parameters.

Exploiting multi-bounce NLoS paths in radio SLAM is non-
trivial for two reasons. First, it is difficult to identify which
measurements are from single- or multi-bounce paths. Second,
the multi-bounce NLoS paths are much more difficult to
handle algorithmically and therefore, many existing solutions
restrict their models to single-bounce paths only, ignoring
multi-bounce components entirely [18], [19], [20]. Several
works focus on identifying single-bounce paths and mitigating
multi-bounce paths [8], [22], [29], [30]. In [22], an iterative
algorithm based on change detection was proposed to detect
single-bounce NLoS paths, which was then used to estimate
the UE position and clock bias. In [29], a random sample
consensus (RANSAC)-based outlier rejection algorithm was
utilized to classify LoS and single-bounce NLoS paths from
multi-bounce NLoS paths, and the resulting classification was
used for UE localization. Considering both positioning and
mapping, [8] proposed a robust snapshot SLAM solution
that uses a RANSAC inspired method to identify the LoS
and single-bounce NLoS paths, thereby isolating higher-order
NLoS outliers. Differently, [30] leveraged a Hough transform-
based line detection method to separate LoS and single-bounce
NLoS paths from higher-order NLoS paths, to perform the

SLAM. These methods improve robustness by isolating multi-
bounce paths, but they do not utilize the potential additional
information those multi-bounce paths provide.

By contrast, some recent works have considered incorpo-
rating double-bounce NLoS paths into mapping with known
poses problems and using them to estimate the positions of
scattering points [31], [32]. In [31], an initial map and the UE
state were first obtained using LoS and single-bounce paths,
after which double-bounce paths were exploited to reveal
additional scattering points. In [32], a graph-based method was
proposed to model single-bounce and double-bounce paths and
these paths were leveraged to iteratively estimate scattering
points given known UE position. As for SLAM, [33], [34]
introduced their methods based on a multipath SLAM frame-
work that modeled each specular surface as a surface feature
vector. In the method, every double-bounce path is treated
as two sequential specular reflections involving two distinct
surface feature vector which are then jointly estimated on a
factor graph over time as the UE moves. However, all NLoS
paths are modeled as specular reflections, and reflection points
lie on assumed planar surfaces. In summary, the influence and
potential of versatile multi-bounce NLoS components in radio
SLAM beyond plain specular reflections are not well captured
in the existing works.

In this paper, we investigate the potential benefits of
double-bounce NLoS paths in the snapshot radio SLAM
problem. We first derive the CRB for the problem to obtain
the lower bounds on the estimation error variances for the
UE position, orientation, clock bias, and IP positions in the
presence of double-bounce NLoS paths. We also present
the FIM analysis and discuss the identifiability conditions
of the problem. Furthermore, we develop a snapshot radio
SLAM algorithm that exploits LoS, single-bounce NLoS
and double-bounce NLoS paths to estimate the unknown UE
state and IPs of the single- and double-bounce paths. The
devised method does not rely on any prior information of
the environmental map nor the UE state and it can operate
in mixed LoS/NLoS conditions. Moreover, the method does
not assume any specific propagation mechanisms and works
for both specular reflection and diffuse scattering, or the
combination of them such that a double-bounce path can be
reflected by one surface and scattered by another object as it
traverses from the transmitter to the receiver.

The main contributions of this paper can be summarized as
follows:

• We derive the fundamental performance bounds for
the snapshot radio SLAM problem considering LoS,
single-bounce, and double-bounce NLoS paths. The FIM
analysis reveals that the SLAM problem is identifiable
under general geometric conditions when a double-
bounce NLoS path shares at least one of its IPs with
single-bounce NLoS paths. The FIM analysis also reveals
that the double-bounce NLoS paths improve estimation
accuracy of the UE and IPs in such conditions.

• Inspired by the FIM analysis, instead of discarding
double-bounce NLoS paths and treating them as outliers,
we devise a snapshot radio SLAM algorithm that exploits
them. The proposed method recycles double-bounce
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NLoS paths to enhance SLAM performance, turning
them from foe to friend.

• We validate the proposed algorithm using real-world
mmWave measurement data, showing that it achieves
higher estimation accuracy compared to the baseline
methods that discard double-bounce NLoS paths.
Moreover, the experimental results demonstrate that
double-bounce NLoS paths enhance environmental
mapping capabilities by revealing landmarks that are
unobservable with single-bounce NLoS paths alone.

The rest of this paper is organized as follows. Section II
formulates the problem and describes the fundamentals of the
system model. The performance bounds for the considered
problem are derived in Section III while the proposed snapshot
radio SLAM algorithm is introduced in Section IV. The
numerical and experimental results are presented in Section V,
and the conclusions are drawn thereafter. Selected technical
details are provided in the Appendix.

Notations: Scalars are denoted by normal font (e.g., a),
vectors in lowercase bold letters (e.g., a), and matrices in
capital bold letters (e.g., A). The operations (·)>, (·)−1,
(·)H, | · |, ‖·‖ and diag(·) denote the transpose, inverse,
Hermitian transpose, cardinality of a set (or absolute value
when applied to a scalar), Euclidean norm, and the diagonal
matrix, respectively. A multivariate Gaussian distribution with
mean µ and covariance Σ is denoted as N (µ,Σ).

II. PROBLEM FORMULATION

We consider a bistatic 2D (azimuth domain) downlink
scenario with a single BS and a single UE, where the BS acts
as the transmitter and the UE acts as the receiver. The BS has
known position pBS = [xBS, yBS]> and orientation αBS. The
UE state is unknown and given by s = [p>UE, αUE, bUE]> ∈
R4, where pUE is the position, αUE the heading, and bUE the
clock bias between the unsynchronized UE and BS clocks.
The nth unknown landmark position is represented by mn =
[xn, yn]> and the N landmarks form a map of the propagation
environment. Furthermore, let zi = [τi, φi, θi]

> denote the
channel parameter estimate of the ith propagation path, which
consists of the time-of-arrival (ToA), angle-of-departure (AoD)
and angle-of-arrival (AoA). The existence of the LoS and
the number of resolvable NLoS components depends on the
problem geometry and communication system parameters,
and the set of channel parameter estimates is denoted using
Z = {z0, z1, . . . , zM} in which i = 0 is reserved for the LoS
component and M denotes the number of NLoS paths.

It is to be importantly noted that in general, it is also
unknown whether zi is the LoS, single-bounce, double-bounce
or higher-order NLoS path, or clutter due to failure in the chan-
nel estimation routine. This paper aims to provide theoretical
insights into double-bounce snapshot SLAM via FIM analysis,
as well as, devising a snapshot radio SLAM algorithm that
jointly estimates the UE state and landmark positions using the
elements of Z that correspond to LoS, single-bounce NLoS
and double-bounce NLoS.

A. Signal Model

The BS transmits mmWave downlink reference signals
to the UE using orthogonal frequency division multiplexing

(OFDM). A concrete practical example is the positioning
reference signal (PRS) defined in the 3GPP 5G NR standard.
Both the BS and UE employ antenna arrays with beamforming.
Subcarriers are indexed by k, OFDM symbols by l, BS
transmit beams by p, and UE receive beams by q. We assume
further the OFDM symbols are captured over a time interval
in which the channel is assumed constant. For a multipath
radio propagation environment with resolvable path index set
I = {0, 1, . . . ,M}, the received sample is of the form [2]

yp,qk,l =
∑
i∈I

ξiG
p
BS(φi)G

q
UE(θi)e

−j2πk∆fτixp,qk,l + np,qk,l , (1)

where xp,qk,l is the transmitted reference sample, np,qk,l denotes
the additive noise at the UE side, and ∆f is the subcarrier
spacing. In the above, the complex path gain, ToA, AoD,
and AoA of the ith propagation path are ξi, τi, φi, and
θi, respectively, and i = 0 is reserved for the LoS path.
Furthermore, GpBS(φ) = aH

BS(φ)wp and GqUE(θ) = wH
q aUE(θ)

denote the angular responses, including the steering vectors at
the BS aBS(φ) and UE aUE(θ), and pth BS beamformer wp,
qth UE beamformer wq .

Various channel parameter estimation methods can be used
to recover Z from (1) with high accuracy [2], [26], [35].
However, the physical channel parameter estimation is outside
the main scope of this paper and it is thus assumed that Z is
readily available. Since Z is used as a measurement input to
radio SLAM, the channel parameter estimates are referred to
as measurements from now on.

B. Geometric Measurement Model
Let us consider the channel parameter measurement of the

ith path, zi = [τi, φi, θi]
>, and let us denote the IPs of the

path using set Mi = {m1
i ,m

2
i , . . . ,m

m
i } which consists of

m physical interactions with the environment (M0 = ∅ for the
LoS path). Assuming that the measurement noise is zero-mean
Gaussian, which is a common assumption in radio SLAM [2],
[21], the likelihood function is given by

p(zi | s,Mi) = N (zi; hi(s,Mi),Ri), (2)

where Ri = diag([σ2
τ,i, σ

2
φ,i, σ

2
θ,i]) is the path-dependent

measurement covariance matrix and the mean is given
by [8], [31]

hi(s,Mi) =

 di/c+ bUE

atan2(−δyφ,i,−δxφ,i)− αBS

atan2(δyθ,i, δ
x
θ,i)− αUE

 (3)

in which c is the speed of light and atan2(y, x) is the two
argument arctangent. The mean represents the geometric
connection among the BS, UE andMi. The parameters of the
model in (3) for LoS, single-bounce NLoS and double-bounce
NLoS are defined in Appendix. Higher-order NLoS paths
(m ≥ 3) are not detailed here as they are not used for
estimating the UE state and IPs.

III. PERFORMANCE BOUNDS FOR DOUBLE-BOUNCE
SNAPSHOT SLAM

In this section, we present the performance bounds for
the snapshot SLAM problem considering LoS, single-bounce,
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Fig. 2. Visualization of Ji(x) in (8) for different path types. LoS path
visualized on the left (i ∈ ILoS, Mi = ∅), single-bounce path in the
middle (i ∈ ISB, Mi = {m2}), and double-bounce path shown on the
right (i ∈ IDB, Mi = {m2,m4}). In the example, there are four IPs
overall (N = 4) and the non-zero elements of Ji(x) are illustrated using blue
markers.

and double-bounce paths. Subsequently, we derive the cor-
responding FIM and analyze the impact of incorporating
double-bounce paths in the presence of LoS and single-bounce
paths.

A. Performance Bounds

The CRB states that the mean square error (MSE) of an
unbiased estimator is always larger than the inverse of the FIM
in the positive semi-definite sense [36, Ch. 4.2]. For notational
convenience, let us assume the LoS path exists1 and that ds =
dim(s), dm = dim(mn) and dz = dim(zi) denote the UE,
IP and measurement dimensions, respectively. Furthermore,
let x = [s>, m>1 , . . . , m>N ]> ∈ R(ds+Ndm)×1 denote the
joint state of the UE and N landmarks with dimension dx =
dim(x), and z = [z>0 , z>1 , . . . , z>M ]> ∈ R(M+1)dz×1 denote
the concatenated measurement vector. In the following, we
assume the order and index of elements in Mi are known for
every zi.2 The estimation error CRB has the form [38, Ch. 3.4]

E[(x− x̂(z)) (x− x̂(z))
>

] � J(x)−1, (4)

where x̂(z) denotes an estimator of x and J(x) is the dx×dx
FIM with elements

[J(x)]i,j = E
[
−∂

2 log p(z | x)

∂xi∂xj

]
i, j = 1, · · · , dx, (5)

where p(z | x) denotes the joint likelihood function. After the
FIM is computed as explained above, the position error bound
(PEB), orientation error bound (OEB), clock bias error bound
(BEB), landmark error bound (LEB) of nth landmark, can
be computed as: PEB = ([(J(x))−1]1,1 + [(J(x))−1]2,2)1/2,
HEB = ([(J(x))−1]3,3)1/2, BEB = ([(J(x))−1]4,4)1/2, and

LEBn =
(∑2n+4

i=2n+3[(J(x))−1]i,i

)1/2

.

B. FIM for the Snapshot SLAM

The FIM defined in (5) can be written as [38, Ch. 3.9]

J(x) = H(x)>R−1H(x), (6)

1This assumption is made for analytical convenience. The derived perfor-
mance bounds can be extended naturally to LoS absent cases and the unknown
parameters are identifiable if a sufficient number of single-bounce NLoS paths
are available.

2This assumption is reasonable when deriving the lower bounds on esti-
mation accuracy since we are interested in the best achievable accuracy
obtained with perfect data association. We also note that similar assumptions
are typically made when computing the CRB [15], [37], and the estimator
developed in Section IV does not assume the elements inMi, nor the order,
are known.

where H(x) = ∂h(x)/∂x ∈ R(M+1)dz×dx is the
Jacobian of the concatenated measurement model
h(x) = [h0(s,M0)>, h1(s,M1)>, . . . , hM (s,MM )>]> ∈
R(M+1)dz×1 and R = blkdiag(R0, R1, . . . ,RM ) is the
block-diagonal covariance matrix.3 Since the measurements
are assumed independent and thus the Fisher information is
additive over the paths, J(x) can be constructed by summing
together the FIMs of the individual paths, expressed as

J(x) =
∑
i∈I

Ji(x), (7)

where the FIM of the ith propagation path is given by

Ji(x) = Hi(x)>R−1
i Hi(x), (8)

in which Hi(x) = ∂hi(x)/∂x ∈ Rdz×dx . It should be noted
that the set of measurement indices is the union of the disjoint
LoS, single-bounce and double-bounce index sets, that is, I =
ILoS∪ISB∪IDB. The structure of Ji(x) for different path types
is illustrated in Fig. 2 as an example.

C. FIM for Single-Bounce Snapshot SLAM

When considering only the LoS and single-bounce paths,
the FIM of the problem can be written as

J̃(x) =

[
J̃ss J̃sm

J̃>sm J̃mm

]
. (9)

Block J̃ss contains the information contributed to the UE
state, J̃mm is the information about the IPs observed from
single-bounce paths, and J̃sm captures the coupling between
the UE and IPs in the measurement. Let ei ∈ N|ISB|×1

denote an all-zeros vector with a 1 in the ith element and
let Ei = diag(ei) denote an indicator matrix. Now, the
sub-blocks in (9) can be computed as

J̃ss = H0(s)>R−1
0 H0(s) +

∑
i∈ISB

Hi(s)>R−1
i Hi(s),

(10)

J̃sm =
∑
i∈ISB

(
e>i ⊗

(
Hi (s)

>
R−1
i Hi (mi)

))
, (11)

J̃mm =
∑
i∈ISB

(
Ei ⊗

(
Hi (mi)

>
R−1
i Hi (mi)

))
, (12)

where H0(s) is the Jacobian of LoS measurement with respect
to the UE state given in (42), Hi(s) and Hi(mi) are the Jaco-
bians of ith single-bounce measurement with respect to the UE
state and its associated IP, given in (43) and (44), respectively.

Note that the LoS path contributes only to J̃ss, whereas
each single-bounce path contributes to J̃ss, J̃mm, and the
cross-information J̃sm (linking s and the corresponding
mn). By analyzing the FIM in (9), several studies have
demonstrated that unambiguous UE state estimation is
feasible if a sufficient number of single-bounce NLoS paths
are available, even if the LoS path is absent [25], [26], [27],
[28]. Furthermore, the single-bounce NLoS paths can provide

3The block-diagonal structure of R encodes the assumption that the
measurements from different paths are uncorrelated. In practice, correlations
may exist, and ignoring them discards some information. This assumption is
adopted here to enable a tractable analysis of the considered problem.
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Fig. 3. Examples of rank-deficient single-bounce SLAM geometries. In the
examples, the LoS is assumed to exist and one single-bounce IP is considered
such that dim(x) = 6. In scenario 1, as indicated by the number inside
the marker, the rank of the FIM is rank(J(x)) = 5 and null space of the
system is null(H(x)) = [−1 0 0 1 0 0 ]> meaning that we can change the
x coordinate of the UE and the clock bias (in equal but opposite values)
without changing the measurements. In scenario 3, rank(J(x)) = 5 and
null(H(x)) = [ 1 0 0 −1 1 0 ]>, whereas in scenario 2, rank(J(x)) = 4 and
null(H(x)) =

[−1 0 0 1 0 0
0 0 0 0 1 0

]>.

UE position and orientation information, thereby improving
the accuracy of UE state estimation. For the SLAM problem
considered in this work and as shown in [8], the problem is
solvable with either (i) the LoS and one single-bounce NLoS,
or (ii) four single-bounce NLoS. However, certain geometric
configurations can lead to a rank-deficient FIM. Examples of
such degenerate geometries are illustrated in Fig. 3, with their
corresponding rank and null spaces summarized in the caption.
As shown, when the UE, BS, and IP are collinear, some
parameters become unobservable as indicated by null(H(x)).

D. Impacts of the Double-Bounce Path

Now we analyze how the inclusion of a double-bounce path
affects the FIM and the observability of the problem. Let
us assume that using existing LoS and single-bounce paths,
all unknown parameters can be estimated (i.e., J̃(x) � 0).
We then incorporate one additional double-bounce path. The
contribution from this path to the FIM can be written as

JDB =

[
A B
B> C

]
, (13)

where the matrix A corresponds to the information that the
double-bounce path provides about the parameters already
involved in the LoS and single-bounce paths, C is the infor-
mation about any additional parameters introduced by the
double-bounce path (i.e., IPs that are only observed from the
double-bounce path), and B captures the cross-information
between the existing parameters and the parameters introduced
solely from the double-bounce path. Consequently, the overall
FIM combining all paths can be formed as

J(x) =

[
J̃(x) + A B

B> C

]
. (14)

The structure of matrices A, B, and C depends on the
geometric relationship between the IPs of the double-bounce
path and those already observed via single-bounce paths. To
characterize the resulting information gain on the UE state
and the existing IPs and observability properties of the overall
SLAM problem, we consider three different cases in the
following.

1) Case 1: Double-Bounce Path Shares Both IPs With
Single-Bounce Paths: In this scenario, both IPs of the double-
bounce path have also been observed through single-bounce
paths. Therefore, the double-bounce measurement does not
introduce any new unknown parameters. In terms of the FIM,
this implies B = ∅ and C = ∅, and A can be computed using
(8) in which the Jacobian is Hi(x) = ∂hi(x)/∂x ∈ Rdz×dx .
As an example, the Jacobian for the double-bounce path
considered in Fig. 2 is given by

Hi(x) =
[
Hi(s) 0dz×dm Hi(m2) 0dz×dm Hi(m4)

]
, (15)

where Hi(s), Hi(m2) and Hi(m4) are given in equations
(45), (46) and (47), respectively. As illustrated in Fig. 2, A
contains non-zero entries only in rows/columns corresponding
to the UE state and the two involved IPs. Since A � 0
and J(x) = J̃(x) + A � J̃(x) � 0, we have (J(x))−1 �
(J̃(x))−1, and thus, for every parameter the corresponding
CRB cannot increase.

To summarize, the inclusion of such double-bounce path
directly improves the estimation accuracy of the UE state and
the two associated IPs. Moreover, it can indirectly improve
the estimation accuracy of other single-bounce IPs through
their coupling with the UE state. Consequently, the covari-
ance matrix of all estimated parameters is reduced, even for
parameters that are not directly involved in the double-bounce
path.

2) Case 2: Double-Bounce Path Shares One IP With One
of the Single-Bounce Paths: In this case, one IP of the
double-bounce path is seen by an existing single-bounce
path, and another IP is added which has not been observed
before. Let us denote the existing state vector as x̃ =
[s>,m>1 , · · · ,m>N−1]>, and assume the double-bounce path
involves one IP mN−1 and one new IP mN . In (13), A,
B and C are (ds + (N − 1)dm) × (ds + (N − 1)dm),
(ds + (N − 1)dm)× dm, dm × dm non-zero block matrices,
respectively.

To understand the effect of this double-bounce path on esti-
mating the existing parameters x̃, we consider the equivalent
Fisher information matrix (EFIM) of x̃, which is given as the
Schur complement of C in (14)

Je = J̃(x̃) + A−BC−1B>, (16)

when C is invertible. Here, Je is composed of three terms. The
first term J̃(x̃) quantifies the information from LoS and single-
bounce paths. The second term A quantifies the information
gain from the double-bounce path if mN were known. And,
the third term BC−1B> quantifies the loss of information
considering the uncertainty of mN .

Since JDB is the information matrix meaning that JDB � 0.
When C is non-singular, we have C � 0. Therefore, the Schur
complement of C satisfies that

A−BC−1B> � 0, (17)

meaning that the net information gain from the double-bounce
path to the existing parameters x̃ is always non-negative. In
other words, adding this double-bounce path cannot degrade
the estimation performance of x̃.
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Fig. 4. An example of a rank-deficient double-bounce SLAM geometry. The
example considers the LoS, one single-bounce NLoS and one double-bounce
NLoS that shares one of the IPs with the single-bounce path. The dimension
of the joint state is dim(x) = 8, the rank of the FIM is rank(J(x)) = 7 and
null space of the system is null(H(x)) = [ 0 0 0 0 0 0 1 0 ]>.

Next, we give the structure of A, B and C, to provide a
structure of the term A−BC−1B>. Let i be the index of the
double-bounce path under consideration. By definition, we can
write A as

A = Hi(x̃)>R−1
i Hi(x̃), (18)

and the second term in (17) can be expressed as

BC−1B>

= Hi (x̃)
>

R−1
i Hi (mN )

×
(
Hi (mN )

>
R−1
i Hi (mN )

)−1

Hi (mN )
>

R−1
i Hi (x̃) ,

(19)

where Hi (x̃) is the Jacobian of the double-bounce mea-
surement with respect to x̃, which can be expressed as
Hi (x̃) = [Hi(s),0dz×(N−1)dm ,Hi(mN−1)]. The Jacobians
Hi(s), Hi(mN−1), and Hi (mN ) are given in (45), (46) and
(47), respectively. For notational simplicity, let Hi,x̃ , Hi (x̃),
Hi,m , Hi (mN ). We can perform Cholesky decomposition
of R−1

i such that R−1
i = W>W and define H̃i,x̃ = WHi,x̃

and H̃i,m = WHi,m. Substituting these into (18) and (19)
gives

A = H̃>i,x̃H̃i,x̃, (20)

BC−1B> = H̃>i,x̃H̃i,m

(
H̃>i,mH̃i,m

)−1

H̃>i,mH̃i,x̃. (21)

Define next P = H̃i,m

(
H̃>i,mH̃i,m

)−1

H̃>i,m, which is the

orthogonal projector onto the column space of H̃i,m. There-
fore, the difference of interest can be written as

A−BC−1B> = H̃>i,x̃(I−P)H̃i,x̃. (22)

Since the matrix H̃i,m has full column rank dm = 2, the
projection matrix P is also rank two. Consequently, in (22),
the matrix I−P is rank one, and the matrix H̃>i,x̃(I−P)H̃i,x̃

is rank one. Therefore, the double-bounce path only provides
information in one dimension to the existing parameters x̃.
Intuitively, when mN is the last IP before reaching UE, as
shown in (47), the Jacobian entries corresponding to the AoD
measurement are zero, meaning that mN does not influence
the AoD, and the AoD directly contributes to x̃.

It is important to note that the above conclusion holds
only if the matrix C is invertible (full rank). In certain
geometric configurations, Hi(mN ) may not have full column

rank, causing C to be singular. One such degenerate scenario
happens when the mN−1, mN , and the UE are collinear and
the mN lies between mN−1 and the UE. This is reflected
in the Jacobian Hi(mN ): under this collinear geometry, the
elements in the first row of Hi(mN ) become zeros (see
the expression in (47)). An example of this rank-deficient
geometry is illustrated in Fig. 4, and the resulting FIM rank
and null space are detailed in the caption. As shown, moving
the second IP (black square) along the x-axis has no effect on
the observed measurements, resulting in the x-direction of the
second IP becoming unidentifiable.

3) Case 3: Double-Bounce Path Does Not Share IPs With
Any Single-Bounce Paths: In the third case, both IPs of the
double-bounce path are new and have not been observed
from any single-bounce paths. Thus, such path introduces
two new unknown vectors into the estimation problem. The
FIM contribution from the double-bounce in this case has
the structure A ∈ R(ds+(N−2)dm)×(ds+(N−2)dm), B ∈
R(ds+(N−2)dm)×2dm and C ∈ R2dm×2dm . Importantly, the
rank of C ≤ dz = 3 is always smaller than the dimension
of new involved parameters 2dm = 4, and at least one degree
of freedom remains unobservable. Thus, C is rank-deficient,
and the resulting overall FIM J(x) is also rank-deficient. As
a result, if both IPs of a double-bounce path have not been
unobserved elsewhere, adding this double-bounce path does
not provide information gain on the UE and single-bounce
IPs. Identifying and discarding such double-bounce path, the
SLAM problem can still be solvable.

In summary, under general geometric conditions, adding
double-bounce paths that share at least one IP with single-
bounce paths results in a solvable SLAM problem. Moreover,
these double-bounce paths can provide information gain on
the UE state and all single-bounce IPs, thus improving the
estimation accuracy of these parameters. An exceptional rank-
deficient geometry case is illustrated in Fig. 4, where adding
a double-bounce that shares one IP with a single-bounce
path renders the problem unsolvable. In this degenerate case,
the double-bounce path can be identified and removed after
which the problem remains solvable.

IV. PROPOSED DOUBLE-BOUNCE SNAPSHOT SLAM
ALGORITHMS

In this section, we describe the proposed method to solve
the snapshot SLAM problem utilizing measurements from the
LoS, single-bounce, and double-bounce paths.

A. Proposed Method–High-Level Approach

Recall that I = {0, 1, . . . ,M} is the measurement index
set which can be partitioned into four disjoint sets as
I = {ILoS, ISB, IDB, IHO}, where ILoS is the LoS index,
ISB and IDB contain the single- and double-bounce indices,
respectively, and IHO is the set of indices corresponding to
higher-order interactions and clutter measurements, which do
not provide any useful information for solving the problem.
One of the main difficulties in solving the snapshot SLAM
problem is correctly classifying the elements in the disjoint
sets. To overcome this challenge, we propose a four-step
estimator which can be summarized as follows:
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1) Initial SLAM solution–To compute the initial UE and
landmark estimates, we resort to the robust snapshot
SLAM algorithm described in [8]. The method
partitions the measurements into a set of inliers Iinlier =
{ILoS, ISB} which are used to solve the problem, and
outliers Ioutlier = {IDB, IHO} which are considered as
unwanted propagation paths that degrade SLAM per-
formance. The method is summarized in Section IV-B.

2) Double-bounce classification–From the set of outliers
i ∈ Ioutlier obtained in the first step, propagation path
i is classified as a candidate double-bounce path based
on geometrical consistency with respect to i′ ∈ ISB.
The classification details of IDB are provided in
Section IV-C.

3) Estimating IPs of IDB–The identified candidate double-
bounce paths share either one or both IPs with the
single-bounce paths. If path i ∈ IDB only shares one
of the IPs with path i′ ∈ ISB, the second IP of the
candidate double-bounce path can be estimated from
the intersection point of a half-line and an ellipse. In
Section IV-D, a closed-form solution for the second
IP is derived and each candidate solution is further
validated using a ToA measurement constraint.

4) Double-bounce snapshot SLAM–The MLE for
the double-bounce snapshot SLAM problem is
presented in Section IV-E. The devised method utilizes
{ILoS, ISB, IDB}, as well as the initial UE and landmark
estimates obtained in Steps 1–3.

B. Initial SLAM Solution

To solve the SLAM problem in mixed LoS/NLoS con-
ditions, we resort to the robust snapshot SLAM algorithm
introduced initially in [8]. The algorithm uses a RANSAC
inspired LS approach in which the method first uses a
minimal subset of the channel parameter estimates Z =
{z0, z1, . . . , zM} to compute an initial solution ŝ0. Then,
based on ŝ0 and an error metric, the measurement indices
are partitioned into a set of inliers Iinlier = {ILoS, ISB} and
outliers Ioutlier = {IDB, IHO} such that I = {Iinlier, Ioutlier},
where Iinlier ∩ Ioutlier = ∅. Thereafter, the problem is re-
solved using Iinlier and the UE estimate ŝ is the one that
minimizes the LS cost. Lastly, the map estimate is given by
M̂ = {m̂i | i ∈ ISB} in which the landmark estimates m̂i

are computed independently for every i ∈ ISB by solving a
nonlinear optimization problem.

If the initial algorithm fails to correctly partition the
measurements, the resulting errors can propagate into the
subsequent double-bounce classification and SLAM solutions.
To improve the robustness of the proposed approach, a
multi-hypothesis initialization strategy could be employed,
for example by adopting the multi-hypothesis single-bounce
snapshot SLAM algorithm introduced in [39]. In this strategy,
each hypothesis is conditioned on a different assignment
of inliers and outliers, thereby increasing the likelihood of
identifying the correct partitioning. For each hypothesis, the
proposed double-bounce classification, estimation, and refine-
ment procedures would then be executed, and the final solution
would be selected as the one that minimizes the negative

log-likelihood in (34). In this paper, however, we opt for a
single-hypothesis initialization strategy due to its conceptual
simplicity and lower computational complexity. The above
noted multi-hypothesis approaches are pursued in our future
work.

C. Double-Bounce Classification

Given the single-bounce index set ISB identified in
Section IV-B, we first identify candidate double-bounce paths
IDB ⊆ Ioutlier by exploiting angular consistency. Specifically,
if a candidate double-bounce path and a single-bounce path
share the same IP on the transmitter side, their AoDs are
expected to be closely aligned. Or vice versa, if the IP is on
the receiver side, their AoAs are expected to be similar.

Let us denote the angular distances between the
AoDs and AoAs of the candidate double-bounce path
i ∈ Ioutlier and identified single-bounce paths ISB
using δφi = [∆(φi, φ1), . . . ,∆(φi, φ|ISB|)] and δθi =
[∆(θi, θ1), . . . ,∆(θi, θ|ISB|)], respectively, in which the angu-
lar distance between two angles is defined as

∆(a, b) = |(a−b+ π) mod 2π − π|. (23)

Let ψi = [δφi, δθi] denote the combined angular distance
vector. The index with the smallest angle error is given by

nψ = arg min
n

ψi, n = 1, 2, . . . , 2|ISB| (24)

and if [ψi]nψ is below angular threshold Tψ , path i is classified
as a candidate double-bounce path. Mathematically, IDB is
formed as follows

IDB = {i ∈ Ioutlier | [ψi]nψ ≤ Tψ}. (25)

D. Estimating IPs of IDB

In this step, the IPs associated with each candidate
double-bounce path are estimated, and each candidate is fur-
ther validated using geometric constraints, including the ToA
measurement. Candidates that violate these constraints are
discarded, and only the remaining feasible paths are retained
in IDB.

The IPs Mi = {m1
i ,m

2
i } for candidate double-bounce

paths i ∈ IDB are formed by considering two cases:
1) Case 1: We use IPs of two different single-bounce paths

as Mi = {m1
i ,m

2
i } if the following logical condition

[δφi]nφ ≤ Tψ and [δθi]nθ ≤ Tψ, (26)

is true. In the above, the AoD and AoA indices are
given by, nφ = arg min n δφi and nθ = arg min n δθi,
respectively. The IPs of the candidate double-bounce
path are m1

i = m̂nφ and m2
i = m̂nθ . The candidate

solution is validated using the ToA measurement by
checking whether the propagation delay computed using
Mi is consistent with τi, while Tτ is set for gating.
Candidates that do not satisfy the check are removed
from IDB.

2) Case 2: We use an IP of a single-bounce path as m1
i

and the details to estimate m2
i are explained below. If
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nψ ≤ |ISB|, the AoDs of the single- and double-bounce
paths are similar and we set m1

i = m̂nψ . Conversely,
if nψ > |ISB|, the AoAs are similar and we set m1

i =
m̂nψ−|ISB|.

Next, we describe how m2
i is estimated in Case 2. The

method is inspired by [31] but, differently, a closed-form
derivation is given below. Let us denote the starting point,
two IPs and the end point of i ∈ IDB using Pi =
{p0

i , m1
i , m2

i , p3
i }. If the index with the smallest angle error

is nψ ≤ |ISB| (see Eq. (24)), BS is considered the starting
point (p0

i = pBS) and UE the end point (p3
i = p̂UE). Or

vice versa if nψ > |ISB|, UE is considered the starting point
(p0
i = p̂UE) and BS the end point (p3

i = pBS). The second IP
is then located on a half-line

m2
i = p3

i + λti, λ > 0, (27)

that spans from p3
i toward the unit direction vector ti, given

by

ti =

{
Ω(α̂UE)[cos(θi), sin(θi)]

> if nψ ≤ |ISB|,
Ω(αBS)[cos(φi), sin(φi)]

> otherwise,
(28)

in which Ω(α) =
[

cos(α) − sin(α)
sin(α) cos(α)

]
is a counterclockwise

rotation matrix. The second IP also resides on an ellipse
defined as

‖m2
i −m1

i ‖+ ‖m2
i − p3

i ‖ = dei , (29)

with dei = c(τi − b̂UE) − ‖p0
i − m1

i ‖ and two foci at m1
i

and p3
i . Thus, m2

i is at the intersection point of a half-line
and an ellipse, and a closed-form solution can be obtained by
combining (27) and (29) and solving for m2

i . This is achieved
by first plugging (27) into (29), which gives

‖p3
i + λti −m1

i ‖+ ‖p3
i + λti − p3

i ‖ = dei . (30)

By expanding the Euclidean norms and noting that ‖p3
i +λti−

p3
i ‖ = λ since ti is a unit vector, yields√
‖p3

i −m1
i ‖2 + 2λ(p3

i −m1
i )
>ti + λ2 = dei − λ. (31)

Taking the square on both sides and solving for λ gives

λ =
(dei )

2 − ‖p3
i −m1

i ‖2

2((p3
i −m1

i )
>ti + dei )

, (32)

and substituting λ back into (27) yields the closed-form
solution

m̂2
i = p3

i +
(dei )

2 − ‖p3
i −m1

i ‖2

2((p3
i −m1

i )
>ti + dei )

ti. (33)

After solving m2
i , the feasibility of the solution is checked

using dei > ‖p3
i −m1

i ‖, which ensures that the ToA-induced
ellipse is valid. If the solution is feasible, the IP is appended
to the map, as M̂ = M̂ ∪ m̂2

i . Otherwise, if the check fails,
the candidate does not satisfy the ToA constraint, and the
candidate path i is removed from IDB, that is, IDB = IDB\{i}.

E. Double-Bounce Snapshot SLAM

Recall that the joint state of the UE and IPs is x =
[s>, m>1 , . . . , m>|M|]

> ∈ R(ds+|M|dm)×1 in which mn ∈
M. The considered double-bounce snapshot SLAM problem
can be solved by maximizing the joint likelihood function with
respect to x, which is equivalent to minimizing the negative
log-likelihood, resulting in the following problem

x̂ = arg min
x
L(x). (34)

In the above, L(x) is the quadratic cost function we wish to
minimize and is given by

L(x) = (z− h(x))
>

R−1 (z− h(x)) . (35)

Since the measurements are independent, we can express the
cost function as

L(x) =
∑
i∈Iinlier

(zi − hi(x))
>

R−1
i (zi − hi(x)) , (36)

where the inlier set Iinlier = {ILOS, ISB, IDB} is estimated
as explained in Sections IV-B and IV-C. It is important to
note that since the data association between measurements
and IPs has already been solved in Steps 1–3 of the proposed
algorithm, it is known which elements of x correspond toMi.

The problem defined above can be solved iteratively, for
example, using the Gauss-Newton algorithm, which is based
on approximating the measurement model using a first order
Taylor series expansion around the linearization point x̂(j)

[40]. The approximation is given by

hi(x) ≈ hi(x̂
(j)) + Hi(x̂

(j))(x− x̂(j)), (37)

in which the model hi(x̂
(j)) ∈ Rdz×1 and Jacobian

Hi(x̂
(j)) = ∂hi(x)/∂x ∈ Rdz×dx are evaluated at the current

linearization point x̂(j).4 The update step of the Gauss-Newton
algorithm can be derived by inserting (37) into (36), setting
the gradient of L(x) to zero and solving for x. The gradient
is given by

∂L(x)

∂x
≈ 2

∑
i∈Iinlier

(Hi(x̂
(j)))>R−1

i Hi(x̂
(j))(x− x̂(j))

− 2
∑
i∈Iinlier

(Hi(x̂
(j)))>R−1

i (zi − hi(x̂
(j))), (38)

and solving for x yields the updated state estimate

x̂(j+1) = x̂(j) +

( ∑
i∈Iinlier

(Hi(x̂
(j)))>R−1

i Hi(x̂
(j))

)−1

×

( ∑
i∈Iinlier

(Hi(x̂
(j)))>R−1

i (zi − hi(x̂
(j)))

)
.

(39)

4Let us consider an example with linearization point x̂(j) =

[(ŝ(j))>, (m̂
(j)
1 )>, (m̂

(j)
2 )>, (m̂

(j)
3 )>, (m̂

(j)
4 )>]> and double-bounce

path with IPs M̂(j)
i = {m̂(j)

2 , m̂
(j)
4 }. The measurement model for

i ∈ IDB is now defined as hi(x̂
(j)) , hi(ŝ

(j),M̂(j)
i ) and the Jacobian

is Hi(x̂
(j)) =

[
Hi(ŝ

(j)) 0dz×dm Hi(m̂
(j)
2 ) 0dz×dm Hi(m̂

(j)
4 )
]

, in

which the partial derivatives Hi(ŝ
(j)), Hi(m̂

(j)
2 ) and Hi(m̂

(j)
4 ) are given

in (45), (46) and (47), respectively.
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Fig. 5. On top, the performance bounds with LoS and one single-bounce NLoS path are shown. On bottom, the performance bounds with LoS, one single-
bounce NLoS and one double-bounce NLoS path, which shares the first interaction point with the single-bounce NLoS path (Case 2). In the figures, the IP
of the single-bounce NLoS path is varied x, y ∈ [−10m, 10m], whereas the second IP of the double-bounce NLoS path is fixed to x = 0m, y = 5m. The
BS location illustrated using ( ), the UE location with ( ), and the second IP of the double-bounce NLoS path using ( ).

The Gauss-Newton algorithm is initialized using the results
obtained in Steps 1–3 of the proposed double-bounce snapshot
SLAM algorithm. The joint state of the UE and IPs is initial-
ized as x̂(0) = [ŝ>, m̂>1 , · · · , m̂>N ]> in which ŝ is estimated
as explained in Section IV-B, N = |M̂| is cardinality of
the map, and m̂n ∈ M̂ represent the IPs of the single
and double-bounce paths that are estimated as explained in
Sections IV-B and IV-D. The Gauss-Newton algorithm is run
iteratively until the norm of the update step falls below a
threshold (‖x̂(j+1) − x̂(j)‖ < Tε) or a maximum number of
iterations is reached (j + 1 ≥ J).

V. RESULTS

A. Numerical Evaluations and Insight

1) Simulation Setup: The double-bounce SLAM
performance bounds are presented in the following.
The analysis considers an example fixed BS state,
xBS = −5 m, yBS = 0 m, αBS = 0 deg, fixed UE state,
xUE = 5 m, yUE = 0 m, αUE = 90 deg, bUE = 0 ns, while
the locations of the single-bounce and double-bounce IPs
are bounded within the interval xn, yn ∈ [−10 m, 10 m]∀n.
It is assumed that the LoS exists and we consider two
different cases. In Case 1, the double-bounce path shares
both interaction points with the single-bounce paths, whereas
in Case 2, the double-bounce path shares the first interaction
point with the single-bounce path.

As given in [41, Eqs. (26)-(28)], the CRB of zi scales
according to 1/(γ|ξi|2), where γ is the system level
signal-to-noise ratio (SNR) scaling factor depending on the
communication system parameters and ξi is the complex chan-
nel gain. Since Ri ∝ 1/(γ|ξi|2), the measurement covariance
for each path can be obtained by scaling the covariance of

a reference LoS path. Let Rref denote the covariance of
a reference LoS path at reference distance dref . With fixed
transmit power, the covariance of the i-th path is given by

Ri = Rref ×
|ξref |2

|ξi|2
, (40)

where |ξref |2 = λ2/(4πdref)
2 and

|ξi|2 =
λ2

(4π)2



1

d2
i

∀i ∈ ILoS

ΓR

(d1,i + d2,i)2
∀i ∈ ISB

Γ2
R

(d1,i + d2,i + d3,i)2
∀i ∈ IDB,

(41)

in which ΓR is the reflection coefficient and di, (d1,i + d2,i)
and (d1,i + d2,i + d3,i) denote the total propagation
distances of the LoS, single-bounce and double-bounce paths,
respectively. The above covariance model assigns higher
uncertainty to NLoS paths with longer propagation distance
and reflection attenuation. In the following bound analysis,
we set Rref = diag([1 ns, 1 deg, 1 deg]2) and ΓR = 0.7.

2) Results and Discussion: The single-bounce and double-
bounce snapshot SLAM performance bounds for Case 2 are
illustrated in Fig. 5. In this figure, the top row presents
the PEB, OEB, BEB, and LEB when one LoS and one
single-bounce path are available. The bottom row shows the
corresponding bounds when a double-bounce path is present,
sharing its first IP with the single-bounce path. The LEB for
the second IP of the double-bounce path is included in the last
column as the double-bounce path introduces an additional IP
to the problem. It is evident that the problem geometry has
a significant impact on the performance. In fact, the system
is rank-deficient if the single-bounce IP is on the line that
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Fig. 6. On top, the performance bounds with LoS and two single-bounce NLoS paths are shown. On bottom, the performance bounds with LoS, two
single-bounce NLoS paths and one double-bounce NLoS path, which shares both interaction points with the single-bounce NLoS paths (Case 1). In the
figures, the IP of one single-bounce NLoS path is varied x1, y1 ∈ [−10m, 10m], whereas the IP of the second single-bounce NLoS path is fixed to
x2 = 0m, y2 = 5m. The double-bounce path propagates as follows: BS → [x1, y1]> → [x2, y2]> → UE. The BS location illustrated using ( ), the UE
location with ( ), and the IP of the fixed single-bounce NLoS path using ( ).

traverses through the BS and UE, or the second double-bounce
IP is on the line segment connecting the first IP and the UE.
These regions are illustrated with white lines in the figure
and at these locations the problem is intractable since not all
of the unknown parameters can be estimated. In such cases,
however, it would be advantageous to either try to identify the
paths that lead to the degenerate case so that they could be
discarded,5 or use the Moore-Penrose inverse instead when the
system does not have a unique solution. One of the aims of this
paper is to highlight such rank-deficient problem geometries
and developing robust estimators that can handle these special
cases is left for future work. In general, the performance
bounds for single- and double-bounce snapshot SLAM are
nearly identical, and on average the lower bound decreases
only by 3.3% for position, 0% for orientation, 3.1% for
clock bias, and 4.2% for the first landmark location when the
double-bounce path is available. Thus, the main advantage
of the double-bounce path in Case 2 is that estimation per-
formance can be improved slightly, and that an additional
landmark can be estimated which improves situational aware-
ness of the surrounding environment, i.e., the accuracy and
completeness of the overall map.

The performance bounds for Case 1 are illustrated in Fig. 6.
In the top row, one LoS path and two single-bounce paths
are considered, and the PEB, OEB, BEB, and LEB for the
two IPs are shown. In the bottom row, a double-bounce path
that shares both IPs with the single-bounce paths is included,

5The problem can still have full rank with a subset of paths. As an example,
if the double-bounce path is discarded in Fig. 5, the problem can still be solved
with the LoS and single-bounce NLoS for which the bounds are illustrated
on the top row of the figure.

and the resulting bounds are presented. The inclusion of the
double-bounce path breaks the symmetry properties of the
PEB and BEB, as shown in the bottom row. This is due
to the difference of the geometry; when the two IPs of the
double-bounce path lie in different angular directions with
respect to the BS and UE, the path can provide more spatial
information compared to the case where both IPs lie along
similar directions. As shown, compared to Fig. 5, the second
single-bounce path provides additional information, thereby
tightening the estimation bounds. Moreover, the double-
bounce path provides three additional measurements (i.e., zi)
which introduce new system constraints without adding any
new unknowns (i.e., mn). As a result, the double-bounce path
further improves the performance bounds, and on average
the lower bound decreases by 22.7% for position, 0.8% for
orientation, 21.7% for clock bias, 27.7% for the first landmark
location, and 19.9% for the second landmark location when the
double-bounce path is available. Such improvements are really
notable already. Interestingly, the double-bounce signal also
improves identifiability of the system in between the BS and
UE, since the x-coordinate of the first IP becomes observable.
To conclude, when the double-bounce path shares both of its
IPs with the single-bounce IPs, the estimation performance
enhances significantly and identifiability of the system also
improves.

Thus far, we have only considered a single double-bounce
path and at most two single-bounce paths. In Fig. 7, PEB and
LEBSB (LEB for the IPs of single-bounce paths) are illustrated
as a function of the number of single- and double-bounce
paths for the two cases. As shown, the bounds are inversely
proportional to the number of single-bounce paths, and the
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Fig. 7. PEB and LEBSB as functions of the number of single-bounce paths (x-axis) and double-bounce paths (illustrated with different colors). In the figures,
the scenario where every double-bounce path shares one IP with one of the single-bounce NLoS paths is illustrated using solid lines (Case 2), whereas the
dashed lines represent the scenario in which every double-bounce path shares both IPs with two different single-bounce NLoS paths (Case 1).

Fig. 8. Comparison between the proposed algorithm and the corresponding
bounds under the same numerical setup with Case 2 scenario.

accuracy improves as the number of double-bounce paths
increases. However, the two cases yield significantly different
results. In Case 2, the improvement with respect to the
single-bounce only scenario is marginal despite having up
to eight double-bounce paths, whereas in Case 1, the perfor-
mance improves significantly as the number of double-bounce
paths increases. Interestingly in Case 1, the performance
with four single-bounce paths and four double-bounce paths
outperforms a system with ten single-bounce paths. The reason
is that every single-bounce path provides three additional
known parameters and two additional unknowns, whereas the
double-bounce paths do not increase the number of unknown
parameters in Case 1. This implies that the double-bounce
paths solely create additional constraints to the system which
is beneficial in terms of estimation performance.

Finally, we compare the proposed double-bounce SLAM
algorithm with the corresponding error bounds under the same
numerical setup as in Case 2. In the following, γ denotes
the system level SNR factor and it is varied to control the
overall measurement noise level. The covariance of the i-th
path is then scaled relative to the reference path with fixed
SNR scaling factor γdB

ref = 0 dB as Ri = Rref × γref |ξref |2
γ|ξi|2

where |ξi| is given in (41). The resulting RMSEs of the
proposed double-bounce SLAM algorithm are compared with
the corresponding PEB and LEBSB in Fig. 8. As illustrated,
both the error bounds and RMSEs decrease as γ increases.
Moreover, the proposed method closely follows the lower
bounds on estimation accuracy and achieving the bounds at

high SNR values, demonstrating that the proposed algorithm
can achieve good estimation performance in the considered
simulation setup.

B. Experimental Results

1) Experimental Setup: We evaluate the performance of the
proposed and benchmark SLAM algorithms using an open
access real-world 60 GHz measurement dataset, collected
indoors on the campus of Tampere University [42]. In total,
the dataset consists of 45 different UE locations of which 32
were measured in LoS conditions and 13 in NLoS conditions.
Beamformed measurements were obtained using 400 MHz
transmission bandwidth utilizing 5G NR-specified downlink
positioning reference signals. The experimental details and the
hardware used are further explained in [2], [42]. For channel
measurements, the AoD and AoA are estimated from the
beam reference signal received power measurements using a
constant false alarm rate-based detector and the ToA is esti-
mated using the singular value decomposition-based method
introduced in [2]. Since the channel parameter estimation
uncertainties for each path are not available, the covariance
of the channel parameters is empirically tuned and set to
Ri = diag([1 ns, 1 deg, 1 deg]2)∀i. We also note that in
Step 1 of the proposed algorithm, the different propagation
paths are scaled according to |ξi|2 (see [8, Eq. (13)]), such that
path-dependent SNR is partially taken into account. The angle
threshold used to classify double-bounce paths in (25) and
(26) is set as Tψ = 2 deg, the delay threshold used for gating
double-bounce candidates for Case 1 is set as Tτ = 2 ns,
the threshold to terminate the Gauss-Newton algorithm is
Tε = 0.1, and the maximum number of allowed Gauss-Newton
iterations is J = 5.

The proposed snapshot SLAM algorithm is benchmarked
with respect to two other snapshot SLAM algorithms. The first
benchmark is the robust snapshot SLAM algorithm introduced
in [8], which estimates the UE state and landmarks using a
LS method. The second benchmark is the SLAM algorithm
introduced in [39], which instead applies MLE. Both bench-
marks solve the SLAM problem by exploiting only the LoS
and single-bounce NLoS paths; all the other measurements,
including higher-order NLoS paths are discarded. In this work,
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Fig. 9. Illustration at one example UE position when the LoS path does not exist. In the figures, ground truth BS and UE positions are shown using ( ) and
UE position estimate using (×). In the figures, the identified single-bounce paths illustrated using solid lines, double-bounce paths shown using dashed lines,
whereas covariances of the UE and IP position estimates visualized with dotted ellipses. In (a), the initial solution is shown which is computed only using the
single-bounce paths. Figure (b) illustrates the steps of identifying and determining the double-bounce paths (outliers that are not classified as double-bounce
signals are not visualized for clarity). In addition, estimating the second IP is illustrated for one example double-bounce candidate. In (c), the final estimate
is shown which is obtained using the proposed double-bounce snapshot SLAM algorithm.

Fig. 10. SLAM performance using the benchmark algorithms and the proposed method. In the figures, BS position is shown using ( ), the ground truth
UE trajectory with ( ), UE position estimates using (×), single-bounce IP position estimates with ( ) and double-bounce IP position estimates using ( ).

we refer to these benchmarks as SB-LS (single-bounce LS)
and SB-MLE (single-bounce MLE), respectively. Performance
is compared in terms of root mean squared error (RMSE)
of the estimated UE position, orientation and clock bias.
Ground-truth landmark positions are not available, which is
a common problem using real-world experimental data. In
addition, the path classification accuracy is evaluated using
recall, precision, and true negative rate (TNR), with the
detailed definitions provided in [43]. For a given path type,
recall measures how many true paths of a given type are
successfully detected, precision measures how many of the
detected paths of that type are actually correct, and TNR
measures how well paths are rejected that do not belong to that
type.

2) Results and Discussion: Fig. 9 illustrates the sequential
operation of the proposed estimator at one example UE
position under pure NLoS condition. In the first stage,
single-bounce paths are identified and an initial estimate of
the UE state together with single-bounce IPs is obtained
as explained in Section IV-B. The initial solution of the
proposed algorithm, which is essentially the same as SB-LS,
is visualized in Fig. 9a. In the example UE position, six single-
bounce paths are identified and used to solve the problem.
The position, heading and clock bias RMSE of the initial
solution are [0.82 m, 2.00 deg, 2.05 ns], respectively. Building
on the initial solution, Fig. 9b depicts the classification and

estimation of double-bounce paths for which the details
are given in Section IV-C. Three double-bounce candidates
(dashed lines) are found whose AoDs align with that of
existing single-bounce paths (solid lines). Consequently,
for all three paths, the IP of the aligned single-bounce
path is treated as the first shared IP of the double-bounce
candidate. Once this shared IP is determined, the second IP
of the double-bounce candidate can be estimated from the
measurement constraints as explained in Section IV-D. In the
example of Fig. 9b, the second IP of the double-bounce path
is estimated as the intersection between an ellipse whose foci
are the UE position and the first IP, and a half-line that spans
from the UE toward the AoA direction (green solid line).
Lastly, both single-bounce and double-bounce paths are jointly
exploited to refine the estimates, as shown in Fig. 9c, and as
explained in Section IV-E. As illustrated, exploiting the three
identified double-bounce paths allows mapping landmarks
that are not visible with single-bounce paths alone. In
addition, the double-bounce paths improve the accuracy since
the position, heading and clock bias RMSE are reduced to
[0.50 m, 0.96 deg, 0.87 ns], respectively. Thus, exploiting the
double-bounce paths decreases the position, heading and clock
error by 0.32 m, 1.04 deg, 1.18 ns, respectively. Moreover,
it is observable from the figures that the uncertainties of
the UE and existing IP positions estimates are slightly
reduced, since each double-bounce path adds information to
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Fig. 11. Illustration of an example snapshot SLAM solution using the
proposed algorithm when the double-bounce path shares both IPs with the
single-bounce paths (shown using a red dashed line).

TABLE I
RMSE PERFORMANCE COMPARISON OF THE ALGORITHMS

IN TERMS OF UE STATE ESTIMATION

the UE and shared IPs, consistent with the FIM analysis in
Sec. III-D.

Overall, a total of 424 resolvable propagation paths are
collected in the 45 UE positions. Among them, the benchmark
methods and the initial solution of the proposed algorithm
classify the paths as: 32 LoS paths (7.55%), 233 single-
bounce paths (54.95%), and the remaining 159 (37.5%) are
categorized as multi-bounce paths and clutter. Using the
proposed method with angular threshold Tψ = 2 deg, 50
double-bounce NLoS paths are detected among the remaining
paths, accounting for 31.45% of the subset. Notably, two
of these double-bounce paths share both IPs with existing
single-bounce paths. An example of such a case is shown
in Fig. 11. In this case, adding the double-bounce path does
not introduce any additional unknown parameters compared
to SB-MLE. Instead, its measurements directly contribute to
refining the estimates of the UE state and the two shared IPs.
The position, heading and clock bias RMSE of the benchmark
and proposed methods are: [0.26 m, 2.23 deg, 0.90 ns] and
[0.18 m, 1.73 deg, 0.59 ns], respectively. Thus, the proposed
method improves the UE state estimates by 30.8% for position,
22.4% for orientation, and 34.4% for clock bias, notably larger
than the improvements observed when the double-bounce path
shares only one IP as we will discuss next.

Fig. 10 visualizes the results over all UE positions, and
Table I summarizes the quantitative metrics. Across 45 UE
positions, the proposed method identifies a total of 50
double-bounce paths, spread over 32 UE positions, while 2
double-bounce paths are detected that share both IPs with the
single-bounce paths. Regarding environmental mapping, the

TABLE II
AVERAGE RUNTIME IN MILLISECONDS OF DIFFERENT

STEPS OF THE PROPOSED ALGORITHM

proposed algorithm detects 48 additional landmarks, represent-
ing a 21% increase relative to both single-bounce benchmarks.
Particularly, double-bounce paths enable mapping of previous
unobservable landmarks as illustrated in Fig. 10c. In the
figure, green markers highlight additional walls and corners
as shown in the upper-left and lower-right regions, that cannot
be inferred from single-bounce paths alone. As summarized
in Table I, the overall RMSE of the UE state improves by
6.90% for position, 2.98% for orientation, and 10.20% for
clock bias compared with SB-MLE, and by 12.90%, 3.74%,
and 20.72%, respectively, compared with SB-LS. Moreover,
these gains come with no substantial increase in computa-
tional complexity since the main computation burden of the
proposed and benchmark algorithms stem from the RANSAC-
inspired search to identify single-bounce paths. This is evident
from Table II, which reports the average runtime of each
step of the proposed algorithm. As shown, Step 1, which
corresponds to the initial snapshot estimates, dominates the
overall runtime. Overall, the results are in line with the bound
analysis conducted in Section V-A which revealed that double-
bounce signals improve the performance significantly more
when the double-bounce path shares both of its IPs with
the single-bounce IPs, compared to a situation where only
one of the IPs is shared with a single-bounce IP. In the
conducted experiments, however, only a limited number of
detected double-bounce paths share both IPs with identified
single-bounce paths. Consequently, the gain attributable to this
case is also very limited. This limitation is mainly due to
snapshot processing of the measurements since double-bounce
paths that share IPs with the single-bounce paths from different
snapshots are not detected. In other words, majority of the
double-bounce path IPs cannot be simultaneously illuminated
with single-bounce paths from just one UE location because
of the problem geometry. As a result, such paths cannot be
discovered and would require sensing in multiple UE locations
to be found. Filtering and smoothing based approaches which
provide richer information for double-bounce identification
under Case 1 is considered as a direction for future work.

As shown in Table I, in terms of the UE state estima-
tion accuracy, the proposed method achieves average RMSE
improvements of [0.03 m, 0.01 deg, 0.17 ns] under LoS
conditions and [0.06 m, 0.24 deg, 0.35 ns] under NLoS
conditions, with respect to SB-LS. The gains under
NLoS conditions are on average higher. This trend is expected
because, without a direct LoS path, the UE state is inferred
solely from the NLoS paths, which carry more correlated geo-
metric information. Consequently, the benchmark leaves more
room for improvement when additional paths are exploited
under NLoS conditions. Double-bounce paths contribute to
these improvements by coupling the UE state with two IPs,
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Fig. 12. UE position RMSE and the number of detected double-bounce paths
as functions of the angular threshold.

TABLE III
CLASSIFICATION PERFORMANCE FOR DIFFERENT PATH TYPES

providing additional information. However, the magnitude of
the improvement depends on factors such as the geometry
at each snapshot and the number of double-bounce paths
available.

3) Classification Results Discussion: Fig. 12 illustrates the
UE position RMSE and the number of detected double-bounce
paths as functions of the angular threshold Tψ . To account
for the increased mismatch between the shared IPs as Tψ
grows, the measurement covariance of the detected double-
bounce paths, Ri,∀i ∈ IDB is set proportional to Tψ . As
shown, the best UE position accuracy is achieved at Tψ = 2
deg, and the proposed method outperforms both benchmarks
when 0.1 ≤ Tψ ≤ 5 deg. While setting Tψ > 2 deg
increases the number of double-bounce candidates, it also
degrades SLAM performance, since the probability of false
alarms increases, and the measurements of the double-bounce
paths are less reliable. When the angular threshold is not well
chosen (Tψ ≥ 6 deg), the proposed double-bounce SLAM
algorithm performs slightly worse than SB-LS; however, the
crucial point is that it still manages to successfully solve the
problem.

Table III shows the recall, precision, and TNR for the LoS,
single-bounce, and double-bounce NLoS paths. The LoS
path is classified correctly in all UE locations and also the
single-bounce NLoS paths are classified with high accuracy.
This indicates that the initial estimation stage provides a
reliable separation between LoS, single-bounce and outliers.
This is very important because if the initial algorithm fails to
correctly partition the measurements, the resulting errors can
propagate into the subsequent double-bounce classification
and SLAM solutions as already discussed in Section IV-B.
For double-bounce paths, the precision is high, indicating that
the detected double-bounce paths are valid. The high TNR
shows that paths other than double-bounce are rejected with
high accuracy, validating the effectiveness of the proposed
geometry-based classification method. On the other hand,
the recall of double-bounce paths is very low. This is

expected since the proposed method is snapshot-based and
only detects double-bounce paths that share at least one IP
with the single-bounce paths identified within the same UE
location. Majority of the double-bounce path IPs cannot be
simultaneously illuminated with single-bounce paths from just
one UE location because of the problem geometry. Therefore,
the classification result for the set of double-bounce paths
that can be detected using just snapshot observations is also
reported in Table III. As shown, the recall is significantly
higher compared to the case with all double-bounce paths.
It is to be noted that detecting additional double-bounce
paths would require sensing in multiple UE locations. This
problem will be tackled in our future work in which we
will investigate filtering and smoothing based approaches to
increase the number of detected double-bounce paths.

VI. CONCLUSION

In this article, we addressed the role and potential of
double-bounce NLoS paths in snapshot SLAM problem in
terms of estimation performance and environmental mapping
capabilities. First, we derived and analyzed the FIM and
the corresponding estimation CRB of the snapshot SLAM
problem with double-bounce paths, and established generic
identifiability conditions: the problem is solvable when the
double-bounce paths share at least one IP with existing
single-bounce paths. Then, we proposed a new estimator
framework and corresponding algorithms to identify double-
bounce paths based on geometry consistency and further to
solve the snapshot SLAM problem. Numerical results on the
bounds show that double-bounce paths sharing one IP yield
modest gains, whereas double-bounce paths sharing both IPs
provide relatively larger improvements in estimation accuracy.
Experimental results with the proposed estimator corroborate
and support these fundamental trends: UE estimation accu-
racy improves in line with the bound analysis. And most
importantly, double-bounce paths also enable discovery and
localization of new landmarks that are unobservable from
single-bounce paths alone, expanding the maps without incur-
ring significant computational overhead. Thus, the proposed
methods provide an important step forward for extracting
timely and accurate situational awareness of the physical
environment, in the spirit of cellular ISAC, towards the 6G
networks. Our future work will focus on extending the double-
bounce methods to filtering and smoothing-based simultaneous
localization and mapping, while also exploring the use of
higher-order bounces and paths.

APPENDIX: MODEL PARAMETERS AND JACOBIANS

The parameters of the model in (3) for LoS, single-bounce
NLoS and double-bounce NLoS, as well as the Jacobians
Hi(s) = ∂hi(s,Mi)/∂s and Hi(mi) = ∂hi(s,Mi)/∂mi

are defined in the following.

A. LoS

The signal propagates directly from BS to
UE (Mi = ∅). The model parameters are
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d = ‖pBS − pUE‖, [δxφ, δ
y
φ]> = pBS − pUE,

[δxθ , δ
y
θ ]> = pBS − pUE and the Jacobian is

Hi(s) =

−δxφ/d −δyφ/d 0 1

δyφ/d
2 −δxφ/d2 0 0

δyθ/d
2 −δxθ /d2 −1 0

 . (42)

B. Single-Bounce NLoS

The signal experiences one interaction with the environment
(Mi = {m1

i }). The model parameters are d = ‖pBS−m1
i ‖+

‖m1
i − pUE‖, [δxφ, δ

y
φ]> = pBS −m1

i , [δxθ , δ
y
θ ]> = m1

i − pUE
and the Jacobians are

Hi(s) =

−δxθ /dθ −δyθ/dθ 0 1
0 0 0 0

δyθ/d
2
θ −δxθ /d2

θ −1 0

 , (43)

Hi(m
1
i ) =

δxθ /dθ − δxφ/dφ δyθ/dθ − δyφ/dφδyφ/d
2
φ −δxφ/d2

φ

−δyθ/d2
θ δxθ /d

2
θ

 , (44)

where dφ = ‖pBS −m1
i ‖ and dθ = ‖m1

i − pUE‖.

C. Double-Bounce NLoS

The signal experiences two interactions with the envi-
ronment (Mi = {m1

i , m2
i }). The model parameters are

d = ‖pBS −m1
i ‖+ ‖m2

i −m1
i ‖+ ‖m2

i − pUE‖, [δxφ, δ
y
φ]> =

pBS −m1
i , [δxθ , δ

y
θ ]> = m2

i − pUE, and the Jacobians are

Hi(s) =

−δxθ /dθ −δyθ/dθ 0 1
0 0 0 0

δyθ/d
2
θ −δxθ /d2

θ −1 0

 , (45)

Hi(m
1
i ) =

δxς /dς − δxφ/dφ δyς /dς − δyφ/dφδyφ/d
2
φ −δxφ/d2

φ

0 0

 , (46)

Hi(m
2
i ) =

δxθ /dθ − δxς /dς δyθ/dθ − δyς /dς0 0
−δyθ/d2

θ δxθ /d
2
θ

 , (47)

where [δxς , δ
y
ς ]> = m1

i −m2
i , dς = ‖m1

i −m2
i ‖, dφ = ‖pBS−

m1
i ‖ and dθ = ‖m2

i − pUE‖.
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