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Tobias MÖslingeR
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Abstract

Climate change and the persistent dominance of fossil fuels in global energy systems
highlight the urgent need for sustainable alternatives. Hydrogen, produced via photo-
electrochemical (PEC) water splitting, offers a green energy carrier. However, the effi-
ciency of the PEC process is generally limited by charge carrier dynamics in photoanode
materials. Bismuth vanadate (BiVO4), a potential material for PEC water splitting, is
particularly prone to charge localization in the form of small polarons and self-trapped
excitons (STEs), which can potentially affect its performance. While the formation of
polarons in BiVO4 has been widely studied, the precise nature, stability, and behaviour
of STEs, especially under operating conditions, remain poorly understood. In this
thesis, these gaps are addressed using advanced computational methods. First, time-
dependent density functional theory (TD-DFT) with hybrid functionals is employed to
investigate the localization, stability, and optical properties of STEs in BiVO4. The re-
sults reveal two distinct localized exciton configurations: one separated, more mobile
state, and one compact, more rigid state, with comparable energies. Second, hybrid
density functional theory (DFT) combined with the nudged elastic band (NEB) method
is used to quantify activation barriers for STE hopping, dissociation, and transforma-
tion. This analysis reveals distinct kinetic behaviours for the two STE types, where
the separated, more mobile state exhibits much lower barriers than the compact, more
rigid state. Additionally, an alternative charge-trapping mechanism involving O–O
hole dimers is explored, providing insights into a multipolaron binding pathway with
much slower kinetics compared to STEs.

Keywords: bismuth vanadate, density functional theory, electronic structure theory,
nudged elastic band, polaron, self-trapped exciton, semiconductor, solar energy, water
splitting
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1
The Challenge: Introduction

In today’s world, anthropogenic carbon (CO2) emissions are at a level of about 40Gt
per year, causing a CO2 concentration of around 430 parts per million (ppm) in the
atmosphere. This is, with high confidence, higher than at any time during, at least, the
past two million years. The increase in CO2 concentration is 54% since 1750. How-
ever, CO2 is not the only greenhouse gas whose atmospheric abundance has increased.
Methane (CH4), for example, has reached 1940 parts per billion (ppb), a rise of 169%
since 1750 [1–3].

Fossil fuels and industry account for approximately 85% of annual CO2 emissions,
with the remaining 15% originating from land use and forestry. As CO2 is the largest
driver of global warming, immediate and drastic emission reductions are required to
still have a chance of staying below the global warming limit of 1.5 °C (or even 2 °C),
reaching net-zero in 25 to 45 years [1].

Sustainable solutions to replace traditional fossil energy sources, which drive climate
change, increase air pollution, and, in addition, contribute to geopolitical tensions, have
been developed and implemented in some areas of application. However, while many
options have been explored and found to be practical, the share of renewable energies
worldwide is still only around 15% [4]. One reason for this low percentage is challenges
regarding availability, storage, and transport. The use of renewable energy is typically
dependent on location (for example rivers, areas with sufficient wind or sunlight) and
time (like seasons or daytime), which do not always correspond to the needs of the
society. Therefore, additional long-term storage possibilities as well as efficient trans-
portation options are required to balance supply and demand. Batteries are one way to
store energy, and current research is being carried out to develop improved technolo-
gies that, on the one hand, can store larger amounts of electric energy and, on the other
hand, require fewer rare natural resources and therefore pose a lower environmental
impact and cost. However, alternative solutions to batteries are also investigated.
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Chapter 1. The Challenge: Introduction

A promising candidate as an energy carrier is hydrogen, which can easily be con-
verted into electrical energy in fuel cells, emitting only water as a by-product. Liquid
hydrogen has an energy density of 2.4 kWh/L or a specific energy of 33 kWh/kg. Com-
pared to a fossil fuel like gasoline with 9.5 kWh/L, but only 12 kWh/kg, hydrogen can
store nearly three timesmore energy per unit mass [5]. Beyond its role as an energy car-
rier, hydrogen is also a key component in the chemical industry, where it is used for the
production of awide range of chemicals. This versatility enables applications for energy
storage (for example seasonal storage and peak relief for grids), in industrial processes
where high energies are required (for example steel or ammonia production), and as a
decarbonization pathway in sectors that are difficult to electrify (for example remote
or hard-to-reach areas, shipping, aviation, or heavy industry). Nevertheless, there are
some challenges that limit the application of hydrogen at the moment. One of those
is that although hydrogen can be obtained by water splitting in a climate-friendly way
using renewable energies (green hydrogen), around 95% of hydrogen worldwide is still
produced from fossil fuels (grey hydrogen) [6]. The main reasons for this are the high
electricity demand for a sustainable process as well as the inefficiency of alternative
methods.

In this thesis, current water splitting processes and promising future solutions are
discussed in Chapter 2 and Chapter 3. Important electronic phenomena that could
influence the properties of photoactive materials, such as polarons and self-trapped
excitons (STEs), are discussed in Chapter 5 and analyzed according to the techniques
introduced in Chapter 4. Finally, the papers on which the thesis is based are presented
in Chapter 6, and future research directions are outlined in Chapter 7.
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2
The Process: Water Splitting

2.1 The Need for Green Hydrogen
The production of hydrogen can be achieved via water splitting, where water molecules
are separated intomolecular hydrogen and oxygen using renewable energy sources like
solar, wind, or hydropower. This enables a potentially carbon-neutral pathway that
delivers green hydrogen without direct CO2 emissions during operation. It therefore
offers significant advantages over grey hydrogen (produced from fossil fuels) or blue hy-
drogen (fossil fuels and additional carbon capture). However, a current bottleneck for
green hydrogen production is the availability of sustainable energy sources. In conven-
tional processes, water splitting is achieved by applying an external bias voltage across
two electrodes (electrochemical method, Sect. 2.3). This method unfortunately requires
large amounts of electricity, which cannot always be met by renewable sources, limit-
ing the overall sustainability of the application. To avoid this issue, an alternative water
splitting method has been proposed (see Sect. 2.4), where the energy of sunlight can
directly be absorbed by a photocatalyst that drives the reaction to produce hydrogen.
In the following sections, an overview of the chemical reactions involved generally in
the water splitting process will be given, as well as a more detailed discussion of the
different approaches [5, 7].

2.2 Thermodynamic and Kinetic Foundations
The production of hydrogen from water is based on the overall reaction

2H2O −−−→ 2H2 + O2. (2.1)
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Chapter 2. The Process: Water Splitting

If hydrogen is then used as fuel at a later stage, the reaction is reversed, releasing the
stored energy and leaving only water behind. The water splitting reaction is highly
endothermic, with a Gibbs free energy of Δ𝐺∘ = 237.2 kJ/mol per H2O molecule under
standard conditions. This corresponds to a thermodynamic potential of 1.23V and an
overall energy difference of approximately 4.92 eV between reactants and products of
the complete four-electron reaction in Fig. 2.1. However, this thermodynamic potential
represents the minimum equilibrium voltage needed to drive the reaction without con-
sidering kinetic losses. The energy required in practice is higher due to inefficiencies in
the process, which has motivated extensive efforts to minimize any losses during the
reaction [8–10].

2.3 Electrochemical Water Splitting
For the electrochemical process of water splitting, also called electrolysis of water, two
electrodes, connected via an external circuit, are typically immersed in electrolyte. An
applied bias voltage then induces oxidation and reduction reactions at the cathode and
anode. In the electrolyte, charge neutrality is maintained through ion transport be-
tween the electrodes. The general reaction can therefore be divided into two redox
half-reactions that occur on separate electrodes. On the cathode, the hydrogen evolu-
tion reaction (HER) represents the reduction

2H+ + 2 e− −−−⇀↽−−− H2 (2.2)

with 𝐸∘ = 0V. On the anode, the oxygen evolution reaction (OER) or water oxidation
reaction

2H2O −−−⇀↽−−− 4H+ + 4 e− + O2 (2.3)

takes place (see Fig. 2.1), where 𝐸∘ = 1.23V. 𝐸∘ is the standard electrode potential that
refers to the standard hydrogen electrode (SHE) for the relevant redox couple (H+/H2
and H2O/O2), defining the theoretically required minimum voltage to drive the reaction
electrochemically. Among the two half-reactions, the OER is generally considered to be
the rate-limiting process due to slower kinetics, arising from its complex four-electron
transfer mechanism and the need to form O–O bonds [11, 12]. The whole OER consists
of five steps, described in Fig. 2.1, which can be associated with reaction coordinates.
These individual reaction states are 2H2O −−−→ OH* +H2O +H+ + e– −−−→ O* +H2O +
2H+ + 2 e– −−−→ OOH* + 3H+ + 3 e– −−−→ O2 + 4H+ + 4 e– .

Although the theoretical minimum potential for water splitting is 1.23V, in practice,
higher cell voltages of about 1.6V to 2.0V are required due to overpotentials (𝜂) [14, 15].
The total overpotential is typically composed of contributions from activation, concen-
tration and resistance [16]. The activation overpotential (𝜂act) arises from the energy
barrier for electron transfer at the electrode surface, which is dominated by the OER.
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2.3. Electrochemical Water Splitting

Figure 2.1: Schematic Gibbs free energy diagram of the OER on an ideal surface (left) and
a pristine Pt(111) surface (right). The free energy barriers for each intermediate step can be
reduced by applying a bias voltage [13]. The reaction coordinates (1–5) denote the following
states: 2H2O −−−→ OH* + H2O + H+ + e– −−−→ O* + H2O + 2H+ + 2 e– −−−→ OOH* + 3H+ +
3 e– −−−→ O2 + 4H+ + 4 e– .

In addition, the concentration overpotential (𝜂conc) is generated by mass transport lim-
itations such as slow diffusion of reactants or products. Lastly, the resistance or ohmic
overpotential (𝜂ohm) appears due to resistance losses in the electrolyte, electrodes, and
contacts. These overpotentials lead to the requirement of additional energy and thus
reduce the overall efficiency of the water splitting process. For practical applications,
the Faradaic efficiency, which quantifies the fraction of transferred electrons that con-
tribute to the desired H2 and O2 evolution reactions compared to side reactions, should
approach 100% [17]. Reducing these overpotentials through improved electrocatalyst
designs and optimized charge transport is therefore essential for efficient electrochem-
ical water splitting systems. In the HER, this is achieved with Pt-based catalysts, which
exhibit a hydrogen adsorption energy near the optimum as well as excellent catalytic
activity [15]. However, their high cost and scarcity are disadvantages that have led
to the development of alternatives like transition metal sulphides (for example MoS2)
and Ni-based alloys. For the OER, noble metal oxides such as IrO2 or RuO2 have excel-
lent catalytic performance, but their limited stability and availability have given rise to
earth-abundant alternatives like oxyhydroxides based on Fe and Ni. In addition to the
catalytic activity, the long-term material stability is a requirement for practical electrol-
ysis systems. Especially in the OER, the exposure of the electrode to highly oxidative
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Chapter 2. The Process: Water Splitting

and corrosive operating conditions can lead to catalyst degradation and reduced effi-
ciency over time. The reliance on noble metal catalysts to reduce this issue increases
the cost of large-scale hydrogen production and has motivated ongoing research into
stable and earth-abundant alternatives.

2.4 Photoelectrochemical Water Splitting
While electrochemical water splitting offers a technologically mature and efficient ap-
proach, its dependence on external electrical energy, especially if produced from non-
renewable sources, remains a major limitation (see Sect. 2.3). Therefore, photoelectro-
chemical (PEC) water splitting, where solar energy in the form of sunlight is directly
utilized to drive the water splitting reaction, has gained increased attention. In such sys-
tems, semiconductor photoelectrodes absorb visible light to excite electrons to higher
energy levels and thus create holes, which in turn participate in the HER and OER at the
semiconductor–water interface. This direct pathway for solar-to-hydrogen conversion
can, in principle, achieve higher efficiencies than coupled photovoltaic–electrolysis sys-
tems by minimizing energy conversion losses, offering a sustainable alternative for
green hydrogen production [15].

The principle of PEC water splitting is the integration of light absorption and elec-
trochemistry into a single device. To enable the process, the semiconductor photoelec-
trode has to satisfy two key thermodynamic requirements. First, the bandgap must be
large enough to absorb sunlight effectively. The thermodynamic minimum bandgap
of 1.23 eV is determined by the required potential for water splitting, the same as for
the electrochemical process. In reality, this minimum is inadequate to drive the reac-
tion due to overpotential losses and kinetic barriers (Sect. 2.3). A bandgap of approxi-
mately 1.6 eV to 2.0 eV is therefore usually required. Second, it has to be energetically
favourable for the electron to be transferred from the conduction bandminimum (CBM)
to the proton reduction level (H+/H2) and for the hole to be transferred from the valence
band maximum (VBM) to the water oxidation level (H2O/O2), as illustrated in Fig. 2.2.
These band alignments of the semiconductor relative to the redox potentials ensure that
it is suitable to drive both the HER and OER upon light absorption. However, in prac-
tice, two different materials are often preferred to carry out the reactions separately
and thus reduce the requirements and complexity for each of the catalysts [18].

The mechanism of PEC water splitting can be divided into three stages: First, pho-
toexcitation occurs, where sunlight excites electrons to higher energy states and creates
holes in the photocatalyst. Then, the charge carriers are transported to the semiconductor–
water interface while minimizing recombination losses, where ultimately the surface
redox reactions can take place, with the electrons driving the HER and the holes driving
the OER. In practice, such systems can be configured either as single photoelectrodes,
where the photoanode or photocathode is paired with a counter electrode, or as tandem
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2.4. Photoelectrochemical Water Splitting
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Figure 2.2: Illustration of the band alignment for PEC water splitting.

cells, where photoanode and photocathode are combined to enable unassisted water
splitting [18, 19].

For photoanodes, which enable the OER, a popular choice of material is BiVO4, as
it allows for visible light absorption and has a favourable VBM. However, some limita-
tions with BiVO4 are poor conductivity and high recombination rates (see Chapter 3)
[20, 21]. As an alternative, TiO2 has been established as a stable and low-cost option,
though its wider bandgap limits the absorption to ultraviolet (UV) light. The wide band
gap can be reduced through doping, which enables absorption in the visible range, but
in turn comes at the expense of a reduced catalytic activity [22, 23]. For photocathodes,
which promote the HER, Cu2O is a common choice. While it can absorb visible light
and has a suitable CBM, it can suffer from photocorrosion, which must be prevented
through coatings of co-catalysts, like for example Pt or Au [24, 25]. Also Si, which
has a high absorption coefficient due to its narrow bandgap, has been suggested as a
photocathode, however, it requires surface modifications because of its instability in
aqueous electrolytes [26, 27]. Nevertheless, despite the considerable progress achieved
with these materials, further optimization of their performance to allow for efficient
overall water splitting remains challenging. Although limitations such as charge re-
combination, instability, and photocorrosion can be mitigated by doping, surface pas-
sivation, or the use of co-catalysts, a fundamental trade-off between bandgap and band
alignment remains. A narrow bandgap improves the absorption of light, but might not
provide sufficient driving force for water splitting. In contrast, a wide bandgap ensures
the desired alignment but limits absorption to high-energy photons, excluding most of
the visible light spectrum [18, 19].

In its current state, the solar-to-hydrogen efficiency of PEC devices is typically be-
low 5%, but single trials have managed to achieve around 15%. However, in order to
apply this technology in practice, much higher efficiencies are desired, which could po-
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Chapter 2. The Process: Water Splitting

tentially be reached through novel materials with optimal bandgaps, advanced device
architecture, and scale-up strategies [28, 29]. Alternatively, devices with lower efficien-
cies could become of interest, if their cost can be lowered to a level at which their pro-
duction becomes advantageous. Due to the need for improved photoelectrodes to drive
the water splitting process, improved materials that show increased efficiency (or lower
cost) are of great significance. Such improvements are typically connected closely to
a material’s intrinsic properties like the electronic structure. Therefore, understand-
ing the fundamentals of charge transport and localization within a photocatalyst is of
high importance. This thesis focuses on the photoanode material BiVO4 (Chapter 3)
to investigate different charge trapping mechanisms and mobility of localized charges
(Chapter 5) using computational approaches (Chapter 4).
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3
The Material: Bismuth Vanadate

Bismuth vanadate (BiVO4) is a visible-light-active semiconductor that has attracted in-
creasing attention as a promising photoelectrode for the water splitting reaction (see
Chapter 2) [20, 30]. Its layered crystal structure is constructed of VO4 tetrahedra that
are interconnected via BiO8 polyhedra. While BiVO4 can be synthesized in several poly-
morphic forms, the room temperature monoclinic scheelite (ms) phase of space group
𝐼2/𝑏 is the most experimentally relevant [31]. BiVO4 exhibits a strong tendency for
charge localization, caused by a pronounced electron–phonon coupling that aids the
stabilization of small polarons and STEs (see Chapter 5). For these reasons, it repre-
sents an attractive model system to explore the interplay between lattice distortions
and excited-state dynamics in transition metal oxides [32, 33]. In this thesis, BiVO4
is used as a platform to study the formation, stability, and kinetic behaviour of STEs
applying first-principles methods.

3.1 Crystal Structure and Charge Localization
The crystal structure of BiVO4 plays an important role in the electronic and optical
properties of the material. It is worth noting that there are two closely related scheelite
phases. Ms-BiVO4 is the low-temperature ground state that transforms into the tetrag-
onal scheelite (ts) phase of space group 𝐼41/𝑎 at a temperature of around 528K [31, 34].
However, structural relaxation ofms-BiVO4 using semi-local exchange–correlation func-
tionals typically leads to the formation of ts-BiVO4 already at 0K due to the inadequate
description of the Bi lone-pair electrons. Although hybrid functionals can recover the
ms structure, the required high fraction of exact exchange [35] and the physical origin
of this sensitivity [35, 36] are still discussed. In ms-BiVO4, a distorted variant of the
higher-symmetry ts-BiVO4, two inequivalent V–O bond lengths are present [37]. This
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Chapter 3. The Material: Bismuth Vanadate

distortion arises from the asymmetric coordination of the Bi atoms that form BiO8 poly-
hedra, while the V centres arrange as VO4 tetrahedra [31]. The deviation is, however,
very subtle and not distinguishable in Fig. 3.1, hence only the ts structure is shown.
Due to this small structural difference, the ts-BiVO4 structure is often, including this
thesis, used as a simplified model. For charge localization and transport, this can be
motivated by previous work finding very similar electronic band structures, electron-
polaron states, and almost identical hopping barriers in the two phases [38, 39]. Never-
theless, some experimental studies report different photocatalytic or photoelectrochem-
ical performance for ts and ms samples [20, 37, 40]. However, the samples were pro-
duced using different synthesis or treatment conditions, so morphology, crystallinity,
defects, and surfaces may also explain the difference. It is therefore not fully estab-
lished whether the small structural differences between the bulk phases significantly
affect charge transport and photocatalytic performance [36].

Figure 3.1: The crystal structure of ts-BiVO4. Bi atoms are shown in beige, V in dark blue and
O in dark red.

BiVO4 is a promisingmaterial for PECwater splitting, as its indirect bandgap of about
2.4 eV to 2.5 eV lies in the visible spectrum and therefore allows the absorption of visible
light [41, 42]. Furthermore, its valence and conduction band edges are thermodynami-
cally aligned to drive the OER, making it a model photoanode material. However, the
most important property is the strong tendency for charge localization, which leads to
electrons and holes in BiVO4 not remaining delocalized upon photoexcitation but rather
creating small polarons. The electrons thereby localize on V sites, while the holes form
primarily on O sites with hybridized Bi–O character. This phenomenon occurs because
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3.2. Evidence for Charge Trapping

of the strong electron–phonon coupling that prevails in the material, which lowers the
energy of the system by distorting the lattice around the charge carrier [20]. In ad-
dition, the anisotropic nature of BiVO4 modulates the mobility of these polarons and
influences the formation of STEs, as elaborated in more detail in Chapter 5 [32].

3.2 Evidence for Charge Trapping
Due to BiVO4’s particular combination of electronic, optical, and structural properties,
it is not only a promising photocatalyst for the water splitting reaction, but also por-
trays an exceptional material for investigating the fundamentals of STEs and their less
known dynamic behaviour in the context of this thesis. Firstly, the strong electron–
phonon coupling stabilizes localized charge carriers and thereby aids the formation of
small polarons and STEs, like presented in Fig. 3.2. Secondly, visible light absorption,
enabled by a suitable bandgap, facilitates experimental accessibility in the form of direct
observations of excited-state dynamics through the use of techniques like photolumi-
nescence and transient absorption spectroscopy. And thirdly, the well-characterized
crystal structure offers the possibility for accurate first-principles modelling, where
hybrid functionals (see Chapter 4) are applied to capture the charge localization and
excited-state behaviour.

(a) (b)

Figure 3.2: Polarons in BiVO4, calculated using electronic structure theory. Illustrations show
the charge isosurfaces of an excess a) electron and b) hole.

Previously, the existence of STEs in BiVO4 has been observed experimentally in the
form of polaron emission peaks that can be assigned to the trapping of electrons and
holes [43, 44]. These findings are confirmed by our studies, which have shown that
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Chapter 3. The Material: Bismuth Vanadate

BiVO4 hosts two distinct configurations of STEs, both exhibiting unique spatial and
energetic characteristics, which are in more detail discussed in Chapter 6. In the first
type, STE1, the electron localizes on a V site, with the hole forming on the O atoms of
a neighbouring BiO8 polyhedron, creating a more extensive electron–hole pair. Con-
versely, while in the second type, STE2, the electron is localized on a V site as well,
the hole arises on an O atom of the same VO4 tetrahedra, leading to a rather compact
shape. One of the key findings from studying STEs in BiVO4 is that both STE types
possess a comparable formation energy, which suggests that both are of experimental
relevance and may coexist under typical conditions. This aligns well with the general
theory of STEs discussed in Chapter 5, which presents an explanation for how bound
electron–hole pairs can localize and distort the lattice of a material. An additional dis-
covery in BiVO4 is that a single STE configuration can produce multiple emission peaks
in the photoluminescence spectrum that originate from transitions between localized
and delocalized states within the exciton. This is consistent with experimental photo-
luminescence studies, where broad and asymmetric emission bands were observed in
BiVO4 thin films [45]. Beyond static properties, also the kinetic behaviour of STEs in
BiVO4 can be analyzed. These investigations reveal that both STE types show distinct
kinetic pathways, with energy barriers for hopping, dissociation and transformation
processes ranging from tens to several hundreds of meV, corresponding to time delays
between femto- and nanoseconds. Comparing this barrier-based mechanistic picture
with results from transient absorption measurements reveals a good agreement for STE
dynamics in BiVO4 [43, 44].

Slower trapping pathways (on microsecond time scales) in BiVO4 can be enabled
by alternative charge trapping mechanisms like, for example, O–O hole dimers. Their
formation and trapping of an extra electron provide an additional route for charge lo-
calization. The coexistence of STEs and hole dimers offers an explanation for the wide
range of time scales observed in experimental studies of charge trapping and recombi-
nation.

Overall, using BiVO4 as a model system, the first-principles calculations not only
elucidate the nature of STEs in BiVO4 but also provide a quantitative framework for
understanding their stability, mobility and emission properties. The insights gained
through this material contribute also to the broader discussion of excited-state dynam-
ics in transition metal oxides in general, as discussed in more detail in Chapter 5, and
demonstrate the power of advanced computational methods like described in Chapter 4.

3.3 Synthesis and Structural Control
The synthesis conditions of BiVO4 can have a significant influence on its structural
and electronic properties, including charge-carrier transport and excited-state dynam-
ics. The most commonly employed synthesis procedures are hydrothermal and sol–gel
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methods, which under conditions above room temperature yield BiVO4 in the photoac-
tivems phase. However, phase formation during synthesis depends on parameters such
as temperature, precursor chemistry, and pH [20, 30]. Although metastable ts-BiVO4
can be obtained under carefully controlled synthesis conditions at lower temperatures,
thermal treatment is typically required to promote transformation from thems phase to
the ts phase. While the phase transformations are normally reversible, either through
grinding or heating of the material, ms is generally seen as the low-temperature struc-
ture, while ts is prominent at high temperatures [30, 46, 47]. Regarding the computa-
tional simulations described in this thesis (Chapter 4), ts was the phase of choice, since
in the simulation environment it is already stable at 0K, and electronic properties show
small differences [38, 39].

In addition to phase selection, the properties of the material can also be modulated
through structural tuning. For example, epitaxial strain in thin films has been demon-
strated to alter the electronic structure, bandgap, and charge localization characteris-
tics of BiVO4 [45, 48]. Such strain effects may influence the formation and stability
of polarons and STEs, making them relevant for both experimental and computational
studies.
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4
The Methods: Electronic Structure

Theory

4.1 Quantum Mechanical Many-Electron Problem
Themany-electron problem is a fundamental cornerstone of quantummechanics, where
the goal is to solve the Schrödinger equation for systems containing multiple electrons
and nuclei. Understanding the electronic structure of such systems is essential for pre-
dicting chemical reactivity, material properties, and molecular behaviour. The time-
independent Schrödinger equation,

𝐻̂Ψ = 𝐸Ψ, (4.1)

describes the energy 𝐸 of a stationary state with wave function Ψ containing all elec-
tronic and nuclear degrees of freedom as coordinates as well as the Hamiltonian 𝐻̂. In
atomic units, Planck’s reduced constant ℏ, the electron mass𝑚, the elementary charge
𝑒, and the term 1

4𝜋𝜀0
are set to 1. The non-relativistic Hamiltonian can then be written

as

𝐻̂ = − 1
2

𝑁
∑
𝑖=1

Δ𝑖
⏟⎵⎵⏟⎵⎵⏟

̂𝑇

+ 1
2 ∑
𝑖,𝑗≠𝑖

1
|𝒓𝑖 − 𝒓𝑗|⏟⎵⎵⎵⎵⏟⎵⎵⎵⎵⏟

𝑉̂ee

−
𝑁
∑
𝑖=1

𝐾
∑
𝑘=1

𝑍𝑘
|𝒓𝑖 − 𝑹𝑘|⏟⎵⎵⎵⎵⏟⎵⎵⎵⎵⏟

𝑉̂en

−
𝐾
∑
𝑘=1

1
2𝑀𝑘

Δ𝑘
⏟⎵⎵⎵⏟⎵⎵⎵⏟

̂𝑇n

+ 1
2 ∑
𝑘,𝑙≠𝑘

𝑍𝑘𝑍𝑙
|𝑹𝑘 − 𝑹𝑙|⏟⎵⎵⎵⎵⎵⏟⎵⎵⎵⎵⎵⏟

𝑉̂nn

(4.2)
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for a system of 𝑁 electrons with coordinates 𝒓𝑖, 𝐾 atomic nuclei with coordinates 𝑹𝑘,
the corresponding charge numbers 𝑍𝑘 and masses𝑀𝑘. Here, ̂𝑇 and ̂𝑇n represent the ki-
netic energy of the electrons and nuclei, respectively. ̂𝑉ee and ̂𝑉nn describe the electron–
electron and nuclei–nuclei Coulomb repulsion, while ̂𝑉en is the electron–nuclei attrac-
tion. The factor of 1

2
in ̂𝑉ee and ̂𝑉nn avoids double-counting of pairwise interactions.

However, this equation can only be solved analytically for one-electron systems due to
the exponential complexity introduced by the coupled degrees of freedom of multiple
particles [49].

To simplify the problem above, the so-called Born–Oppenheimer approximation has
been introduced, which exploits the large mass difference between electrons and nu-
clei. Since nuclei are significantly heavier than electrons, their motion is much slower,
allowing the electronic and nuclear degrees of freedom to be decoupled [50]. Under
this approximation, the nuclei are treated as fixed, and the Hamiltonian can be defined
for electrons that experience the Coulomb potential of stationary nuclei, whose kinetic
energy is neglected:

𝐻̂ = − 1
2

𝑁
∑
𝑖=1

Δ𝑖
⏟⎵⎵⏟⎵⎵⏟

̂𝑇

+ 1
2 ∑
𝑖,𝑗≠𝑖

1
|𝒓𝑖 − 𝒓𝑗|⏟⎵⎵⎵⎵⏟⎵⎵⎵⎵⏟

𝑉̂ee

+
𝑁
∑
𝑖=1

𝑣(𝒓𝑖)
⏟⎵⎵⏟⎵⎵⏟

𝑉̂ext

, (4.3)

where ̂𝑉ext is the external potential, which is the sum of contributions of the local po-
tential 𝑣(𝒓) of the electrostatic field of all the fixed nuclei acting on an electron

𝑣(𝒓) = −
𝐾
∑
𝑘=1

𝑍𝑘
|𝒓 − 𝑹𝑘|

. (4.4)

However, evenwith this simplification, solving the Schrödinger equation for systems
with more than one electron remains impossible. This has motivated the development
of approximation methods, which provide practical frameworks for describing the elec-
tronic structure. Popular approaches are on the one hand the Hartree–Fock approxi-
mation and its extensions, where the wave function is approximated, and on the other
hand density functional theory (DFT), where the total energy is obtained through the
density [51].

4.2 Hartree–Fock Method
The Hartree–Fock method makes use of the Rayleigh–Ritz variational principle, which
states that for any state |Ψ⟩, the expectation value of the Hamiltonian,

𝐸[Ψ] = ⟨Ψ|𝐻̂|Ψ⟩
⟨Ψ|Ψ⟩ ≥ 𝐸0, (4.5)
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is always greater than or equal to the true ground state energy 𝐸0. Thus, the best
approximation for the ground state is characterized by the minimum of 𝐸[Ψ], yielding
the closest possible value to the ground state energy.

In the Hartree–Fock approximation, the many-electron wavefunction Ψ is written
as a Slater determinant of single-particle orbitals 𝜑𝑖(𝒓):

Ψ(𝑟1, 𝑟2,… , 𝑟𝑛) =
1

√𝑁!

||||||

𝜑1(𝑟1) 𝜑2(𝑟1) … 𝜑𝑁(𝑟1)
𝜑1(𝑟2) 𝜑2(𝑟2) … 𝜑𝑁(𝑟2)
⋮ ⋮ ⋮

𝜑1(𝑟𝑁) 𝜑2(𝑟𝑁) … 𝜑𝑁(𝑟𝑁)

||||||
. (4.6)

This form ensures that the wavefunction is anti-symmetric with respect to the inter-
change of two particles, thereby satisfying the Pauli exclusion principle, which states
that no two electrons can occupy the same state. The Hartree–Fock equations are de-
rived bymaking use of the variational principle (minimizing 𝐸[Ψ]) under the constraint
that the single-particle orbitals remain orthonormal,

[ ̂ℎ(𝒓) + 𝑣H(𝒓)] 𝜑𝑖(𝒓) −∫𝑣x(𝒓, 𝒓′)𝜑𝑖(𝒓′)d𝒓′ = 𝜀𝑖𝜑𝑖(𝒓). (4.7)

Here, ̂ℎ(𝒓) is the one-particle operator (kinetic energy and external potential) and 𝑣H(𝒓)
is the Hartree potential (classic Coulomb repulsion). A third non-local term called the
Fock exchange potential is added, which accounts for quantum exchange effects and
lowers the energy compared to the pure Hartree solution. However, the accuracy of the
Hartree–Fock solution is limited in many applications, since correlation effects are not
described beyond the classical mean-field Coulomb interaction represented by 𝑣H. To
address this, alternative approaches such as DFT have been developed and are preferred
in practice, as they include correlation effects at a comparable or lower computational
cost [51].

4.3 Hohenberg–Kohn Theorem
A fundamental understanding of DFT is achieved by the Hohenberg–Kohn theorem.
It shows that the ground state potential of a system in an external potential 𝑣ext(𝒓) is
uniquely defined up to a constant by its density 𝑛(𝒓). The total energy 𝐸[𝑛(𝒓)] of the
system can therefore be expressed as a functional of the electronic density as

𝐸[𝑛(𝒓)] = ∫𝑣ext(𝒓)𝑛(𝒓)d𝒓 + 𝐹[𝑛(𝒓)], (4.8)

where the first term represents the contribution of the external potential and results in
the external energy𝐸ext[𝑛(𝒓)]. The second term𝐹[𝑛(𝒓)] describes the electron–electron
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interactions, which can in turn be split up into the Coulomb interaction (orHartree term
𝐸H[𝑛(𝒓)]) and a universal functional 𝐺[𝑛(𝒓)] that accounts for all quantum mechanical
effects beyond the classical Coulomb interaction:

𝐹[𝑛(𝒓)] = 1
2∬

𝑛(𝒓)𝑛(𝒓′)
|𝒓 − 𝒓′| d𝒓d𝒓′ + 𝐺[𝑛(𝒓)]. (4.9)

With this, the many-body electron problem can successfully be reformulated in terms
of the electronic density, which now serves as the fundamental variable of the system.
However, the exact form of 𝐺[𝑛(𝒓)], which contains the kinetic energy and quantum
mechanical effects, is unknown and must be determined in practice through further
approximations [52].

4.4 Kohn–Sham Equations
To approximate the universal functional𝐺[𝑛(𝒓)], Kohn and Sham [53] proposed replac-
ing the system of interacting electrons with a non-interacting system with the same
properties. This allows for a description using only single-particle equations in an ef-
fective potential. The universal functional can then be written as

𝐺[𝑛(𝒓)] = 𝑇S[𝑛(𝒓)] + 𝐸xc[𝑛(𝒓)] (4.10)

with the kinetic energy of a system of non-interacting electrons 𝑇S[𝑛(𝒓)], which can be
calculated exactly, and the exchange and correlation energy of the interacting system
𝐸xc[𝑛(𝒓)] [53]. This allows rewriting the total energy functional as

𝐸[𝑛(𝒓)] = 𝐸ext[𝑛(𝒓)] + 𝐸H[𝑛(𝒓)] + 𝑇S[𝑛(𝒓)] + 𝐸xc[𝑛(𝒓)]. (4.11)

The ground state energy density can be obtained from the eigenstates (called the single-
particle or Kohn–Sham orbitals 𝜑𝑖(𝒓)) of the Kohn–Sham equations,

[−12Δ + 𝑣S(𝒓)] 𝜑𝑖(𝒓) = 𝜀𝑖𝜑𝑖(𝒓), (4.12)

with the Kohn–Sham eigenvalues 𝜀𝑖 and the Kohn–Sham potential

𝑣S(𝒓) = 𝑣ext(𝒓) + 𝑣H(𝒓) + 𝑣xc(𝒓) (4.13)

containing the external potential 𝑣ext(𝒓), the Hartree potential 𝑣H(𝒓) and the exchange–
correlation potential 𝑣xc(𝒓) [51]. The exchange–correlation potential is in turn defined
as the derivative of the exchange–correlation energy with respect to the density,

𝑣xc(𝒓) =
𝛿𝐸xc[𝑛(𝒓)]
𝛿𝑛(𝒓) . (4.14)
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Combining the equations above, the total energy of the system can be expressed as

𝐸 =
𝑁
∑
𝑖=1

𝜀𝑖 − 𝐸H + 𝐸xc −∫𝑣xc(𝒓)𝑛(𝒓)d𝒓. (4.15)

The Kohn–Sham equations are solved self-consistently by starting from an initial guess
and iteratively calculating the single-electron equations and updating the density and
potential until convergence is achieved [53]. The implementation of this process is
discussed in more detail in Sect. 4.7.4.

4.5 Exchange–Correlation Functionals
While the expressions for the exchange–correlation energy provide a theoretical foun-
dation for DFT calculations, the exact form of 𝐸xc[𝑛(𝒓)] is not known. Thus, approx-
imations need to be introduced. In the following, an overview of the most common
approaches to computing the exchange–correlation energy is provided.

4.5.1 Local Density Approximation
The simplest and still widely used approximation is the local density approximation
(LDA). In the LDA, the assumption is made that the total exchange–correlation energy
of a density distribution 𝑛(𝒓) can be approximated as the sum of local contributions
from a uniform electron gas with the same density. This leads to expressing 𝐸xc[𝑛(𝒓)]
as

𝐸LDA
xc [𝑛(𝒓)] = ∫𝑛(𝒓)𝑒unifxc [𝑛(𝒓)]d𝒓 (4.16)

depending only on the density at a point and the exchange–correlation energy per par-
ticle of a uniform electron gas 𝑒unifxc [𝑛(𝒓)]. Since the exchange and correlation energies
for a uniform electron gas are known, this approximation can be computed efficiently
[54]. The LDA is by construction exact for a uniform density and nearly-exact for slowly
varying densities, making it well suited for describing simple metals. However, among
other limitations, it obviously does not incorporate inhomogeneity or gradient correc-
tions and is not exact in the one-electron limit [55]. This leads in many cases to an
underestimation of the lattice parameter of solids and the bond lengths in molecules.

4.5.2 Generalized Gradient Approximation
One more advanced way of approximating the exchange–correlation functional is the
generalized gradient approximation (GGA), where both the density and its gradient are
taken into account. This allows for eliminating some of the disadvantages of LDA,while
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keeping its good properties. A widely used functional has been developed by Perdew,
Burke, and Ernzerhof (PBE) [56], where the simpler LDA functional is modulated by
the enhancement factor 𝐹xc[𝑛(𝒓), ∇𝑛(𝒓)]. In the limit of the uniform electron gas, this
approximation will therefore yield the same results as LDA. The PBE–GGA functional
has the form of

𝐸GGA
xc [𝑛(𝒓)] = ∫𝑛(𝒓)𝑒unifxc [𝑛(𝒓)]𝐹xc[𝑛(𝒓), ∇𝑛(𝒓)]d𝒓 (4.17)

with 𝑒unifxc [𝑛(𝒓)] again representing the exchange–correlation energy per particle of a
uniform electron gas. The PBE–GGA functional presents an overall improvement com-
pared to LDA, however, it overshoots and produces too large lattice parameters or bond
lengths in many cases [51].

4.5.3 Hybrid Density Functionals
A common approach to further improve accuracy is the application of hybrid function-
als. The key idea is to incorporate a fraction of the exact Hartree–Fock exchange (see
Sect. 4.2) into the exchange–correlation functional, rather than relying solely on semi-
local approximations like PBE. This generally improves the description of atomization
energies, bond lengths, and vibrational frequencies of most molecules [51]. The expla-
nation for this can be found by taking a closer look at the coupling constant expression
for 𝐸xc,

𝐸xc = ∫
1

0
d𝜆 ⟨Ψmin, 𝜆

𝑛 | ̂𝑉ee|Ψmin, 𝜆
𝑛 ⟩ − 𝑈. (4.18)

Approximating this integral using the trapezoidal rule yields

𝐸xc ≈
1
2(𝐸xc, 𝜆=0 + 𝐸xc, 𝜆=1) =

1
2(𝐸x + 𝐸xc, 𝜆=1), (4.19)

where in the non-interacting case (𝜆 = 0), the correlation energy vanishes, and only
the exact exchange energy remains. It has been argued that local or semi-local density
functionals are more accurate in the fully-interacting case (𝜆 = 1), since the exchange–
correlation hole is deeper and more localized around each electron compared to the
non-interacting case (𝜆 = 0). The remaining term, the unknown 𝐸xc, 𝜆=1, can be ap-
proximated using some semi-local (sl) functional, for example LDA or GGA [57]. This
leads to the introduction of Becke’s half–half hybrid functional [58],

𝐸xc =
1
2(𝐸x + 𝐸sl

xc, 𝜆=1) = 𝐸sl
xc +

1
2(𝐸x − 𝐸sl

x ). (4.20)

However, it has been found that in many cases, the linear 𝜆-dependence assumed above
is not optimal, but a more rapid decay is realistic [57]. Thus, the expression for the
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hybrid functional can be written in a more general form,

𝐸hyb
xc = 𝐸sl

xc +
1
𝑚(𝐸x − 𝐸sl

x ). (4.21)

For 𝑚 = 2, this reproduces the half–half hybrid functional, while for 𝑚 = 4, the so-
called PBE0 hybrid functional is obtained, defined as

𝐸PBE0
xc = 𝐸PBE

xc + 1
4(𝐸x − 𝐸PBE

x ) = 3
4𝐸

PBE
x + 1

4𝐸x + 𝐸PBE
c . (4.22)

With PBE0, a significant improvement compared to GGA can be observed when de-
scribing molecular properties as well as in solid-state applications. This is due to the
fact that the self-interaction error of the density functional (inherent in the Hartree
energy) is reduced by including a fixed portion of the Fock exchange [59].

4.6 Transition States
In DFT calculations, the energy of a system is minimized by optimizing its geometric
structure until the lowest possible energy is reached, corresponding to a local minimum
on the energy surface. To go from one stable state to another (from one local mini-
mum to another one), the system must overcome a specific energy barrier. This barrier
depicts the so-called transition state, a higher-energy configuration between the two
stable states. It can therefore be understood as a saddle point on the potential energy
surface. Since the transition state (and its associated energy barrier) determines the
reaction rate, it is essential to identify not just any saddle point, but the lowest-energy
saddle point connecting the two investigated minima [60].

The nudged elastic band (NEB) method is a widely used algorithm for locating such
transition states [60]. For that, an initial pathway composed of a series of intercon-
nected images (evolving structures along the reaction coordinate) is constructed and
subsequently optimized. All intermediate configurations are optimized simultaneously
while maintaining the pathway through spring forces until convergence is reached,
and the arrangement with the highest energy is identified. This highest-energy image
is treated differently from the other images in the climbing image (CI) NEB method: in-
stead of minimizing its energy, the component of the force along the tangent is inverted,
effectively “climbing” to the saddle point [60]. Meanwhile, the forces perpendicular to
the path continue to minimize the energy, ensuring convergence to the true transition
state. The total force 𝑭 acting on an image of the path in the NEB approach is given by

𝑭 = 𝑭S∥ − ∇𝐸(𝑹)⟂, (4.23)

where 𝑭S∥ is the spring force that acts along the local tangent and ∇𝐸(𝑹)⟂ is the true
force perpendicular to the local tangent.
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4.7 Implementation
The popularity of DFT methods in theoretical solid-state physics and quantum chem-
istry is continuously growing, not least promoted by the number of available software
packages for a wide range of applications. While the underlying theory behind these
codes is the same, relying on the concepts discussed above, the details of the algorithms
and simulation environments can vary significantly. Due to this, the main considera-
tions of different implementations are summarized here.

4.7.1 Boundary Conditions and Supercells

A key challenge in solid-state studies of defect-induced phenomena is balancing the
size of the system under investigation. On one hand, realistic descriptions of physical
behaviour often require large (ideally infinite) systems to account for extensive crystal
rearrangements, on the other hand, computational feasibility demands that the sys-
tem’s size remains as small as possible. This challenge can be navigated by applying
the concept of periodic boundary conditions. This allows the study of structured mate-
rials (like crystals) as extended systems without needing to consider all of the millions
of atoms present in even the smallest crystalline sample. The idea is to include only
one unit cell of the material explicitly in the calculations, while the surrounding recur-
ring continuation of the model is implicitly included through periodicity (see Fig. 4.1).
However, in many cases, a single unit cell is too small to realistically showcase the

Figure 4.1: Sketch of a supercell (8 atoms) that contains several unit cells (2 atoms). Periodic
boundary conditions implicitly extend the system in every direction.
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emergence of studied phenomena, as they can arise over areas much larger than the
lattice constant. This motivates the introduction of so-called supercells. A supercell
consists of several unit cells that are explicitly included in the simulation, creating a
sufficiently large system to describe the phenomena of interest with satisfactory pre-
cision (Fig. 4.1). This is particularly important for studying extended features, such as
defects, surfaces, or localized excitations. The exact size of a supercell can vary greatly
depending on the type and order of the system, ranging from a few unit cells to sev-
eral hundred atoms, and must be determined through convergence testing. By creating
large enough supercells, even partially disordered systems, such as liquids, gases, and
their interfaces with solids, can be studied.

4.7.2 Basis Sets
One of the characteristic features of a DFT code is the type of basis function that is used
to solve the Kohn–Sham equations (see Sect. 4.4). The choice of basis set is critical, as it
determines the efficiency and accuracy of the calculation, as well as the types of systems
that can be studied. The solution of the Kohn–Sham equations is generally achieved by
expanding the Kohn–Sham orbitals 𝜑𝑖(𝒓) in terms of known basis functions 𝜙𝑗(𝒓):

𝜑𝑖(𝒓) = ∑
𝑗
𝑐(𝑖)𝑗 𝜙𝑗(𝒓). (4.24)

In the following, a brief overview of the main ideas of basis sets, which fulfil periodic
boundary conditions that are suitable for crystalline solids, is provided. Such basis sets
are, among others, the plane-wave or the slightly more advanced augmented plane-
wave basis set.

4.7.2.1 Plane Waves

To simulate the system, the periodicity of its Bravais lattice is reproduced using an
external potential in which the electrons move. Plane waves are a natural choice for
periodic systems because they inherently satisfy the periodic boundary conditions of
the crystal lattice. Applying the Bloch theorem [61], the Kohn–Sham orbitals can be
expanded as

𝜑𝑘(𝒓) =
1
√Ω

∑
𝑮
𝑐𝑮(𝒌)𝑒𝑖(𝒌+𝑮)𝒓. (4.25)

Here, 𝑮 denotes the reciprocal lattice vector. The expansion coefficients 𝑐𝑮(𝒌) are the
Fourier coefficients of a particular Bloch wave for a given wave vector 𝒌. The potential
is truncated to include only contributions sufficient to describe electrons in the first
Brillouin zone, while maintaining lattice periodicity. This assumption is made to reduce
the computational work as much as possible [51].
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4.7.2.2 Gaussians

Anotherwidely usedmethod employsGaussian functions to approximate themolecular
orbitals of electrons. In this basis, the Kohn–Sham wavefunctions can be expressed in
polar coordinates as

𝜑𝑖(𝑟, 𝜃, 𝛾) = ∑
𝑛𝑙𝑚

𝑐(𝑖)𝑛𝑙𝑚𝑁𝑌 𝑙𝑚(𝜃, 𝛾)𝑟2𝑛−2−𝑙𝑒−𝜁𝑟
2 , (4.26)

where𝑁 is a normalization constant, 𝑌 𝑙𝑚(𝜃, 𝛾) are spherical harmonic functions, and 𝑛,
𝑙 and 𝜁 are shape-determining parameters. Gaussian basis sets are popular because they
allow for an analytical evaluation of some electron repulsion integrals and thus efficient
computations. Additionally, the product of two Gaussians centred at different points
yields another Gaussian, further simplifying integral calculations. Gaussian functions
can also be combined to mimic the behaviour of Slater-type orbitals, which are more
physically accurate but computationally expensive. Due to these reasons, Gaussian
basis sets are particularly well-suited for molecular systems, as they can efficiently de-
scribe localized molecular orbitals while maintaining computational tractability [62].

4.7.2.3 Projector Augmented Waves

One approach to describe an atomic system is the projector augmented waves (PAW)
method, which partitions the atomic-centred wavefunction into two regions. In the
valence region, a smooth wavefunction is implemented, acting as an envelope func-
tion. In the near-core region, a rapidly oscillating wavefunction is defined, which is
then replaced with a smooth pseudo-wavefunction through a transition operator. This
division allows for an efficient and accurate description of both the smooth valence
states and the rapidly varying core states, combining the benefits of plane waves (for
the valence region) with the accuracy of all-electron methods (for the core region)[63].

4.7.3 Pseudopotentials
The concept of pseudopotentials has been introduced firstly to reduce the number
of electrons that are to be treated, which is already useful for basis sets other than
plane waves, and secondly to make wavefunctions smoother, so fewer plane waves are
needed. The goal here is to construct an effective potential that can replace the all-
electron potential in a way that core states are eliminated and the valence electrons are
described by pseudo-wavefunctions with significantly fewer nodes close to the atomic
nuclei, as shown in Fig. 4.2. This allows the pseudo-wavefunctions to be represented us-
ing far fewer plane waves, significantly reducing the computational cost. Pseudopoten-
tials are particularly important in plane-wave DFT, as they enable a dramatic reduction
in the number of plane waves required to describe the system and make these calcu-
lations possible with sufficient accuracy for the chemically relevant valence states. In
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this approach, only the chemically active valence electrons are treated explicitly, while
the core electrons remain fixed and are seen together with the nuclei as rigid, non-
polarizable ion cores.

Ψpseudo

rc r

Vpseudo

V∼Zr

Ψ∼Zr

Figure 4.2: Comparison of a wavefunction in the Coulomb potential of the nucleus (blue) to the
one in the pseudopotential (red). The real and the pseudo-wavefunctions and potentials match
above a certain cutoff radius 𝑟𝑐.

4.7.4 Self-Consistency Algorithm
Thecomputational steps required for DFT calculations are implemented in a self-consistent
manner. The self-consistent approach is necessary because the effective potential de-
pends on the electron density, which in turn depends on the effective potential. This
circular dependency requires an iterative process to reach a consistent solution. As il-
lustrated in Fig. 4.3, the process begins by taking an initial guess of the electron density,
which is used to calculate the effective potential. The Kohn–Sham equations can then
be solved and a new value for the electron density and energy is obtained. This proce-
dure is repeated iteratively until the convergence criteria are reached. Once converged,
the desired output properties can be calculated [51].

4.7.5 CP2K
To perform DFT calculations in practice, a suitable software package must be selected.
While accurate results can nowadays be achievedwith a large number of different codes,

25



Chapter 4. The Methods: Electronic Structure Theory

Calculate 𝑣ext(𝒓),
guess initial density 𝑛(𝒓)

Calculate effective potential
𝑣eff(𝒓) = 𝑣ext(𝒓) + 𝑣H(𝒓) + 𝑣xc(𝒓)

Solve Kohn–Sham equations
(𝑇S + 𝑣eff(𝒓))𝜑𝑖(𝒓) = 𝜀𝑖𝜑𝑖(𝒓)

Calculate new density and energy
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Figure 4.3: Self-consistency algorithm for DFT calculations

their computational details can vary significantly. An important aspect that needs to be
considered is, for example, which types of simulations the program has been optimized
for. Since this thesis primarily involves hybrid functional DFT calculations combined
with the NEB method, both of which are computationally more demanding than stan-
dard LDA or GGA analyses, CP2K [64] was selected as a suitable software package. This
code is optimized to reduce the computational effort required to evaluate the Hartree–
Fock exchange contribution and supports the use of larger supercells. It employs a
dual basis set approach, combining a primary set of Gaussian orbitals with an auxiliary
plane-wave basis set [65].
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The hybrid functional applied in this thesis is PBE0-TC-LR, a modified version of
PBE0. More precisely, the standard PBE0 exchange energy can be expressed as

𝐸PBE0
x = 𝛼𝐸x + (1 − 𝛼)𝐸PBE

x (4.27)

with 𝛼 specifying the fraction of exact Hartree–Fock exchange 𝐸x. However, evaluating
this expression under periodic boundary conditions is challenging due to a singularity
in the Coulombic Hartree–Fock interaction potential. To address this, truncating the
interaction and setting it to 0 outside a cutoff radius 𝑟𝑐 has become common practice
[66]. Additionally, the missing description of the exchange contributions outside 𝑟𝑐 is
corrected to further improve the convergence behaviour. The truncation avoids the
singularity in periodic systems, while the long-range correction ensures an accurate
description of the exchange energy at larger distances, improving both physical accu-
racy and computational efficiency. This results in the long-range corrected truncated
Coulomb exchange functional PBE0-TC-LRC, which requires significantly fewer com-
putational resources to evaluate than the full PBE0 functional:

𝐸PBE0–TC–LRC
x = 𝛼𝐸TC

x + 𝛼𝐸PBE–LRC
x + (1 − 𝛼)𝐸PBE

x . (4.28)

In this functional, the Hartree–Fock exchange energy is replaced by the truncated
Coulomb term𝐸TC

x , and long-range corrections𝐸PBE–LRC
x from the standard PBEmethod

are added [67].
In hybrid DFT calculations using CP2K, evaluating the Hartree–Fock exchange en-

ergy is one of the most computationally demanding steps, particularly for large sys-
tems. To circumvent this limitation, the auxiliary density matrix method (ADMM) has
been developed. It introduces an auxiliary basis set with a corresponding density ma-
trix, chosen to be smaller than the primary basis set. This allows the Hartree–Fock
exchange to be approximated with a significantly reduced number of terms, since it
only needs to be calculated using the auxiliary density matrix rather than the full-sized
one.

4.7.6 VASP
Additional calculations performed within the Vienna Ab initio Simulation Package
(VASP) [68] allow for a comparison with the results obtained from CP2K and thus help
to assess the convergence and precision. More importantly, since CP2K only takes the
Γ-point into account when sampling the Brillouin zone, additional analyses using VASP
also offer the possibility of studying the influence of different 𝑘-point grids. For exam-
ple, this allows for a comparison between Brillouin zone sampling of only the Γ-point
and a 2×2×2 grid. In contrast to CP2K, VASP relies on a plane-wave basis set with the
PAW method, which treats the periodic boundary conditions differently. Furthermore,
Hartree–Fock exchange is implemented in reciprocal space, which is more efficient for
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plane waves and avoids the divergence issues encountered by CP2K with Gaussian basis
sets [69].

As a result, the implementation of the full PBE0 functional in VASP does not suffer
from the same numerical instabilities as in CP2K. Moreover, the long-range part of the
exchange is handled more naturally in reciprocal space, eliminating the need for trun-
cation. In terms of computational efficiency, VASP’s fast Fourier transform (FFT) based
approach for Hartree–Fock exchange is optimized for plane waves, making standard
PBE0 feasible even for large periodic systems [59, 70].
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5.1 Localization in Excited States
To understand how STEs can form and influence a material’s properties, it is first nec-
essary to explore how charge carriers interact with the lattice in solids. In condensed
matter physics, quasiparticles are introduced to describe the collective behaviour of
electrons and atoms. One such quasiparticle is the polaron, proposed by Landau [71]
and Pekar [72] to explain an electron moving in a crystal where the surrounding atoms
displace to screen its charge. This electron–phonon coupling increases the electron’s
effective mass, as if it were dragging the heavier ionic cores along with it, thus lowering
its mobility. In large ionic crystals, where Coulomb interactions are strong, this effect
is particularly pronounced [73]. In practical applications, polarons can significantly
reduce electron mobility in semiconductors and influence the optical conductivity of
photoactive materials [74]. Polarons are typically classified as large (delocalized, mov-
ing close to the band edge with slightly increased mass) or small (localized at a single
ion, moving via hopping or tunnelling). The key idea is that charge carriers can local-
ize due to lattice deformations [75]. This localization concept not only applies to single
charges, but can also lead to the formation of double polarons (bound pairs of identi-
cal charge carriers, like O dimers), which further stabilize localized states [76]. When
two oppositely charged polarons – an electron polaron and a hole polaron – interact,
they can form a bound electron–hole pair, called an exciton. If the exciton’s interaction
with the lattice is strong enough, the entire electron–hole pair can become localized,
collectively distorting the surrounding lattice. This localized, lattice-distorted state is
the fundamental property of an STE. Unlike free excitons, which move through the
crystal relatively easily, STEs are tied in place by their own lattice distortion, leading
to unique optical and structural properties [75]. STEs are particularly prominent in ma-
terials where electron–phonon coupling is strong, such as alkali halides, perovskites,
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and transition metal oxides. Their formation can alter optical properties (for example
broad emission bands), affect charge transport, and even act as precursor to defect for-
mation [77]. Understanding STEs is therefore essential for applications ranging from
optoelectronics to photocatalysis. In the following sections, the mechanisms behind
STE formation, their theoretical description, and their implications for material prop-
erties are discussed further.

5.2 Formation of Self-Trapped Excitons
In crystals, excitons interact with phonons (lattice vibrations), which leads to scattering
if this electron–phonon coupling is weak. However, if the coupling is strong, it can lead
to a localization of not only single charge carriers, but also the bound electron–hole
pairs, to form an STE. This evolution from delocalized to localized states is illustrated
in Fig. 5.1. Free, delocalized electrons and holes localize to form electron and hole
polarons. When these polarons interact, they can trap each other and eventually form
an STE. In the latter case, the entire electron–hole pair distorts the lattice, pinning itself
in place [78]. This process demonstrates that STEs are a natural extension of polaron

e e

h
e

h

Delocalized
electron

Localized electron
(polaron)

Localized hole
(polaron)

Self-trapped
exciton

Figure 5.1: Schematic of charge localization in solids. A delocalized electron localizes to form
an electron polaron. It interacts with a hole polaron to trap each other, and an STE is created.

physics, where the bound electron–hole pair collectively distorts the lattice to lower the
total energy of the system. The kinetic cost of localizing the exciton is compensated for
by the energy gain from the lattice relaxation, which lowers the potential energy and
results in a net energy reduction [78].
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The formation of an STE can also be visualized in a configurational coordinate di-
agram (see Fig. 5.2). In this representation, the energy of the system is plotted as a
function of a generalized lattice distortion coordinate, for example a bond length or
collective atomic displacement. The free exciton state, which is delocalized and there-
fore has a comparatively higher energy, corresponds to a wider and shallower potential
well. In contrast, the STE induces a local lattice distortion and shifts the system to a
deeper, narrow well with lower total energy [77]. The energy difference between the
absorption (free exciton) and emission (STE) peaks is known as the Stokes shift, a char-
acteristic feature of STEs that can also be observed experimentally as a red-shifted,
broadened emission band. This shift occurs because the lattice relaxes after excitation,
lowering the emission energy relative to the absorption energy [79, 80].

Q0 Q1

Ground state

Free exciton

STE

Configurational coordinate

En
er

gy

Figure 5.2: Configurational coordinate diagram illustrating the energy landscape of free exci-
tons and STEs. The Stokes shift is the energy difference between the free exciton (absorption)
and STE (emission) peaks.

The probability of STE formation is determined by two possible energy values. On
the one hand, the formation energy describes the difference between the ground state
of the pristine system and the excited, distorted lattice state (where the STE is present),
which strongly depends on the material. On the other hand, the binding energy is ob-
tained by comparing the self-trapped state (where the STE is present) with the state,
where the two involved polarons are further apart and do not trap each other. Con-
sequently, systems with weak electron–phonon coupling, where free excitons remain
energetically favourable, typically do not exhibit STEs. In contrast, strong coupling,
as commonly found in ionic crystals or mixed-metal oxides, can stabilize the STE as
the lowest excited state of the system. To quantify this stabilization, the total energies
of both configurations must be compared, including contributions from the electronic
structure as well as the elastic energy associated with the lattice distortion [77].
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5.3 Theoretical Description

An approach to the theoretical description of STEs is the use of simplified model Hamil-
tonians. Such an example is the Holstein Hamiltonian [81], which manages to describe
the fundamentals of the self-trapping process by coupling the exciton to local phonon
modes. The decision of whether the system can localize depends on the balance be-
tween the kinetic energy of the exciton and the potential energy gain from the lattice
distortion. In materials with degenerate electronic states, such as transition metal ox-
ides, lattice distortions can lift the degeneracy and lower the total energy, thereby sta-
bilizing localized excitations, including STEs. This is called the Jahn–Teller effect [82].

To model STEs in realistic materials, two different approaches can typically be con-
sidered, each with certain consequences for the size of the simulation cell. The unit cell
approach, in which the Hamiltonian is calculated for one single atomic cell, is generally
viewed as computationally efficient for polarons, but becomes more expensive for STEs
due to the need for combining it with the Bethe–Salpeter equation (BSE) to describe the
excitonic states [83]. In this method, explicit large supercell calculations are avoided by
expressing localized quasiparticles as coherent superpositions of Bloch-like electronic
or excitonic states coupled to phonons. Within this framework, all relevant quantities,
like band structures, excitonic states, and exciton–phonon coupling, are obtained from
calculations in the primitive unit cell. Localizations then emerge via a self-consistent
treatment of the coupling in reciprocal space. This way, a description of both localized
and delocalized states becomes possible, without directly breaking the translational
symmetry in real space [83, 84].

Meanwhile, the supercell approach, which involves adding charges to atomistic mod-
els containing tens to hundreds of atoms, is more straightforward from a theoretical
point of view. In addition, it can allow for anharmonicity, migration, and interactions
with defects and interfaces. Due to all these reasons, it is often preferred, despite its
high computational cost, to investigate the STE behaviour and associated lattice distor-
tions. This is achieved by applying DFT calculations, especially when combined with
hybrid exchange–correlation functionals [85]. However, to obtain a more accurate de-
scription of excitonic states or optical excitations, approaches like time-dependent den-
sity functional theory (TD-DFT) or many-body perturbation theory based on the GW
approximation and BSE (GW+BSE) can be employed to analyze the excited electronic
configurations of STEs [86, 87]. The identification of STEs in simulations is usually
based on localized charge densities, characteristic local lattice distortions, and ener-
getic stabilization relative to delocalized excitonic configurations.

Despite these advances, the simulation of STEs remains a challenge. Particularly
for the often required large supercells to properly describe localized excitons, accurate
excited-state methods like TD-DFT or GW+BSE are computationally demanding. Fur-
thermore, non-adiabatic effects can play a role in the charge transport via STEs or other
carriers, requiring specialized approaches like non-adiabatic molecular dynamics. The
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application of these techniques for complex materials, where STEs could interact or
compete with defects, polarons, or other quasiparticles, is still under active research.

From the computational simulations, several key quantities for STE characterisation
can be derived. The formation energy 𝐸f describes the difference between the energy of
the STE 𝐸STE and the pristine system 𝐸pristine and therefore provides information about
the stability of the localized state. It is calculated according to

𝐸f = 𝐸STE − 𝐸pristine + 𝜖VBM − 𝜖CBM, (5.1)
where 𝜖VBM and 𝜖CBM describe the energies of the VBM and CBM in the pristine system,
respectively. As a consequence, negative formation and binding energies thus indicate
a thermodynamically favoured excited state. The energy barrier between the free exci-
ton and STE, or between two different STE states, gives an additional estimate of the
likelihood of a trapping or transitioning process happening. A high barrier suggests
that thermal activation or non-adiabatic transitions might be needed, while a low or
absent barrier promotes spontaneous localization. Finally, estimates for the timescale
of STE formation after photoexcitation help understanding the dynamics and stability.
These time delays can be calculated using the Arrhenius equation for the rate constant
𝑘 of a thermally activated process

𝑘 = 𝜅𝜈Γ exp (− 𝐸
𝑘B𝑇

) (5.2)

with the activation energy 𝐸, the Boltzmann constant 𝑘B, the temperature 𝑇 and the
attempt frequency 𝜈 [88]. The electronic transmission coefficient 𝜅 is defined as

𝜅 = 2𝑃
1 + 𝑃 . (5.3)

In many cases, the adiabatic regime can be assumed, in which 𝑃 → 1, and thus 𝜅 = 1.
Furthermore, the nuclear tunnelling factor Γ should only be important for low tem-
peratures or light elements and can therefore also be set to 1 [74, 89]. The attempt
frequency can be obtained from the second derivative of the energy with respect to the
configurational coordinate at the polaron ground state 𝑄0:

𝜈 =
√

𝜕2𝐸(𝑄)
𝜕𝑄2

|||𝑄=𝑄0

, (5.4)

with the configurational coordinate 𝑄 calculated as

𝑄𝑖 =
√
∑
𝑗
𝑚𝑗 ||𝑟𝑖,𝑗 − 𝑟0,𝑗||

2. (5.5)

Here, 𝑖 indexes the structure in the pathway, while𝑚𝑗 and 𝑟𝑖,𝑗 are themass and position
of atom 𝑗 [89]. The timescale 𝜏 is finally found with the inverse of the rate constant

𝜏 = 1
𝑘. (5.6)

33



Chapter 5. The Actors: Self-Trapped Excitons

5.4 Properties and Implications
Having established the fundamentals of STEs, their intrinsic properties and broader
implications can now be discussed. Due to their localized nature, which is promoted
by strong electron–phonon interactions, STEs exhibit unique optical, structural and dy-
namic behaviour. From an optical point of view, STEs show broad, red-shifted emission
paths, a direct consequence of the large Stokes shift previously mentioned in Sect. 5.2.
This shift, created by lattice relaxation, is a key experimental signature of STEs in pho-
toluminescence spectra. In terms of structural characteristics, localized lattice distor-
tions around the electron–hole pair are induced, which can lead to symmetric breath-
ing modes or asymmetric (Jahn–Teller-like) distortions. The short-range nature of the
electron–phonon coupling responsible for STE formation is reflected in these distor-
tions [77]. The dynamics of the formation and dissociation processes typically show
ultrafast timescales in the range of femto- to picoseconds. After photoexcitation, the
system rapidly relaxes through lattice optimization to localize the exciton and create
the STE configuration [90]. Subsequently, radiative recombination or dissociation into
free carriers can occur. The rates of these processes are highly dependent on the elec-
tronic structure of the specific material and the phonon coupling strength [77, 91].

These unique properties of STEs have an important influence on the excited-state
behaviour in a material. Due to their tendency to localize, STEs can act as temporary
traps that potentially lead to an impeded carrier mobility, and therefore alter the overall
charge transport processes. Furthermore, if no rapid dissociation takes place, the pro-
longed localization may serve as a precursor to defect formation, possibly leading to
permanent structural changes [91, 92]. In photoactive materials, the large Stokes shift
and broad emission bands can lead to contrasting influences. On one hand, applications
in optoelectronics might be enabled, on the other hand, it can indicate energy losses in
photovoltaics. Which effect is prevalent in the end is determined by the competition
between recombination and dissociation pathways [80, 93]. Therefore, understanding
these properties is essential for interpreting the behaviour of excited states in both ex-
perimental and computational studies.

5.5 Open Questions and Challenges
Although significant progress in understanding STEs has been made in recent times,
there are still theoretical and experimental challenges. Computationally, treating cou-
pled dynamics of excited states and lattice distortions accurately in complex materials
like hybrid perovskites or transition metal oxides remains demanding, especially for
large supercells or non-adiabatic processes. Open questions are, among others, under
which conditions STEs form rather than free excitons or polarons, and how STEs inter-
act with defects, interfaces, or other quasiparticles in realistic systems.
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Paper I
Competing Self-Trapped Exciton States and Multiple Emission Pathways in BiVO4

In Paper I, the formation of STEs in BiVO4 is studied. A search for localized exciton
configurations is carried out using hybrid functional DFT computations. The found
STE structures are then investigated regarding their formation and emission energies
as well as their localization, stability, and optical properties. Furthermore, the conver-
gence of energies with the size of the simulation cell is tested.

We find that two distinct STE types can form in BiVO4, one that is extended over sev-
eral atoms (STE1), and one compact, located in proximity of two neighbouring atoms
(STE2). Both configurations, however, exhibit comparable formation energies, suggest-
ing that both types of STE could potentially exist at the same time, leading to interest-
ing interactions and transformations. Moreover, we investigate the emission energies
and show that emission from a single STE configuration leads to multiple peaks in the
emission spectrum due to different types of internal transitions. Upon comparison with
experimental studies, our results show good agreement with measured emission peaks.
In addition, we show that although STEs are neutral, the results are sensitive to the
applied cell size.
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Paper II
Evolution of Excited States in Bismuth Vanadate: Trapping and Kinetic Pathways

In Paper II, the study of the two types of STEs found in BiVO4 is continued to in-
vestigate their trapping and kinetics. Different pathways for trapping, transformation,
and hopping of STEs are identified and analyzed using NEB calculations. The energy
barriers give an estimate for the probability of a certain process taking place. In addi-
tion, the time scales on which these processes can occur are approximated to allow for
a comparison with experimental measurements.

Our investigations show that one of the STE configurations is much more mobile
than the other, since it can separate more easily during the process. However, this
also leads to the STE dissociating rather than participating in any other hopping or
transition. The second type of STE appears to be more rigid, with larger barriers for
hopping, dissociation, and transformation, meaning that going from STE1 to STE2 is
easier than the other way around. To also consider processes that would occur with
longer time delays, we study the trapping of charges within O–O hole dimers. This
formation provides alternative pathways with much higher energy barriers.

To put our results in context, we calculate the time delays that the investigated pro-
cesses would take place with, and compare them to experimental transient absorption
spectra. We find that the STE processes occur in the sub-picosecond to nanosecond
range, while the dimer processes take longer, with times on the scale of nanoseconds
to even microseconds. These order-of-magnitude estimates agree well with the emis-
sion time delays of experimental references.
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This thesis presents studies on the formation, stability, and mobility of STEs in bulk
BiVO4, providing fundamental insights into charge localization mechanisms in this
material. The work includes hybrid functional DFT calculations to identify two dis-
tinct STE configurations with comparable formation energies and emission spectra that
match experimental data. In addition, the energies are shown to be sensitive to the
simulation cell size. Furthermore, NEB calculations are applied to investigate STE trap-
ping, transformation, and hopping, revealing differing mobilities and time scales (sub-
picosecond to microsecond) that align with experimental transient absorption spectra.

While these results contribute to a deeper understanding of the electronic properties
of BiVO4, the key processes governing PEC water splitting occur at the semiconduc-
tor surface and within the near-surface region, which have not been investigated in
this work. Extending the present first-principles studies to surfaces and subsurface
layers is therefore a natural next step towards elucidating the mechanisms controlling
charge separation, transport, and recombination during the OER and HER. In particu-
lar, simulations of STEs in surfaces with different crystallographic orientations could
reveal how the surface structure influences charge localization and stability through
changes in formation energies and migration barriers. Such investigations would not
only provide insights into favourable surface configurations for efficient charge carrier
dynamics but also guide designs towards a more effective photocatalyst for the water
splitting reaction.

Since the relative stabilities of localized charges are shown to be sensitive to compu-
tational setup and technique, a systematic comparison of electronic structure methods
would be of interest. In particular, investigating the dependence of STE stability on the
construction and parametrization of hybrid exchange–correlation functionals across
a wider range of materials could provide valuable findings to improve simulation ap-
proaches.
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Themethodologies employed here could also be extended to other photocatalytic ma-
terials, where excitonic charge localization remains comparatively unexplored. Studies
across different semiconductor families may improve the understanding of the factors
governing self-trapping and its influence on photocatalytic performance and act as a
benchmark for future research work.

Furthermore, recent advances in machine-learning models for polarons at semicon-
ductor interfaces suggest a promising route towards studying STEs in a more realistic
environment, for example in the vicinity of water and at finite temperatures. This ap-
proach is being applied in ongoing work, focusing on the stability of polarons and
oxygen vacancies at the BiVO4–water interface, where machine-learning-driven simu-
lations can reveal how free energies, transition levels, and charge trapping evolve under
operando conditions. Combined with ongoing first-principles studies of STEs localized
near the surface, developments like these may ultimately enable large-scale simulations
of STE formation, transport, and recombination under realistic photocatalytic operat-
ing conditions.
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