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We address the problem of identifying the dynamical law governing the evolution of a population of indistin-
guishable particles, when only aggregate distributions at successive times are observed. Assuming a Markovian
evolution on a discrete state space, the task reduces to estimating the underlying transition probability matrix
from distributional data. We formulate this inverse problem within the framework of entropic optimal transport,
as a joint optimization over the transition matrix and the transport plans connecting successive distributions.
This formulation results in a convex optimization problem, and we propose an efficient iterative algorithm based
on the entropic proximal method. We illustrate the accuracy and convergence of the method in two numeri-

cal setups, considering estimation from independent snapshots and estimation from a time series of aggregate

observations, respectively.

1. Introduction

Consider a scenario where a large number of indistinguishable par-
ticles move according to an unknown dynamical law. Although the in-
dividual trajectories of the particles are not accessible, one can observe
their aggregate configurations at successive time instances. The funda-
mental challenge is to identify the underlying—potentially stochastic—
law that governs the evolution of these particles using only such aggre-
gate data. This inverse problem arises naturally in diverse domains. In
fluid mechanics, for example, Particle Tracking Velocimetry (PTV) tech-
niques rely on the movement of tracer particles illuminated by lasers to
infer local flow dynamics (Dabiri & Pecora, 2019). Beyond fluid flow es-
timation, similar challenges appear in many other applications. For ex-
ample, in orbital object tracking, where space debris or satellites follow
uncertain dynamical laws (Anz-Meador, 2020; Berger et al., 2020), and
in swarm robotics, where collective motion patterns of large groups of
simple agents must be analyzed and predicted (Rubenstein et al., 2012).
Further applications include understanding pedestrian movement from
anonymized cell phone data (Willenborg, 2025) or inferring individual-
level animal behavior from aggregate ecology data (King, 2013).

Given the indistinguishable nature of the observed particles, it is nat-
ural to represent each snapshot as a distribution over the state space.
When this space is discrete, the aggregate evolution can be modeled as
a sequence of distributions generated by a Markov chain. In this setting,
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the underlying stochastic law corresponds to the transition probability
matrix that governs how mass is transported between states over time.
The key scientific problem, therefore, is to estimate this transition matrix
from a sequence of noisy or incomplete distributional measurements.

The estimation of transition probabilities from Markov models is a
classical topic (Kemeny et al., 1969; Miller, 1952), and in particular the
estimation from aggregate discrete-time observations has been consid-
ered in the monograph by Lee et al. (1970), which derives least-squares
and maximum-likelihood estimators formulated as quadratic program-
ming problems. For a continuous-time Markov process, the same type of
estimators have been studied by Kalbfleisch et al. (1983), whose results
have been consolidated by Lawless and McLeish (1984), analyzing the
amount of information contained in aggregate data and showing the ef-
ficiency loss that arises when individual transitions are unobserved. In
Bernstein and Sheldon (2016), the scenario in which data are corrupted
by noise is considered, and an estimator based on the method of mo-
ments is proposed.

While previous methods are mainly based on least squares or co-
variance/moment based estimates, we here propose a new likelihood-
based method using concepts from optimal transport. The optimal trans-
port problem, which is a classical problem (Villani, 2021), has recently
been used to address problems in estimation and control (Chen et al.,
2021; Emerick et al., 2024; Haasler et al., 2021a; Mascherpa et al.,
2023; Terpin et al., 2024a). In Stuart and Wolfram (2020) the concept of
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$n$


$\odot $


$\langle \cdot ,\cdot \rangle $


$\mR ^n$


$\mR ^n_+$


$[m]:=\{1,\ldots ,m\}$


$X= \left \{ X_1, X_2, \dots , X_n \right \}$


$A=(a_{ij})_{i,j = 1}^n$


$a_{ij} = P( q_{t+1}=X_j | q_t = X_i )$


$q_t$


$t$


$\mu _0,\mu _1\in \RN ^{n}$


$i$


$\mu _t(i)$


$X_i$


$t\in \{0,1\}$


$M=(m_{ij})_{i,j=1}^n$


$m_{ij}$


$X_i$


$X_j$


$\sum _i m_{ij} = \mu _1(j)$


$j\in [n]$


$\sum _j m_{ij}=\mu _0(i)$


$i\in [n]$


$\mu _0$


$A$


$M$


\begin {equation}\label {eq:probabilityM} P_{\mu _0,A}( M ) = \prod _{i=1}^{n} \left ( \binom {\mu _0(i)}{m_{i1},m_{i2},\dots ,m_{in}} \prod _{j=1}^{n} a_{ij}^{m_{ij}} \right ),\end {equation}


$\binom {\cdot }{\cdot , \ldots , \cdot }$


\begin {equation*}P_{\mu _0,\, A}(M)\approx e^{-\ccD \left ( M \, \big | \, \diag (\mu _0)A \right )},\end {equation*}


$\ccD $


$p$


$q$


$p$


$q$


\begin {equation}\label {eq:kl} \ccD (p|q):=\sum _i p_i \log \frac {p_i}{q_i},\end {equation}


$0\log 0$


$0$


$p$


$q$


$\sum _i p_i=\sum _i q_i$


$\ccD $


$M\in \RR _+^{n\times n}$


$\mu _0\in \RR _+^{n}$


$\mu _1\in \RR _+^{n}$


$M \ett =\mu _0$


$M^T \ett =\mu _1$


$M$


\begin {equation}\label {eq:sb_1T} \begin {aligned} \min _{M \in \mR ^{n\times n}_+} \; \ & \ccD ( M \,|\,\diag (\mu _{0})A) \\ \text {subject to } \ & M \ett = \mu _{0} , \ \ M^T \ett = \mu _{1} . \end {aligned}\end {equation}


$\T $


$A$


$\mu _0$


\begin {equation}\label {eq:sb_1T11} \begin {aligned} \min _{M \in \mR ^{n\times n}_+} \; \ & \langle C,M\rangle +\ccD ( M \,|\ett _{n\times n}) \\ \text {subject to } \ & M \ett = \mu _{0} , \ \ M^T \ett = \mu _{1}, \end {aligned}\end {equation}


$C=-\log (\diag (\mu _0)A)$


$\ccD ( M |\diag (\mu _{0})A)$


$M$


$A$


$\langle C,M\rangle $


$M$


$C$


$A$


$C$


$(\mu _t,\nu _t)$


$t=1,\ldots ,\T $


$\mu _t^T \ett = \nu _t^T \ett $


$t$


$\T $


$M_t \in \mR ^{n \times n}_+$


$\mu _t \in \mR ^n_+$


$\nu _t \in \mR ^n_+$


$A \in \mR ^{n \times n}_+$


\begin {align}\min _{\substack {A, M_t\in \mR ^{n\times n}_+\\ t \in [\T ]}} \quad &\sum _{t=1}^\T \ccD (M_t|\diag (\mu _t)A)\\ \suto \quad & A\ett =\ett \label {eq:normal}\\ & M_t\ett =\mu _t \qquad \;\mbox {for } t\in [\T ] \label {eq:firstconst}\\ &M_t^T\ett =\nu _t \qquad \mbox {for } t\in [\T ].\label {eq:secondconst}\end {align}


$A$


$M_t$


\begin {align*}&\ccD (M_t|\diag (\mu _t)A)=\sum _{i,j}M_t(i,j)\log \left (\frac {M_t(i,j)}{\mu _t(i) {A}(i,j)}\right )\\ &=\sum _{i,j}M_t(i,j)\log \left (\frac {M_t(i,j)}{ A(i,j)}\right )-\sum _{i}\mu _t(i)\log \mu _t(i).\end {align*}


\begin {equation}\label {eq:problem2} \begin {aligned} \min _{\substack {A, M_t\in \mR ^{n\times n}_+\\ t \in [\T ]} }\quad &\sum _{t=1}^\T \ccD (M_t|A)\\ \suto \quad & A\ett =\ett \\ & M_t\ett =\mu _t && \mbox {for } t \in [\T ] \\ &M_t^T\ett =\nu _t && \mbox {for } t\in [\T ]. \end {aligned}\end {equation}


$A$


$M_t$


$A$


$\ccD ( \bar M\mid A)$


$\bar {M}(i,j) := \sum _{t=1}^\T M_t(i,j)$


$A\ett =\ett $


$A$


$A$


$\bar {M}$


\begin {equation}\label {eq:optimalA} A(i,j)= \frac {\bar M(i,j)}{\sum _\ell \bar M(i,\ell )}.\end {equation}


\begin {equation}\label {eq:newformulation} \begin {aligned} \min _{\substack {\bar M, M_t\in \mR ^{n\times n}_+\\ t \in [\T ]} } \quad &\sum _{t=1}^\T \ccD (M_t|\bar {M})\\ \suto \quad & M_t\ett =\mu _t && \mbox {for } t\in [\T ] \\ &M_t^T\ett =\nu _t && \mbox {for } t\in [\T ] \\ & \bar {M} = \sum _{t=1}^\T M_t, \end {aligned}\end {equation}


$A$


$\bar M$


$(M_t)_{t=1}^\T $


$\mu _t,\nu _t$


$(i,j)\in [n]\times [n]$


$t \in [\T ]$


$\mu _t(i)>0$


$\nu _t(j)>0$


$\mu _t(i)=0$


$\nu _t(j)=0$


$M_t(i,j)=0$


$(i,j) \in [n] \times [n]$


$t\in [\T ]$


$\mu _t(i)=0$


$\nu _t(j)=0$


$M_t(i,j)=0$


$t$


$\bar M(i,j)=0$


$\bar M>0$


$s_t:=\mu _t^T\ett =\nu _t^T\ett $


$M_t:=\frac {1}{s_t}\mu _t\nu _t^T$


$t\in [\T ]$


$M_t\geq 0, M_t \ett =\mu _t$


$M_t^T \ett =\nu _t$


$t$


$(i,j) \in [n]\times [n]$


$t \in [\T ]$


$\mu _t(i)>0$


$\nu _t(j)>0$


$\bar M = \sum _{t=1}^\T M_t = \sum _{t=1}^\T \frac {1}{s_t}\mu _t\nu _t^T>0$


$0\leq M_t(i,j)\leq \mu _t(i)$


$t\in [\T ]$


$i,j\in [n]$


$0\log \frac {0}{0}:=0$


$M_t(i,j)\log (M_t(i,j)/\bar M(i,j))\to 0$


$M_t(i,j),\bar M(i,j)\to 0$


$M_t(i,j)\le \bar M(i,j)$


$\lambda \in \mR ^\T $


\begin {equation*}\inf _{x\in \mR _+^\T } \sum _{t=1}^\T \Big ( x_t\log \frac {x_t}{\bar x} {\Big )}-\langle x,\lambda \rangle ,\end {equation*}


$\bar x=\ett ^T x$


$\sum _t \exp (\lambda _t)\le 1$


\begin {align*}&\{0\} && \mbox { if }\quad \sum _{t=1}^\T \exp (\lambda _t)< 1,\\ &\{x=\alpha \exp (\lambda )\mid {\alpha \geq 0}\} && \mbox { if }\quad \sum _{t=1}^\T \exp (\lambda _t)= 1.\end {align*}


$\sum _t \exp (\lambda _t)> 1$


$-\infty $


$x^{(\alpha )}=\alpha \exp (\lambda )$


$\alpha \to \infty $


$\beta := \sum _{t}\exp (\lambda _t)$


$\beta >0$


$F(x)$


\begin {align*}F(x):=&\sum _{t=1}^\T \Big (x_t\log \frac {x_t}{\bar x}\Big )- \langle x, \lambda \rangle = \sum _{t=1}^\T x_t\log \frac {x_t}{\bar x \exp (\lambda _t)} \\ =& \sum _{t=1}^\T x_t \log \frac {x_t}{\bar x e^{\lambda _t}/\beta } \;-\; \bar x \log \beta .\end {align*}


$z \log (z/y) - z + y \geq 0$


$z=y$


\begin {equation*}\sum _{t=1}^\T x_t \log \frac {x_t}{\bar x e^{\lambda _t}/\beta } \ge \sum _{t=1}^\T (x_t - \bar x e^{\lambda _t}/\beta ) = \bar x - \frac {\bar x}{\beta }\sum _{t=1}^\T e^{\lambda _t} = 0,\end {equation*}


$F(x) \geq - \bar x \log \beta $


$\beta <1$


$F(x)>0$


$\bar x >0$


$F(0)=0$


$x=0$


$\beta =1$


$F(x) \geq 0$


$x_t={\bar x e^{\lambda _t}}$


$t$


$x=\alpha \exp (\lambda )$


$\alpha \geq 0$


$\beta >1$


$-\bar x \log \beta < 0$


$x^{(\alpha )}=\alpha \exp (\lambda )$


$F(x^{(\alpha )})= -\alpha \beta \log \beta \rightarrow \ -\infty $


$\alpha \rightarrow \infty $


\begin {align*}&\mathcal {L}(M,\lambda ,\rho ) = \sum _{t=1}^\T \ccD (M_t \mid \bar M) + \sum _{t=1}^\T \lambda _t^T(\mu _t - M_t\ett ) \\ &\; + \sum _{t=1}^\T \rho _t^T(\nu _t - M_t^T\ett ) = \sum _{t=1}^\T (\lambda _t^T \mu _t + \rho _t^T \nu _t) \\ &\; + \sum _{i,j,t}\Big ( M_t(i,j)\log \frac {M_t(i,j)}{\bar M(i,j)} - M_t(i,j)\bigl (\lambda _t(i)+\rho _t(j)\big )\Big ),\end {align*}


$\lambda _t, \rho _t \in \mR ^n$


$t=1,\ldots ,\T $


$(i,j)$


$M_t(i,j)$


$t=1,\ldots , \T $


$\sum _{t} \exp \left ( \lambda _t(i) + \rho _t(j) \right ) \leq 1$


$M_t(i,j)$


\begin {equation}\label {eq:optimalM} M^*_t(i,j)=\bar M^* (i,j)\exp (\lambda _t(i)+\rho _t(j)).\end {equation}


$M^*_t(i,j)=\bar M^* (i,j)=0$


$t$


$\sum _t\exp (\lambda _t(i)+\rho _t(j))<1$


\begin {align}\label {eq:dual} \sup _{\substack {\lambda _t, \rho _t\in \mR ^n\\ t\in [\T ]}} \;\; &\sum _{t=1}^\T (\lambda _t^T \mu _t + \rho _t^T \nu _t) \\ \suto \; & \sum _{t=1}^\T \exp \left ( \lambda _t(i) + \rho _t(j) \right ) \leq 1, \; \forall i,j\in [n]. \label {eq:dualconstraint}\end {align}


$\mu _{t}>0$


$\nu _{t}>0$


$t\in [\T ]$


$M_t=\mu _t\nu _t^T/(\mu _t^T\ett )$


$M_t>0$


$t$


$\bar M>0$


$\mu _{t}$


$\nu _{t}$


$M_t$


$-\infty $


$\mu _{t}>0$


$\nu _{t}>0$


$t\in [\T ]$


$((M_t^*)_{t=1}^\T , \bar M^*)$


$\mu _{t}>0$


$\nu _{t}>0$


$t\in [\T ]$


$u_t:=\exp (\lambda _t)$


$v_t:=\exp (\rho _t)$


$(\lambda _t,\rho _t)_{t=1}^\T $


$\mathcal {I}=\{(i,j)\mid \sum _tu_t(i)v_t(j)<1\}$


$X\in \mathbb {R}^{n\times n}$


\begin {align}&(X\odot (u_t v_t^T))\,\ett = 0,\quad \: \: t\in [\T ], \label {eq:feasibilityX-a}\\ & (X\odot (u_t v_t^T))^T \ett = 0,\quad t \in [\T ], \label {eq:feasibilityX-b} \\ & X(i,j)=0 \text { for } (i,j)\in \mathcal {I}, \label {eq:feasibilityX-c} \\ & X(i,j)\ge 0 \text { for all } (i,j) \text { where } \bar M^*(i,j)=0, \label {eq:feasibilityX-d}\end {align}


$X=0$


$M_t^*+\delta M_t$


$(\lambda ,\rho )$


$(\lambda ,\rho )$


$(i,j)$


$m_t:=M_t(i,j)$


$\bar m=\sum _t m_t$


$(i,j)$


\begin {equation*}\mathcal {L}_{ij}(m) = \sum _{t=1}^\T \!\big [m_t(\log (m_t/\bar m)\big ] - \sum _{t=1}^\T (\lambda _t(i)+\rho _t(j))\,m_t.\end {equation*}


$\mathcal {L}_{ij}$


$m$


$\lambda _t$


$\lambda _t(i)+\rho _t(j)$


$(i,j)\in \mathcal {I}$
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$M^*_t(i,j)=0$


$(i,j)\in \mathcal {I}$


$(i,j)\notin \mathcal {I}$


$(i,j)$


$\sum _tu_t(i)v_t(j)=1$


\begin {equation*}\big \{\alpha (u_t(i)v_t(j))_{t=1}^\T : \alpha \ge 0\big \}\end {equation*}


\begin {equation*}\delta M_t = X \odot (u_t v_t^T), \qquad t \in [\T ],\end {equation*}


$X\in \mR ^{n\times n}$


$X_{ij}=0$


$(i,j)\in \mathcal {I}$


$M_t\ett =\mu _t$


$M_t^\T \ett =\nu _t$


\begin {equation*}(\delta M_t)\ett =0, \qquad (\delta M_t)^T\ett =0, \qquad t \in [\T ].\end {equation*}


\begin {equation*}\begin {aligned} (X\odot (u_t v_t^T))\ett &= 0, & t \in [\T ], \\ (X\odot (u_t v_t^T))^T\ett &= 0, & t \in [\T ]. \end {aligned}\end {equation*}


$M \geq 0$


$\bar M^*(i,j)=0$


$X(i,j) \geq 0$
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$(u_t,v_t)_{t=1}^\T $


$u_t=\exp (\lambda _t)$


$v_t=\exp (\rho _t)$


$M^*$


\begin {equation*}\Span \{v_t\}_{t=1}^\T =\mR ^n \quad \text {or}\quad \Span \{u_t\}_{t=1}^\T =\mR ^n .\end {equation*}


$\bar M^*>0$


$\{v_t\}_t$


$\{u_t\}_t$


$\mR ^n$


$X(i,:)=0$


$X(:,j)=0$


$i,j$


$X=0$


$\bar M^*(i,j)>0$


$(i,j)$


\begin {equation*}a \in \Span \{u_t\}_{t=1}^\T {}^\perp , \qquad b \in \Span \{v_t\}_{t=1}^\T {}^\perp .\end {equation*}


$X\in \mR ^{n\times n}$


$X(i,j)=a_i b_j$


$t$


\begin {equation*}\begin {split} {\big [(X \odot (u_t v_t^T))\ett \big ]}_i &= u_t(i)\,a_i\,\langle b, v_t\rangle = 0, \\ {\big [(X \odot (u_t v_t^T))^T\ett \big ]}_j &= v_t(j)\,b_j\,\langle a, u_t\rangle = 0, \end {split}\end {equation*}


$a\perp u_t$


$b\perp v_t$


$t$


$X\neq 0$


$\bar M^* > 0$


$\{u_t\}_{t=1}^\T $


$\{v_t\}_{t=1}^\T $


$\mR ^n$


$u_t$


$v_t$


$\mathbb {R}^n$


$\T \geq n$


$M^*$


$\bar M^* >0$


$M^*$


$i$


$j$


\begin {equation*}\Span \{M_t^*(i,:)\}_{t=1}^\T = \mR ^n \quad \text {or}\quad \Span \{M_t^*(:,j)\}_{t=1}^\T = \mR ^n,\end {equation*}


$(M^*_t)_{t=1}^\T $


\begin {equation*}M_t^*(i,j) = \bar M^*(i,j)\,u_t(i)\,v_t(j).\end {equation*}


$i$


$t$


\begin {equation*}M_t^*(i,:) = u_t(i)\,\big (\bar M^*(i,:)\odot v_t^T\big ),\end {equation*}


$\{M_t^*(i,:)\}_t$


$\{v_t\}_t$


$\bar M^*(i,:)$


\begin {equation*}\Span \{M_t^*(i,:)\}_{t=1}^\T = \Span \{v_t\}_{t=1}^\T .\end {equation*}


\begin {equation*}\Span \{M_t^*(:,j)\}_{t=1}^\T = \Span \{u_t\}_{t=1}^\T ,\end {equation*}


$(u_t,v_t)$


$(\mu _t,\nu _t)$


$(\mu _{t_1},\nu _{t_1})=c\,(\mu _{t_2},\nu _{t_2})$


$u_{t_1}\propto u_{t_2}$


$v_{t_1}\propto v_{t_2}$


$(u_t,v_t)$


$(\mu _t,\nu _t)$


$\T $


$f : \mathbb {R}^m \rightarrow (-\infty , +\infty ]$


$\{x^k\}$


$x^0 > 0$


\begin {equation}\label {eq:proximal} x^{k+1} = \arg \min _{x \in \mR ^m_+} \left \{ f(x) + \epsilon _k \, \ccD (x |x^{k}) \right \},\end {equation}


$\{\epsilon _k\}$


$\bar M^*$


\begin {equation}\begin {aligned} \label {eq:minf} f(X) = \inf _{\substack { M_t\in \mR ^{n\times n}_+\\ t \in [\T ]}}\quad & \ \sum _{t=1}^{\T } \ccD ( M_t \,|\,X) \\ \suto \; & M_t\ett =\mu _t & \mbox {for } t\in [\T ] \\ &M_t^T\ett =\nu _t & \mbox {for } t\in [\T ] \\ & X= \sum _{t=1}^\T M_t. \end {aligned}\end {equation}


$f$


$X$


$f$


$\dom f \cap \mR ^{n \times n}_{>0} \neq \emptyset $


$\{X : f(X)=\inf _{X \in \mR ^{n \times n}_{+}} f \} \neq \emptyset $


$\epsilon _k\equiv 1$


$O(1/K)$


$K$


$f$


\begin {equation*}\begin {aligned} \argmin _{X \in \mR _+^{n \times n}}\;\inf _{\substack { M_t\in \mR ^{n\times n}_+\\ t \in [\T ]}}\; &\sum _{t=1}^{\T } \ccD (M_t \,|\, X) + \ccD (X \,|\, X^k)\\[3pt] \suto \; & M_t\ett = \mu _t, \quad M_t^T\ett = \nu _t, \; \mbox { for } t\in [\T ]\\ & X = \sum _{t=1}^{\T } M_t. \end {aligned}\end {equation*}


$X=\sum _{t=1}^{\T } M_t$


$\sum _{t=1}^{\T } \ccD ( M_t \,|\,X^k)$


$X$


$M_t$


$X=\sum _t M_t$


\begin {equation*}\begin {aligned} M^* &\gets \begin {cases} \displaystyle \argmin _{M_t \in \mR ^{n \times n}_+} \sum _{t=1}^\T \mathcal {D}(M_t \,|\, X^k), \\[6pt] \quad \text {s.t. } M_t \mathbf {1} = \mu _t,\; M_t^T \mathbf {1} = \nu _t,\; t \in [\T ], \end {cases} \\[3pt] X^* &\gets \sum _{t=1}^\T M_t^*, \end {aligned}\end {equation*}


$\T $


$\eta _k$


$\sum _{k=1}^\infty \epsilon _k \eta _k < \infty $


$\{X^i_t\}_{i=1}^N$


$N$


$n$


$\{1,\ldots ,n\}$


$A$


\begin {equation}\label {eq:trajectory} \mu _t(k) = \frac {1}{N}\sum _{i=1}^N \ett _{X^i_t=k},\quad \text {for}\; k \in [n],\end {equation}


$\nu _t = \mu _{t+1}$


$N$


\begin {equation}\label {eq:noise} \nu _t = A^T \mu _t +\text {``noise''},\end {equation}


$N\to \infty $


$A$


$(\mu _t, \mu _{t+1})$
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inverse optimal transport was introduced, in which, given the marginals,
the nonconvex problem of simultaneously finding both the cost and the
transport matrices is considered. This concept has been explored in var-
ious settings, often motivated by applications in biology. In Lamoline
et al. (2025) and Elvander and Haasler (2025), inverse optimal trans-
port problems are used to identify the dynamics given sampling data,
and nonconvex problems of jointly estimating dynamics and transport
plans are considered. Other related works include (Swaminathan & Mur-
ray, 2014), where Markov-chain identification from distributional data
is posed as maximum a posteriori estimation with a multinomial like-
lihood under dynamic constraints, yielding a non-convex program. Re-
lated work (Yang & Zha, 2023) also considers inverse problems from ag-
gregate marginal observations, but focuses on recovering time-varying
optimal transport cost matrices. In contrast, we estimate a single Markov
transition matrix shared across all observations, which enables us to
analyze identifiability and uniqueness of the recovered transition ma-
trix. Other related approaches use optimal transport or Wasserstein-
gradient-flow models to infer state dynamics from population snap-
shots (Lavenant et al., 2024; Schiebinger et al., 2019; Terpin et al.,
2024b; Tronstad et al., 2025). While related in their use of marginal
snapshot data, their aim is to recover couplings, path laws, or energy
functionals, rather than a finite-state transition matrix.

Our approach can be seen as a regularized version of inverse op-
timal transport, where transport plans and transition probabilities are
estimated. The resulting optimization problem is jointly convex and ad-
mits an efficient proximal algorithm that updates the transport matrices
and normalizes their aggregate to recover the transition probabilities.
We derive the corresponding dual problem, which we use to provide
uniqueness conditions as well as convergence of the method.

The article is organized as follows. In Section 2, we provide back-
ground on the Schrédinger bridge problem and its connection to en-
tropic optimal transport. In Section 3, we formulate the joint optimiza-
tion problem over transport matrices and the transition probability ma-
trix, and analyze existence, uniqueness, and the corresponding dual for-
mulation. In Section 4, we introduce an iterative algorithm for efficiently
solving the problem, while Section 5 discusses identifiability issues and
presents numerical results under varying data dependencies and noise
levels, including a comparison with a least-squares estimator. The paper
concludes with a summary of findings in Section 6.

2. Background
2.1. Notation

We denote by 1, a vector of ones, omitting the dimension # if clear
from context. With © we indicate entrywise matrix multiplication, and
we use (-,-) to denote the standard (vector/Frobenius) inner product.
The nonnegative orthant of R” is denoted with RY, and [m] := {1,...,m}.

2.2. Log-likelihoods for collections of particles in a Markov chain and
connection to optimal transport

Consider a collection of indistinguishable particles, where each par-
ticle evolves over a finite set of states X = {X . CHe ,X,,} (Haasler
et al., 2019; Pavon & Ticozzi, 2010). Assume that the underlying prob-
ability law is specified by a state transition matrix A4 = (q; J)?,j=1’ where
a;; = P(q,41 = X;1q, = X;), and ¢, denotes the state of a particle at time
t. Now consider the case where we observe the particle distributions
Ho» #; € N" before and after a transition, where the ith component g, (i)
denotes the number of particles in state X; at time ¢ € {0, 1}. The particle
transitions between states can be described by a matrix M = (m; j);‘,j=l’
where m;; denotes the number of particles that move from state X; to
state X;. By construction, the mass transition matrix satisfies ¥, m;; =
u1(j) for all j € [n] and Zj my; = po(i) for all i € [n].

Given the initial distribution 4, and the transition probability matrix
A, the probability that the particles evolve according to a given transi-
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tion matrix M is

quMJy:II(<m Ho(D)

i1 i1 Migs - s My

)1 ) W

j=1

where () denotes a multinomial coefficient. When the number of par-

ticles grows, the probability of a given transition can be approximated
by the relative entropy (Haasler et al., 2019)

diag(uo>A>

>

—D(M
P”O,A(M) X e

where D is the Kullback-Leibler (KL) divergence.

Definition 1. Let p and ¢ be two nonnegative vectors or matrices of
the same dimension. The Kullback-Leibler (KL) functional of p from g is
defined as

Pi
D(plg) := Y p; log o @)

where 0log 0 is defined to be 0. When p and ¢ have the same total mass,
i.e., 3, p; = X; g;, this functional is a divergence and is nonnegative. In
this work, we also use D with arguments that may have different total
mass, in which case it can be negative.

This formulation allows us to both approximate the negative log-
likelihood of (1) in terms of the KL divergence and to consider particles
as continuous quantities, that is, M € R}*"; as the number of particles
becomes large, the discrete particle distributions can be approximated
by continuous densities. A feasible evolution matrix between the two
distributions y, € R} and y; € R’} must satisfy the marginal constraints
M1 =y, and MT1 = p,. Hence, the most likely evolution matrix M be-
tween the two distributions can be approximated by the solution to

min_ D(M | diag(pg)A)
MeRP" 3)

subject to M1=py, MT1=py,.

This problem can naturally be extended to a Markov chain of length
T, and can be referred to as a time- and space-discrete form of the
Schrodinger bridge problem (Haasler et al., 2019, 2021b; Mascherpa
et al., 2023; Pavon & Ticozzi, 2010).

It should be noted that the formulation (3) is closely connected to
the (entropy regularized) optimal transport problem. In fact, if A and g,
are strictly positive, then (3) is equivalent to the problem

in_ (C,M)+D(M |1
R, (C, M) +D(M |1,,,) @

subject to M1=py, MT1= y,,

where the cost matrix is C = —log(diag(p)A). A key difference between
the two formulations is that D(M |diag(p()A) is jointly convex in M and
A, whereas (C, M) is not jointly convex in M and C. This distinction
is consequential in the present setting because A (or equivalently C)
is unknown, and our aim is to identify the transition matrix and the
transport matrix simultaneously. This is the main reason for adopting
the former formulation here.
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3. Problem formulation, duality, existence and uniqueness

For a sequence of observed marginal pairs (y,,v,), withr=1,..., T,
satisfying u, 1= le for all 7, we want to simultaneously find the T
transport matrices M, € R} connecting each initial distribution y, €
R’ to its corresponding final distribution v, € R}, and their common
prior A € R}, which is the most likely discrete Markov chain, in the
Kullback-Leibler divergence sense, to have generated the marginal ob-
servations. Formulated as an optimization problem, this means that we
want to solve

,

A,M‘f‘éf.iyn 21 D(M, |diag(p)A) (52)
te[T]

subjectto Al =1 (5b)

M=y, forte[T] (5¢0)

MI1=v, forte[T]. (5d)

Constraint (5b) ensures that the matrix A is row-stochastic, and thus
its entries can be interpreted as transition probabilities. Conditions (5¢)
and (5d) are marginal constraints on the mass transport matrices M,.
Note that, under the above constraints, we have
M, (., j)
D(M,|diag(p)A) = ) M(,j) log (—.l —
! ' lzjl ' P DA, j)

= ZM(: J)10g< A’(( ”) Zu,(z)logm(z)

The last term is constant and thus does not affect the optimization. The
problem can thus be formulated as

min Z D(M,|A)
=1

AM R
t€[T]
subjectto Al=1 (©)
M=y, fort e [T]
MI1=y, fort e [T].

We first consider the minimization over A, with the transport matrices
M, fixed. Then, the part of the objective function of (6) depending on A
is D(M | A), where M(i,j) := ZtT:l M, (i, j). Since the constraint A1 =1
acts row-wise, the minimization separates over the rows of A. Using
standard properties of the Kullback-Leibler divergence, A is the solution
where each row is proportional to the corresponding row of M, i.e.,
M. J)

>, M3, 0)

Plugging (7) into (6), and removing constant terms in the objective func-
tion, we obtain the equivalent formulation

A, j) = @)

min Y D(M,|¥)

M, M,eR" =
1e[T]
subject to M1 = y, forte[T] (8)
M=y, for 1 €[7]
7
M=) M,
=1

where A is removed from the problem and can be recovered from M via
(7). Since (5) and (8) are equivalent, and in particular yield the same

optimal transport plans (M, )t |» we will study the latter formulation.

3.1. Existence of an optimal solution

We make the following assumption on the observed marginals 4, v,.

Assumption 1. For all index pairs (i, j) € [n] X [n], there exists t € [T]
such that y,(i) > 0 and v,(j) > 0.
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Remark 1. If y,(i))=0 or v,(j) =0, then the only feasible value is
M,(i, j) = 0. In particular, if Assumption 1 does not hold, i.e., if there is
an index pair (i, j) € [n] X [n] such that for every ¢ € [T] either y,(i) =0
or v,(j) = 0, then we have that M,(i, j) = 0 for all #, implying M, j) = 0
and the problem can be restricted to the remaining variables.

Lemma 1. There exists a feasible solution to (8). Moreover, under Assump-
tion 1, there exists a feasible solution such that M > 0.

Proof. Lets, :=u’1=v"1. Consider M, := —y, T, forallt € [T]. Then

M, >0,M1=y, and MT1 =y, forall 1, hence the problem is feasible.

Furthermore, under Assumption 1, for every (i, j) € [n] X [n] there exists

t € [T] such that p,(i) > 0 and v,(j) > 0. Therefore we also have M =
T T o1

Zt:l M, = Z’:] ;MIVIT >0. O

The next result is that the set of optimal solutions of (8) is non-empty.

Proposition 1. There exists an optimal solution to (8).

Proof. The feasible set of (8) is non-empty by Lemma 1. Furthermore,
the feasible set is bounded, as 0 < M,(i, j) < u,(i) for all 7 € [T] and
i,j € [n], and closed, since it is defined by linear equality and inequal-
ity constraints. The objective function is finite and continuous, as it is
smooth on the interior, and on the boundary we adopt the usual contin-
uous extension 0 log g := 0. Note that M, (i, j) log(M,(i,j)/M(i,j)) — 0as
M,(i, j), M (i, j) = 0 since M,(i, j) < M(i, j). By Weierstrass theorem we
can then conclude existence of a minimizer. O

3.2. Duality
In order to derive the corresponding dual problem the following
lemma is useful.
Lemma 2. Let A € R”. The problem
inf (x lo —)— X, A),
o, Z Jlog = ) = (x.4)

where x = 17 x, has an optimal solution if and only if ', exp(4,) < 1. In this
case, the minimum value is 0 and the set of optimal solutions is given by

.
{0} if Zexp(/l,) <1,
=1

-
{x =aexp(A) | a >0} if Zexp(/l,): 1.
=1

If 3, exp(4,) > 1, then the objective value tends to —co for x¥) = a exp(4) as

o — 0.

Proof. Let § := Y, exp(4,), and note that g > 0. Define F(x)

T

,
F(x) =Y (x, log %) — x4y =Y xlog ‘ex);(/l)

=1 t=1
T

= Z x, log &

= t -
~ Xeh /p

— Xlogp.

Next we will use the inequality zlog(z/y) — z+ y > 0, where equality
holds if and only if z = y, to show that the first term is non-negative.
Thus we obtain

T T
2, log )zef/ﬂ > )~ XM /p) =%~

t=1

==
M=
L]
>
1]
L

t=

from which it follows that F(x) > —xlog f.

e If < 1, then F(x) > 0 for all x > 0, and F(0) = 0. Hence x = 0 is the
unique minimizer.

o If g = 1, then F(x) > 0, with equality if and only if x, = Xe* for all 1.
Therefore all minimizers are in the form x = a exp(4), for a > 0.

e If § > 1, then —xlog # < 0, and along x(* = ¢ exp(1) we have F(x®) =
—aflogp - —o0 asa — oo, so the problem is unbounded from below.
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This completes the proof. O

We use the result of Lemma 2 to derive the Lagrange dual of (8). We
begin by expressing the corresponding Lagrangian
T T
L(M, J,p)= Y DM, | M)+ Y Al (4, — M,1)
=1 =1
T T
+ 2000 =MD = Y (W + o] v)
=1 =1
M, 3, j)
+ Y (M. ilog =222 = MG (40 + 0,()) ).
; (- log =TS = MG ) (4D + /)
where 4,,p, € R",fort = 1,..., T, are the Lagrange multipliers. Note that
for a given element (i, j), the problem of finding the minimizing M, (i, j),
for t=1,...,7, is of the form considered in Lemma 2. Therefore, the
Lagrangian is bounded from below only if ¥, exp (4,(i) + p,(j)) < 1, and
the corresponding minimizers M,(i, j) are given by

M, j) = M*(i, j) exp(4,(i) + p,(j))- 9

In addition M}*(i, j) = M*(i,j) = 0 for all 7 if 3, exp(4,(i) + p,;(j)) < 1. The
dual problem then becomes

-
sup (AtTM, + ptTv,) (10a)
Ao €RT T
te[T]
-
subject to Zexp (4 +p,()) <1, Vi, j € [n]. (10b)

=1
If y, >0 and v, > 0 for 1 € [T], then M, = pu,vI /(uI'1) yield a feasible
point with M, > 0 for all #, and hence M > 0. Therefore, by Slater’s con-
dition, strong duality holds. If some entry of y, or v, is zero, then the
corresponding row or column of M, is necessarily zero and can be re-
moved without changing the problem. In that case, the dual optimum
in (10) is not attained, but the duality gap is zero, and it is approached
in the limit as the dual variables associated with those entries tend to
—oo. For the uniqueness results in the following section we will assume
that 4, >0and v, >0 forallr € [T].

3.3. Uniqueness

Problem (8) is convex, but not necessarily strictly convex, so its op-
timal solution may not be unique. We now characterize the structure
of the optimal solution set of (8) and derive a necessary and sufficient
condition for uniqueness.

Proposition 2 (Characterization of uniqueness). Let ((Mt*)tT:],M )
be an optimal solution of (8) and assume that u, > 0 and v, > 0 for all
t € [T]. Let u, :=exp(4,) and v, :=exp(p,) be the associated dual scal-
ings, where (4,, p,)tT=l are optimal dual variables, and denote by T = {(i, j) |
>, u;(Dv,(j) < 1} the index pairs for which the dual constraints are inac-
tive. Then, the optimal solution is the unique solution if and only if the only
solution X € R™" to the system of equations

XowrN1=0, te[T] (11a)
XowrH)1=0, te[T], (11b)
X(@,j)=0for(i,j) e, (11c)
X(i,j) > 0 for all (i, j) where M*(i, j) = 0, (11d)

is the trivial solution X = 0.

Proof. Exploiting the convexity of the optimal solution set, we consider
optimal solutions of the form M} + M, to give conditions for unique-
ness. Let (4, p) be optimal dual variables. By strong duality, any primal
optimal solution of (8) minimizes the Lagrangian with (4, p) fixed. Fix an
index pair (i, j), and denote m; := M,(i, j), m = Y, m,. The (i, j)th com-
ponent of the Lagrangian of (8) reads

T

.
L£,;0my="Y [m,(log(m, /)] = ¥ (A + p,(j)) m,.
=1

=1
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Minimizing L;; with respect to m yields the same problem as in Lemma 2,
with 4, replaced by 4,(i) + p,(j). Hence, for the entries (i, j) € T corre-
sponding to an inactive dual constraint, the set of minimizers is {0}.
Therefore, M; (i, j) = 0 is the unique solution for (i, /) € T.

Consider now the entries (i, j) & 1, corresponding to active dual con-
straints, i.e., (i, j) for which Y, u,(i)v,(j) = 1. Then, the entire ray

{a o, a2 0}

gives cost-equivalent primal values. Collecting all entries together, an
infinitesimal perturbation that preserves optimality in every active entry

can then be written as
M, =Xowu), telT],

for a matrix X € R"™" with X;; = 0 if (i, j) € I. Feasibility with respect
to the marginal constraints M,1 = y, and M, 1 = v, imposes

M)1=0, (BM)"1=0, re[T]

Thus, we obtain the linear feasibility system
(X0 @vIN1=0,
XowvH1=0,

te[T],
te[T].

Finally, the positivity constraint M > 0 imposes that, if M*(i, j) = 0, it
must also hold X(i,j) >0. O

The condition that X = 0 is the only solution to (11) can be expressed
directly in terms of the dual scaling vectors.

Corollary 1 (Dual characterization). Let (u,, u,)f:l be the dual scaling
vectors at the optimum, with u, = exp(4,) and v, = exp(p,). Then a sufficient
condition for a solution M* of problem (8) to be unique is that

V7

= I

span{v.},_, =R" or span{u}_, =R"

Furthermore, if M* > 0, the condition is also necessary.

Proof. To prove sufficiency, note that if either {v,}, or {u,}, spans R",
then from (11a) or (11b) it follows that X (i, :) = 0 or X(:,j) = 0 for all
i, j, hence X = 0, proving uniqueness. To prove necessity, assume that
M*(i,j) > 0 for all (i, j). Now, assume that both families have deficient
span, i.e. there exist nonzero vectors

T

ae span{u[}l=ll, be span{v[};ll.

Define X € R™" by X(i, j) = a;b;. For each ,
(X © o] M|, = u,(i)a; (bv,) =0,
(X o (u,v,T))Tl]j =0,(j) b; (a,u;) =0,

since a L u, and b L v, for all 7. Thus X # 0 satisfies (11a) and (11b).
Under the positivity assumption M* > 0, also (11c) and (11d) are sat-
isfied. Therefore, we have constructed a nonzero solution of (11). By
Proposition 2, the solution is then not unique. Hence, if the solution
is unique, at least one of the families {u, }L or {v,}”_, must span R”,

1 =1
proving necessity. [

The dual characterization provides a compact and practically verifi-
able condition, with uniqueness holding if the dual scaling vectors u, or
v, span R”. We note that for this condition to be satisfied it must hold
T > n. The following result presents a primal interpretation of Corol-
lary 1.

Corollary 2 (Primal characterization). Let M* be an optimal solution
to problem (8), and assume that M* > 0. Then M* is the unique optimal
solution if and only if, for every i (equivalently, for every j),

span{M;(i, )}, =R" or span{M;(:.)}__, =R",
i.e., each of the rows (or the columns) of (M ;‘);1 spans the whole space.
Proof. By optimality condition (9),

M} (i, j) = M*(i, j) u, (i) v,().
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Fix i. For each 1,
MG, ) =u, () (M*G, ) o),
so all the row vectors {M/(i, :)}, are obtained from {v,}, by diagonal

scaling with the fixed positive vector M*(i, :). Since scaling by a fixed
diagonal matrix with strictly positive entries preserves span, we get

span{M; (i, :)}tT:1 = span{vl}trzl.

A symmetric argument with the columns gives
span{Mt*(:,j)}tT:1 = span{u[}trzl,
and the uniqueness result follows from Corollary 1. O

Remark 2. Linear independence of the dual scalings (u,,v,) reflects
the marginals (u,v,). If two observations are proportional, (y,,,v;,) =
¢ (my,,vy,), then u, ocu;, and v, o v, , so the second observation adds
no information. The precise link between the rank of (u,, v,) and that of
(p4, v,) remains an open question.

4. Numerical method and convergence analysis

The main idea for solving the optimization problem (8) is to itera-
tively update the transport plans and transition probability matrix. Up-
dating the transport plans consists of computing the solution of 7 en-
tropy regularized optimal transport problems, which can be solved effi-
ciently (and in parallel) with Sinkhorn iterations (Cuturi, 2013; Peyré &
Cuturi, 2019). The prior estimate is then updated as the sum of the opti-
mal mass transport matrices, and the procedure iterated. This is detailed
in Algorithm 1.

Algorithm 1 Proximal iterative scheme for (8).

-
M, « uvT/ul1, X « 3 M,
while change in X above tolerance do
M, « arg minM@RY" DM, | X)
subjectto M, 1=y, MI1=v, t€[T]
7
X< M,
end while
A « diagX1D)7'X

A way to view this algorithm, and to show its convergence, is to
consider it as an instance of the entropic proximal method (Teboulle,
1992), with Kullback-Leibler divergence (2) as the penalization. The
method allows to minimize a closed, convex, and proper function f :
R™ — (—c0,+0], by generating the sequence {x*}, starting from an ini-
tial strictly positive point x° > 0, according to the update rule

! =arg min {/(x) + &, D(x|x")}, (12)
x€RY
for a sequence of positive parameters {¢, }. The next proposition shows

convergence of Algorithm 1, and its connection to the proximal itera-
tions (12).

Proposition 3. Under Assumption 1, Algorithm 1 converges to an optimal
solution M* of (8).

Proof. Consider the function
T
X)= inf DM, | X
S0 = inf, ,; (M, | X)
te[T]

subject to M, 1 = y,
M,Tl =v

;
X=) M,
=1

The function f corresponds to problem (8), with the prior X being
considered as the variable. First, observe that f is closed, convex and

fort e [T] (13)
fort e [T]
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proper. Under Assumption 1, we have seen (Lemma 1) that there exists
a strictly positive feasible point, so that domf n [R‘:(()“ # ¢. In addition,
Proposition 1 guarantees that the optimal solution set is non-empty,
thus {X : f(X) = inf xggm f} # . With the parameter choice ¢; = 1,
the entropic proximal point algorithm converges according to Teboulle
(1997, Theorem 4.3), with the objective gap decaying as O(1/K), de-
noting with K the number of iterations. The iterations of (12), with f
defined as (13), become

T

arg mingcgua inf Z DM, | X)+D(X | X*)
t=1

M, eRY"
te[T]

subject to M,1 = y,, MtTl =v,, forte([T]

T
X=)M,
t=1

Using the constraint X = Z,T:] M,, the objective can be equivalently ex-
pressed as Z,T:] D(M, | X*). Thus, the variable X is not part of the ob-
jective function, and will be determined by the optimal mass transport
matrices M, via the constraint X = ), M,. The updates become

T
arg miny, cppa ) DM, | XY),
t=1
st. M1=yp, MI1=vy, t€[T],

M* «

T
X" « Z M/,
=1
which correspond to Algorithm 1. O

Remark 3. As it is stated, Algorithm 1 requires to solve, at each iter-
ation, 7 bi-marginal entropy regularized OT problems. This computa-
tional cost can be greatly alleviated by performing only a few sweeps
of the Sinkhorn iterations in the inner loop, often just one. In particu-
lar, if each minimization in (12) is performed with an accuracy #,, and
Yre, €k < oo, then the inexact iterations converge to an optimal solu-
tion (Teboulle, 1997, Theorem 4.3). Recent works have specialized this
result for optimal transport and some of its related formulations (Chen
et al., 2024; Xie et al., 2020; Yang & Toh, 2022), giving sufficient de-
scent conditions for convergence.

5. Applications

A typical application of this problem is when the marginal distribu-
tions are derived from independent Markov chain trajectories. In partic-
ular, if {X/} ,]i , are N independent trajectories of a Markov chain with
n states {1, ...,n} and Markov transition matrix A, define

N
1
mk) = = l; i forkenl, 14

and v, = y,,,. For finite but large N, we have
v, = AT i, + “noise”, (15)

where the “noise" part becomes zero when N — oo. In this section, we
numerically investigate the estimation of the Markov transition matrix A
from such measurements. First, in Section 5.1, we consider independent
measurements, where multiple Markov transitions of length 2 are con-
sidered. Then, in Section 5.2, we consider sequential observations where
each pair is of the form (y,, y1,,;) for t € [T]. In Section 5.3 we discuss
the identifiability issue in connection with the excitation of the states.
Finally, in Section 5.4 we compare the proposed methodology with a
constrained least-squares estimator. In all experiments, the outer itera-
tions stopping tolerance has been set to 107, while the inner Sinkhorn
updates were performed inexactly, with one step per outer iteration.
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Fig. 1. Numerical results for the application of Algorithm 1 on the independent
observation case of Section 5.1, for A given by (16). The plot shows estimation
error as a function of observed marginals (in log-log scale), for four values of the
particle number N.

5.1. Independent observations

To illustrate Algorithm 1, we consider the matrix A, arising from
the estimation from flow cytometry data in Swaminathan and Murray
(2014),

0.48 0.50 0 0.02 0
033 027 0 0.40 0
A=]| 0 0 0 0.54 046]. (16)

0.26 0 045 0.29 0
0 0 0.51 0 0.49

We simulate a scenario where the Markov chain A produces 7" marginal
pairs (y,,v,), corresponding to two consecutive trajectory observations
as in (14). In particular, for each 7, we sample y, from a random uni-
form distribution, and then v, is constructed according to (14). Thus,
each pair represents distinct realizations of the same process with in-
dependent initial condition, ensuring excitation of all the states of the
system. Increasing finite values of N are used to model varying noise
levels: as N — oo we reach the transition v = A7 u.

We test the recovery of the true transition matrix A as 7 increases,
using the Frobenius norm between A and its estimate (7); see Fig. 1.
The system has 5 states, and an increasing number of observation pairs
T €{5,...,300} is considered. For each value of N, a total of K = 30
simulations with different observation pairs have been averaged. The
shaded area is the 95% confidence interval of the mean error across the
repeats.

After an initial transient due to early noise, we observe that, when
N is large enough for the system to approach the regime (15), the error
converges at a rate close to r~!/2, typical of consistent estimators with
increasing i.i.d. data (Van der Vaart, 2000, Ch. 5).

5.2. Sequential observation

We now consider a scenario in which the number of particles N is
small, and the marginal distributions correspond to consecutive obser-
vations of particle trajectories as in (14), so that each observation pair
is in the form (y,, p,,y), for t € [T].

The results are shown in Fig. 2. We consider a number of marginals
in the range {40, ...,2000}. The best performance is achieved with N = 2
particles: the reduced number of particles introduces higher stochastic-
ity, making the transitions closer to independent. On the other hand,
with few observations, a small number of particles such as N =2 may
not explore all states, whereas larger values of N yield a solution even
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Fig. 2. Numerical results for the application of Algorithm 1 on the sequential
observation case of Section 5.2, for A given by (16). The plot shows estimation
error as a function of observed marginals (in log-log scale), for five values of the
particle number N.

for smaller 7, but they do not provide enough excitation to the sys-
tem, and their estimation error reaches a nearly constant level. This
phenomenon will be further discussed in the next subsection.

5.3. Discussion on identifiability

If the matrix A is irreducible and aperiodic, we observe exponential
convergence of the marginal observations (14) to the unique stationary
distribution 7 of A (Levin & Peres, 2017),

d@) ;= sup ”(A’)Tyo - 7zr”TV <cd,

for C > 0, while the coefficient a € (0, 1) is related to the second largest
(in magnitude) eigenvalue of A, and ||y — V| = % > lu@) —v@)] is
the total variation norm. It is then possible to define the mixing time

fix(€) =min{r : d(r) < €},

at which the distance to stationarity is e-small. As a consequence, ap-
proaching the mixing time, any two Markov chains 4 and B that share
the same stationary distribution = will lead to very similar trajectories,
(AN py ~ (BHT pg ~ #. Thus after a few time steps, the observations re-
duce to (noisy) draws from the stationary distribution z, and it will not
be possible to distinguish among the elements of the set

A(z) :={AERP" : Al1=1, ATx =1}

The convex optimization problem (6) will then pick a (possibly unique,
if the conditions in Proposition 2 are satisfied) optimal solution in .A(x),
corresponding to the best fit to near-stationary, noisy marginals. This
behavior is observed in Fig. 2: as N increases, the system receives in-
sufficient excitation, and the estimation error stabilizes to an almost
constant level. In particular, for N = 100, the estimate of A at 7 = 2000,
averaged across the repeats, is

039 037 0.07 0.11 0.06
030 023 0.08 032 007
A=[008 005 010 041 035 a7)
024 0.06 034 027 0.09
0.08 0.04 039 0.12 037

Denoting with z, 7, the stationary distributions of 4, 4, respectively, we
observe that ||z — 7||;,, & 0.001. Therefore, the method selected an ele-
ment A € A(x) (up to numerical approximation), whose entries are all
positive and well separated from zero. This discrepancy likely originates
from the zero entries of (16), which are penalized by the maximum-
entropy formulation that favors a more uniform distribution of mass,
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Fig. 3. Numerical results for the application of Algorithm 1 on the sequential
observation case of Section 5.2, with random positive A. The plot shows estima-
tion error as a function of observed marginals (in log-log scale), for five values
of the particle number N.

as in (17). We test this hypothesis by repeating the experiment with a
randomly generated, positive A. The results are reported in Fig. 3. We
observe better convergence properties than in Fig. 2, although slower
than the —% rate observed with independent data. If a sparsity pattern
is known a priori, it can be incorporated directly into (5) by restricting
the support of A and of the transport plans, i.e., by imposing 4,; = 0 and
M, (i, j) = 0 on the forbidden entries.

To correctly identify the underlying transition probability matrix A,
it is then necessary that the observations contain sufficient excitation.
As ||u; — z|| decays exponentially with time (in the noise-free case N —
), an effective way of improving identifiability is to collect several
independent episodes with different initial data, analogous to the setup
in Section 5.1. Furthermore, when the number of particles N is finite, it
also offers a trade-off between noise and exploration of A. Low values of
N lead to higher stochasticity, which enhances exploration and makes
the marginal distributions more informative, at the cost of a less accurate
measurement of A.

5.4. Comparison with a least-squares baseline

We complement the previous experiments with a comparison against
a constrained least-squares estimator, proposed in Lee et al. (1970).
Given 7 aggregate observations (4, v,), we consider the following opti-
mization problem

.
: _ AT 2
min 3 v = ATw 13 as)

subject to A1 =1, A>0.

Problem (18) is a convex quadratic program and is solved using
CVXPY (Diamond & Boyd, 2016) with an off-the-shelf QP solver. In this
comparison, we use the same random dense positive transition matrix A
as was used in Section 5.3 for which the error estimates were presented
in Fig. 3. We compare the two estimators with sequential observations
(i.e., v, = u,,) and with independently generated pairs of marginals,
reporting the average over 30 observation scenarios.

The results are reported in Fig. 4. In both settings, the proposed
methodology gives smaller reconstruction error for small values of 7. As
the number of observed marginal pairs increases, the least-squares esti-
mator eventually attains a lower reconstruction error. The difference is
particularly prominent in the sequential observation scenario, while with
independent observations, as N increases, the two estimators have a
closer performance.
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Fig. 4. Comparison between the proposed estimator and the constrained least-
squares estimator for a randomly generated dense transition matrix. The plots
show estimation error as a function of observed marginal pairs (in log-log scale),
for three values of the particle number N.
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Fig. 5. Runtime of the OT estimator in the independent-observation setting with
N =100, averaged over 30 scenarios.
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This comparison illustrates the different behavior induced by the two
formulations. While the least-squares baseline directly fits the empirical
transition relations v, ~ A u,, which are obtained from the particle dy-
namics up to sampling fluctuations, the proposed formulation instead
estimates A through an entropy-based inverse optimal transport prob-
lem, and simultaneously reconstructs also the optimal mass transporta-
tion matrices M,.

We also evaluate the computational scaling of the proposed OT esti-
mator, by reporting in Fig. 5 the runtime for the independent observa-
tion setting with N = 100 particles per marginal and an increasing num-
ber 7 of marginals, for different stopping tolerances. The same dense
transition matrix as in the previous experiments has been used. The re-
ported runtimes are averaged over 30 observation scenarios. The sim-
ulation was performed on a laptop with an Intel Core i7-1165G7 CPU
and 16 GB of RAM, using Python 3.9. Fig. 5 shows that the problem
can be solved within seconds on a standard laptop computer with high
precision even when the number of marginals is large. As expected, the
runtime increases with the number of observed marginals 7, reflecting
the increasing size of the optimization problem. Stricter stopping toler-
ances lead to longer runtimes, although the dependence on 7~ appears
similar across tolerances.

6. Conclusions

In this work, we addressed the problem of estimating a Markov chain
from aggregate observations by formulating it as an entropy-regularized
optimal transport problem, where both the cost function and the trans-
port matrices are treated as optimization variables under marginal con-
straints given by the data. We proposed an entropic proximal algorithm
that alternately updates the transport plans and the transition matrix,
showing with numerical experiments that the method successfully re-
trieves the true transition probabilities, provided sufficient excitation of
the system.

Future research directions include a theoretical investigation of iden-
tifiability, as well as providing a proof of consistency and establishing
the convergence rate observed empirically under independent observa-
tions. Another line of work concerns deriving conditions for uniqueness
of the optimal solution based on the properties of the observed data
rather than on the solution itself. Possible generalizations include par-
tial model identification, where either prior information on the transi-
tion structure is incorporated or certain entries of the transition matrix
are constrained or fixed, as well as investigating extensions to hidden
Markov models, cf. (Singh et al., 2022).
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