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Abstract. Automated theorem provers often perform better when told
what shapes of terms are interesting. In this paper we discover interesting
term shapes automatically, in the form of abstractions, term patterns that
occur over and over again in proofs. Our tool Twitch produces abstrac-
tions automatically and can do so in two ways: (1) from a partial, failed
proof of a conjecture; (2) from successful proofs of other theorems in the
same domain. Twitch is built on top of STITCH, a tool designed for dis-
covering reusable library functions in program synthesis tasks. We have
also extended Twee, an equational theorem prover, to use the generated
abstractions. We evaluate Twitch on a set of unit equality (UEQ) prob-
lems from TPTP, and show that it proves problems previously unsolved
by Twee, as well as yielding speed-ups on many other problems.

Keywords: automated theorem proving - equational theorem
proving - completion + abstraction learning - proof-guided search

1 Introduction

Automated theorem provers must navigate a massive search space, choosing the
useful inferences and discarding the useless ones. Modern provers therefore rely
on sophisticated guidance mechanisms, including finely-tuned clause-selection
heuristics [29], strategy portfolios [6], and learning-based guidance [11,17].

A complementary approach, popularized by Otter [22], is to inject human
guidance about which shapes of terms or clauses are interesting. The user spec-
ifies a set of interesting shapes, and generated clauses that match these shapes
are preferred over ones that do not. This idea originated in the weighting strategy
[24] and was later refined by the resonance strategy |7,14,37] and hint strategy
[33,34]. We are attempting to automate this by discovering interesting shapes
automatically. We focus on equational reasoning, in particular, the equational
prover Twee [30]. Compared with the highly tuned guidance mechanisms avail-
able in other ATPs, Twee’s heuristics are rather simplistic, relying mostly on
the size of the critical pair. This makes Twee a good setting in which to study
whether automatically discovered term patterns can provide useful guidance.
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To find interesting term shapes automatically, we analyse failed proof
attempts and proofs of related conjectures to find term shapes which occur often,
which we call abstractions. We have added support for abstractions to Twee, and
with the help of automatically generated abstractions we are able to prove 12
rating-1! problems from the TPTP [32], as well as several other problems that
Twee previously could not solve (see Sect.5). Our contributions are:

— A method for automatically generating abstractions from an unsuccessful
attempt to prove a conjecture (see Sect.3.1). The idea is to pick out inter-
esting lemmas from the proof attempt, and find patterns of terms that occur
repeatedly in the proofs of those lemmas. To find the patterns we use the tool
STITCH [10], which attempts to compress a set of terms (here from proofs)
by introducing auxiliary function definitions as abbreviations.

— A method for generating abstractions from a corpus of successful proofs in the
same domain, again using STITCH (see Sect. 3.2). The hypothesis is that pat-
terns of terms that occur repeatedly in the proofs are often good abstractions
for other conjectures in the same domain. The aim here is to create a method-
ology inspired by curriculum learning [8] for proving difficult equational prob-
lems: first prove some simpler problems in the same domain, abstract out
common patterns appearing in those proofs, and use those abstractions to
guide the proof of the difficult problem.

— An implementation of abstractions in the equational theorem prover Twee
[30], inspired by the weighting strategy [24] (see Sect. 4).

The code for Twitch as well as all data and experimental results are supplied
in the associated repository [1].

1.1 Motivating Example

Let us consider the problem LATO75-1 from the TPTP, a problem about modular
ortholattices in a language with a single function symbol f representing the
Sheffer stroke (or NAND operator). The details of this problem are not important
here, but what is relevant is that the same kind of term appears repeatedly in

! From the TPTP Technical Manual [31, Problem Presentation], the rating “gives the
difficulty of the problem, measured relative to state-of-the-art ATP systems [...] The
rating is a real number in the range 0.0 to 1.0, where 0.0 means that all state-of-the-
art ATP systems can solve the problem [...| and 1.0 means no state-of-the-art ATP
system can solve the problem”.
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the proof that Twee finds. Here is a short fragment of the proof:
e ANGATIEE] BEAFTEOIN)

= f(@, fu, F(F (= f @) ), £ ) | 2))

= fla, F| FF(f @) | 2), f(f ) [ 2) )

= F(f(f@)],

Fea) )| Fw| FE(f@) ]2, F(f)]2) )

As we can see, terms of the form f(¢,¢), which we have marked with a box
above, appear over and over in the proof.? Our hypothesis is that the same term
shape is likely to be common in proofs of other theorems about the Sheffer stroke.

This suggests the following basic approach to proving a difficult theorem.
First we analyse a proof of a related theorem to find commonly occurring term
patterns. Then, hoping that these term patterns might also occur in the proof
of the difficult theorem, we ask the theorem prover to prefer inferences involv-
ing those term patterns. The remaining questions are, how can we find these
commonly-occurring term patterns, and how can the prover exploit them?

To formalize the notion of common patterns in a proof, we imagine com-
pressing the proof by introducing new definitions to abbreviate certain terms.
For example, if we were to define g(z) := f(x,2), then the proof above
could be written more compactly; e.g. the first term could be written as
fz, f(y,9(f(z,9())))). Then we ask: what is a maximally compressive set of
abbreviations, that is, a set of definitions that allows us to express the proof
terms as compactly as possible?

The tool STITCH [10] (see Sect. 2) is designed to answer exactly this question.
Given a set of terms, it searches for the maximally compressive function defini-
tions. Henceforth, we will call such function definitions abstractions. In this case,
STITCH would find that g(x) := f(z, ) is a maximally compressive abstraction
(and when given the full proof, it also finds other useful abstractions, such as
the AND operator h(x,y) := f(f(z,y), f(z,9))).

Once we have these abstractions, how can we use them to influence proof
search? The simplest option is to add the function definition as an axiom, in this
case V. g(z) = f(z,z). This allows the prover to rewrite terms of the form f(¢,t)
to g(t), making the term smaller, so that critical pairs containing the term are
more likely to be selected. For LAT075-1 this approach works well, and reduces
the runtime of Twee from ~ 250s to ~ 10s.

Adding definitional axioms that abbreviate useful term patterns is a known
and useful technique.® However, adding new axioms also allows new inferences
between them, thus expanding the search space. As we show in Sect. 5.3, adding
more than a few such axioms harms the prover’s performance.

2 This is perhaps not so surprising as f (t,t) represents the negation of ¢.
3 For example, see the Robbins problem variant ROB033-1 in the TPTP. Definitional
axioms are also used in Twee’s goal direction heuristic [30].
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Instead, we have extended Twee to natively support abstractions (see Sect. 4).
The abstractions influence the heuristic function of the prover, so that inferences
matching them are more likely to be selected, but they do not alter the search
space itself. Because of this, we can provide many more abstractions, but the
individual abstractions may have a smaller effect. In this case, passing f(z,x)
as an abstraction reduces the runtime of Twee from ~ 250s to ~ 130s.

2 Background: Stitch

STITCH [10] is a system originally designed for library learning in program syn-
thesis — automatically discovering reusable function abstractions from an exist-
ing collection of programs. Given a set of terms as input, it constructs func-
tions which generalize parts of the terms, and uses those functions to abbreviate
the terms. STITCH attempts to construct mazimally compressive abstractions;
specifically, it maximizes the product of the size of the function and the number
of places where the function can be used.

Although STITCH was designed to work on program code, it accepts as input
any set of terms. Hence, given a Twee proof, we can give STITCH the set of all
terms occurring in the proof and it will find abstractions for it.*

STITCH’s input language is a higher-order A-calculus. Thus, we need to
translate proof terms into A-terms, which we do by treating function sym-
bols as constants, and A-abstracting all free variables. For example, the term
flx, fly, f(f(z, f(z,x)), f(z, f(z,2))))) from our example is translated into
Az yrz. (fz (fy(f(fz(fzx) (fz(fzz))))). In this case, STITCH will
return the abstraction g(«) := (f « «), where « is a schematic parameter stand-
ing for an arbitrary subterm, which can be used to compress the input term to
Az y Az (f « (f y g(f z g(x)))). Because the body of g has a first-order shape,
it can be translated back directly, yielding the abstraction f(z,x).

In general, STITCH abstractions are arbitrary A-terms and can be higher-
order. In practice, STITCH rarely generates higher-order abstractions in our set-
ting since the input terms are first-order. If it does, we discard the abstraction.

3 Twee + Stitch = Twitch

In this section we present the implementation of Twitch: a system for automat-
ing the discovery of reusable abstractions that can be used to help solve hard
problems in a given domain. Twitch has two modes of usage: abstractions can be
discovered from partial proof attempts as described in Sect. 3.1, or from easier
proofs in the same domain, as described in Sect. 3.2. The abstractions found by
Twitch are used to adjust the search heuristics in the Twee prover, as described
in Sect. 4.

Henceforth, we denote a given input problem — which consists of a set of
equations (axioms) and a goal/conjecture equation to prove — by P.

4 The terms given to STITCH are the top-level terms from Twee proof steps, but
STITCH’s compression procedure searches for repeated structure inside these terms.
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enumerate

(P;,strat) Get local abstractions per problem (see Algorithm 2).
(2]
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Fig. 1. Overview of domain abstraction generation via Twitch (Algorithm 1 and its
subroutine Algorithm 2).

3.1 Abstractions from Partial Proofs

The first approach we explore discovers abstractions given as input a single hard
problem Py, and can be used when we do not have examples of related problems
to learn from. We start by running Twee (without abstractions) on P, for a fixed
amount of time. When it times out, even though it has not proved the goal, it will
have derived a large collection of rewrite rules. Each of these derived rules | — r
corresponds to an equation [ = r about the theory we are exploring. Many of
these equations will be quite boring, but some will represent interesting lemmas.
Our idea is to learn abstractions from only the most interesting lemmas.

In order to define interestingness, we first need some auxiliary definitions.
For any lemma [ = r, we shall denote by T(I = r) the set of terms occurring
in its proof, including the proofs of any sub-lemmas used in the proof. More
precisely, the proof of [ = r is a chain [ = t; = ... = t, = r, where each
step may be justified by a lemma [; = r; having its own proof. We then define
T(l = 7“) = {l,tl,. AN ,tn,T} @] UzT(ll = 7’1').

For a term t, we define its weight |t| as the number of function applications
plus the number of unique variables occurring in ¢. We extend this to equations
by defining |l = r| = [I| + |r|, and to sets of terms T" by defining |T'| = >, [t].
We then define the “interestingness” s(I = r) of a lemma as follows:

[T =r1)]
|l =rf?

s(l=r):=

The intuition is that lemmas with higher scores are those that are simple state-
ments requiring a long proof. Of course this does not necessarily coincide with
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what a human would consider interesting or useful, but we take it as a rough
heuristic towards measuring these notions.

Given a partial proof of Py, we pick out the k lemmas with the greatest
interestingness score, 1 = r1,...,lr = rr. We then generate what we call partial
proof abstractions by running STITCH on | J; ., T'(l; = r;). We can then rerun
Twee on P, augmented with these abstractions.

3.2 Domain Abstractions

The goal of this approach is to learn abstractions that are useful for proving
problems in a particular domain D. We require a set of problems, some of which
are already proved (the “easy” problems) and some of which are not (the “hard”
problems). The algorithm works as follows:

1. First, we use STITCH on the proofs of the easy problems to find abstractions
for each problem. These abstractions are local, i.e. specific to one problem.

2. Then, we augment each problem with its local abstractions and re-run Twee
to test if the abstractions are good, i.e. allow us to reprove the problem faster.

3. Finally, we build a set of all the good local abstractions, and compress it with
STITCH to find commonalities and derive higher-level domain abstractions.

This process is illustrated in Fig. 1, with pseudocode in Algorithm 1. There, we
use T(T'(P)) to denote the set of terms occurring in the proof I'( P) of problem P
found by Twee. The set of abstractions derived by running STITCH on T(I'(P))
(where T'(P) was found using a specific Twee strategy strat) is denoted by
A%t We use P @ A to denote P augmented with abstractions A. Finally, the
local abstractions are filtered by an effect metric em which measures the speedup
obtained by augmenting the problem with the abstraction. More precisely,

em(P,A) = _HLP) ,
t((Pao A))

where t(I'(P)) denotes the time taken by Twee to find proof I'(P). Only those

abstractions that lead to a speedup above some threshold 7 are added to the set

of good abstractions.

We see that growing the good abstraction set relies on running the LOCAL-
ABSTRACTIONS subroutine for a collection of different strategies. This simply
refers to an assignment of specific values to parameters that influence the work-
ing of Twee. In particular, the strategy parameters are (1) whether to run Twee
with or without its goal flattening option [30] and (2) the abstraction weight
factor (see Sect.4.1). By iterating over combinations of these parameters, we
increase the pool of good abstractions to derive domain abstractions from later.

We can then use these domain abstractions to augment hard problems in the
same domain, with one caveat: some abstractions may mention functions that
do not occur in the hard problem, and these are removed.
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Algorithm 1.

1: procedure DOMAINABSTRACTIONS(D)

2: good_absts < empty set

for all combinations of P € D and strat € strategies do
AT em(P, AF™™*) « LOCALABSTRACTIONS(P, strat)
if em(P, A3™") > 7 then

Add the alpha-normalized A%™* to good_absts

end if

end for

9: D «— Run STiTCH Over good_absts

10: Return D

11: end procedure

Algorithm 2.

1: procedure LOCALABSTRACTIONS(P, strat)

2: Run Twee on P with strat.

3 If it fails to terminate within the time limit, return failure.
4 Else we get proof I'(P).

5 Extract terms from I'(P) as strings to get list T(I'(P)).

6: Run StiTcH on T(I'(P)) to get abstractions A5,

7 Run Twee on P & AF™" with strat.
8.

9

10:

Compute em(P, AF™*). If Twee timed out on P @ A5, set em (P, AF™*) = 0.
Return AF™*, em(P, AF™).

end procedure

4 Supporting Abstractions in Twee

Twee’s architecture is based on unfailing completion [5,21], which works by treat-
ing the input equations as rewrite rules and then deriving new rules that cannot
be proved by forward rewriting. For example, given some axioms about group
theory, Twee might orient them into the following rules:

e-r—x b —e (x-y) - z—a-(y-2)

We can observe that the term (z~! - x) - y has two normal forms:

-1 1

@tz y—ey—y (@ha)y—al(zoy),

hence the equation #7! - (z - y) = y is true but cannot be proved by forward
rewriting, since both sides are normal forms (this is called a critical pair). Twee
therefore adds the new rewrite rule z=! - (x - y) — . This process of deriving
new rewrite rules continues until the rule set is saturated or the goal is proved.

The number of critical pairs is typically quadratic in the number of rewrite
rules |16, Section 2.2], and may reach ~ 10'° in a longer proof attempt. Hence,
rather than turning all critical pairs into rules, Twee repeatedly picks the “best”
critical pair and turns it into a rule (following a DISCOUNT loop [4]). To judge
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the goodness of a critical pair, Twee first normalizes it with respect to the exist-
ing rewrite rules, then computes a score for the resulting equation. The score
has several components (see [30]) but the most important one is the equation’s
weight, defined as the number of symbols in the equation:

w(t =u) =w(t) +w(u)

w(z) =1, if  is a variable

w(F(t1,...,ty)) =14 Zw(ti), if F' is a function symbol
i=1

Our approach to abstractions is inspired by the weighting strategy [24]: when-
ever a term or subterm in a critical pair matches an abstraction, reduce its
computed weight. Specifically, we extend w with the following clause:

w(Ao) = wa + Z w(zo), if A is an abstraction and o is a substitution
z€dom(o)

Here, w, is a constant representing the weight of the abstraction. We come
back to this in Sect. 4.1, but for now, let us assume that ws = 1.

For example, suppose we are studying two functions times and plus. To
encourage the prover to reason about distributivity, we might give the following
abstraction A, representing a term in which distributivity can be applied.

plus(times(zx,y), times(z, 2))
Now suppose that the following equation occurs as a critical pair:

times(c, plus(times(g(f(a),b), f(x)), times(g(f(a),b),g(y,2)))) = g(a,b)

Without the abstraction A, this equation would have a weight of 21. With A,
the underlined term can be matched as Ao, where 0 = {x — g(f(a),b), y —
f(x),z — g(y,2)}. Hence the total weight is 1 + w(c) + w(Ao) + w(g(a,b)) =
24 wa+w(g(f(a),b)) +w(f(x))+w(g(y,z))+3 =15. The lesser weight means
that this critical pair will be selected sooner.

Note that A reduces the equation’s weight in two ways: (1) the abstraction’s
“skeleton”, plus(times(_, ), times(_, )), only counts for weight 1 instead of 3;
(2) although x occurs twice in the abstraction, zo is only counted once, hence the
repeated subterm g(f(a),b) is only counted once. Property (2) is vital in order
for abstractions to act like abbreviations. For example, in Sect. 1.1 we define the
abstraction f(x,x), where f is the Sheffer stroke, which represents the negation
of x. Property (2) ensures that f(¢,¢) has the same weight as a hypothetical
term not(t).

As an aside, we have also implemented term-level resonators [37] in Twee.
These work just the same as abstractions, except that they only match if every
variable in ¢ is mapped to a variable (not a compound term).
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4.1 The Cost of an Abstraction

Above we assumed that the weight w4 of an abstraction was 1. In fact, we
allow the user to choose how w, is computed. There are two strategies, both
parametrized on a user-specified constant k: (1) Constant weight: Every abstrac-
tion A has the same weight, wa = k. (2) Weight factor: We set wa = k wsger(A),
where wgpe(A) is the weight of A if all variables are counted as weight 0. In the
example above, wske(A) = 3. This gives larger abstractions greater weight.

4.2 Implementing Hints using Rewriting

We can implement w efficiently using ideas from term rewriting. Let us call
the original weighting function, without the w(Ac) clause, wy. First, for

each abstraction A := t[z1,....2,], we introduce a fresh function symbol
Ai(x1,...,2,). Then, to weigh a critical pair, we first replace any term of the
form t[uy, ..., u,] with A¢(uq,...,uy,), and then weigh the result using wg. For

the example above, if we call the abstraction function A, replacement produces
the following term:

times(c, A(g(f(a),b), f(2), 9(y,2))) = g(a, D)

and we can see that its weight according to wy is indeed 15. We can see this as
normalizing the critical pair with respect to the following rewrite rule:

plus(times(z,y), times(z, z)) — A(x,y, 2)

and this is in fact how Twee implements it. The function w transforms the
abstractions into a set of rules like the one above, and normalizes the critical
pair with respect to those rules before weighing it.> Hence we can use Twee’s
term indexing machinery to efficiently handle large numbers of abstractions.
We have not specified what happens if a term matches multiple abstractions.
This is determined by the particulars of Twee’s normalization algorithm. This
uses outermost reduction, and prefers more specific to more general matches.

5 TPTP Experiments

We have evaluated Twitch on a set of unsatisfiable unit equality (UEQ) problems
from TPTP v9.2.1 [32]. The problems are drawn from nine TPTP domains,
summarized in Table 1. The main purpose is to measure whether the abstractions
discovered by Twitch help in solving problems from the TPTP.

Section 5.1 measures whether partial proof abstractions and domain abstrac-
tions improve Twee’s runtime. For domain abstractions, the user must define
which problems make up the domain; in our experiments (with one exception

5 Note that these rules are purely internal to w and are not added to the clause set.
The normalized term is thrown away after w is done with it.
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mentioned in Sect.5.2), we considered the domain to be the set of problems in
a given TPTP domain (e.g. Group Theory (GRP), Lattice Theory (LAT), etc.)

Section 5.2 reports on the hard problems solved using abstractions from
Twitch. We define a problem as hard if it has TPTP rating at least 0.9 (i.e.
90% of ATPs cannot solve it within 300s) and Twee (without abstractions) can-
not solve it within 1000s. There are 70 such problems from Table 1.

Section 5.3 considers various ablations testing some aspects of Twitch’s archi-
tecture and strategies.

Table 1. Unsatisfiable UEQ problems per TPTP domain, TPTP v9.2.1

Domain Count
ALG (General Algebra) |20
BOO (Boolean Algebra) |56
COL (Combinatory Logic)/120
GRP (Group Theory) 481
LAT (Lattice Theory) 126

LCL (Logic Calculi) 84
REL (Relation Algebra) |81
RNG (Ring Theory) 48
ROB (Robbins Algebra) |25
Total 1041

5.1 Overall Runtime Improvements

Figs. 2a and 2b include cactus plots of runtimes of Twee on the TPTP problems
listed in Table 1. We benchmark Twee both with and without its goal flattening
strategy [30], in order to see how this strategy interacts with abstractions. In
both figures, the ‘Twee (flat)’ and ‘Twee (no flat)’ plots show Twee running
without abstractions (with and without goal flattening respectively) for the full
time limit of 1000s. We have plotted a line at 300s, a typical timeout for ATP
benchmarking, but continue the evaluation until 1000s.

Figure 2a shows the results for partial proof abstractions. Here, we first run
Twee (without goal flattening) for 150s, then if it times out, extract partial
proof abstractions from the failed proof, and rerun Twee (with goal flattening)
augmented with these abstractions for the remaining time.

Figure 2b shows the results when using domain abstractions. The ‘Twee (flat)’
and ‘Twee (no flat)’ show the performance of Twee without abstractions. ‘Absts.
(flat)’ and ‘Absts. (no flat)’ show the performance of Twee once the abstractions
are added. Unlike with partial proof abstractions, there is no time-slicing. The
plot does not include the time to learn the abstractions for a given domain, as
this is shared between all problems in the domain.
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(a) Using partial proof abstractions. (b) Using domain abstractions.

Fig. 2. Cactus plots of Twee runtimes for TPTP problems. A given point in these plots
corresponds to a particular problem P from Table 1. The y-value of a point indicates
the time taken by Twee to find a proof of P (possibly augmented with Twitch domain
abstractions), and the corresponding x-value is the index of P when the problems are
sorted in increasing order of runtime.

We see that applying just domain abstractions to a problem results in a
modest speedup, but also applying goal flattening leads to a large speedup,
with roughly 25 more problems solved inside of 300s. When comparing only the
problems that baseline Twee could solve within 300 s, adding domain abstractions
with goal flattening roughly halves the runtime. Hence domain abstractions seem
to interact particularly well with goal flattening.

Partial proof abstractions provide some improvement in runtimes, and solve
more problems after 300 s, but are not as effective as domain abstractions. How-
ever, they are still useful in many cases since they do not require any pre-
processing to find the abstractions. They also have the advantage of being avail-
able for any problem, even those for which we have no other proofs to learn
from.

5.2 Solving Hard Problems

Along with general runtime improvements, we find that adding Twitch abstrac-
tions allows us to prove 18 hard problems. As an additional baseline, we ran
Vampire 5.0.1 on the 12 rating-1 problems solved by Twitch, using the same
1000s timeout. Vampire solved only three of them—LCL375-10, LCL304-10,
and LCL395-10—and was slower than Twitch in each case; the other nine timed
out. We summarise the Twitch results here, and highlight some interesting cases.

Partial Proof Abstractions. Given a hard problem, we run Twee on it for at
most 500s. We then generate abstractions from the top lemmas of the partial
proof, and supply these to Twee. This allowed us to solve 11 hard problems — each
with a total time limit of 1000s, including the partial proof run. The majority
of these (6 out of the 11) are LCL problems that contain translations of Horn
clauses into equational logic (using the technique introduced in [12]). In these
cases, we find that partial proof abstractions of the form ifeq(x,true,y, true)
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are always discovered — encodings of implication in terms of the ifeq function.
And through manual testing, we find that these are the abstractions that make
the real difference in helping solve the hard problems.

Domain Abstractions. Domain abstractions solved 18 hard problems within
1000s, including every hard problem solved by partial proof abstractions. For
instance, problem LATO75-1 (Rating: 1.00) was solved in 32s (without goal flat-
tening) by providing the following domain abstractions:

;A), B))), B), A)

Checking manually, we found that the first and third abstractions were crucial
to finding a proof in a reasonable amount of time.

Note that the first three abstractions are semantically meaningful. The first
one corresponds to the mot operator, the second one to and, and the third to
one side of a kind of self-distributivity law satisfied by the Sheffer stroke.

Further inspection of the full results (supplied in the source repository) shows
that the abstraction lists are quite long in three cases. These cases highlight that
it is sometimes helpful to skip abstracting over the good abstractions (line 10 of
Procedure 1) and simply take Ap to be the set of all good abstractions.

In addition to the 18 problems, Problem GRP677-1.p was also solved (in
180s) using domain abstractions. However, this required constraining the domain
D to only include problems that share very similar axioms to the hard problem
being solved. So, we see that a larger domain is not necessarily better. This
suggests that, when aiming to solve a particular hard problem, curation of the
domain we provide Twitch may be a useful direction for future work.

5.3 Abstractions vs Definitional Axioms

There are two ways one might use STITCH abstractions to augment a problem
P — by giving them to Twee as abstractions, or by adding them as definitional
axioms (as described in Sect.1.1). Twitch uses the abstractions approach. We
here present experiments that aim to validate this choice, by comparing the
two approaches. The experiments involved running Algorithm 2 on the TPTP
problems listed in Table 1.

Figure 3a depicts cactus plots of runtimes obtained in line 7 of Algorithm 2
for each problem. The different colours correspond to different approaches in
augmenting P with A. The ‘top &’ in the figure legends refers to taking the top
k abstractions found by STITCH in line 6 of Algorithm 2.6.

5 Note that we do not necessarily actually use all k abstractions to augment the prob-
lem, as some may not be back-translatable (see Sect. 2). Nonetheless, the comparison
remains informative as the actual number of abstractions used for a given problem
was the same for both the abstraction and axiom approaches.
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Fig. 3. The effect of local abstractions. Each point corresponds to a particular problem
P from Table 1. The y-value of a point corresponds to the time taken by Twee to find
a proof of P when augmented with local abstractions, i.e. abstractions derived from
an existing proof of P by default Twee. The x-value corresponds to the index of the
problem when the problems are sorted by increasing runtime of Twee P augmented
with the local abstractions. In other words, the points correspond to runtimes from
line 7 of Algorithm 2.

We see that overall abstractions lead to lower runtimes compared to defi-
nitional axioms, and in particular, fewer cases in which Twee times out as a
result of the augmentation. As such, the abstractions approach provides a larger
pool of good abstractions for Twitch to derive domain abstractions from. Fur-
thermore, we see that increasing from 1 to 10 abstractions leads to a significant
increase in timeouts when using axioms, while the abstractions approach is much
more robust to this increase. Hence, using the domain abstractions derived from
Twitch as Twee abstractions to augment some hard problem allows us to provide
more abstractions with a lesser chance of incurring substantial slowdowns.

However, there are still some problems where providing abstractions as
axioms lead to more significant speedups compared to using Twee’s abstrac-
tion mechanism. For example, our earlier motivating LATO75-1 problem illus-
trates such a case.” This suggests that there may be room for combining the two
approaches in future work.

Finally, we include Fig.3b which shows a cactus plot of abstraction-
augmented runtimes with varying weight factors. A weight factor of about 0.5
(halving the cost of terms matching abbreviations) seems to work best. This
aligns with the intuition that low weight factors are more aggressive and hence

" There are also 15 problems where axioms lead to speedups while abstractions lead
to slowdowns. For LAT141-1, we get a proof I'(P) from default Twee (without goal-
flattening) in ~ 160 seconds. The top abstraction found by STITCH on this proof is
f(X,Y, Z) = meet(X, join(Y, Z)). Adding this as an axiom leads to a proof in ~ 12
seconds, while with the abstraction mechanism, it leads to a proof in ~ 260 seconds.
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lead to more slowdowns (in particular, timeouts). However, some individual prob-
lems have the greatest speed-ups with lower weight factors.

6 Related Work

Our implementation of abstractions in Twee is an automatically controlled
instance of the weighting strategy [24]. Weighting later influenced the work of Wos
on the resonance strategy [37]. Resonators are clause patterns that bias clause
selection toward shapes deemed promising by a human expert. This approach
proved effective in difficult domains |7, 14]. At around the same time Veroff intro-
duced the hint strategy [33] as well as the proof sketches method [34], in which a
prover first establishes an easier or related theorem and then reuses clauses from
that proof as hints to guide the search for the harder goal. Our abstractions are
in spirit the opposite of Veroff’s hints: hint clauses are key clauses which might
be derived only once, whereas our abstractions are key term structures which
appear over and over again.

Our symbolic learning of domain structure in proofs is very related in spirit
to the work of Schulz on pattern-learning and term space mapping [13,27,28].

Closely related to (and inspiration for) our use of STITCH is previous work
on automated proof compression. Urban et al. [35] propose introducing new
definitions to shorten proofs found by saturation provers. Their goal is proof
refactoring and compression, whereas we use compression primarily as a mecha-
nism for discovering search-guiding patterns. Similarly, recent work by Wernhard
and Zombori [36] explores grammar-based compression of Metamath proofs.

Related to the idea that internal proof structure can be mined to improve
future search is work on learning-based guidance for saturation provers, such
as ENIGMA [11,17]. However, these approaches rely on statistical models for
clause selection, whereas our method extracts explicit syntactic abstractions that
provide lightweight and interpretable guidance tailored to equational completion.

The automatic ranking of interesting derived results has been studied by
Puzis et al. [26], who use automated reasoning to generate and filter poten-
tially interesting theorems. Their work inspired our simple heuristic for ranking
lemmas extracted from partial Twee proofs, and further exploration of their
measures in our setting is an interesting direction for future work.

Other approaches to learning from related problems have been explored in
automated reasoning. For example, the Octopus system [23] combines learning
and parallel search, using information from easier problems to guide proofs of
harder ones. This aligns with our domain abstraction approach, which is inspired
by curriculum learning [8]: simpler problems in a domain provide reusable struc-
tural patterns for harder ones.

Automated theorem provers and finite-model finders have long been used as
research tools in algebra [20,25]. Recent examples include work on semigroup,
ring, loop, and magma varieties, as well as Tao’s Equational Theories Project,
which used ATPs and Lean to map implications between small equational laws
of magmas [2,3,9,15,18,19]. In such settings, the usefulness of ATPs depends on
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finding proofs that can be understood and reformulated in standard mathemat-
ical terms. Techniques such as proof sketches and proof simplification address
this need. Our abstractions are related in spirit: the recurring term patterns
identified by Twitch would ideally correspond to algebraically meaningful con-
structions, and guiding proof search toward these patterns may help produce
proofs that are more structured and easier to analyse.

7 Limitations and Future Work

The system we have presented is in many ways quite simple-minded, and there
are many ways in which it can be refined. Firstly, our domain construction
is quite crude: we restrict to problems within the same TPTP theory sharing
concrete symbols, and we do not attempt to automatically generate related or
weakened conjectures in the style of proof sketches. Likewise, lemma scoring and
term extraction from proofs are based on simple heuristics that could likely be
refined as a path to more useful abstractions.

Further, abstraction selection is treated as a single-objective optimization
problem focused primarily on runtime speedup. Alternative or multi-objective
criteria—such as proof length reduction or robustness across strategies—may
yield better guidance. It may also be fruitful to learn abstraction proposals
directly from accumulated (problem, abstraction) training data, potentially via
language models. Despite these simplifications, we believe our results demon-
strate that even a relatively simple abstraction pipeline can produce abstractions
yielding substantial improvements and solve previously intractable problems,
and that this suggests that automated, structure-based abstraction discovery is
a promising direction for future research in equational theorem proving. We also
note that for some problems, the best runtimes were obtained by providing both
domain and partial proof abstractions. In particular, one more hard problem —
LCL351-10 — was solved this way, where all other approaches failed, indicating
potential of further benefits through such combination.

Also, the implementation of abstractions in Twee is currently quite brittle.
The problem is that we only give bonuses to critical pairs that contain instances
of the abstraction terms. However, Twee demodulates critical pairs, simplifying
them using the generated rewrite rules. Thus a term matching an abstraction
may well get rewritten to a term that does not match. For example, consider
the abstraction f(z,z). If f is also associative (f(f(z,v),2) — f(z, f(y,2)))
then the term f(f(x,z),y) (which matches the abstraction) will be rewritten
to f(z, f(z,y)) (which does not). We are experimenting with a critical pair-
like mechanism for generating extra derived abstractions in these cases. We can
generate many extra abstractions this way, but they look very different from the
user-provided abstractions and it is not clear if they respect the user’s intent.

Finally, we would like to explore generating not only abstractions but also
hints. These are key steps that are needed in a proof, but may be difficult for the
prover to find. An example of a good hint might be a rewrite rule which is large
(hence is unlikely to be selected by Twee) but leads to a proof of a conjecture
or important lemma.
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8 Conclusion

We have shown that abstractions, automatically generated via compression of
existing proofs, are a promising strategy for equational proving. Augmenting
Twee with pre-learned domain abstractions allows us to prove several difficult
conjectures and roughly halves the prover’s runtime for more typical conjectures.

Creating high-quality abstractions currently requires a supply of simpler
problems within the same domain. In cases where these do not exist, we can also
generate abstractions from a failed proof attempt, which are currently lower
quality. Since typically only a few simple domain abstractions are needed, we
hope that a more sophisticated extraction mechanism can solve this problem.

There is clearly much potential to refine the method, both how the abstrac-
tions are found and how they are exploited by the prover. Even so, we believe
the results are promising and motivate further exploration of this idea.
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