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ARTICLE INFO ABSTRACT

Keywords: The scattering by a piezoelectric circle of class orthorhombic 222 in an isotropic (nonpiezoelec-
elastic waves ) tric) surrounding is investigated for incident anti-plane (SH) elastic or transverse magnetic elec-
electromagnetic waves tromagnetic waves. Both the full piezoelectric equations and the quasi-static approximation are
sc‘atterlmg ) used. The approach employs a power series expansion in Cartesian coordinates inside the circle
Eilfczlze ectric to derive recursion relations for the expansion coefficients. This expansion is then transformed to

polar coordinates to satisfy the boundary conditions. For low frequencies it is possible to obtain
explicit, simple expressions for the transition matrix elements. A numerical example is given for
the far field scattering amplitude and it is seen that the effect of piezoelectricity on the scattering
of an elastic wave is relatively small . Finally, it is concluded that the quasi-static approximation
is valid for this scattering problem for low frequencies.

1. Introduction

Piezoelectric materials, which offer the possibility to transform mechanical energy into electrical energy or vice versa, have many
important technical applications, particularly as sensors and actuators [1]. In this context piezoelectric composites have proven to be
very useful [2] and for this reason a few investigations on the scattering by a piezoelectric obstacle in a purely elastic surrounding
have been conducted. Thus, Moon [3] considers the scattering by a transversely isotropic piezoelectric cylinder in 2D and Qian et al.
[4] solve the corresponding 3D problem. Due to the transverse isotropy the solution procedure can use separation of variables. This
is also true for the scattering by a piezoelectric sphere in the special case when the anisotropy is spherically transversely isotropic [5]
(with isotropy in the angular directions). The general situation with both the obstacle and the matrix piezoelectric is investigated by
a polarization method (using a Green function calculated with a Radon transform) by Hu and Wang [6] in 2D and by Ma and Wang
[7] in 3D.

The scattering by an anisotropic (nonpiezoelectric) circle in an isotropic surrounding is investigated in 2D by Bostrom [8,9] for
both the anti-plane and in-plane elastodynamic cases. In this approach the interior field is expanded in trigonometric functions in
the angular direction and powers in the radial direction. The equations of motion lead to recursion relations among the expansion
coefficients and the boundary conditions then solve for the remaining unknowns. The approach is particularly well suited for low
frequencies and explicit expressions for the transition (7-) matrix elements can be given. The method can be used also in 3D for the
scattering by an anisotropic sphere [10]. The method can be extended to a piezoelectric circle, and the purpose here is to perform
this generalization in the anti-plane (SH) elastic case. As there is coupling to electromagnetic waves the scattering by a transverse
magnetic wave is considered at the same time. Furthermore, a modification is performed to the method so that the fields are first
expanded in Cartesian coordinates which leads to a much simpler derivation of recursion relations. The expansion is then transformed
to polar coordinates to apply the boundary conditions. Explicit expressions for the leading order T-matrix elements for low frequencies
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are given. Both the full piezoelectric constitutive equations and the quasi-static approximation are used and for low frequencies both
methods give identical results. It is noted that some previous methods assume the quasi-static approximation without comment [4-7].

2. Scattering by a circle

Consider the 2D (in the xy plane) scattering of an anti-plane elastic or electromagnetic incident wave by a circular obstacle of
radius «a in an isotropic and homogeneous (nonpiezoelectric) elastic surrounding. Thus the main field variables are the z components
of the displacement u, and the magnetic field H,. The material outside the circle has shear modulus y and density p. Only time
harmonic conditions are considered and the time factor exp (—iwr), where w is the frequency, is suppressed. The corresponding shear
wavenumber is k; = w(p/u)'/?. The surrounding is assumed nonmagnetic so the only constitutive constants needed are the permittivity
¢ and the permeability of vacuum 4. The corresponding electromagnetic wavenumber is k, = wm. The piezoelectric material
inside the circle is described in the next section.

In this 2D case with the coupled scalar quantities u, and H, wavefunctions are defined according to the following [11]

20 (er) = @Jm(k,){cosmw} )

2 sin me

Here m=0,1,2,... and ¢ = e (“¢” for even) for the upper row (cosine function) and ¢ =0 (“0” for odd) for the lower row (sine
function) with m = 0 excluded for ¢ = 0. The Neumann factor ¢, = 1 and ¢,, = 2 for m = 1,2, .... The factor (¢,,)'/?/2 is included to
get a symmetric T-matrix. The upper index 0 denotes the regular wavefunctions with a Bessel function; there is a corresponding
out-going wavefunction, which is denoted 4 (k;r), that contains a Hankel function instead of a Bessel function. The wavenumber in
the wavefunctions can be either the elastic one k, or the electromagnetic one k.

The sources of the waves are assumed to lie outside the obstacle. Often they are far away, and a very common assumption is that
they are at infinity and the incident wave is a plane wave. As there are no sources in the vicinity of the obstacle the incident wave
must be finite there and it must be possible to expand an incident SH wave in the regular wavefunctions

W) = Y by il (kyir) )

where the summation is over ¢ = e¢,0 and m =0, 1,2, .... This expansion is valid in a circle centred at the obstacle out to the sources
of the incident wave. The coefficients b, are in principle known. For an incident electromagnetic wave the corresponding expansion
is
HOr) =Y ¢ iokoiT) ®3)
o,m

with known coefficients ¢,,,,.

The SH wave scattered by the obstacle is carrying energy outwards from the obstacle (the radiation condition) and it is thus
possible to expand it in the out-going wavefunctions

W) = Y fomtan gD O
o,m
Here the coefficients f,,, are to be determined. The corresponding expansion of the scattered magnetic field is
HE() = Y Zom ko 1) (5)
o,m

with unknown coefficients g,
Another way to put this is to say that the T-matrix of the obstacle is to be determined, where this matrix is defined as the linear
relation between the expansion coefficients of the incident and scattered waves

fo'm = Z (T;n,::lg,m, bUImI + Tc’rnrrer,a’m’cﬁ'/ml> 6)
o’.m’

8om = Z (T:Z,o"m’ byt + T:";,o"m’ Ca’m’) 7)
o'.m’

with m for “mechanical” and e for “electromagnetic”. An advantage with calculating the T-matrix is that it fully characterizes the
obstacle but is independent of the incident wave. If the material inside the circle is isotropic the T-matrix becomes diagonal in the
m indices and independent of the ¢ indices. Often the wavefunctions are defined so that the T-matrix is fully symmetric, but in this
case this is not so in that T;”n"’a,m, #T0h o due to the different dimensions of the elastic and magnetic fields.

As a comparison the scattering for low frequencies (radius small compared to wavelength) by an anisotropic elastic (but nonpiezo-
electric) circle will be performed. To leading order for low frequencies only monopole (m = 0) and dipole (m = 1) terms contribute. For
an elastic material with only the two shear stiffnesses C,, and Cs5 nonzero for SH wave propagation the relevant 7-matrix elements

are [11]

e _ sim [ Py
TeO,eO = (ksa) 1 <7 - 1> (8)
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ir #—Css
T% = (ka)PL 5 9
elel ( Sa) 4 /4+C55 )
i -C
TS,y = (kP 2 2 (10)
’ 4 u+Cy

Here p, is the density of the circle. The monopole scattering only depends on the density and this is due to the fact that m =0
corresponds to a (anti-plane) rigid body motion to lowest order and thus involves no strain and therefore no stress either. This lowest
order T-matrix element is expected to be the same also for a piezoelectric circle as the vanishing of the strain leads to no coupling to
the electric field.

It seems that the corresponding T-matrix elements for the electromagnetic scattering by an anisotropic circle are not to be found
in the literature.

3. 2D piezoelectricity

The general piezoelectric constitutive equations in tensor notation are

Gij = CijkiSki — ekij Ex 1n

Dy =eyE; +ey;s;; 12)
where o;; is the stress tensor, s;; the strain tensor, D, the electric displacement, and E, the electric field. The constitutive parameters
are the stiffness constants c;;,, the permittivity constants ey, and the piezoelectric coupling constants e;;;. The dynamic equations of

motion are the elastodynamic one

9,0, = p10%u; (13)
and two of Maxwell’s equations

VX E=-0,B (14)

VX H =0,D 15)

where the latter two are written in vector notation. Here H is the magnetic field and B is the magnetic induction. The material is
assumed nonmagnetic so the magnetic induction is eliminated by the constitutive equation B = y,H.

To get a 2D situation all fields are assumed independent of the z coordinate and all z derivatives are then vanishing. In general the
constitutive equations lead to a coupling between all the components of the fields, but for special choices of constitutive equations a
decoupling into two subproblems is possible. One possibility is a piezoelectric material of class hexagonal 6 (with 6mm as a special
case) with the symmetry axis along z, which leads to two isotropic subproblems in the xy plane, one for the anti-plane displacement
component and one for the two in-plane components (Moon [3]). Another case of interest is a material of class orthorhombic 222,
with a cubic material as a special case. Turning directly to the 2D case the constituent equations for this material become

Oy = C1 03y + Cpp0,u, (16)
6,y = Crp05tt, + Cyp0yu, 17)
0., = Cp305t, + Co30,u, 18)
6,. = Cyydyu, — e E, (19)
02y = Css0yli; — €35 E), (20)
0.y = Cos (0,1, +0,u,) — €36 E, (21)
D, =¢ E, +e140,u, (22)
D, =&, E, + es50,u, (23)
D, =¢eE, + e36(dyux + 0xuy) (24)

For the stiffness and piezoelectric coupling constants the reduced notation C;; and e;;, I,J =1,2,3,4,5,6, i = 1,2,3, is used, see
Auld [12]. The permittivity tensor is diagonal with entries ¢, = ¢, etc. There are thus eight independent stiffness constants, three
permittivity constants, and three piezoelectric coupling constants.

With the strains eliminated the components of the elastodynamic equations of motion for the orthorhombic 222 material become

Cy107u, + Cos0uy + (Cpp + Cog) 0,0, — €360, E; + proo’u, = 0 (25)
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Cypdju, + Coeditty + (Cpy + Cep) 0,0, — €360 E + pya’uy, =0 (26)

xCUyHx

Cssoqu + Cyy0iu; — e140,E, — er50,Ey + pyo’u; =0 (27)

The components of Maxwell’s equations become

0,E, =iwpgH, (28)
—0,E, =iougH, (29)
0,E, - 0,E, =iouyH, (30)
0, H, = —iwe  E, — iwe 40 u, (31)
—0,H, = —iwey E, — iweys0,u, (32)
0.H,—0,H, = —iwes E, — iwezq (0, + 01, (33)

From all these equations it is seen that there is a decoupling into two subproblems, the anti-plane problem for the components u,,
H, E,, E, and the in-plane problem for u,, u,, E,, H,, H,. Here only the anti-plane problem is considered.

4. The piezoelectric circle

From Egs. (31) and (32) the components E, and E, are eliminated and then there remain two equations of motion for u, and H,

2 2 2 iexs leyy oo _
C50XMZ+C40yMZ+plCO le+ a)—ezatz - a)_elayHZ =0 (34)
1 » 1 2 iweys iweyy o
gatz + ZayHZ + pow°H, — = o, + . du. =0 (35)

Here the “stiffened” elastic constants are introduced
2

e
Ci=Cy(l+ay), = G]‘CL (36)
e
Cs=Css(l+as), as= 37)
( ) €,Cs;s

where o, and a5 are two dimensionless constants measuring the degree of coupling between the mechanical and electromagnetic
fields.

When the scattering by the circle is solved the boundary conditions on r = a are needed. These are taken as the ordinary welded
conditions which means that u, o,,, H,, and E,, are to be continuous. To this end o, and E,, are expressed in terms of u, and H:

0, =cos@| Cso,u, + —ie250 H, | +sing|{ Cy0,u, — —ie146 H (38)
zr X7z COEZ X z yrz wel y z

E,=cosq ——i J0.H, — —6250 u, | —sing ——i J0,H, — —6140 u (39)
4 €2 X z €2 X7z el y ¥4 el yoz

Due to the symmetries of the anisotropic circle it is possible to divide the scattering problem into four subproblems which are
even-even, even-odd, odd-even, and odd-odd with respect to x and y. In the following these are taken up in turn, starting with the
odd-even problem, this being the simplest one (together with the almost identical even-odd one).

4.1. The odd-even problem

For this problem u, and H, should be odd with respect to x and even with respect to y, thus

Uy = UpoX + UsgX> + Uupp Xy + . (40)

H, = Hygx + Hypx* + Hjpxy? + ... (41)

where as many terms as needed are incorporated. This number depends on the frequency, but as mentioned in the introduction the
focus is on low frequency scattering and then only the first term is actually needed. Inserting these expansions into the equations of
motion (Egs. (34) and (35)) two recursion relations result from the terms linear in x:

bie,ys 2iey

Hy, -
e,y e,

6Cstizg + 2C4upp + protuyy + Hi,=0 (42)
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6 2
—Hsg+ = Hyy + oo’ Hy —
€ €1

6iwe,s 2iwe 4
uzy +

up, =0 43)

These equations involve exactly those expansion coefficients given in Eqs. (40) and (41). More recursion relations are obtained if
more terms are retained in the expansions. To lowest order only the terms in u;, and H,, are needed and then no recursion relation
at all is obtained.

When applying the boundary conditions the fields are first transformed to polar coordinates and then one equation is obtained
for each azimuthal order m = 1,3, ..., but to lowest order only m = 1 is actually needed. Expanding the Bessel and Hankel functions
to lowest order in the expansions of the incident and scattered fields in Eqs. (2)-(5), the four boundary conditions on u,, H,, o
and E, give

zrs

b,y ha_ feli =upa (44)
2 wkga

%koa — &1 % = Hypa (45)

belﬂTkS +fel%:;2 =”1005+H10i;—2 (46)

_zijzo +e m - —Hmwie2 - uw% 47)

The solution for the scattered wave coefficients becomes

PR e [ R
el 4 (M+C55)(€2+€0)+e§5 ol

+hykoa?Z “0%s
T2 (1 + Css) (e + €) + €

Cel (48)

T HeEpe
8el = kOksaz_ =

2 (;4 =+ C55)(€2 =+ 60) + egs

bel

+C —€y) +e?
+i(k0a)2£ (/4 55) (62 60) €s e 49)
4 (;4 + C55)(€2 + eo) + e%s

To leading order at low frequencies there are thus four T-matrix elements

-C €+ 6,) — €2
™" = i(ka)’Z h=Cs)leo +er) = (50)
’ 4 (/4+C55)(€0+62)+e25

€0€25

o (51)
el,el s70% 5 w((ﬂ+c55)(€2 +€0) +€§5)
- e (52)
el.el 0%sa 2 (M+C55)(€2+€0)+e§5

#+Css)(ex =€) +¢3
e =i(k0a)2% ( 55) (€2 =€) + 5 (53)

(/4 + C55)(€2 + 60) + egs

For a nonpiezoelectric material e,5 = 0 and the first of these reduces to the corresponding one in a purely elastic material given in
Eq. (9). The difference between these two elements is of the order of a5, which is a number that is usually around 0.1 or smaller.

4.2. The even-odd problem

This problem is the same as the odd-even one, it is just to exchange some of the material constants. Thus replace Css by Cyy, €,

by ¢, and e,5 by e, and this gives the four T-matrix elements T;{ , Withi=m,eand j =m,e.

5
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4.3. The even-even problem

This is the most complicated subproblem. The expansion of the interior fields are even in both x and y

U, = gy + trgX? + U y* + ... (54)

H, = Hyy + Hyyx* + Hpy* + ... (55)

All the terms included are necessary for a solution for low frequencies. The terms independent of both x and y in the equations of
motion (Egs. (34) and (35)) give the two recursion relations

2C. + 2C, + pa’ + —2i825 H Hy =0 (56)
u U WU, - =
5U20 4l T+ p~Ug we, 20 we, 02

2 2
= Hyy + = Hp, + How* Hy —
€ €]

2i 2i
2% Uy + adt up =0 (57)

These two equations are the only ones needed for low frequencies, but if more terms are retained in the expansions in Egs. (54) and
(55) more recursion relations are obtained.

When applying the boundary conditions for low frequencies azimuthal order m = 0 and m = 2 are both needed, and this gives
eight boundary conditions for u_, o,,, H, and E,. Together with the recursion relations this yields ten equations in the ten unknowns
Je0s Fers 8e0s 8e2s Upos Ungs Uoos Hogs Hog, and Hyy,. These equations can be solved analytically and for the elastic part in fact gives the
T-matrix element (which is now called T;{’):’ZO) given in Eq. (8) as expected. To leading order the coupling elements T and T
are vanishing, and this also applies to the scattering of electromagnetic to electromagnetic waves (the element 7,7 ).

4.4. The odd-odd problem

In this case the fields are odd in both x and y

U, = upxy+... (58)

H,=H;xy+... (59
In polar coordinates the lowest power of r is thus r?> and this means that there is no monopole or dipole contribution, so the odd-odd
problem does not give a leading order contribution for low frequencies.

5. The quasi-static approximation

As mentioned in the introduction the quasi-static approximation is often applied for wave propagation problems in piezoelectric
media when the focus is on the mechanical part. Therefore, in this section the T-matrix elements involving the electromagnetic fields
are not calculated. In the quasi-static approximation the electric field is assumed as the gradient of a scalar potential ¢

E=-V¢ (60)

It follows that the magnetic field vanishes. The differential equations determining u, and ¢ are Eq. (27) and the vanishing (assuming
no free charges) of the divergence of the electric displacement field

Cssou + Cyydiu; + p1a’u; + (614 + €35)9,0,¢ = 0 (61)

—€10%p — 2000 + (e14 + €25)00,u; =0 (62)

The last equation is not hyperbolic, although it is still assumed that the potential has a harmonic time dependence.
There is still a division into four subproblems depending on the symmetries.

5.1. The odd-even problem

In this case the displacement and potential have the following expansions

U, =ujpx+ u30x3 + u12xy2 + ... (63)

b =g+ by +dx7y+ ... (64)

Due to the structure of the differential equations the potential has the opposite symmetries to the displacement. Inserting the expan-
sions into the governing differential equations yields

6Cssit3g + 2C4quu1y + p10% g + (€4 + €55) 1o =0 (65)
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6iwe,s 2iwe 4
Uz +

2
—2e1¢3 — e—H12+;40w2H12— up =0 (66)
1

These recursion relations involve exactly those expansion coefficients given in Eqs. (63) and (64). To lowest order only the terms in
uyo and ¢, are needed and then no recursion relations at all are obtained.

When applying the boundary conditions an expansion of the potential of the scattered electric field is needed This is taken as the
solution of the electromagnetic Helmholtz equation

¢*(r) = g, H,(kgr)sin @ (67)
The boundary conditions on r = g are the continuity of u_, o.,, ¢, and the normal component of the electric displacement field
D, = cos p(—€,0,¢ + €140,u, ) + sin p(—e20,¢ + €550, ) (68)

At low frequencies only the azimuthal order m = 1 is needed and expanding the Bessel and Hankel functions for small arguments the
boundary conditions give

blkil_flz_i=uma (69)

“ 2 ¢ rksa
2i

8l a T $o1a (70)
uk 2ip

ber =~ + fer —— =u10Css + o125 71)
2 wkga

2 i €5
— - Hp— —u B 72
! rwegkoa? Ve, 1%, (72)

Solving these equations gives exactly the same T-matrix element as given in Eq. (50) using the full piezoelectric equations.

5.2. The even-odd problem

The even-odd part is essentially the same as the odd-even one, it is just to exchange some material parameters.

5.3. The even-even problem

This is the most complicated subproblem. The expansion of u, is even in both x and y

Uy = gy + UpX? + Uy + ... (73)

d=dxy+... 74

All the terms included are here necessary for a solution for low frequencies. Only one recursion relations is obtained from the equations
of motion

2Cssting + 2C 44ty + paugy + (x5 + €14) 1) =0 (75)

This is the only equation needed for low frequencies.
Expanding the scattered potential and applying the boundary conditions again yields the T-matrix element given in Eq. (8).

5.4. The odd-odd problem

In this case u, is odd in both x and y

U, = Upxy+ ... (76)

b= ¢20x2 + ¢02y2 +... (77)

As in the case when the quasi-static approximation is not applied, the odd-odd problem does not give a leading order contribution at
low frequencies.

In summary this section shows that the quasi-static approximation gives identical T-matrix elements for low frequencies as the
full piezoelectric equations. It is expected that this is also true for those T-matrix elements involving electromagnetic fields.

7
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Table 1

Material parameters of Rochelle salt (Auld [12]).
o, = 1767kg/m? cyy =0.666 - 10°°N/m?>  ¢55 =0.285- 10! N/m?
e,y =2.23C/m? e, = 0.154C/m?

dy=345-1000C/N  dyy = 0.54-101°C/N
T ~885-10"" F/m

e/ =1815-10° F/m ¢
ef =1.022-10° F/m ¢ =8.02-107"" F/m
a, =0.0731 s =0.1038

y

Fig. 1. The absolute value of the far field scattering amplitude for direction of incidence ¢, = z/3; blue curve is with piezoelectricity and yellow
curve is without piezoelectricity. The amplitude is normalized with the factor (k,a)*.

6. Numerical example

To investigate the impact of the piezoelectric effect on the scattering of elastic waves a numerical example is now given. Only the
low frequency limit is considered and then the far field scattering amplitude is given by

F(p) = Typ0 + 2T, 01 €08 @ cOs @ + 2T, ;1 sin @ sin @, (78)

Here ¢, specifies the direction of incidence.

There do not seem to be many piezoelectric materials of class 222 that are of technical importance. Here Rochelle salt is chosen,
because it is quite strongly anisotropic and has a relatively strong piezoelectric effect. The material parameters are given in Table 1
(Auld [12]). It is noted that the permittivity is given for both constant strain (¢°) and constant stress (7). It is the one for constant
strain that is used in Eq. (12) and all the following, although this is not written out explicitly in the notation. Auld [12] only gives
the permittivities for constant stress, but the ones for constant strain given in Table 1 are calculated from

el.‘s;:e,.Tj—d,-Ic”de (79)

where d;; are the piezoelectric strain constants (as opposed to the piezoelectric stress constants e;; [12]). The two dimensionless
piezoelectric coupling constants a, and a5 are also given and indicate a fairly strong piezoelectric effect. The isotropic and nonpiezo-
electric material surrounding the circle is assumed to be polyethylene with density p = 990 kg/m?, shear modulus y = 2.6 - 108 N/m?,
and permittivity e = 1.992 - 10~'! F/m.

Fig. 1 shows the absolute value of the far field scattering amplitude when the circle is piezoelectric (blue curve) and when
piezoelectricity is ignored (yellow curve; the coupling constants e, = e,5 = 0). The direction of incidence is ¢, = z/3, but very
similar results are obtained for other directions. The curves are normalized with the factor (k,a)?, which gives the frequency and
radius dependence for low frequencies. The two curves are quite close together, the difference is about 3%, so the influence of
piezoelectricity is small, at least for low frequencies.
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7. Concluding remarks

The scattering of anti-plane elastic and electromagnetic waves in 2D by a piezoelectric circle of symmetry class 222 in an isotropic
surrounding is investigated. The method leads to a simple derivation of the leading order T-matrix elements for low frequencies. The
quasi-static approximation is also investigated and it is concluded that this approximation gives identical result to the full piezoelectric
equations for low frequencies. A numerical example indicates that the effects due to piezoelectricity are small for the scattering of
elastic waves (with an incident elastic wave). However, most interest of piezoelectricity stems from the ability of transformation of
electrical energy into mechanical energy or vice versa and then the parts of the T-matrix coupling elastodynamic and electromagnetic
waves come into play, for example when considering a piezoelectric composite [2].

The present method has previously been used for the scattering by an anisotropic sphere [10]. It should thus be possible to extend
the method to the scattering by a piezoelectric sphere.
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