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Abstract

Variation simulation is widely used for statistical quality control of mechanical assemblies subject to geometric variation. A major challenge lies in
accurately modeling contact interactions between rigid components to consistently configure the rigid bodies. This paper presents a Monte-Carlo
variation simulation framework that explicitly incorporates rigid-body normal contact using unilateral non-penetration constraints. The proposed
method is applied to two reference assemblies and compared against a conventional contactless variation simulation approach. Results show that
enforcing contact constraints significantly alters the predicted assembly behavior by reducing the 60 spread of critical measurement points, while
introducing a directional bias along the contact normal reflected by a shift in the mean displacement. These findings demonstrate that contact
modeling plays a critical role in realistic variation simulation. The proposed framework provides a physically consistent and computationally

efficient basis for contact-aware tolerance analysis of rigid-body assemblies.
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1. Introduction

Mechanical products increasingly rely on tight geometric in-
teractions and clearances on interfaces, locating schemes, and
functional surfaces to achieve geometric and functional targets
[1, 2, 3]. In such systems, small manufacturing variation can
shift the realized contact topology. The contact topology de-
fines which faces touch, where they touch, and what normal
load contact interfaces have. Variation in the contact interface
produces large downstream effects on functional key charac-
teristics (KCs) such as gaps, flushes, or clearances [4]. This
sensitivity is amplified in rigid or non-rigid assemblies where
geometry governs closure and loads [4]. As a result, modern
tolerance engineering must couple (i) unambiguous specifica-
tion of allowable geometric variation, (ii) statistical models of
manufactured populations, and (iii) physically consistent con-
tact models that convert geometric realizations into assembly
responses.

1.1. Geometric tolerancing as a product definition language
Geometric dimensioning and tolerancing (GD&T), i.e., the

ISO GPS system, provides the formal language for communi-
cating allowable variations in form, orientation, and location

2212-8271 © 2026 The Authors. Published by Elsevier B.V.

relative to datums and datum systems [5]. International practice
is largely anchored by GD&T standard frameworks that formal-
izes specification and verification concepts, operators, uncer-
tainties, and the link between design intent and measurement.
From a functional perspective, tolerances are not merely doc-
umentation artifacts; they encode constraints on the admissible
set of part geometry models and derived features that the assem-
bly process will attempt to connect [6]. The same nominal CAD
assembly may therefore admit many feasible realized assem-
blies, depending on how the specified tolerance and how con-
tacts and constraints resolve. Therefore, a propagation model
that maps a population of part deviations to a distribution of
functional KCs under realistic assembly conditions is essential.

1.2. Tolerance analysis

Classical tolerance stack-up approaches are often catego-
rized as worst-case or statistical. Worst-case methods guar-
antee functional and aesthetic specifications but can overesti-
mate variation when multiple independent contributors rarely
align at the extremes. Statistical methods, including root sum
square approximations for linearized stack-ups and more gen-
eral simulation-based techniques, aim to predict realistic yield
for manufactured populations while enabling cost-performance
trade-offs [7, 8]. Surveys of tolerance analysis for mechani-
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cal assemblies highlight both the practical importance and the
methodological diversity of this field, spanning linearized sen-
sitivity methods, nonlinear geometric constraint solving, and
sampling-based simulation [8, 9]. However, many real assem-
blies are nonlinear, contact engagement changes the interface
conditions, constraint sets can change with small perturbations,
and resulting KCs may be non-smooth functions of the underly-
ing deviations [10]. Linearized stack-ups and Gaussian assump-
tions can fail to capture true contact behavior that drives scrap
and rework risk. This motivates statistical variation simulation
approaches that evaluate the assembly response under many
sampled realizations, directly accounting for contact transitions
and constraint activation.

1.3. Statistical variation simulation

Monte-Carlo (MC) simulation is widely used in statistical
tolerance analysis because it handles arbitrary input distribu-
tions [2]. The general workflow samples part-level deviations
from specified or empirically fitted distributions, assembles the
parts under modeled constraints, and records the resulting func-
tional KC; repeating this over many trials yields an estimate
of the KC distribution and the probability of meeting the re-
quirements [1]. Literature describes MC tolerance analysis as a
practical baseline against which alternative uncertainty propa-
gation methods [9] are compared. This approach has also been
extended for variation simulation of defomrable parts [11].
Several studies have been performed analyzing the impact of
contributing parameters, i.e., clamping [12], spot welding, se-
quence of operations [13], continuous welding [14] and match-
ing [15]. The digital twin perspective has also emerged from
this approach [1, 16, 17]. Despite its conceptual simplicity, MC-
based tolerance analysis relies on the fidelity of two modeling
layers:

e Variation modeling: how GD&T requirements are con-
verted into realizations of surfaces and features consis-
tent with standard semantics.

e Assembly variation: how the realized parts are brought
into an assembled configuration, particularly when clo-
sure is governed by unilateral contacts and datum con-
straints.

The second layer is frequently the limiting factor: if contact is
not treated, predicted variation and sensitivity can be biased,
especially for tight clearances and complex datum schemes.

1.4. Contact models for rigid-body assembly

Contact between solid bodies is classically studied in elastic
contact mechanics, originating with Hertz’s solution for elastic
bodies and later consolidated in canonical treatments [18]. For
tolerance analysis of stiff assemblies and 3-2-1 locating sys-
tems, it is often appropriate to adopt a rigid-body, frictionless,
unilateral contact where bodies are treated as rigid, tangential
forces are neglected, and the normal interaction enforces non-
penetration contact reactions. This approach has been adapted

initially for elastic sheet metal assemblies [10, 19]. Here, ge-
ometric closure is prioritized, and contact topology over local
elastic deformation makes it attractive for fast, repeated evalu-
ation inside MC simulations.

Rigid unilateral contact is naturally expressed by a non-
negative normal gap, and a non-negative normal contact
reaction cannot be both positive simultaneously. This is
also referred to as the complementarity conditions. Time-
stepping methods for rigid-body dynamics popularized such
complementarity-based contact formulations and robust numer-
ical schemes, including implicit approaches that handle si-
multaneous contacts [20]. For unilateral contact specifically,
complementarity-based and time-stepping approaches have
been analyzed and applied in the literature [21, 22]. The result-
ing mathematical problems often reduce to linear complemen-
tarity problems (LCPs) or closely related convex programs, de-
pending on modeling choices. Within a tolerance analysis con-
text, the key benefit of complementarity-based normal contact
models is physical consistency, as they enforce non-penetration,
correctly admit separation, and produce compressive-only reac-
tions. These properties are crucial when small geometric devia-
tions decide whether a locator engages, whether a gap closes, or
which subset of surfaces carries load, all common scenarios in
locating-based assembly variation simulation. Unlike contact-
less rigid-body variation simulation and broader contact formu-
lations for rigid or compliant assembly analysis, the proposed
method explicitly resolves contact within each Monte-Carlo
realization and is tailored for repeated large-batch tolerance-
analysis evaluations that reveal the effect of contact on pre-
dicted KC distributions.

1.5. Scope of the paper

Motivated by the above, this paper focuses on an assembly
analysis framework that combines: (i) consistent geometric tol-
erancing concepts as the specification language. (ii) MC statis-
tical variation simulation to capture nonlinear and part and as-
sembly variation mappings. (iii) a rigid-body unilateral normal
contact model that resolves interpenetration through a convex
quadratic correction step for each realization.

2. Methods

A rigid-body assembly composed of multiple parts subject to
geometric variation is the problem under study. Assembly vari-
ation is evaluated through a MC simulation in which random
rigid-body perturbations are applied to each part and subse-
quently corrected by enforcing normal contact constraints. The
objective is to determine physically admissible, non-penetrating
configurations and to quantify the resulting statistical variation
of geometric features. The overview of the approach is pre-
sented in Fig. 1.

2.1. Monte-Carlo sampling of rigid-body variation

Geometric variation is modeled by sampling rigid-body mo-
tions of the parts. For each MC realization k, a rigid transfor-
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Fig. 1: Schematic view of the proposed approach

mation is drawn for each part,

x® = R®xq + t®, ey

where R® is a 3 x 3 orthogonal rotation matrix and t® € R3
denote the sampled translation and Xy is a point in the nominal
configuration. The distribution of (R®,t®) is defined by the
tolerance model, e.g., normal distributions on translation com-
ponents and small-angle rotations. Each realization represents
an unconstrained assembly configuration prior to contact solu-
tion and is referred to as the raw state.

2.2. Contact discretization

Normal contact between rigid bodies is represented using a
point-to-surface discretization. A finite set of candidate contact
pairs is constructed from the nominal geometry by:

1. selecting surface points on the potentially moving body,
i.e. , mesh vertices.

2. projecting these points onto the opposing body surface,
and

3. retaining pairs within a distance threshold.

Each contact pair i is characterized by a point on the moving
body PI", a corresponding point on the reference body P}, and
an outward unit normal n} at the reference surface. This dis-
cretization is fixed for all MC realizations and provides a lin-
earized approximation of the potential contact region. In this
perspective, the non-ideal shapes, i.e, skin models, are only nec-
essary on the discretized contact set, modifying the correspond-
ing nominal vertices. The schematic view of this discretization
is shown in Fig. 2. In this approach, all potential contacting sur-
faces may be preselected as contact areas to be included in the
analysis. Iterative contact search steps may also be integrated
into the approach to account for newly emerging contact re-
gions resulting from large perturbations.

2.3. Rigid-body kinematics and gap function
For a given MC realization, the global positions of the con-
tact points for the reference and moving parts are presented as:
x; = RP} +t, X' = RpP" + tp,. 2)
The relative displacement vector at contact i is

W, = X;" — X;. 3)

The contact normal is rotated into the global frame as

R; n}
= @)
(IR, n|
The normal gap is defined as
80,i = niTuo,,-, )

where go; < 0 indicates penetration. This definition of the nor-
mal gap function is also visualized in Fig. 2. In the presence
of tangential resistance, this formulation would need to be ex-
tended to account for frictional forces and potentially dynamic
displacement responses.

2.4. Linearized contact correction

The moving body is corrected by a small rigid-body incre-
ment

Aq = [Atx Aty At wy wy wZ]T, (6)

Moving Body

Reference Body

Fig. 2: schematic view of the contact discretization
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where At is a translation and w a small rotation vector. The
induced displacement at contact i is linearized as

Au; = B/Aq, @)

where B; € R¥® is the rigid-body kinematic mapping con-
structed from the local position of P}". The updated gap is then

8i(Aq) = n] (uo; + BiAq). ®)

Only contacts with go; below a small tolerance are treated as
active constraints.

2.5. Contact optimization problem

To enforce non-penetration while minimally perturbing the
sampled configuration, the following convex quadratic program
is solved [23]:

1
in —Aq"QA 9
n&nquq &)

st. g(AQ) =0, VieA, (10)

where A is the set of active contacts. The weighting matrix is
chosen as

Q=) BB +1L (11)

i€A

with > 0 ensuring numerical stability. This formulation re-
sults in the smallest rigid-body correction that eliminates inter-
penetration. The problem is convex and is solved using a stan-
dard quadratic programming solver. The corrected rigid trans-
form is obtained via a small-angle update,

RE™ = [+ [0]0Rn, 7 =ty + At (12)

Here [w]x denotes the skew-symmetric matrix associated with
the rotation vector w, such that [w]xv = w X v. The associ-
ated skew-symmetric matrix [w]y € R3*3, which represents the
cross-product operator, is defined as

0 ~w;, wy
[k =] w: 0 —wyf. 13)
-wy w, 0

2.6. Monte-Carlo statistics and variation fields

The above procedure is repeated independently for all MC
realizations. For each realization, both the raw and the contact-
corrected configurations are stored. For a set of evaluation
points v; attached to a body, the displacement in realization & is

k
ug.) = (R(k)vj + t(")) -V (14)

Statistical variation is quantified by computing sample means
and standard deviations over all realizations. Results are re-
ported as 60 values of the displacement magnitude and of
each Cartesian component, providing a spatial description of
assembly-induced variation.

3. Method Evaluation

The proposed variational simulation (VS) and contact model
method is applied to two reference assemblies, and the geomet-
ric variation is compared with the standard contactless method.
The reference assemblies are described below.

3.1. Reference assemblies

The reference assembly 1 (RA 1) is a simple assembly of
two blocks and is chosen for its simplicity and ability to visual-
ize the contact modeling outcome. The assembly is visualized
in Fig. 3a. The base part is 100 x 50 x 10 mm, and the top part
has a dimension of 5025 x 10 mm. The 3-2-1 locating scheme
for each part is visualized with the thick arrows. The measure-
ment point (KC) and its direction is also visualized with the
local frame and its direction on the lower right corner of the
top part. The predefined contact area is visualized with the grid
on the interface of the two parts. Linear symmetric tolerance
ranges of 10 mm have been applied to the positioning system
of both parts, and a linear tolerance range of 1 mm is applied
to the measurement point in the Z cartesian component. 1000
MC samples have been generated from these tolerances, and
the variation on the geometry and the measurement point is an-
alyzed.

The contact zone is discretized, and in total, 202 contact
points are assigned to evaluate the gaps. The contact points are
visualized in the Fig. 4. Furthermore, reference assembly 2 (RA
2), composed of two U-shaped plates with stamped holes, is
analyzed for more complex contact interaction. The model, in-
cluding the positioning points and the measurement point on
the hole center, and 3000 defined contact pairs is visualized in
Fig. 3b. Linear symmetric tolerance ranges of 5 mm have been
applied to the positioning system, and 1000 samples have been
analyzed.

3.2. Variation Simulation Results

The proposed contact model and VS method is applied to the
reference assemblies, and the mean and geometric variation of
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(a) Reference Assembly 1 (RA 1) (b) Reference Assembly 2 (RA 2)

Fig. 3: The reference assemblies and the contact area

Fig. 4: Discretized contact area in RA 1

the magnitude of displacements of the overall geometry and the
measurement point are studied and compared to the standard
VS method. Fig. 5 visualizes the impact of the contact model
on one MC instance in RA 1. In Fig. 5a, the reference contact-
less state is visualized, where interpenetration is allowed. The
top part on the right side has penetrated the boundary of the base
geometry. This interpenetrating configuration is physically pre-
vented by the contact surface of the base part. After consider-
ing the contact interaction, the new deviation state is computed
and visualized in Fig. 5b. The interpenetration between the two
parts is modified and addressed in 5b.

Furthermore, the magnitude of the displacements over the
1000 MC sample is analyzed. Fig. 6a shows the propagation of
the variation across both parts in RA 1, with a range of 5.2 to
9.5 mm across the samples. Fig. 6b presents the same analysis,
presented in the same range, after considering the contact in-
teractions. The maximum value of the sensitive area has been
reduced by 19.72% due to contact interaction.

The measurement point analysis is performed, and the statis-
tics summary is presented in Table 1. The measurement point
is in the Z-direction, and the mean value over the 1000 samples
is 0.06 mm in the contactless VS, and for the VS and contact
method, this has been increased to 0.2734 mm. For the varia-
tion, the spread has been reduced by the contact interaction by
39%. The variance of the distribution has also been reduced by
62.9% due to the contact interactions. While contact constraints
reduce the variance of the measured displacement, they intro-
duce a directional bias by suppressing motion in the direction of
penetration. As a result, the displacement distribution becomes
truncated, increasing the mean value along the contact normal.
By prohibiting interpenetration, contact constraints limit the

(a) Before contact

(b) After contact

Fig. 5: Reference Assembly deviation

(a) Before contact (b) After contact

Fig. 6: Reference Assembly A variation. Colorplot scale range [5.2-9.5] mm

siigma_mag._rav

(a) Before contact

(b) After contact

Fig. 7: Reference Assembly B variation. Colorplot scale range [0-7.7] mm

range of admissible rigid-body motions, thereby reducing the
spread of the displacement distribution and yielding a smaller
60 value. For RA 2, the same overall trend is observed, con-
firming that the proposed method is not limited to the planar
interface in RA 1. When contact is enforced, the predicted vari-
ation at the measurement point is reduced substantially, with
the 60 and the variance decreasing, Fig. 7. This indicates that,
also for a more complex geometry with non-orthogonal con-
tact interactions and a larger number of candidate contact pairs,
unilateral contact constraints significantly restrict the admissi-
ble rigid-body motions, Fig. 7a and 7b. In contrast to RA 1,
the mean value in RA 2 shifts in the negative direction, Table
1, which is explained by the orientation of the active contact
normals and by the fact that only the inner part is subjected to
variation while the outer part acts as the reference.



84 Roham Sadeghi Tabar et al. / Procedia CIRP 145 (2026) 79-84

Table 1: Statistical results for the measurement point in RA 1 and RA 2

VS Measurement Contactless Contact Contactless Contact
Statistics RA1 RA 1 RA 2 RA2
Mean (mm) 0.0632 0.2734 -0.0014 -0.0664
60 (mm) 16.1173 9.8223 12.5187 5.8544
Variance (mm?) 7.2158 2.6799 4.3534 0.9521

4. Conclusion

This paper presented a rigid-body variation simulation
framework that explicitly incorporates unilateral normal con-
tact into MC—-based tolerance analysis. The proposed approach
formulates contact resolution as a convex quadratic optimiza-
tion problem that enforces non-penetration while minimizing
rigid-body correction, enabling robust and computationally ef-
ficient assembly simulation across large sample sets. The two
reference assemblies demonstrated that neglecting contact in-
teractions can lead to physically inconsistent assembly states
with interpenetration and biased predictions of geometric vari-
ation. By enforcing normal contact constraints, the proposed
method modified the admissible configuration space, resulting
in physically realizable assemblies. The results showed a sub-
stantial reduction in geometric variation when contact was con-
sidered, with the 60 spread of the measurement point reduced
by approximately 39 to 53% compared to the contactless vari-
ation simulation. At the same time, contact introduced a direc-
tional bias along the contact normal, leading to a shift in the
mean displacement as a consequence of unilateral constraints
truncating the distribution of admissible motions. These find-
ings confirm that contact modeling is a primary driver of as-
sembly variation behavior in rigid assemblies where the locat-
ing scheme and tight clearances due to part variation are the
main sources of variation. Although compliant contact formu-
lations are highly relevant in assembly analysis, they are based
on different mechanical assumptions and solution procedures;
therefore, the present work does not include a direct quantita-
tive comparison with such methods, but instead establishes a
rigid-body contact-aware formulation as a basis for future ex-
tensions toward compliant assemblies.

Future work will focus on extending the proposed frame-
work by incorporating tangential friction effects for more realis-
tic modeling. Additionally, extending the formulation to include
compliant contact behavior for analyzing deformable parts is
also in the research plan.
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