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Roughness-insensitive surface magnetization is an intrinsic property of magnetoelectric antiferromagnets and
is today understood as a manifestation of bulk magnetoelectric multipoles. Here, we provide an experimental
quantification of the crystal-facet-dependent surface magnetization in the archetypical magnetoelectric antifer-
romagnet Cr2O3 and show that the data are consistent with a quadrupolar component of the bulk magnetoelectric
multipolization. Using quantitative nanoscale magnetometry on lithographically defined rectangular mesas that
expose 30 distinct crystallographic facets, we quantify mesa stray magnetic fields, which arise from differences
between the mesa top and side-facet magnetizations. The resulting dataset supports a linear map from surface
normal to surface magnetization, from which we directly infer the bulk quadrupolar component within the
multipolization framework. Our work provides systematic, facet-resolved evidence of roughness-insensitive
surface magnetization, including in-plane components, and delivers a quantitative route to constraining bulk
multipoles from surface stray-field data. Beyond addressing the modern theory of magnetoelectric multipoliza-
tion, our approach offers a generally applicable method to quantify surface magnetizations in antiferromagnetic
compounds and informs the choice of crystal cuts for future spintronics devices.

DOI: 10.1103/4l6w-pgdj

I. INTRODUCTION

In magnetoelectric materials, electric fields induce bulk
magnetizations, and vice versa. Chromia (Cr2O3) was the
first predicted [1] and experimentally confirmed [2–5] linear
magnetoelectric (ME) antiferromagnet (AF), whose discovery
and application potential have triggered an ongoing search for
novel magnetoelectric AFs. This search is fueled by the ad-
vent of antiferromagnetic spintronics [6], where robustness to
external fields and predicted high switching speeds [6–8] offer
attractive prospects for novel memory architectures [9–14]
that surpass the possibilities of ferromagnet-based devices. In
this context, linear magnetoelectric AFs enable direct and ef-
ficient electrical manipulation of the AF order parameter [15],
which is challenging otherwise.

Magnetoelectric AFs also exhibit an intrinsic, roughness-
insensitive surface magnetization [16–18] that provides a
defect-robust equilibrium moment that can be used to read
the bulk order parameter. Building on the analogy with
bound surface charges in ferroelectrics that result from bulk
ferroelectric polarization, recent theoretical models explain
the surface magnetization in linear magnetoelectrics as a
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manifestation of the bulk magnetoelectric multipoliza-
tion [17]. The ME-multipolization quantifies the bulk spin
structure asymmetry that in combination with the symmetry
reduction by a surface leads to a roughness-insensitive surface
magnetization [18,19]. Because these theoretical frameworks
remain largely untested experimentally, a systematic study of
the crystal-cut dependence of the surface magnetization in a
magnetoelectric AF, such as Cr2O3, is crucial for establishing
the magnetoelectric bulk-boundary correspondence and its
implications for AF spintronics.

In Cr2O3, the surface magnetization has been studied
extensively on the (001) plane, with recent extensions to
(100) and (1̄20) planes [18,20,21], using techniques includ-
ing magnetometry [22–24], force microscopy [25], magnetic
circular dichroism [20,26], magnetotransport [11,21,27], and
exchange bias [15]. However, a systematic study of the
crystal-cut dependence that would enable a comprehen-
sive understanding of Cr2O3’s surface magnetization is still
missing.

Here, we employ scanning nitrogen-vacancy magnetom-
etry (SNVM), a nanoscale magnetic-field imaging tech-
nique [28], to quantify field-generating surface magnetiza-
tions of Cr2O3 in a facet-resolved way across two single-
crystal samples. Our experiments reveal a smooth dependence
of surface magnetization on the surface normal and provide
evidence for a roughness-insensitive surface magnetization on
all facets of Cr2O3. Our analysis of the measured surface
magnetization reveals that it is well described as a linear
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FIG. 1. Schematic illustration of the experiment and the studied Cr2O3 crystals. (a) Geometry of the scanning NV magnetometry (SNVM)
measurement. Mesas with varying orientation were etched into a single crystal Cr2O3 substrate. The mesa’s orientation is given by the angle
ϕmesa between the mesa’s long axis and the x axis of a global coordinate system aligned with the macroscopic sample shape. Stray magnetic
fields are measured by SNVM along a line perpendicular to the mesa’s long axis. (b), (c) Optical micrographs of mesas on the (001)- and (104)-
oriented Cr2O3 crystals, respectively. (d) Hexagonal unit cell of Cr2O3’s crystal structure showing the antiferromagnetic spin arrangement
(arrows) along [001]. The spheres show positions of individual Cr ions. The (001)- and (104)-surface planes, which enclose an angle ≈38.5◦,
are indicated.

function of the surface normal. The fitted linear relationship
is consistent across the two samples, despite their distinct sets
of facets, corroborating a strong link between bulk symmetry
and roughness-insensitive surface magnetization in magneto-
electric AFs. Our systematic study thereby establishes a link
between surface magnetization and bulk multipole compo-
nents that is readily extendable to other related compounds.

II. EXPERIMENTAL SETUP

The principle underlying our experiment is illustrated in
Fig. 1(a). We measured the stray fields emerging from litho-
graphically defined mesas using a scanning NV magnetometer
(see Appendix C). The mesas serve as well-defined, controlled
sources of stray field emerging from the surface magnetiza-
tion, whereas the surface magnetization on an unstructured,
monodomain sample would not produce any stray field. To
obtain field profiles, we scanned along paths perpendicular
to each mesa’s long axis [see scan path in Fig. 1(a)]. Since
both the top and the side facets of the mesas can carry
surface magnetizations, the measured stray fields arise from
the combination of both, as detailed below. Furthermore, since
the mesas are lithographically defined, their orientation rela-
tive to crystallographic axes [characterized by angle ϕmesa, see
Fig. 1(a)] can be readily controlled, thereby enabling mea-
surements on many distinct crystal facets of Cr2O3. Optical
images of representative mesa arrangements are shown in
Figs. 1(b) and 1(c). To extend the accessible set of facets, we
investigated two samples with different top facets, one with a
(001)-oriented top surface and another with a (104)-oriented
top surface, where (hkl ) are Miller indices in the hexagonal
unit cell. The relative orientations of the sample top facets to
the hexagonal unit cell are illustrated in Fig. 1(d). Because the
facet sets differ between the two samples, our measurements

probe the surface magnetization of 30 facets in total—13
on the (001)-oriented sample and 17 on the (104)-oriented
sample.

To obtain quantitative estimates of surface magnetization
from the measured magnetic fields, we use an analytical
model for the stray field linecuts across the mesas. For each
mesa, we define a local coordinate system [see Fig. 1(a)] with
x along the scan direction, z the sample normal, and y such
that the coordinate system is right handed. We then model
the mesa as a topographic step in the xz plane [Fig. 2(a)]
that extends infinitely in y. We assign a homogeneous surface
magnetization to the side and top facets, but allow the direc-
tion and strength of top- and side-facet magnetization to vary
and take different, independent values. Due to the combined
time-reversal and space-inversion symmetry of Cr2O3, the
magnetizations on two opposing side facets are related by time
inversion [Fig. 2(a)] [15,16,29].

To calculate the mesa stray field, we replace the mag-
netization by equivalent magnetic charges or currents [30].
Following Andreev [31], in-plane magnetization components
orthogonal to mesa edges are represented by linear magnetic
charge densities on the edges, and the out-of-plane magne-
tization components by edge currents. The linear magnetic
charge density λM then equals the difference of in-plane mag-
netization components �m‖ across adjoining facets and the
current IM equals the difference of out-of-plane magnetization
components �m⊥ [32]. For the top right edge [edge 3 in
Fig. 2(a)], this yields

λM = m(23)
x + m(34)

z , (1)

IM = m(23)
z − m(34)

x , (2)

where subscripts indicate the magnetization component and
superscripts the corners of the respective facets as labeled in
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FIG. 2. Analytical model of the stray field produced by a Cr2O3 mesa. (a) Cross-sectional schematic of the mesa geometry used in the
model, and definition of coordinate axes x, y, and z. The magnetic surface magnetizations m(t,s) on the top and side facets are represented by
equivalent linear magnetic charge densities λM and currents IM located at the mesa edges (labeled 1–4). The field detected along a scan path
across the mesa corresponds to the superposition of the fields from all four edges. Illustrations of the magnetic-field patterns generated by
(b) toroidal, (c) monopolar, and (d), (e) quadrupolar spin textures. Only the quadrupolar cases produce nonzero stray magnetic fields and can
be addressed by SNVM. Example mesa linecuts of Bz [including fits of Eq. (3)] for pure charge [panel (f)] and current [panel (g)] quadrupoles.
Fit parameters: λM = 17.8 ± 0.1 µA, IM = 1.5 ± 0.4 µA, and dNV = 58 ± 2 nm for panel (f) and λM = −2.0 ± 0.3 µA, IM = −8.8 ± 0.2 µA,
and dNV = 55 ± 2 nm for panel (g), respectively. Insets show the current, charge, and magnetization arrangements for the two cases.

Fig. 2(a) [33]. The field of a single edge is the sum of the
fields generated by λM and IM , evaluated from Coulomb’s
law and the Biot-Savart law. A mesa linecut combines the
contributions from the four mesa edges, yielding

B(r) = μ0

2π

4∑
i=1

(−1)i+1

R2
i

(
λMRi + IM

[
0 1

−1 0

]
Ri

)
, (3)

where the index i numerates the mesa edges as in Fig. 2(a)
and Ri = r − ri is the vector from edge to measurement point.
Details of the NV signal and the fitting procedure are given in
Appendixes D and E.

Importantly, only differences in in-plane (out-of-plane)
magnetizations of adjacent facets result in nonzero values
of λM (IM) [see Eqs. (1)–(3) and Figs. 2(b)–2(e)], and
therefore, in nonzero stray fields at mesa edges. Based
on this observation, we categorize the primitive surface
spin-texture combinations into the possible field-free and
field-generating textures shown in Figs. 2(b)–2(e). The tex-
tures in panels (b) (“toroidal”) and (c) (“monopolar”) do not
produce any stray fields, whereas the textures in panels (d)
(“charge quadrupole”) and (e) (“current quadrupole”) are field

generating. The quadrupolar nature [34,35] of the latter two
is evident from the insets in Figs. 2(f) and 2(g), where we
show example Bz linecuts, for mesas where we found IM = 0
(f) or λM = 0, respectively. Importantly, the two cases lead
to distinctly different stray-field profiles, and can therefore be
properly distinguished. In general, the stray-field profile of a
mesa linecut will be a linear combination of the profiles of
the charge and current quadrupoles and a fit of Eq. (3) to a
stray-field linecut will therefore simultaneously yield both λM

and IM .

III. RESULTS

To obtain a comprehensive understanding of λM and IM

as a function of crystal-facet orientation, we recorded stray-
field linecuts on mesas with varying ϕmesa for both the
(001)- and (104)-oriented samples. The recorded values of
λM and IM versus ϕmesa are shown in Figs. 3(a) and 3(b),
and vary smoothly with ϕmesa for both samples [36]. On the
(001)-oriented sample, both λM and IM show little variation
with ϕmesa and a behavior consistent with prior experimen-
tal studies [23,24]. Our findings that λM ≈ 0 (specifically,
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(deg)

(deg)

FIG. 3. Facet-dependent surface magnetization of Cr2O3. Extracted values of the equivalent magnetic charge densities λM (blue) and
currents IM (red) as a function of mesa orientation ϕmesa for [panel (a)] (001)- and [panel (b)] (104)-oriented crystals, where each data point
results from an average of at least eight linecuts. Only data represented by full markers are independent, due to the symmetries λM (ϕmesa ) =
−λM (−ϕmesa ) and IM (ϕmesa ) = IM (−ϕmesa ) [see Eq. (3)]. The dashed lines are fits of the magnetoelectric multipolization model [Eqs. (6) and
(7)]. For the (001)-oriented sample λM ≈ 0, while IM ≈ 2.2μB nm−2, consistent with literature values. For the (104)-oriented sample, both λM

and IM exhibit pronounced oscillations with ϕmesa, evidencing facet-dependent, roughness-insensitive surface magnetization of the sidewalls,
including ion-plane components. (c), (d) Extension of the fitted magnetization values to the entire unit sphere. Red dots show the probed
facets represented in panels (a) and (b). Despite these facets being distinct, the surface magnetization distributions for the (001)-oriented and
(104)-oriented samples are similar.

λM � 0.22μB nm−2) indicate a purely out-of-plane surface
magnetization on (001), and our fits yield IM = 2.39 ±
0.2μB nm−2, in agreement with experimental literature val-
ues for Cr2O3’s (001) surface magnetization [22–24]. While
zero-temperature calculations of the (001) surface magne-
tization predict ∼12μB nm−2, finite-temperature simulations
indicate that the outermost (001) spins become effectively
paramagnetic, bringing the expected msurf closer to the ob-
served value [37]. On the (104)-oriented sample, we observe
pronounced oscillation of both λM and IM with ϕmesa, ev-
idencing a nontrivial facet-orientation dependence of the
roughness-insensitive surface magnetization in Cr2O3. In par-
ticular, the variation of λM implies a variation of m(23)

x
and m(34)

z across the mesas, which constitutes facet-resolved
evidence of a roughness-insensitive in-plane surface magneti-
zation in Cr2O3.

So far we have related the measured stray fields to surface
magnetizations on the mesa’s facets. As long as pure surface
effects, such as surface reconstruction, can be neglected, the
surface magnetization determined in our experiments can be
described as the projection of bulk multipolizations onto the

surface [38,39]. We retain only the lowest order, linear term
of the multipole expansion [40], such that

msurf = M · n̂. (4)

Decomposing M into its irreducible components yields

msurf = M n̂ + T × n̂ + Q̂ · n̂. (5)

The monopolar M and toroidal T parts correspond to
field-free spin-textures [see toroidal/monopolar patterns in
Figs. 2(b) and 2(c)], whereas the (traceless) quadrupolar
component Q̂ generates the measurable charge- and current-
quadrupole fields and is therefore directly accessible in our
experiments.

For Cr2O3’s R3̄c symmetry with the magnetic easy axis
[001], only the diagonal elements of M (Mxx = Myy and
Mzz) are symmetry allowed, so the quadrupolar strength qz2 is
set by (2/3) · (Mzz − Mxx ) (see Appendix F). Consequently,
within the linear description our data constrain Mzz − Mxx

together with the quadrupole orientation angles θc and ϕc. The
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equivalent magnetic sources as a function of mesa angle are
then given by (see Appendix F)

λM = (Mzz − Mxx ) · sin(2θc) sin(ϕc − ϕmesa ), (6)

IM = (Mzz − Mxx )[cos2(θc) − sin2(θc) sin2(ϕmesa − ϕc)].

(7)

We fit Eqs. (6) and (7) to the experimentally recorded
values of λM and IM [Figs. 3(a) and 3(b)] [41]. The excellent
agreement between fit and data establishes a linear map that
directly links each surface normal to a corresponding surface
magnetization vector. This result shows that in a multipole
expansion the linear term [see Eq. (4)] suffices to capture
the observed stray fields of Cr2O3 and thereby supports the
bulk-boundary correspondence predicted by the theory of
multipolization for magnetoelectric antiferromagnets [17].

For both samples, the quadrupolar axes extracted through
our fits align closely to the crystal’s [001] direction [see
Figs. 3(c) and 3(d)], which we independently determined by x-
ray scattering, in line with predictions by the multipolization
framework [17]. We attribute the small, ≈6◦ misalignment
from [001] we observe for the (104)-oriented sample to ex-
perimental errors related to referencing uncertainties between
NV and x-ray frames. The quadrupolar strengths we deter-
mined for the two single-crystal samples amount to q(001)

z2 =
1.59 ± 0.03μB nm−2 and q(104)

z2 = 1.34 ± 0.04μB nm−2, re-
spectively, where the discrepancy of these values is consistent
with spreads in (001) surface magnetization values reported
for different single-crystal samples in the literature [23,24].
Reasons for the discrepancy may lie in differences in the ME-
annealing protocols [42] and slightly different measurement
temperatures [43].

Finally, we comment on further nontrivial aspects of
our findings. First, combining our results with prior work
allows for a quantitative determination of the full multi-
polization tensor, including the monopole. For example, using
Mxx : Mzz = (−1) : 10 from Ref. [20], we find Mxx =
−0.2 ± 0.2 μB nm−2 and Mzz = 2 ± 0.2 μB nm−2, corre-
sponding to a monopole of a = 0.53 ± 0.2 μB nm−2 and
quadrupole qz2 = 1.46 ± 0.2 μB nm−2. Alternatively, we find
consistent results using SNVM domain-wall stray-field imag-
ing [23,24] that directly yields the (001) surface magnetization
(i.e., Mzz), since domain-wall stray fields are free from any
side-facet contributions. This is in agreement with theoretical
predictions that, to leading order, the only nonzero element
of the multipolization tensor should be Mzz [17]. Second,
from our (001) dataset [Fig. 3(a)], an upper bound on the
“induced” [18] surface magnetization along [001] on facets
perpendicular to the (001) plane can be extracted. Such in-
duced moments were predicted to be zero for (1̄20) and to
be on the order of 0.1μB nm−2 for (010) [18], and would
therefore lead to a 120◦ oscillation in λM in the data shown
in Fig. 3(a). A corresponding fit (see Appendix I) shows that
such induced moments can be no stronger than ≈ 0.2μB nm−2

to be consistent with our data.
Third, while we cannot formally exclude that the found

surface magnetization is due to effects unrelated to the bulk
structure, we deem such effects much less likely than the mag-
netoelectric multipolization given the quality of our samples,

the close alignment of the quadrupolar axis with the crystal-
lographic [001] direction for two samples and the consistency
across multiple ME-annealing preparations (see Appendix H).
In conclusion, we introduced a general method to quan-
tify the facet-resolved surface magnetization differences of
single-crystal antiferromagnets by nanoscale stray-field mea-
surements on lithographically defined mesas. We find a linear
mapping between surface magnetization and surface normal
and use it to infer the bulk multipolization within the multi-
polization framework. Applied to Cr2O3, this approach yields
the quadrupolar component proportional to (Mzz − Mxx),
where we find consistent results across two crystals with dis-
tinct facet sets.

Our work offers a first quantitative test of the recently
introduced multipolization framework for magnetoelectric
AFs and the method we introduced straightforwardly trans-
lates to other AFs. A particularly noteworthy extension
concerns cases where the lowest-order magnetoelectric mul-
tipolization is symmetry forbidden and only higher-order
terms contribute to surface magnetization, as was predicted
for FeF2 [18]. Beyond its experimental implications, our
work also provides a quantitative benchmark for ab ini-
tio calculations of magnetoelectric multipoles. The extracted
tensor components and their facet dependence offer a di-
rect point of comparison for recent theoretical formulations
of multipolization [17,18,37], thereby establishing a unified
experimental-theoretical framework for understanding bulk-
surface magnetoelectric coupling in antiferromagnets.
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APPENDIX A: CRYSTALLOGRAPHIC AND MAGNETIC
STRUCTURE OF Cr2O3

Cr2O3 crystallizes in the corundum structure space group
R3̄c. The hexagonal unit cell is illustrated in Fig. 1(d). Below
the Néel temperature (307 ◦C), the Cr ion’s magnetic mo-
ments order antiferromagnetically with a pronounced uniaxial
anisotropy along the crystal’s [001] direction. Cr2O3 has two
degenerate antiferromagnetic ground states. The two ground
states are characterized by pairs of Cr moments pointing
away from each other (OUT), as highlighted in Fig. 1(d), or
toward each other (IN). Despite the absence of a net, bulk
magnetic moment, the symmetry of Cr2O3’s spin lattice is lo-
cally broken at surfaces, such that a nonzero magnetic surface
magnetization may remain [16,17,45].
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APPENDIX B: SAMPLE FABRICATION
AND CHARACTERIZATION

Both investigated crystals were acquired commercially
(MaTecK Gmbh, Jülich, Germany). The crystal structure ori-
entation with respect to the macroscopic sample dimensions
was measured using x-ray scattering. The sample’s top surface
was defined by polishing. The top-surface RMS roughness
was measured in a commercial AFM and was found to be
2.99 and 3.26 nm, for the (001)-oriented and (104)-oriented
samples, respectively. Mesa patterns were defined by e-beam
lithography and subsequently transferred into the single crys-
tals by reactive ion etching. The mesas on the (001)- and
(104)-oriented samples were 2 and 4.7 µm wide and 80 and
170 nm high, respectively. Prior to measurements all sam-
ples were brought to a monodomain state by cooling through
the Néel temperature in parallel electric and magnetic fields
applied along the [001] direction and [401̄] direction, respec-
tively [46,47].

APPENDIX C: SCANNING NV MAGNETOMETRY

SNVM is by now a well-established technique to mea-
sure nanoscale magnetic fields [48], electric fields [49,50],
and even temperature [51]. In this technique, a single spin
defect that is located at the apex of a diamond micropillar is
used as a scanning probe magnetometer [52]. The NV spin is
brought to a distance of about 50 nm to the sample surface and
scanned over the surface, simultaneously acquiring images
of the magnetic field parallel to the NV axis and the sam-
ple topography. In the field of magnetism, SNVM has been
successfully applied to image AFs [53,54], ferromagnets [55],
and spin waves [56]. All our scanning NV experiments were
conducted at ambient conditions in a home-built confocal
scanning setup. The scanning tips were partly acquired com-
mercially (QNAMI AG, Muttenz, Switzerland) and partly
fabricated in-house [22,57].

APPENDIX D: PARAMETRIZATION OF MAGNETIC
FIELD PARALLEL TO THE NV

We start from Eq. (3), which we reproduce here for conve-
nience and remind the reader that all vectors are expressed in
the local mesa xz plane:

B(r) = μ0

2π

4∑
i=1

(−1)i+1

R2
i

(
λMRi + IM

[
0 1

−1 0

]
Ri

)

= μ0

2π

4∑
i=1

(−1)i+1

R2
i

[
λM IM

−IM λM

]
Ri. (D1)

To streamline the expressions below, we reparametrize the
equivalent sources as

[
λM

IM

]
= AM

[
cos φM

sin φM

]
, (D2)

so that AM =
√

λ2
M + I2

M and φM = arctan(IM/λM ). Inserting
Eq. (D2) into Eq. (D1) yields

B(r) = μ0AM

2π

4∑
i=1

(−1)i+1

R2
i

[
cos φM sin φM

− sin φM cos φM

]
Ri. (D3)

Hence, for each edge i, the pair (λM, IM ) acts as a rotation by
φM and a scale AM applied to the edge-to-probe vector Ri.

We next project the stray field onto the NV symmetry axis.
The unit vector along the NV axis, expressed in the local mesa
frame, reads

n̂3D
NV =

⎡
⎣sin(θNV) cos(ϕNV − ϕmesa − π/2)

sin(θNV) sin(ϕNV − ϕmesa − π/2)
cos(θNV)

⎤
⎦, (D4)

where (θNV, ϕNV) are the NV’s polar and azimuthal angles
in the laboratory frame, and the subtraction of ϕmesa + π/2
aligns the laboratory frame with the mesa coordinates (with y
along the mesa’s long axis). Under our assumption of invari-
ance along y, the y component is irrelevant and we parametrize
the projection of n̂3D

NV to the xz plane as

n̂NV = ANV

[
cos φNV

sin φNV

]
, |ANV| � 1. (D5)

The measured NV signal BNV(r) = n̂NV · B(r) then follows as

BNV(r) = μ0AMANV

2π

4∑
i=1

(−1)i+1

R2
i

[
cos(φNV + φM )
sin(φNV + φM )

]
· Ri

= μ0A

2π

4∑
i=1

(−1)i+1

R2
i

[
cos φ

sin φ

]
· Ri, (D6)

where we defined the two combinations

A = ANVAM , φ = φNV + φM .

Equation (D6) shows that a single linecut constrains only the
composite amplitude A and angle φ. Consequently, extracting
λM and IM individually requires independent knowledge of the
NV orientation.

APPENDIX E: FITTING OF MAGNETIC
STRAY-FIELD LINECUTS

We fit experimental linecuts using Eq. (D6). The model
contains six free parameters: the two composite quantities A
and φ, and four geometric parameters that enter through the
vectors Ri, namely, the NV-sample standoff dNV, mesa height,
mesa width, and the mesa center position along x. The mesa
height is determined independently by AFM and kept fixed
during fitting. Importantly, we do not assume the NV axis a
priori for the linecut fits; the NV orientation is only introduced
later when converting the fitted (A, φ) into (λM, IM ) in order
to determine Q̂.

APPENDIX F: EQUIVALENT SOURCES GENERATED
BY THE QUADRUPOLAR MULTIPOLIZATION M

Throughout this section, we use a global sample frame
with x̃ and ỹ in the macroscopic top plane and z̃ along the
top-surface normal [see Fig. 1(a)]. The mesa orientation is
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specified by ϕmesa, the angle between the mesa’s long axis
(the local y axis) and the global x̃ axis. In our edge model,
each equivalent magnetic source, λM and IM , receives one
contribution from the top facet and one from the adjoining
side facet. We illustrate the derivation for the top-right edge
[edge 3 in Fig. 2(a)], whose outward facet normals are

n̂side =
⎡
⎣− sin(ϕmesa )

cos(ϕmesa )
0

⎤
⎦, n̂top =

⎡
⎣0

0
1

⎤
⎦. (F1)

The linear magnetic charge equals the discontinuity of the
in-plane magnetization across the edge,

λM = n̂side · mtop − (−n̂top) · mside (F2)

= n̂side · M · n̂top − (−n̂top) · M · n̂side (F3)

= −(Mxz + Mzx ) sin(ϕmesa )

+ (Myz + Mzy) cos(ϕmesa ) (F4)

= −2qxz sin(ϕmesa ) + 2qyz cos(ϕmesa ), (F5)

where on line 2 we used Eq. (4), and qi j are the components of
the traceless quadrupolar component Q̂ (see, e.g., Ref. [17]).
The linear magnetic current equals the difference of out-of-
plane magnetization components,

IM = n̂top · mtop − n̂side · mside (F6)

= n̂top · M · n̂top − n̂side · M · n̂side (F7)

= −Mxx

2
− Myy

2
+ Mzz

+ Mxx − Myy

2
cos(2ϕmesa )

+ Mxy + Myx

2
sin(2ϕmesa ) (F8)

= qx2−y2

2
cos(2ϕmesa ) + qxy sin(2ϕmesa ) + 3

2
qz2 , (F9)

with qx2−y2 , qxy, and qz2 the standard quadrupolar components
of Q̂. Neither λM nor IM depends on the monopolar (trace) or
toroidal (antisymmetric) components, which therefore do not
produce stray fields in our geometry.

For Cr2O3 with ẑ ‖ [001], the symmetry-allowed form of
M is

M(001) =
⎡
⎣Mxx 0 0

0 Mxx 0
0 0 Mzz

⎤
⎦

and the quadrupolar component

Q̂(001) =

⎡
⎢⎣

Mxx−Mzz

3 0 0
0 Mxx−Mzz

3 0
0 0 − 2(Mxx−Mzz )

3

⎤
⎥⎦.

In the general case relevant to our measurements [notably
for the (104)-oriented sample], the crystallographic [001] di-
rection (c axis) is tilted by (θc, ϕc) with respect to the sample
frame, so that

M = R̂z(ϕc)R̂y(θc)M(001)R̂y(−θc)R̂z(−ϕc), (F10)
with no third rotation required because Mxx = Myy. Substi-
tuting Eq. (F10) into Eqs. (F5)–(F9) yields the compact forms
quoted in the main text,

λM = (Mzz − Mxx ) · sin(2θc) sin(ϕc − ϕmesa ), (F11)

IM = 1

4
(Mzz − Mxx )[ 1 + 3 cos(2θc)

+ (1 − cos(2θc)) cos(2ϕmesa − 2ϕc)] (F12)

= (Mzz − Mxx )[cos2(θc)

− sin2(θc) sin2(ϕmesa − ϕc)]. (F13)

From our measurements, we can therefore infer qz2 =
2/3(Mzz − Mxx ) and the angles θc and ϕc.

APPENDIX G: INFERENCE OF M

From linecut fitting with Eq. (D6), we obtain the composite
amplitude A(ϕmesa ) and angle φ(ϕmesa ). These relate to the
physical edge sources and the NV orientation via

A(ϕmesa ) = ANV ·
√

λ2
M + I2

M, (G1)

φ(ϕmesa ) = φNV + atan2(IM, λM ). (G2)

We can then insert the explicit expressions for λM

and IM as well as of n̂NV to arrive at explicit
expressions for A(ϕmesa; qz2 , θc, ϕc, θNV, ϕNV) and
φ(ϕmesa; qz2 , θc, ϕc, θNV, ϕNV):

A(ϕmesa ) = 3qz2

2

√
(sin2 (θc) cos2 (ϕc − ϕmesa ) − cos2 (θc))2 + sin2 (θc) sin2 (ϕc − ϕmesa )

×
√

sin2 (θNV) cos2(ϕNV − ϕmesa − π/2) + cos2 (θNV), (G3)

φ(ϕmesa ) = atan2(− sin2 (θc) cos2 (ϕc − ϕmesa ) + cos2 (θc), sin (θc) sin (ϕc − ϕmesa ))

+ atan2 (cos (θNV), sin (θNV) cos (ϕNV − ϕmesa − π/2)). (G4)

Thus, given A(ϕmesa ) and φ(ϕmesa ) from Eqs. (G1) and
(G2), the measured (A, φ) constrain the quadrupolar tensor
through the unknowns (θc, ϕc, Mxx − Mzz ) together with
the NV orientation (θNV, ϕNV). The NV axis is known to

within ∼10◦ from the diamond cut and bias-field alignment;
in the fit, we allow (θNV, ϕNV) to vary within this bound.

We did not identify any transformations beyond inversion
of the NV direction for which a different M would lead
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TABLE I. Best-fit parameters (mean ± s.e.m.).

(001)-oriented sample (104)-oriented sample

θNV 57.56 ± 1.25◦ 126.04 ± 2.27◦

ϕNV 29.94 ± 1.34◦ 91.79 ± 2.63◦

θc 2.55 ± 0.95◦ 43.80 ± 1.27◦

ϕc 28.04 ± 18.36◦ 29.51 ± 1.71◦

qz2 1.59 ± 0.03μB nm−2 1.34 ± 0.04μB nm−2

Mzz − Mxx 2.39 ± 0.04μB nm−2 2.01 ± 0.06μB nm−2

to the same form of A and φ. Nonetheless, we performed
the joined fitting of Eqs. (G1) and (G2) to A(ϕmesa ) and
φ(ϕmesa ) using NUTS sampling using the Python package
pymc. This technique produces an estimate of the posterior
probability distribution of the parameters given the observed
data and thereby allows identification of parameter combina-
tions, which lead to equally good fits. We do not see signs
of such combinations beyond a small spread around the opti-
mum parameters, indicating that M and the NV direction are
well constrained by the data. The best-fit parameters (mean
± s.e.m.) are summarized in Table I.

APPENDIX H: COMPARISON OF THE TWO
ANTIFERROMAGNETIC GROUND STATES

ON THE (104)-ORIENTED SAMPLE

Cr2O3 exhibits two degenerate antiferromagnetic ground
states in which the two moment pairs in the rhombohedral
unit cell point either away from one another (OUT) or toward
one another (IN). Monodomain preparation in either state
is achieved by cooling through the Néel temperature under
combined electric and magnetic fields [5,46].

We repeated the measurements on the (104)-oriented sam-
ple after preparing monodomain states using parallel and
antiparallel cooling fields, respectively. Figures 4(a) and 4(b)
display the extracted λM (ϕmesa ) and IM (ϕmesa ) for both prepa-
rations; the “parallel” data coincide with those shown in
Fig. 3(b). The two datasets are identical up to an overall sign,

λ
(parallel)
M (ϕmesa ) = −λ

(antiparallel)
M (ϕmesa ), (H1)

I (parallel)
M (ϕmesa ) = −I (antiparallel)

M (ϕmesa ), (H2)

within experimental uncertainty.
This behavior is the direct consequence of the linear

bulk-boundary relation msurf = M · n̂: Reversing the anti-
ferromagnetic order parameter reverses the magnetoelectric
multipolization (M → −M), while leaving the facet normal
n̂ unchanged, and therefore flips the sign of all equivalent
edge sources [Eqs. (F5)–(F9)]. The magnitude and angular
dependence of λM and IM are otherwise preserved, confirming
that the observed stray fields originate from the quadrupolar
multipolization and providing an internal consistency check
of the analysis across opposite antiferromagnetic domains.

APPENDIX I: INCLUDING HIGHER HARMONICS
IN THE ANALYSIS OF THE (001) SAMPLE

In Eq. (4), we retained only the lowest-order term in
the expansion of the surface magnetization. Allowing for
higher-order contributions introduces additional harmonics in
the ϕmesa dependence of λM and IM . In particular, Ref. [18]
predicts that a symmetry-allowed third-order contribution
(hexadecapolization) in Cr2O3 would manifest as a 120◦-
periodic modulation for λM on the (001)-oriented sample.
Figure 5(a) shows a fit to the (001)-oriented sample including
these higher harmonics, yielding a third-harmonic component
in λM of order 0.2μB nm−2. In Fig. 5(b), we plot the resid-
ual after subtracting the dominant linear model contribution,
leaving only the higher-order fit components. The residual
fluctuations are comparable to the extracted amplitude, indi-
cating that our signal is limited by experimental noise and/or
systematic uncertainties; we therefore treat 0.2μB nm−2 as
an upper bound rather than evidence for a resolvable third-
harmonic signal.

While we believe that the observations are due to er-
rors, a varying surface magnetization on planes perpendicular
to (001) would lead to such an oscillation. These surface
magnetizations would be beyond a description by the
magnetoelectric multipolization. We do note, however,
that surface magnetizations have been found on these
planes [20,21,58].

(deg) (deg)

FIG. 4. Comparison of λM and IM on the (104)-oriented sample prepared by ME-annealing in parallel and antiparallel E and B fields. The
data for parallel annealing are the same as in Fig. 3(b).
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FIG. 5. Fit of the higher third order contribution to (001)-oriented sample. (a) Fit of λM and IM including first and third harmonic, and
constant, second and forth harmonic, respectively. (b) Residual oscillation after subtraction of the linear model fit contribution including the
fitted higher-order oscillation.
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