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Abstract
LetG be a Hermitian Lie group.We proveWehrl-type L2(G)−L p(G) inequalities for
matrix coefficients of vector-valued holomorphic discrete series ofG, for even integers
p = 2n. The optimal constant is expressed in terms of Harish-Chandra formal degrees
for the discrete series. We prove the maximizers are precisely the reproducing kernels.
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1 Introduction

In the present paper we shall study the L2 − L p optimal inequalities for matrix coef-
ficients for holomorphic discrete series representations of Hermitian Lie groups. We
start with a brief introduction on the main problem.

1.1 Background andMain Problem

Let (G, π,H) be a unitary irreducible representation of a Lie groupG and assume that
π is a discrete series relative to a homogeneous spaceG/H for a closed subgroup H ⊂
G, namely the square norms of thematrix coefficients 〈π(g)u, v〉, g ∈ G, u, v ∈ H are
well-defined as elements in L2(G/H) for a certainG-invariant measure on G/H . The
matrix coefficients are in L∞ by the unitarity. It is a natural and important question to
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find the optimal estimates for the L p-norm for p ≥ 2 as it is related to other questions
and concepts.

The most studied case is when G is the Heisenberg group G = R � C
n , and the

unitary representation (G, π,H) is on the Fock spaceH = F(Cn), or onH = L2(Rn)

in the Schrödinger model. The relevant optimal estimates are sometimes called Wehrl
inequalities [29]. The matrix coefficients 〈π(g) f , f0〉, when restricted to C

n = G/R,
are in the space L2(Cn). The Fock space H = F(Cn) has a reproducing kernel
e〈z,w〉, which maximizes the evaluation at w among elements of fixed L2-norm. Fix
f0 = 1 as the reproducing kernel e〈z,w〉 at w = 0 (or the Gaussian function in the
Schrödinger model). For each positive operator T ≥ 0 of unit trace, Tr T = 1, the
matrix coefficients F(g) = 〈Tπ(g) f0, π(g) f0〉 = Tr(Tπ(g) f0 ⊗ (π(g) f0)∗) define
a probability measure on C

n = G/R,
∫
Cn F(g)dg = 1 by Weyl’s Plancherel formula

(up to a normalization). Wehrl [29] proposed the quantity − ∫
F(g) ln F(g)dg as

a classical entropy corresponding to the quantum entropy −Tr (T ln T ) of T . Wehrl
investigated the questionwhen the entropy isminimal. It is easy to see thismust happen
for some T = f ⊗ f ∗ a pure tensor, by concavity of the function−x ln x , so it is enough
to consider these pure tensors. Wehrl conjectured the classical entropy is minimal for
f = π(g) f0, a translation of the function f0 = 1 (or the Gaussian function in the
Schrödinger model) by an element g ∈ G. Lieb [15] studied a more general question
on the optimal L2(Cn) − L p(Cn) boundedness, p ≥ 2 for the matrix coefficients
〈π(g) f , f0〉, g ∈ C

n , and proved that the maximizers are precisely achieved by f =
π(g0) f0 for some g0 ∈ G; the Wehrl conjecture becomes an immediate consequence
by taking the derivative at p = 2 of the inequality for p ≥ 2.

When G is a compact semisimple Lie group any irreducible representation (π,H)

is finite-dimensional, and there is also a preferred choice of the vector v0, namely the
highest weight vector or its translates under the action of G, similar to the function
f0 = 1 above for the Heisenberg group. The Schur orthogonality computes L2-norms
of the matrix coefficients 〈π(g) f , f0〉, g ∈ G using the dimension of H and it is a
natural problem to find L2 − L p optimal estimates. In [2] a statement on the L2 − L4

optimal estimate was given with a sketch of the proof. For G = SU (2) the Wehrl
L2 − L p inequality [29] was proved by Lieb and Solovej [16] more than 30 years
later. They also proved the inequality [17] for G = SU (N ) and for the symmetric
tensor power Sm(CN ) representations ofG. Theyusedmethods quite different from the
classical analytic method [15] by introducing quantum channel operators and proving
more general results about the eigenvalue distribution of these operators.

The next interesting and challenging case is for real simple non-compact Lie groups
G and their discrete series representations (π,H). Harish-Chandra has generalized the
Schur orthogonality relations for compact groups using the formal degree. It suggests
that there should also be optimal L2 − L p estimates for the matrix coefficients, p ≥ 2.
When G = SU (1, 1) Lieb and Solovej [18] proved optimal L2 − L p estimates for the
Bergman space as holomorphic discrete series representations of G for even integers
p = 2n by using direct computations. This was generalized to all p ≥ 2 by Kulikov
[14] using the isoperimetric inequality for the hyperbolic area of sublevel sets of the
holomorphic functions (as sections of the cotangent bundle with the dual hyperbolic
metric). In all these cases, G = R � C

n , SU (2) and SU (1, 1), the inequalities are
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proved for any general positive convex function instead of the L p-norm. A general
systematic treatment is given by Frank [5].

1.2 Our Main Results andMethods

We consider now a Hermitian Lie group G and its holomorphic discrete series
(H�, π�) with highest weight �. The discrete series will be realized as the Bergman
space of V�-valued holomorphic functions on the bounded symmetric domain D =
G/K of G with (V�, τ�, K ) the unitary representation of K with K -highest weight
�. We will write τ = τ� in the rest of the text if no confusion would arise. The
holomorphic functions can be realized as sections of the holomorphic vector bun-
dle over D with the Harish-Chandra realization of D, and the metric on the bundle
can be expressed as 〈τ�(B(z, z)−1)v, v〉 using the Bergman operator B(z, z); see
Definition 2.1 below. The tensor product V⊗n

� has an irreducible component Vn� of
multiplicity one, now let P = Pn� : V⊗n

� → Vn� be the orthogonal projection. Write
P( f ⊗n)(z) = P( f ⊗n(z)), the point-wise orthogonal projection. Our main result is
the following.

Theorem 1.1 (Theorem 5.3 and Corollary 5.4) Let n ≥ 2 be an integer, (V�, τ, K ) be
an irreducible representation of K with a unit highest weight vector v� and H� the
holomorphic discrete series realized as the Bergman space of V�-valued holomorphic
functions. Then

‖P( f ⊗n)‖2H�
≤ cn−1

G

(dH�)n

dHn�

‖ f ‖2nH�
, (1)

and

‖Ff ‖2nL2n ≤ cn−1
G

(dH�)n

dHn�

‖Ff ‖2nL2 (2)

for f ∈ H� and F f (g) := 〈π(g) f , v�〉, g ∈ G. The equality holds if and only if
f (z) = cK (z, w)τ(k)v� for some w ∈ D, k ∈ K, c ∈ C.

The precise notation is found below. When H� is a scalar holomorphic discrete
series this result is proved in [30].

We explain briefly our methods and some auxiliary results. First we consider the
n-fold tensor power H⊗n

� of the discrete series. The orthogonal projection P f (z)⊗n

of f (z)⊗n ∈ V⊗n
� onto the highest component (also called the Cartan component)

Vn� ⊂ ⊗nV� defines a G-intertwining operator onto the discrete series Hn�. This
follows fromsomegeneral facts for holomorphic discrete series [23]. Thus there should
be an inequality. The constant in the inequality is abstractly obtained by the Harish-
Chandra formal degree. However the constant is only determined up to normalization,
whereas our Bergman space is defined by the usual normalization. We then find the
exact formula for the Harish-Chandra formal degree by using the evaluation of the
Selberg Beta integral [1, 4]; see Proposition 4.3 below. As a consequence we find
also in Theorem 4.4 the formula for the reproducing kernel under our normalization.
To prove that the maximizers are achieved by the reproducing kernel we prove that
they are eigenvectors of Toeplitz operators [30] and that they define the bounded

123



324 Page 4 of 35 R. van Haastrecht, G. Zhang

point evaluations. We finally use the earlier results in [2] about Wehrl inequalities for
compact groups. However, we realized the proof in [2] is incomplete and we provide
a full proof in Appendix A.

For the unit disk D = SU (1, 1)/U (1) we find in Theorem 6.2 an improved Wehrl
inequality with a precise extra term added on the left hand side of theWehrl inequality
(1); the extra term involves first and second derivatives of f . Our result might lead to
finding an improvedWehrl L2 − L p-inequality for the Bergman space on the unit disc
[5, 14] and for the Fock space [6].

1.3 Further Questions

There are quite a few open questions related to the Wehrl inequality. The Wehrl L2 −
L p-inequality for the Bergman space on the unit ball in C

n , n ≥ 2 is still open. In
[17] the equality is proved for Bergman spaces of holomorphic sections of symmetric
tangent bundles on theprojective spaceP

n = SU (n+1)/U (n)usingquantumchannels
[16]. These channels can be defined [30] for the general holomorphic discrete series
for SU (n, 1). In [7, 8] the limit formulae for the functional calculus of the channels are
found generalizing earlier results of [17]. Itwould be interesting to study the eigenvalue
distributions of the channel operators for other representations of SU (n+1) and for the
non-compact group SU (1, 1). Kulikov [14] proved some subtle properties about the
hyperbolic area of holomorphic functions in the Bergman space using isoperimetric
inequalities. It might be important to study the volumes of sublevel sets for holomophic
functions in Bergman space in higher dimensions rather than isoperimetric problems
for general sets. For a discrete series (H, π,G) of a semisimple Lie group it seems a
rather challenging problem to find the optimal L2 − L2n estimates.

1.4 Organization of the Paper

In Sect. 2 we recall some necessary known results on Hermitian symmetric spaces
G/K , and in Sect. 3 we introduce holomorphic discrete series representations of G
and their realizations as Bergman spaces of vector-valued holomorphic functions on
D. We find in Sect. 4 the exact formula for the Harish-Chandra formal degrees under
our (somewhat standard) normalization of the metric on G/K . The Wehrl inequalities
are proved in Sect. 5. An improved Wehrl inequality for the unit disc is proved in
Sect. 6. In Appendix A we give a complete proof for Wehrl inequalities for compact
semisimple Lie groups and in Appendix Bwe prove that the bounded point evaluations
for our Bergman space of vector-valued holomorphic functions are given by the points
in D = G/K , and they are all needed to prove the Wehrl inequalities in Sect. 5.

1.5 Notation

For the convenience of the reader we add a list of the most common notation in the
paper.

(1) G is a simple Hermitian Lie group and G/K is a Hermitian symmetric space.
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(2) g is the Lie algebra of G.
(3) gC = p+ ⊕ kC ⊕ p− is the decomposition of the Lie algebra into eigenspaces of

a central element of kC.
(4) D = G/K is the bounded Hermitian symmetric domain of rank r realized in

p+ = C
N .

(5) � are the roots of gC with respect to the Cartan subalgebra hC of kC, which is also
a Cartan subalgebra of gC.

(6) (V�, τ�, K ) is a representation of K of highest weight �.
(7) (H�, π�,G) is the holomorphic discrete series of G associated to the represen-

tation (V�, τ�, K ).
(8) The Haar measure of G is normalized by

∫
G f (g)dg = ∫

D

(∫
K f (xk)dk

)
dι(x),

where
∫
K dk = 1 and dι is defined in (7).

(9) dH� and d� is the formal degree for a holomorphic discrete series (H�, π�,G),
by different normalizations, see (11) and (13).

(10) P� is the projection onto an irreducible K -representation of highest weight �.
(11) Q0 is the projection onto the Cartan component of highest weight n� Hn� ⊆

H⊗n
� . For SU (1, 1), Qk is the projection onto the irreducible component

Hμ+ν+2k ⊆ Hμ ⊗ Hν .

2 Hermitian Symmetric Spaces Realized as Bounded Domains
D = G/K

We recall briefly some known facts on Hermitian symmetric spaces and related Lie
algebras. We shall use the Jordan triple description; see [19] and [25, Chapter 2.5].

2.1 Hermitian Symmetric Spaces G/K and the Lie Algebra g of G

LetG be a connected simpleLie group of real rank r , K itsmaximal compact subgroup,
and G/K a Hermitian symmetric space of complex dimension N . Let g be the Lie
algebra of G and g = k+ p the Cartan decomposition with Cartan involution θ . Then
k has one-dimensional center, so k = [k, k] ⊕ RZ , where Z generates the center and
is normalized so that J := ad(Z) defines a complex structure on p. This implies the
existence of a Hermitian complex structure on the symmetric space D = G/K . Let
h ⊆ k be a maximal Cartan subalgebra for k, then its complexification hC ⊆ kC ⊂ gC

is also a Cartan subalgebra for gC since kC and gC are of the same rank. The roots �

of hC in gC are � = �c ∪ �n , where �c are the compact roots α with gα ⊆ kC, and
�n the non-compact roots α with gα ⊆ pC. We choose an ordering of roots so that
J = ad(Z) acts on �±

n = �± ∩�n as ±i . For every α ∈ �+ we fix an sl2-triple such
that hα ∈ ih, e±α ∈ g±α and

[hα, eα] = 2eα, θ(eα) = −e−α, [eα, e−α] = hα.

We then have the decomposition gC = kC ⊕ p+ ⊕ p− with p+ and p− being the sum
of the non-compact positive and negative roots, respectively and given by
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p± = {v ∓ i Jv : v ∈ p}.

Note that p+ = p−,
[p+, p+] = [p−, p−] = 0,

and
[p+, p−] = kC.

Denote
D(u, v) = [u, v] ∈ kC

identified with its action on p+ = C
N ,

D(u, v)w := ad(D(u, v))(w) = [D(u, v), w], u, v, w ∈ p+ = C
N .

Then the triple product D(u, v)w is symmetric inu andw. Let Q(u) : p− = CN → p+
and Q(v) : p+ → p− be the quadratic maps

Q(u)v = 1

2
D(u, v)u, Q(v)u = 1

2
D(v, u)v, u ∈ p+, v̄ ∈ p−,

See [19].
Let {γi }ri=1 be the strongly orthogonal non-compact roots starting with the highest

root γ1, where r is the real rank of G. Denote the corresponding co-roots and root
vectors of γ j of by

h j = hγ j , e± j = e±γ j

chosen as in [4] so that e± j = e∓ j , and ei is a tripotent [19], Q(ei )ēi = ei . The root
vectors {ei }ri=1 form a frame, i.e. a maximal orthogonal system of primitive tripotents
of unit norm, in the sense of [19, Section 5.1]. Let h− = ∑r

j=1 Rh j , then h = h−⊕h+,
where h+ is the orthocomplement of h−. Restricting the hC roots in �+

n to ih− we
obtain the γ j , 1 ≤ j ≤ r with multiplicity 1,

γi+γ j
2 , 1 ≤ i < j ≤ r all with the same

multiplicity a and
γ j
2 all with the same multiplicity b [13, 25].

Let

p := (r − 1)a + b + 2, n1 = r + a
r(r − 1)

2
.

The dimension N is then
N = n1 + rb.

Note that the integer p can be computed as p = Tr(D(e+
1 , e−

1 )|p+) =
Tr(D(e+

j , e−
j )|p+) for any j . Now we normalize the K -invariant Euclidean inner

product on C
N by

〈v,w〉 = 〈v,w〉p+ := 1

p
Tr(D(v,w)|p+), (3)

so that ||e j || = 1 for any j and the {e j }rj=1 are orthogonal.
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2.2 The Harish-Chandra Realization of G in GC = P+KCP− and the Bergman
Operator

The symmetric space D = G/K can be realized as a circular convex bounded domain
in C

N = p+ as follows, also called the Harish-Chandra realization. Consider the
natural inclusion map followed by the quotient map

G ↪→ GC = P+KCP− → GC/KCP− ∼= P+ ∼= p+.

Then K is mapped into the reference point 0 ∈ p+ and it induces an injective
holomorphic map and the Harish-Chandra realization of

D := G/K = G · 0 ⊆ p+.

To describe the action of G on D we need some quantities.

Definition 2.1 The Bergman operator is defined as

B(x, y) = I − D(x, y) + Q(x)Q(y) : C
N → C

N .

It follows from [19, Theorem 8.11] that the element B(z, z)−1 ∈ KC for z ∈ D =
G/K ⊂ C

N and
B(z, z)−1 := KC−part of exp(z) exp(z)

under the decomposition GC = P+KCP−.
We also have another norm on C

N , the spectral norm | − |, such that D is a unit
ball with the norm,

D = {z ∈ C
N | |z| < 1},

see [19, Theorem 4.1]. Furthermore, we have the following polar decomposition

D = {Ad(k)(t1e1 + · · · + tr er ) | k ∈ K , ti ∈ [0, 1)};

see [19, Theorem 3.17].
We identify the holomorphic tangent space T (1,0)

z (D) of D ⊂ C
N at z ∈ D with

C
N , T (1,0)

z (D) = p+. Denote Jg(z) = dg(z), the Jacobian of the holomorphic map
g : D → D in local coordinates,

Jg(z) : C
N = T (1,0)

z (D) → T (1,0)
gz (D) = C

N .

The identification of C
N with T (1,0)

z (D) is done by realizing D ⊆ C
N . Now B(z, z)

acts on C
N by the adjoint action, and we have the following important transformation

rule [19, Lemma 2.11]

Jg(z)
∗B(g · z, g · z)−1 Jg(z) = B(z, z)−1. (4)
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324 Page 8 of 35 R. van Haastrecht, G. Zhang

As B(0, 0) = I it then follows directly that

B(g · 0, g · 0) = Jg(0)Jg(0)
∗. (5)

The Jacobian Jg(z) can be obtained from the more general canonical automorphy
factor J (g, z) [25, Lemma 5.3] defined by

J (g, z) = KC − part of g · exp(z);

we have Jg(z) = Ad(J (g, z)). Since elements in KC are realized as linear maps on
p+ via the adjoint action we can identify Jg(z) with J (g, z), but it will be clear from
context which one is meant. In particular we have Jk(z) = J (k, z) = k.

3 Holomorphic Discrete Series of G Realized as Bergman Spaces of
Vector-Valued Holomorphic Functions onD

3.1 Bergman Space of Holomorphic Functions on D: Invariant Measure

Let dm(z) be the Lebesgue measure defined by the inner product (3). The Bergman
space of holomorphic functions f (z) on D such that

∫

D
| f (z)|2dm(z) < ∞

has the reproducing kernel, up to a normalization constant (which will be determined
below for general Bergman spaces),

det B(z, w)−1 = h(z, w)−p (6)

where h(z, w) is an irreducible polynomial holomorphic in z and anti-holomorphic in
w and of maximal bi-degree (r , r); see e.g. [4, 13]. Now by [19, Corollary 3.15] for
z = ∑r

j=1 λ j e j

h(z, z) =
r∏

j=1

(1 − |λ j |2).

Note that this actually describes h(z, z) for any z ∈ C
N as

C
N = Ad(K )

(
r∑

i=1

R≥0ei

)

.

The Bergman metric on D at z ∈ D is given by

〈v,w〉z = 〈B(z, z)−1v,w〉CN
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for v,w ∈ TzD = C
N . By the transformation property (4) the Bergman metric is

invariant under G. We note that for k ∈ K we have B(k · z, k · z) = kB(z, z)k−1, and
thus for

z = λ1e1 + . . . λr er

we get that

det(B(k · z, k · z)−1) = det(B(z, z)−1) =
r∏

j=1

(1 − |λ j |2)−p.

The G-invariant Riemannian measure on D = G/K is obtained from the Bergman
metric by

dι(z) = det B(z, z)−1dm(z) = h(z, z)−pdm(z). (7)

3.2 Bergman Space of Vector-Valued Holomorphic Functions

Let (V�, τ�, K ) be an irreducible unitary representation of K of highest weight �. It
can be extended to a rational representation of KC on the space V�. The K -unitary
inner product on V� will be denoted by 〈−,−〉τ .

We now introduce the holomorphic discrete series.

Definition 3.1 Let (V�, τ�, K ) be an irreducible representation of K with highest
weight �. Let H� be the Hilbert space of holomorphic functions f : D → V� with
the norm square

‖ f ‖2H�
:=

∫

D
〈τ(B(z, z)−1) f (z), f (z)〉τdι(z) < ∞. (8)

The holomorphic discrete series is (H�, π�,G), with the unitary representation

(π�(g) f )(z) = τ(Jg−1(z)−1) f (g−1 · z), (9)

provided H� is non-trivial.

Indeed, the spaceH� in Definition 3.1 could be trivial. The Harish-Chandra condi-
tion give a characterization forH�; see e.g. [9, Lemma 27, Paragraph 9], [13, equality
(6)], [28, II, Theorem 6.5].

Theorem 3.2 Let � be the highest weight of (V�, τ, K ) and let ρ = 1
2

∑
α∈�+ α be

the half sum of positive roots �+. If

(� + ρ)(h1) < 0

then the Hilbert space H� �= {0} and defines a discrete series of G.
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The Hilbert space H� has reproducing kernel Kw(z) = K (z, w) = K�(z, w)

taking values in End(V�), holomorphic in z and anti-holomorphic in w such that for
any v ∈ V�, f ∈ H�, we have Kwv ∈ H�, and

〈 f , Kwv〉H�
= 〈 f (w), v〉τ .

The kernel K can be computed using the Bergman operator [13, Paragraph 4]: There
is a constant C(�) > 0, to be evaluated in Theorem 4.4, such that

K (z, z) = C(�)τ(B(z, z)) = C(�)τ(Jg(0)Jg(0)
∗) (10)

where z = g · 0. It follows by holomorphicity in z and anti-holomorphicity in w that

K (z, w) = C(�)τ(B(z, w)).

Furthermore
K (g · z, g · w) = τ(Jg(z))K (z, w)τ(Jg(w))∗.

From (10) we see that for any z ∈ D

K (z, 0) = C(�)I .

Thus for any v ∈ V� the constant function v is inH�, as v = C(�)−1K0v ∈ H�.
Furthermore, the space of V�-valued polynomials is dense in H�, and as a repre-

sentation of K it is P ⊗ V� where P is the space of scalar-valued polynomials; see
e.g. [3].

4 The Formal Degree of the Holomorphic Discrete Series

The formal degree of the discrete series (H, π,G) of a semisimple Lie group G is
a proportionality constant between the |〈u, v〉|2 for u, v ∈ H and the L2(G)-norm
square of the matrix coefficient 〈π(g)u, v〉. Harish-Chandra [9] has computed the
formal degree up to a normalization constant. We shall find the exact formula for the
formal degree under our normalization (3) above. The formal degree will appear in
the Wehrl inequality in the next section.

4.1 Definition of the Formal Degree

Harish-Chandra [9, Theorem 1] shows that for a holomorphic discrete series repre-
sentation H� and f1, f2 ∈ H� there exists a positive number d�, called the formal
degree of H�, such that

∫

G
|〈π�(g) f1, f2〉H�

|2dg = d−1
� || f1||2|| f2||2, (11)
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where all the inner products are inH�. We now normalize the Haar measure on G so
that ∫

G
f (g)dg =

∫

D

(∫

K
f (xk)dk

)

dι(x),

where we realize G as the set D × K with the invariant measure on D = G/K from
(7) and the Haar measure on K is normalized so that

∫
K dk = 1.

Harish-Chandra found a formula for the formal degree up to some normalization
of the Haar measure on G [9, Theorem 4]. It is given by the following

dH� := (−1)
dimG−rank K

2
∏

α∈�+

�(hα) + ρ(hα)

ρ(hα)
, (12)

where ρ = 1
2

∑
α∈�+ α. (Harish-Chandra’s formula was the absolute of the above

formula without the sign (−1)
dimG−rank K

2 , and we take the sign with us to make it a
polynomial in � and coincide with the absolute value for discrete series.)

It follows that there is a constant cG such that

d� = cG · dH�. (13)

We shall find this constant by choosing scalar representations τ of K and by evaluating
both degrees.

4.2 Scalar Holomorphic Discrete Series

This series of representations is very well understood; see e.g. [3, 4, 28, 29]. Let

λ ∈ Z+ be an integer and let τ(k) := det(Ad(k)|CN )
− λ

p , k ∈ K . Then up to a covering
of G τ defines a character of K , and the covering will have no effect on our results
as we have fixed the integration of K so that

∫
K dk = 1. We see that for H ∈ h the

scalar highest weight � of τ is given by

�(H) = d

dt
|t=0τ(etH ) = d

dt
|t=0e

−t λ
pTr(ad(H)|

CN ) = − λ

p
2ρn(H),

where ρn = 1
2

∑
α∈�+

n
α. Thus we get for 1 ≤ j ≤ r [13, (1.4)]

�(h j ) = −λ.

We shall identify the weight � with the scalar −λ and write the corresponding τ� as
τ−λ. The condition in Theorem 3.2 becomes λ > p−1; see [13, Section 4]. The Hibert
space H� is usually called the weighted Bergman space with weight λ − p > −1.
The norm square (8) is now given by

‖ f ‖2H�
=

∫

D
| f (z)|2 h(z, z)λdι(z) =

∫

D
| f (z)|2 h(z, z)λ−pdm(z),
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with τ−λ(B(z, z))−1 = h(z, z)λ, and the representation π� becomes

π�(g) f (z) = det(Jg−1(z))
λ
p f (g−1z), g ∈ G.

The following result follows easily from the definition and the mean value property
of holomorphic functions.

Lemma 4.1 Let λ > p − 1 and � be as above. For the representation τ(k) = τ−λ(k)
the formal dimension d� of H� is given by

d−1
� =

∫

G
h(g · 0, g · 0)λdι(g) =

∫

D
h(z, z)λ−pdm(z).

Proof We take f1 = f2 = 1 in Eq. (11). The LHS becomes

∫

G
|〈π�(g)1, 1〉H�

|2dg,

and the integrand is by K -invariance

|〈π�(g)1, 1〉H�
|2 = |(π�(g)1)(0)|2ιλ(D)2,

where ιλ(D) = ∫
D h(z, z)λdι(z). Moreover by (5), and (6),

|(π�(g)1)(0)|2 = | det(Jg−1(0))| 2λp = |h(g−1 · 0, g−1 · 0)|λ

so that the LHS is

ιλ(D)2
∫

G
h(g−1 · 0, g−1 · 0)λdι(g) = ιλ(D)2

∫

G
h(g · 0, g · 0)λdι(g)

= ιλ(D)2
∫

D
h(z, z)λdι(z),

by our normalization of dg. The RHS of (11) is d−1
� ιλ(D)2, and our claims follows. ��

4.3 Evaluation of the Constant cG

We will use Lemma 4.1 to find the exact value of d� for the scalar representation τ−λ

and further for general discrete series. First we need some notation [4]. Let

�a(s) :=
r∏

j=1

�(s j − ( j − 1)
a

2
)
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be Gindikin’s Gamma function associated with the root multiplicity a (without the

factor (2π)
n1−r
2 ), for vectors s = (s1, . . . , sr ) and �a(λ) := �a((λ, . . . , λ)). Thus

�a
(
λ − N

r

)

�a(λ)
=

r∏

j=1

�
(
λ − N

r − ( j − 1) a2
)

�
(
λ − ( j − 1) a2

) .

A sketch for the evaluation of the integral d−1
� was given in [4, Theorem 3.6]; we give

a detailed proof by using the known evaluation formula for the Selberg integral [1] as
they are of importance for our main results.

Proposition 4.2 If τ = τ−λ with λ > p − 1 then we have

d−1
� =

∫

D
h(z, z)λ−pdm(z) = πN�a

(
λ − N

r

)

�a(λ)
.

Proof The first equality is Lemma 4.1. We evaluate the integral by starting with the
polar decomposition [10, Chapter I, Theorem 5.17] for C

N ,

∫

CN
f (z)dm(z) = C

∫ ∞
0 . . .

∫ ∞
0

∫
K f (k · (t1e1 + . . . tr er ))dk2r

∏
j t

2b+1
j

∏
j<k

∣
∣t2j − t2k

∣
∣adt1 . . . dtr ,

for some constant C . We calculate the exact value of this constant C . Let f be the
K -invariant Gaussian function f (z) = e−||z||2 , then

πN =
∫

CN
e−||z||2dm(z)

= C
∫ ∞

0
. . .

∫ ∞

0
e−(t21 ···+t2r )2r

∏
t2b+1
j

∏

j<k

∣
∣t2j − t2k

∣
∣adt1 . . . dtr

= C
∫ ∞

0
. . .

∫ ∞

0
e−(s1···+sr )

∏
sbj

∏

j<k

|s j − sk |ads1 . . . dsr .

From [1, Corollary 8.2.2] we find

∫ ∞

0
. . .

∫ ∞

0
e−(s1···+sr )

∏
sbj

∏

j<k

|s j − sk |ads1 . . . dsr

=
r∏

j

�
(
b + 1 + ( j − 1) a2

)
�

(
1 + j a2

)

�
(
1 + a

2

) .

Hence we have

C = πN
r∏

j

�
(
1 + a

2

)

�
(
b + 1 + ( j − 1) a2

)
�

(
1 + j a2

) . (14)
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It follows that

∫

D
h(z, z)λ−pdm(z)

= C
∫ 1

0
. . .

∫ 1

0
h(t1e1 + . . . tr er )

λ−p2r
∏

j

t2b+1
j

∏

j<k

∣
∣t2j − t2k

∣
∣adt1 . . . dtr

= C
∫ 1

0
. . .

∫ 1

0

∏

j

(1 − s j )
λ−p

∏

j

sbj
∏

j<k

|s j − sk |ads1 . . . dsr .

This is a Selberg integral and is evaluated by [1, Theorem 8.1.1]

∫ 1

0
. . .

∫ 1

0

∏

j

(1 − s j )
λ−p

∏

j

sbj
∏

j<k

|s j − sk |ads1 . . . dsr

=
r∏

j=1

�
(
b + 1 + ( j − 1) a2

)
�

(
λ − p + 1 + ( j − 1) a2

)
�

(
1 + j a2

)

�
(
λ − p + b + 2 + (r + j − 2) a2

)
�

(
1 + a

2

) .

(15)

Hence

d−1
� =

∫

D
h(z, z)λ−pdm(z)

= C
r∏

j=1

�
(
b + 1 + ( j − 1) a2

)
�

(
λ − p + 1 + ( j − 1) a2

)
�

(
1 + j a2

)

�
(
λ − p + b + 2 + (r + j − 2) a2

)
�

(
1 + a

2

)

= πN
r∏

j=1

�
(
λ − p + 1 + ( j − 1) a2

)

�
(
λ − p + b + 2 + (r + j − 2) a2

)

= πN �a
(
λ − N

r

)

�a(λ)
.

��
Now we can finally find the exact value of the constant cG . Recall the Pochammer

symbol (x)k = x(x + 1) · · · (x + k − 1).

Proposition 4.3 With our normalization of the Haar measure the formal degree is
given by

d� = cGd
H
�,

where dH� is given by Eq. (12) and

cG = π−Nr !
r−1∏

i=1

(2 + i)i .
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for G = Sp(n, R),

cG = π−N
(
m − 1

2

)
(2m − 2)!

for G = SO0(2, 2m − 1), and

cG = π−N
r∏

j=1

�
(
N
r + ( j − 1) a2 + 1

)

�
(
1 + ( j − 1) a2

) = π−N
r∏

j=1

(
1 + ( j − 1)

a

2

)

N
r

for all other irreducible Hermitian symmetric spaces.

Proof The constant cG is independent of � and can be found by choosing the repre-
sentations τ−λ above. First we investigate dH� by evaluating �(hα) on the co-roots hα .
From [13, (1.4)] we see that for any of the strongly orthogonal co-roots h j we have

�(h j ) = − λ

p
2ρn(h j ) = −λ.

In fact, using that
k = RZ ⊕ [k, k]

is an orthogonal decomposition, and the fact that �|[k,k] = 0, we get that

−λ = �(h1) = �

( 〈h1, Z〉
〈Z , Z〉 Z

)

= 2γ1(Z)

〈γ1, γ1〉〈Z , Z〉�(Z) = − 2i�(Z)

〈γ1, γ1〉〈Z , Z〉 .

Thus for any root α ∈ �+ we get that

�(hα) = �

( 〈hα, Z〉
〈Z , Z〉 Z

)

= 2α(Z)�(Z)

〈Z , Z〉〈α, α〉 = − 2i�(Z)

〈Z , Z〉〈α, α〉 = −λ
〈γ1, γ1〉
〈α, α〉 .

By [27] there are short and long roots and the strongly orthogonal roots are always
long. Say they are of length l, then the short roots are of length l√

2
. Then

�(hα) = −λ

if α is long, and
�(hα) = −2λ

if α is short.
We compare dH� with d� as polynomials ofλ.We divide g into three cases depending

on the multiplicity being a = 1, a > 1 odd, and even. See e.g [3] for a list of the Lie
groups associated with all irreducible Hermitian symmetric spaces.

Case 1: G = Sp(r , R). Here a = 1 and gC = sp(r , C) has �+ = {2ε j }mj=1 ∪
{εi ± ε j }1≤i< j≤, the Harish-Chandra roots are {2ε j }mj=1, ρ = ∑r

i=1(r + 1− i)εi , and
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� = −λ
2 (ε1 + · · · + ε1). We have

d� = π−N
r∏

i=1

�
(
λ − 1

2 (i − 1)
)

�
(
λ − 1

2 (r + i)
)

is a polynomial with leading coefficient π−N . The Harish-Chandra formal degree is

dH� =
r∏

i=1

2λ − (r + 1 − i)

r + 1 − i

∏

1≤i< j≤r

λ − (
r + 1 − i+ j

2

)

r + 1 − i+ j
2

.

Comparing this with d� we find

cG = π−Nr !
∏

1≤i< j≤r

(
r + 1 − i + j

2

)
= π−N2− (r−1)r

2 r !
r−1∏

i=1

(2 + i)i .

Case 2: G = SO0(2, 2m − 1). Here r = 2, N = 2m − 1, a = 2m − 3 is odd, and
N
r is not an integer. We get

d� = π−N �(λ)�
(
λ − 2m−3

2

)

�
(
λ − 1 − 2m−3

2

)
�(λ − 2m + 2)

= π−N
(
λ − m + 1

2

)
(λ − 2m + 2) . . . (λ − 1),

The root system of g has �+ = {ε j }mj=1 ∪ {εi ± ε j }1≤i< j≤ with the Harish-Chandra

strongly orthogonal roots being ε1 + ε2, ε1 − ε2. Now ρ = 1
2

∑m
i=1(2m + 1 − 2i)εi

and comparing the two polynomials we find

cG = π−N
(
m − 1

2

)
(2m − 2)!.

Case 3: The remaining cases. All roots are of the same (long) length as the Harish-
Chandra roots, with a being even and N/r an integer [3]. We have

d� = π−N �a(λ)

�a
(
λ − N

r

) = π−N
r∏

j=1

�
(
λ − ( j − 1) a2

)

�
(
λ − N

r − ( j − 1) a2

)

= π−N �a(λ)

�a
(
λ − N

r

) = π−N
r∏

j=1

�
(
λ − ( j − 1) a2

)

�
(
λ − N

r − ( j − 1) a2

)

= π−N
r∏

j=1

(
λ − ( j − 1)

a

2
− N

r

)

N
r
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and as a polynomial of λ its zeros are all given and it has leading coefficient π−N .
Also,

dH� =
∏

α∈�+

�(hα) + ρ(hα)

ρ(hα)
=

∏

α∈�+

−λ + ρ(hα)

ρ(hα)

is a polynomial with the coefficient of the leading term being
∏

α∈�+ ρ(hα)−1 and
zeros ρ(hα). It follows that the product of zeros is

r∏

j=1

�
(
N
r + ( j − 1) a2 + 1

)

�
(
1 + ( j − 1) a2

) .

Consequently

cG = π−N
r∏

j=1

�
(
N
r + ( j − 1) a2 + 1

)

�
(
1 + ( j − 1) a2

) = π−N
r∏

j=1

(
1 + ( j − 1)

a

2

)

N
r

.

This finishes the proof. ��

As a corollary we can find 〈v, v〉H�
for v ∈ V�, the constant C(�) and a precise

formula for the reproducing kernel.

Theorem 4.4 Let � be as above. Then for any unit vector v ∈ V�

〈v, v〉H�
= d−1

� .

Furthermore, the reproducing kernel for the spaceH� is given by

K (z, w) = d�τ(B(z, w)).

Proof From (10) we have K (z, w) = C(�)τ(B(z, w)), in particular K (z, 0) =
C(�)I and

〈 f (0), v〉τ = C(�)〈 f , v〉H�
.

It follows by the reproducing kernel formula that for any v,w ∈ V� ⊂ H�,

d−1
� |〈v,w〉τ |2 = |C(�)|2d−1

� |〈v,w〉H�
|2 = |C(�)|2

∫

G
|〈π�(g)v,w〉H�

|2dg

=
∫

G
|〈π�(g)v(0), w〉τ |2dg =

∫

G
|〈τ(Jg−1(0))−1v,w〉τ |2dg

=
∫

G
|〈τ(Jg(0))

−1v,w〉τ |2dg.
(16)
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Let v be a unit vector and {vi }di=1 an orthonormal basis of V�, where d = dim(V�).
We compare 〈v, v〉H�

with L2- square norm of the corresponding matrix coefficients:

d〈v, v〉H�
= dC(�)−1 = C(�)−1

d∑

i=1

〈vi , vi 〉τ =
d∑

i=1

〈vi , vi 〉H�

=
∫

D

d∑

i=1

〈τ(B(z, z))−1vi , vi 〉τdι(z) =
∫

D
Tr(τ (B(z, z))−1)dι(z)

=
∫

G
Tr(τ (Jg(0)Jg(0)

∗)−1)dg =
d∑

i=1

∫

G
〈τ(Jg(0)Jg(0)

∗)−1vi , vi 〉τdg

=
d∑

i, j=1

∫

G
|〈τ(Jg(0))

−1vi , v j 〉τ |2dg = d−1
�

d∑

i, j=1

|〈vi , v j 〉τ |2 = dd−1
� ,

where the penultimate equality is by (16). Hence we get that for any unit vector v

〈v, v〉H�
= d−1

� .

We also obtain that the constant C(�) is given by C(�) = d�. ��
Remark 4.5 We note that as a consequence we obtain the following integral evaluation

d�

∫

D
Tr

(
τ�(B(z, z)−1)

)
dι(z)

= Cd�

∫

[0,1]r
Tr(τ�

⎛

⎝B

⎛

⎝
r∑

j=1

t j e j ,
r∑

j=1

t j e j , )
−1

⎞

⎠

⎞

⎠ 2r
∏

j

t2b+1
j

∏

j<k

|t2j − t2k |adt1 . . . dtr

= dim(V�),

for any unit vector v, where C is the constant (14). This might be viewed as a general-
ization of the Selberg integral (15); in other words, the result is a consequence of the
Selberg integral evaluation and the Harish-Chandra formula for formal degree.

5 Wehrl Inequality for Holomorphic Discrete Series

We prove our main results on Wehrl-type inequalities. We keep the previous notation.
The tensor product below H1 ⊗ H2 of two Hilbert spaces of holomorphic functions
on D will be realized as a space of holomorphic functions F(z, w) in two variables.
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5.1 Tensor Products of Holomorphic Discrete Series and Intertwining Operators

We recall some known results on tensor product of holomorphic discrete series
representations [23].

Proposition 5.1 Let (H�, π�,G) and (H�′, π�′ ,G) be two holomorphic discrete
series representations of highest weights � and �′. ThenH� ⊗H�′ is a direct sum of
representations of the form π�′′ with finite multiplicities. The corresponding highest
weights �′′ are of the form

�′′ = �0 − (m1α1 + · · · + mqαq),

where �0 is a weight of V� ⊗ V�′ , mi are nonnegative integers and the αi ∈ �+
n . In

particular, there is an irreducible leading component

H�+�′ ⊆ H� ⊗ H�′

which is obtained by the intertwining map

J0(F)(z) = P�+�′F(z, z). (17)

Here P�+�′ : V�⊗V�′ → V�+�′ ⊆ V�⊗V�′ is the orthogonal projection.Moreover
H�+�′ appears inH� ⊗ H�′ with multiplicity one.

For any irreducible subrepresentation of V� ⊗ V�′ of K with highest weight �0
and the corresponding projection P�0 : V� ⊗ V�′ → V�0 the map

F(z, w) �→ P�0F(z, z)

is an intertwining map onto an irreducible component ofH� ⊗H�′ of highest weight
�0.

We now find the exact constant C�,�′ such that C�,�′ J0 is a partial isometry.

Proposition 5.2 Let H�, H�′ and J0 be as in Proposition 5.1. Then C�,�′ J0 is a
partial isometry, where

C−2
�,�′ = cG |

∏

α∈�+

(�(hα) + ρ(hα))(�′(hα) + ρ(hα))

((� + �′)(hα) + ρ(hα))ρ(hα)
|.

Proof The constant holomorphic function v is in H�, for any v ∈ V� [13], and
if v� ∈ V� and v�′ ∈ V�′ are highest weight vectors of unit length then so is
P�+�′(v� ⊗ v�′) = v� ⊗ v�′ . Hence

||J0(v� ⊗ v�′)||H�+�′ = ||P�+�′(v� ⊗ v�′)||H�+�′ = C−1
�,�′ ||v�||H�

||v�′ ||H�
.
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Using Theorem 4.4 we see that

C−2
�,�′ = ||P�+�′(v� ⊗ v�′)||2

||v�||2 · ||v�′ ||2 = d�d�′

d�+�′
= cG

dH�d
H
�′

dH
�+�′

= cG

∣
∣
∣
∣
∣
∣

∏

α∈�+

(�(hα) + ρ(hα))(�′(hα) + ρ(hα))

((� + �′)(hα) + ρ(hα))(ρ(hα))

∣
∣
∣
∣
∣
∣
.

��

5.2 Wehrl Inequality

We write Q0 = C�,�′ J0. We now prove our main result on the Wehrl-type inequality.

Theorem 5.3 The following Wehrl inequality holds for f ∈ H� and integers n ≥ 2,

∫

D
〈Pn�((τ�(B(z, z)−1) f (z))⊗n), Pn�( f (z)⊗n)〉τn�dι(z)

≤ cn−1
G

(dH�)n

dHn�

(∫

D
〈τ�(B(z, z)−1) f (z), f (z)〉τ�dι(z)

)n

.

The equality holds if and only if f = Kuτ(k)v� for some u ∈ D, k ∈ K and v� a
highest weight vector in V�.

Proof We have that
Hn� ⊆ H⊗n

� ,

and it appears with multiplicity one by Proposition 5.1. Now let

Pn� : V⊗n
� → Vn�

be the projection. The operator

J0 : H⊗n
� → Hn�

defined by
J0( f1 ⊗ · · · ⊗ fn)(z) := Pn�( f1(z) ⊗ · · · ⊗ fn(z)),

is then an intertwining map onto Hn�; this is Proposition 5.2 applied multiple times.
Furthermore, by Proposition 5.2,

Q0 = C�,n J0, C2
�,n = c−n+1

G

dHn�(
dH�

)n
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is a partial isometry. Applying this to the element f ⊗n for f ∈ H� we get

||Pn�( f (z)⊗n)||2n� ≤ cn−1
G

(
dH�

)n

dHn�

|| f ⊗n||2 = cn−1
G

(
dH�

)n

dHn�

|| f ||2n,

or more explicitly

∫

D
〈Pn�((τ�(B(z, z)−1 f (z))⊗n), Pn�( f (z)⊗n)〉τn�dι(z)

≤ cn−1
G

(
dH�

)n

dHn�

(∫

D
〈〈τ�(B(z, z)−1) f (z), f (z)〉τ�dι(z)

)n

,

proving the inequality.
We prove the rest of our Theorem for n = 2, and the same arguments are valid for

general n. Note that by Proposition 5.1 we can write

f ⊗ f =
⊕

f�′′ ,

where f�′′ ∈ m�′′H�′′ and f2� = Q0( f ⊗ f ). Now the inequality is an equality if
and only if

f�′′ �= 0 ⇔ �′′ = 2�.

This holds if and only if
f = Q∗

0Q0( f ). (18)

This is clearly true if f = Kuτ(k)v�, because then if u = g · 0

f (z) = K (z, u)τ (k)v� = τ(Jg(g
−1z)K (g−1 · z, 0)τ (Jg(0))

∗τ(k)v�

= d�τ(Jg−1(z))−1τ(Jg(0))
∗τ(k)v� = d�π�(g)

(
τ(Jg(0))

∗τ(k)v�

)
(z).

The identity (18) then follows by G-invariance of Q0 and the fact that the vector
τ(Jg(0))∗τ(k)v� is a translate of a highest weight vector.

Now suppose f ∈ H� is such that the equality (18) holds. By replacing f by
π�(g) f for some g ∈ G we may assume that f (0) �= 0 is a unit vector (note f is a
reproducing kernel if and only if π�(g) f is). We prove first that f (z) = K (z, u)v for
some u ∈ D and v ∈ V�, and then that the vector v has to be a translate τ(k)v� of the
highest weight vector v� ∈ V�.

To prove that f (z) = K (z, u)v for some u and v we use the same idea as in [30].
Let z = (zi ) be the coordinates of z ∈ C

N under some orthonormal basis. We consider
the Toeplitz operator Ti by coordinate functions Ti f (z) = zi f (z) on the space H�.
First of all the operators Ti are bounded on H�; indeed

‖Ti f ‖2 =
∫

D
〈τ(B(z, z)−1)zi f (z), zi f (z)〉τdι(z) =

∫

D
|zi |2〈τ(B(z, z)−1) f (z), f (z)〉τdι(z)

≤
∫

D
‖z‖2〈τ(B(z, z)−1) f (z), f (z)〉τdι(z) ≤ C0‖ f ‖2
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since D is bounded. Write Ti,1F(z, w) = zi F(z, w) and Ti,2F(z, w) = wi F(z, w)

on the space H�⊗H�. From the definition of Q0 we see that for any g ∈ H� ⊗ H�

Q0((Ti,1 − Ti,2)g) = Q0((zi − wi )g) = 0.

Thus

〈 f ⊗ f , (Ti,1 − Ti,2)g〉H�⊗H�
= 〈Q∗

0Q0( f ⊗ f ), (Ti,1 − Ti,2)g〉H�⊗H�

= 〈Q0( f ⊗ f ), Q0((Ti,1 − Ti,2)g)〉H2� = 0.

Therefore (Ti,1 − Ti,2)∗( f ⊗ f ) = 0, which is the same as

(T ∗
i,1 f ) ⊗ f = f ⊗ (T ∗

i,2 f ).

This implies that there is a ui ∈ C such that

T ∗
zi f = ui f .

We write u = (u1, . . . , uN ). This then implies that for any polynomial p (where p is
the polynomial where the coefficients are the complex conjugates of the original one)
in D and v = f (0) ∈ V�

〈pv, f 〉H�
= 〈p(T1, . . . , Tn)v, f 〉H�

= 〈v, p(T ∗
1 , . . . , T ∗

n ) f 〉H�
= 〈v, p(u) f 〉H�

= d�〈p(u)v, f (0)〉τ�.

Thus for any V�-valued polynomial p

〈p, f 〉H�
= d�〈p(u), f (0)〉τ�.

That is, p → 〈p(u), f (0)〉 is a bounded evaluation and so by Lemma B.1 u ∈ D.
Furthermore, f = K (z, u)v for some v ∈ V�, where v = d−1

� f (0).
Now we prove f (0) = τ(k)v� for v� a highest weight vector and for some k ∈ K .

By Proposition 5.1 we see that for any irreducible representation V�0 ⊆ V� ⊗ V� the
map

F(z, w) �→ P�0(F(z, z))

is an intertwining map H� ⊗ H� → H�0 . Thus if �0 �= 2� we have

P�0( f (z) ⊗ f (z)) = 0, z ∈ D.

In particular
P�0( f (0) ⊗ f (0)) = 0,

for �0 �= 2�. This reduces to a condition for tensor product decomposition of finite-
dimensional representations, and by Lemma A.1 we obtain that f (0) = τ(k)v� for
v� a highest weight vector. ��
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We reformulate the theorem as an L2(G)−L p(G)-estimate for matrix coefficients.

Corollary 5.4 Let H� be as above. Then we have the following L2 − L2n-estimates

∫

G
|〈π(g) f , v�〉H�

|2ndg ≤ cn−1
G

(
dH�

)n

dHn�

(∫

G
|〈π(g) f , v�〉H�

|2dg
)n

,

and equality holds if and only if f is as in Theorem 5.3 above.

Proof We realize Vn� as the leading component in the tensor product V⊗n
� as above,

with v⊗n
� ∈ Vn� ⊆ V⊗n

� . By the proof of Theorem 5.3 the projection

Q0 : H⊗n
� → H⊗n

�

is given by

Q0( f
⊗n)(z) = c−n+1

G

dHn�(
dH�

)n Pn� f (z)⊗n .

As v⊗n
� ∈ Hn� ⊆ H⊗n

� the L2n-norm can be written, using (11), as

∫

G
|〈π�(g) f , v�〉H�

|2ndg =
∫

G
|〈π⊗n

� (g) f ⊗n, v⊗n
� 〉H�

|2dg

=
∫

G
|〈πn�(g)Q0 f

⊗n, Q0(v
⊗n
� )〉Hn�

|2dg
= d−1

n�‖Q0( f
⊗n)‖2Hn�

‖Q0(v
⊗n
� )‖2Hn�

,

with ∫

G
|〈π�(g) f , v�〉H�

|2dg = d−1
� ‖ f ‖2H�

‖v�‖2H�

for n = 1. Now by Theorem 5.3 we get

d−1
n�‖Q0( f

⊗n)‖2Hn�
‖Q0(v

⊗n
� )‖2Hn�

=
(

c−n+1
G

dHn�(
dH�

)n

)2

d−1
n�‖Pn� f ⊗n‖2Hn�

‖Pn�(v⊗n
� )‖2Hn�

≤ c−n+1
G

dHn�(
dH�

)n d
−1
n�|| f ||2nH�

‖Pn�(v⊗n
� )‖2Hn�

= 1

dn�
|| f ||2nH�

||Pn�(v⊗n
� )||2Hn�

= ||Pn�(v⊗n
� )||2Hn�

||v�||2nH�

(∫

G
|〈π�(g) f , v�〉H�

|2dg
)n

,
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with equality if and only if f = Kuτ(k)v� for some u ∈ D, k ∈ K and v� a highest
weight vector in V�. We also know by Theorem 4.4

||Pn�(v⊗n
� )||2Hn�

= d−1
n�, ||v�||2nH�

= d−n
� .

We conclude that

∫

G
|〈π(g) f , v�〉H�

|2ndg ≤ dn�
dn�

(∫

G
|〈π(g) f , v�〉H�

|2dg
)n

,

with the constant
dn�
dn�

= cn−1
G

(dH�)n

dHn�

. This completes the proof. ��

Remark 5.5 For the unit disc D = SU (1, 1)/U (1) a general inequality is proved in [5,
14] with the p-norm replaced by any positive convex function. A challenging problem
would be to find optimal L2 − L p estimates for scalar holomorphic discrete series.

6 An ImprovedWehrl Inequality for the Unit Disc

6.1 Irreducible Decomposition of Tensor Product Discrete Series of SU(1, 1) and
Differential Intertwining Operators

In this section we prove an improved L2 − L p Wehrl inequality for the holomorphic
discrete series of SU (1, 1), with p = 2n an even integer. For the Fock space F(C) or
equivalently the L2(R)-space as representation space of the Heisenberg group R � C

an improved Wehrl-type inequality (for any convex function instead of the p-norm)
was recently obtained in [6]. Our result here might provide a method for obtaining
a more precise remainder term for the improved L2 − L p- Wehrl inequalites for the
Heisenberg group and SU (1, 1).

Let Hν be the weighted Bergman space of holomorphic functions f on the unit
disk D ⊂ C such that

|| f ||2ν,2 := (ν − 1)
∫

D

| f (z)|2(1 − |z|2)ν dm(z)

π(1 − |z|2)2 < ∞

where dm(z) as above is the Lebesgue measure. We also write

|| f ||pν,p := (ν − 1)
∫

D

| f (z)|p(1 − |z|2) pν
2

dm(z)

π(1 − |z|2)2 .

Note that if ν is an integer then Hν is the holomorphic discrete series representation
for the representation τ−ν of U (1) ⊆ SU (1, 1)

τν

( (
eiθ 0
0 e−iθ

) )

= e−iνθ .
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The tensor product of holomorphic discrete series of SU (1, 1) has a decomposition
[22],

Hμ ⊗ Hν
∼=

∞⊕

k=0

Hμ+ν+2k,

where we normalize the inner product on all holomorpic discrete series so that
〈1, 1〉μ+ν+2k = 1. Then we have partial isometries [20, 24]

Qμ,ν
k : Hμ ⊗ Hν → Hμ+ν+2k

defined by

Qμ,ν
k f (ξ) := Cμ,ν,k

k∑

j=0

(−1) j
(
k

j

)
1

(μ) j (ν)k− j
∂
j
z ∂k− j

w f |z=w=ξ . (19)

Here f ∈ Hμ ⊗ Hν is realized as a holomorphic function f (z, w) in (z, w) ∈ D2,
and the constant is determined by

C−2
μ,ν,k = k!(μ + ν + k + 1)k

(μ)k(ν)k
,

so that Qμ,ν
k is a partial isometry [8]. We have also [24]

H⊗n
ν

∼=
∞⊕

k=0

(
n + k − 2

k

)

Hnν+2k,

where we call the projection onto the
(n+k−2

k

)Hnν+2k-component Qk .

Lemma 6.1 Let f ∈ Hν . The projection Q1( f ⊗n) of f ⊗n ∈ H⊗n
ν

∼=⊗∞
k=0

(n+k−2
n−2

)Hnν+2k onto the next leading component (n − 1)Hnν+2 vanishes.

Proof We do this by induction on n ≥ 2. For n = 2 we have

Qν,ν
1 ( f ⊗ f ) = Cν,ν,k

(
1

ν
f ′(ξ) f (ξ) − 1

ν
f (ξ) f ′(ξ)

)

= 0.

Now assume it is true for H⊗n
ν . We consider H⊗(n+1)

ν = H⊗n
ν ⊗ Hν , the first tensor

factor is

H⊗n
ν =

∞⊕

k=0

(
n + k − 2

n − 2

)

Hnν+2k

and Q1 f ⊗n = 0. We look for the projection F := Q1 f ⊗(n+1) of f ⊗(n+1) onto the
nH(n+1)ν+2-isotypic component. It is obtained by

F = Qnν,ν
1 (Q0 f

⊗n ⊗ f ) + Qnν+2,ν
0 (Q1 f

⊗n ⊗ f ) = Q1(Q0 f
⊗n ⊗ f )

123



324 Page 26 of 35 R. van Haastrecht, G. Zhang

which furthermore is

F = Cν,nν,1

(
1

ν
f n(ξ) f ′(ξ) − 1

nν
n f ′(ξ) f n(ξ)

)

= 0,

completing the proof. ��

6.2 An ImprovedWehrl Inequality for the Unit Disc

Now we look at the projection onto the second factor Hnν+4 and obtain a stricter
inequality.

Theorem 6.2 We have the following improved Wehrl L2 − L2n inequality

∥
∥ f n

∥
∥2
nν,2 + 2ν2(ν + 1)2

(2ν + 3)(2ν + 4)

∥
∥
∥
∥

(
f ′′ f
(ν)2

− ( f ′)2

ν2

)

f n−2
∥
∥
∥
∥

2

nν+4,2
≤ ‖ f ‖2nν,2 . (20)

Proof We study the contribution to the component with highest weight Hnν+4 in the
tensor product f ⊗n . There is one contribution obtained from Qν,ν

2 ( f ⊗ f ) ∈ H2ν+4 ⊆
Hν ⊗ Hν and f ⊗(n−2),

f ⊗n �→
(
z �→ f n−2(z)Qν,ν

2ν+4( f ⊗ f )(z)
)

.

Here Qν,ν
2ν+4 is the projection

Qν,ν
2ν+4( f ⊗ f ) = ν(ν + 1)√

2(2ν + 3)(2ν + 4)
2

(
1

(ν)2
f ′′ f − 1

ν2
( f ′)2

)

=
√
2ν(ν + 1)√

(2ν + 3)(2ν + 4)

(
1

(ν)2
f ′′ f − 1

ν2
( f ′)2

)

.

Thus we obtain
√
2ν(ν + 1)√

(2ν + 3)(2ν + 4)

(
1

(ν)2
f ′′ f − 1

ν2
( f ′)2

)

f n−2 ∈ Hnν+4,

and

|| f ||2nν,2 ≥ || f n||2nν,2 + ||
√
2ν(ν + 1)√

(2ν + 3)(2ν + 4)

(
1

(ν)2
f ′′ f − 1

ν2
( f ′)2

)

f n−2||2nν+4,2,

completing the proof. ��
We note that the second summand in (20) is vanishing exactly when 1

(ν)2
f ′′ f −

1
ν2

( f ′)2 = 0, i.e.

( f − 1
ν )′′ = 0.
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The solutions are exactly (multiples of) the reproducing kernels Kw, as f (z) = (c1 +
c2z)−ν . We have thus found a stronger inequality and identified the minimizer for the
extra summand.

Appendix A Wehrl Inequality for Matrix Coefficients
of Representations of Compact Lie Groups

We have used the Wehrl-inequality for matrix coefficients of representations of com-
pact Lie groups in our proof of the inequality for non-compact Hermitian symmetric
spaces D = G/K . This inequalitywas stated in [26] for tensor powers V⊗n for general
n ≥ 2, referring further back to [2] for n = 2. However, the proof in [2] is incomplete.
The precise gap is that the maximizer is proved to be an eigenvector of one element in
the Cartan subalgebra but is claimed to be an eigenvector for the whole Cartan subal-
gebra. As we show below we do not actually need this fact, and the Cauchy-Schwarz
inequality is needed as a critical step.

We recall the Casimir operator. Let k be the Lie algebra of a compact semisimple Lie
group K , kC the complexification and κ the Killing form. Let {Ti } be an orthonormal
basis of ik. The Casimir element is

C =
∑

i

T 2
i

and it acts on a representation (Vτ , τ, K ) of K as

C =
∑

i

τ(Ti )
2.

If τ is irreducible with highest weight � then C acts on V� as the constant

〈� + ρ,� + ρ〉 − 〈ρ, ρ〉,
where ρ = 1

2

∑
α∈�+ α is the half-sum of the positive roots [11, Exercise 23.4]. (We

have chosen Ti to be a basis of ik so that each τ(Ti ) is self-adjoint andC non-negative.)
Recall further that if V�1 and V�2 are two finite-dimensional irreducible represen-

tations of a semisimple Lie algebra with highest weights �1 and �2 then

V�1 ⊗ V�2
∼=

⊕

�

V�, (21)

where � ≤ �1 + �2 and V�1+�2 appears exactly once in the decomposition. This is
clear from the weight space decomposition [11, Chapter 21].

Proposition A.1 (1) Let K be a compact Lie group and (τ�, V�) an irreducible
representation of highest weight �. Consider the irreducible decomposition

V⊗n
�

∼=
⊕

�′
m�′V�′
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and
v⊗n =

∑

�′
v�′ , v�′ ∈ m�′V�′

for v ∈ V� and n ≥ 2. We have v⊗n ∈ Vn� if and only if v = τ(k)v� for some
k ∈ K and a highest weight vector v�.

(2) For any unit vector v ∈ V� the following Wehrl inequality holds,

∫

K
|〈τ(k)v, v�〉|2ndk ≤ 1

dim(Vn�)
, (22)

where v� is a unit highest weight vector, and the equality holds if and only if
v = τ(k0)v� for some k0 ∈ K and some highest weight vector v�.

Proof Weprove the proposition only for compact semisimple Lie groups and it implies
the general result. We prove first that the second part is a consequence of the first one.
Indeed, let

Pn� : V⊗n
� → Vn�

be the projection. Then wn� = Pn�(v⊗n
� ) ∈ Vn� is a highest weight vector of unit

length and we have that P∗
n�Pn�(v⊗n

� ) = v⊗n
� , implying v⊗n

� ∈ Vn� ⊆ V⊗n
� , so

∫

K
|〈τ�(k)v, v�〉V� |2ndk =

∫

K
|〈(τ�(k)v)⊗n, v⊗n

� 〉V⊗n
�

|2dk

=
∫

K
|〈τn�(k)Pn�(v⊗n), w�〉Vn� |2dk = 1

dim(Vn�)
||Pn�(v⊗n)||2Vn�

.

This immediately implies the inequality in (22), and the equality holds if and only if
v = τ(k)v� for a highest weight vector v� as ||Pn�(v⊗n)||Vn� = ||Pn�(v⊗n

� )||n� = 1
implies for any unit vector v that v ∈ Vn� ⊆ V⊗n

� . It follows also that

∫

K
|〈τ(k)v, v�〉|2ndk ≤

∫

K
|〈τ(k)v�, v�〉|2ndk, (23)

with equality if and only if v = τ(k)v� for a highest weight vector v�.
We now prove the first part. It follows from (21) that Vn� ⊆ V⊗n

� with multiplicity
one, and that the other representations appearing in the decomposition of V⊗n

� have
lower highest weights. Thus the sufficiency of the claim is clear, and we prove the
necessity. We prove it first for n = 2, so we assume that v is a unit vector and
v ⊗ v ∈ V2�.

LetC = ∑
i T

2
i be theCasimir element as above. Fix a choice of aCartan subalgebra

h ⊆ k. Consider the decomposition

V� ⊗ V�
∼=

⊕
m�′V�′ ,
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the leading multiplicity being m2� = 1 and �′ ≤ 2�. Hence v ⊗ v ∈ V2� ⊆ V⊗2
� if

and only if

(τ� ⊗ τ�)(C)(v ⊗ v) = (〈2� + ρ, 2� + ρ〉 − 〈ρ, ρ〉)v ⊗ v. (24)

On the other hand

(τ� ⊗ τ�)(C) =
∑

i

(τ ⊗ τ)(Ti )
2 =

∑

i

(τ (Ti ) ⊗ I + I ⊗ τ(Ti ))
2

=
∑

i

τ(Ti )
2 ⊗ I + I ⊗ τ(Ti )

2 + 2τ(Ti ) ⊗ τ(Ti )

= τ(C) ⊗ I + I ⊗ τ(C) + 2
∑

i

τ(Ti ) ⊗ τ(Ti ).

Thus for any v,

(τ� ⊗ τ�)(C)(v ⊗ v) = 2(〈�+ρ,�+ρ〉− 〈ρ, ρ〉)(v ⊗ v)+ 2
∑

i

τ(Ti )v ⊗ τ(Ti )v.

(25)
Comparing (24) with (25) we find that v ⊗ v ∈ V2� if and only if

∑

i

τ(Ti )v ⊗ τ(Ti )v = 〈�,�〉v ⊗ v. (26)

By taking the first tensor factor we see that (26) implies

∑

i

〈τ(Ti )v, v〉τ(Ti )v = 〈�,�〉v. (27)

Note that τ(Ti ) is self-adjoint and thus this gives an element

∑

i

〈τ(Ti )v, v〉Ti ∈ ik.

By [12, Theorem 4.34] there is a k ∈ K such that

Ad(k)

(
∑

i

〈τ(Ti )v, v〉Ti
)

∈ ih ⊆ hC,

and thus

Ad(k)

(
∑

i

〈τ(Ti )v, v〉Ti
)

=
∑

j

a j Hj (28)
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where Hj is an orthonormal basis of ih w.r.t. the Killing form κ . Note that

∑

j

a2j = κ

⎛

⎝
∑

j

a j Hj ,
∑

j

a j Hj

⎞

⎠

= κ

(

Ad(k)

(
∑

i

〈τ(Ti )v, v〉Ti
)

,Ad(k)

(
∑

i

〈τ(Ti )v, v〉Ti
))

= κ

(
∑

i

〈τ(Ti )v, v〉Ti ,
∑

i

〈τ(Ti )v, v〉Ti
)

=
∑

i

〈τ(Ti )v, v〉2

=
〈
∑

i

(τ (Ti ) ⊗ τ(Ti ))(v ⊗ v), v ⊗ v

〉

= 〈�,�〉.

(29)

Applying τ(k) to (27) and using (28) we find that w := τ(k)v is an eigenvector of
τ(

∑
j a j Hj ),

τ

⎛

⎝
∑

j

a j Hj

⎞

⎠ w = 〈�,�〉w.

Decompose
w = τ(k)v =

∑
w�′ , 0 �= w�′ ∈ W�′

as sumofweight vectors under the decompositionV� = ⊕
W�′ intoweight subspaces

of hC. Now we get

〈�,�〉w = τ

⎛

⎝
∑

j

a j Hj

⎞

⎠ w =
∑

�′

⎛

⎝
∑

j

a j�
′(Hj )

⎞

⎠ w�′,

so that
∑

j a j�
′(Hj ) = 〈�,�〉. The Cauchy–Schwarz inequality and (29) imply

〈�,�〉 =
∑

j

a j�
′(Hj ) ≤

⎛

⎝
∑

j

a2j

⎞

⎠

1
2
⎛

⎝
∑

j

�′(Hj )
2

⎞

⎠

1
2

= 〈�,�〉 1
2 〈�′,�′〉 1

2 .

But 〈�′,�′〉 ≤ 〈�,�〉 with equality only for �′ = σ� for some element σ in the
Weyl group W by [12, Theorem 5.5]. So we find all w�′ = 0 unless �′ = σ� for
some σ ∈ W . Hence (by taking into account theWeyl group element σ ) there is k ∈ K
such that τ(k)v = w = w� is a highest weight vector.

Now we prove our claim for general n > 2, and we assume v is a unit vector,
v⊗n ∈ Vn�. Observe that v⊗n = v⊗2 ⊗ v⊗(n−2) ∈ V⊗2 ⊗V⊗(n−2) and the first factor
has a decomposition

v⊗2 =
∑

�′≤2�

v�′ ∈
⊕

�′≤2�

m�′V�′ . (30)
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For any �′ ≤ 2�, �′ �= 2� we have

V�′ ⊗ V⊗(n−2)
� =

∑

�′′
m(�′′)V�′′

with each�′′ < n�. Thus Vn� ⊥ V�′ ⊗V⊗(n−2)
� in V⊗n and in particular Pn�(v�′ ⊗

v⊗(n−2)) = 0. Therefore

Pn�(v⊗n) = Pn�

((
∑

�′
v�′

)

⊗ v⊗(n−2)

)

= Pn�(v2� ⊗ v⊗(n−2)).

This implies that

1 = ‖v⊗n‖ = ||Pn�(v⊗n)|| = ||Pn�(v2� ⊗ v⊗(n−2))|| ≤ ||v2�|| · ||v||n−2 = ||v2�|| ≤ 1.

Thus all other components v�′ in (30) vanish and v⊗2 = v2� ∈ V2�. This reduces to
the case n = 2 and completes the proof. ��

Appendix B Bounded Point Evaluations for Bergman Spaces of
Vector-Valued Holomorphic Functions

We prove that bounded point evaluations for our Bergman space of vector valued
holomorphic functions on D are given by points in D. This might be a known fact
for a larger class of Bergman spaces but we can not find some exact reference and we
present here an elementary proof.

Lemma B.1 Let u ∈ p+, 0 �= v0 ∈ V� be a fixed vector, and consider the evaluation
of polynomials p ∈ Pol(CN ) ⊗ V� ⊂ H�,

p �→ 〈p(u), v0〉τ .

It is bounded on the Hilbert space H� if and only if u ∈ D.

Proof Obviously the evaluation map is bounded if u ∈ D by the reproducing kernel
property, as

|〈p(u), v0〉τ | = |〈p, Kuv0〉H�
| ≤ ||Kuv0||H�

||p||H�
.

Now we prove the converse. Recall [19] that
∑r

j=1 R(e j + e− j ) ⊆ p is a maximal
Abelian subalgebra of p and if a(t) := exp(

∑r
j=1 t j (e j + e− j )) then

t �→ a(t) · 0 =
r∑

j=1

tanh t j e j
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in D = G/K . The space C
N is a disjoint union of D = {u | |u| < 1}, the boundary

∂D = {u | |u| = 1} and the complement D
c = {u | |u| > 1}. We assume first that

u ∈ ∂D and prove that the evaluation

p �→ 〈p(u), v0〉τ

is unbounded. By the K -equivariance we can assume that u = u1e1 + · · · + ur er ,
with u1 = 1 and 0 ≤ u j ≤ 1. Write x = x(t) = a(t) · 0 = ∑r

j=1 x j e, x j = x j (t) =
tanh t j , t j ≥ 0, as above. Now if {vs}s is an orthonormal basis of weight vectors for
V� with weights �s then [13]

τ(Ja(t)(0))v
s =

∏

j

(1 − x2j )
1
2�s (h j )vs .

As
B(g · 0, g · 0) = Jg(0)Jg(0)

∗,

we see that the reproducing kernel acts on vs as

K (x, x)vs = d�

∏

j

(1 − x2j )
�s (h j )vs .

By using K -equivariance we have the same is true for z1e1 + · · · + zr er ∈ D,
z1, . . . , zr ∈ C, namely

K (z, z)vs = d�

∏

j

(1 − |z j |2)�s (h j )vs .

As K (z, w) is holomorphic in the first coordinate and antiholomorphic in the second,
we see that if z = ∑r

j=1 z j e j , w = ∑r
j=1 w j e j ∈ D then

K (z, w)vs = d�

∏

j

(1 − z jw j )
�s (h j )vs .

We have also for 0 < δ < 1,

Kδw(z) = K (z, δw) = K (δz, w) = Kw(δz)

for any z, w ∈ D and that the function z �→ Kw(z)v has norm

||Kwv||2H�
= 〈K (w,w)v, v〉τ .

Thus the function

fδu : z �→ 〈K (δu, δu)v, v〉−
1
2

τ Kδu(z)v
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is of unit norm and can be analytically extended to a bigger set

Dε = {z ∈ C
N | d(z, D) < ε},

containing D where the distance d(z, D) is defined using spectral norm. Now we
choose a unit weight vector v = vs such that |〈vs, v0〉| > 0 and we get

|〈 fδu(u), v0〉τ | =
∣
∣
∣
〈
〈K (δu, δu)vs, vs〉−

1
2

τ Kδu(u)vs, v0

〉

τ

∣
∣
∣

= d
1
2
�

⎛

⎝
∏

j

(
1 − δ2|u j |2

)�s (h j )

⎞

⎠

− 1
2 ∏

j

(
1 − δ|u j |2

)�s (h j )|〈vs, v0〉τ |

= d
1
2
�

∏

j

(
1 − δ|u j |2

(1 − δ2|u j |2) 1
2

)�s (h j )

|〈vs, v0〉τ |.

Now by the Harish-Chandra condition in Theorem 3.2 we have that

�s(h1) < 1 − p ≤ −1.

Also, u1 = 1 so

lim
δ→1

1 − δ|u1|2
(1 − δ2|u1|2) 1

2

= lim
δ→1

1 − δ

(1 − δ2)
1
2

= 0.

It follows that

lim
δ→1

〈 fδu(u), v0〉τ = lim
δ→1

d
1
2
�

∏

j

(
1 − δ|u j |2

(1 − δ2|u j |2) 1
2

)�s (h j )

= ∞. (31)

Now the domain D is convex, so D and its closure D̄ are polynomially convex. It
follows by the Oka–Weil theorem [21, Theorem VI.1.5] that for every ε > 0 there are
V�-valued polynomials pk on C

N such that

sup
z∈D

|| fδu(z) − pk(z)||τ → 0, k → ∞.

By the dominated convergence theorem we then also have

‖pk‖2H�
→ ‖ fδu‖2H�

= 1, k → ∞.

We can then use (31) to prove that 〈p(u), v0〉τ is unbounded for polynomials p.
Finally we prove if u /∈ D then evaluation is unbounded. Clearly u

|u| ∈ ∂D where
|u| is the spectral norm. Let M > 0 be arbitrarily large. By the previous result for u

|u|
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there is a polynomial p = pM such that ||p|| < 2 and 〈p( u
|u| ), v0〉τ > M . Denote

q(z) = p( z
|u| ). Then for z ∈ D

||q(z)||τ =
∥
∥
∥
∥p

(
z

|u|
)∥

∥
∥
∥

τ

=
〈
p, K z

|u|
q(z)

||q(z)||τ
〉

H�

≤ ||p||H�

∥
∥
∥K z

|u|

∥
∥
∥H�

.

This must be bounded as ||p|| ≤ 2 and z �→ ||K z
|u| || is bounded on D as |u| > 1.

Thus ||q|| is also bounded irrespective of M . However,

〈q(u), v0〉 > M,

so evaluation in u is unbounded. This completes the proof. ��
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