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 a b s t r a c t

The lid-driven cavity (LDC) problem is a canonical benchmark for incompressible flow. Owing to the corner 
boundary discontinuities, multiscale vortical structures, possible multiplicity of steady solutions, and the change 
of flow properties at different Reynolds numbers, LDC provides a stringent test for numerical methods. This re-
view surveys the application of physics-informed neural networks (PINNs) to LDC. The literature is organized 
around four main classes of design choices, namely LDC formulation for PINNs, PINNs architecture, optimiza-
tion and training strategy, and loss function, evaluation, and some selected results. Within each class, the review 
examines the literature, then presents insights drawn from the reviewed studies and introduces the open ques-
tions and suggestions for future research associated with each design aspect. The review indicates that transfer 
learning, domain decomposition, special training strategies, discretization-based residual evaluation, and opti-
mization modifications can be interpreted as a spectrum of approaches that differ in implementation difficulty 
and resource requirements when improving PINNs performance on LDC. Furthermore, the review shows that 
comparisons across studies remain difficult because architectures, boundary treatments, and evaluation metrics 
vary widely, while ablation studies are often lacking.

1.  Introduction

Modeling incompressible flow is essential for understanding a wide 
range of natural and engineered systems. Benchmark problems in this 
field serve not only as validation tools for numerical solvers but also 
as stepping stones for developing new computational methods. Among 
these benchmarks, the lid-driven cavity problem (LDC) is widely rec-
ognized due to its simple geometry and rich flow features, including 
boundary layers, secondary vortices, turbulence and pressure gradients, 
which cover almost all the features that incompressible flow can repre-
sent [1]. Further, LDC has a closed domain, which facilitates stringent 
verification of mass conservation [2]. This problem also has significant 
practical importance, as it exists in short-dwell and flexible blade coaters 
and mixing technologies [3,4]. LDC has been solved in both 2D [5] and 
3D [6] configurations. This problem has also been explored experimen-
tally by involving a small amount of throughflow to the system [3]. 
The problem can be defined as single-LDC, which has only one moving 
wall [7], and double-LDC (also called two-sided LDC) [8] where two 
walls move in opposite directions.
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Despite its simple geometry, LDC exhibits nontrivial dynamics and 
remains challenging for numerical modeling. The governing equations 
are nonlinear and coupled through the incompressibility constraint, so 
any numerical method must satisfy momentum balance and mass con-
servation simultaneously. A further difficulty is the discontinuity in the 
boundary condition at the top corners of the domain [9], where the 
horizontal velocity component decreases abruptly from a nonzero value 
along the moving wall to zero on the adjacent stationary walls. At higher 
Reynolds numbers, the flow may also develop thin boundary layers, 
secondary vortices, and multiple steady solutions [10,11], which in-
crease sensitivity to discretization, initialization, and solution strategy. 
Together, these features make LDC a stringent and informative bench-
mark for numerical methods.

Physics-informed neural networks (PINNs) have emerged as a pow-
erful framework for solving partial differential equations [12], to iden-
tify parameters [13], and to assimilate data [14]. This development 
builds on decades of research on neural network approaches to differ-
ential equations dating back to the 1990s [15]. By embedding the gov-
erning equations, boundary conditions, and initial conditions into the 
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$N$


$\mathcal {L}_{\text {BC}}$


$N_b$


$\{{\bf x}_j^b\}_{j=1}^{N_b}$


\begin {equation}\mathcal {L}_{\text {BC}}(\boldsymbol {\theta }) = \frac {1}{N_b} \sum _{j=1}^{N_b} \left (r_b({\bf x}_j^b)\right )^2. \label {Xeqn6-6}\end {equation}


$N_i$


$\{{\bf x}_j^i\}_{j=1}^{N_i}$
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Fig. 1. Overview of the topics covered in this review on PINNs for LDC.

loss function of neural networks, PINNs enable mesh-free computations
[16].

LDC is particularly valuable for assessing PINN methods because it is 
simple to formulate but challenging to solve accurately with neural net-
works. This is evident from the growing number of studies summarized 
in Table 1. However, despite the large number of individual studies, 
there is still no dedicated review of PINN methods for LDC. The aim of 
the present study is therefore to identify the current state of the art in 
this area. As illustrated in Fig. 1, we organize the main design choices in 
PINN-based LDC modeling into four groups, namely LDC formulation for 
PINNs, neural network design, optimization and training strategy, and 
loss function design. We then compare the existing literature through 
this framework in order to clarify the main trends, strengths, and unre-
solved challenges. The term LDC in the paper refers to 2D steady LDC, 
unless otherwise stated.

2.  Physics-informed neural network and the review methodology

PINNs can approximate unknown fields using neural networks and 
enforce governing equations by penalizing residuals computed via au-
tomatic differentiation (AD). A schematic workflow of a basic PINN is 
shown in Fig. 2. In this framework, the solution map is represented as
𝑓𝜽 ∶ ℝ𝑑in → ℝ𝑑out , 𝐱 ↦ 𝐮(𝐱), (1)

where 𝜽 denotes trainable parameters, 𝐱 represents the input coordi-
nates (e.g., spatial and temporal variables), and 𝐮 represents the solu-
tion fields. For a set of 𝑁 interior training points {𝐱𝑖}𝑁𝑖=1, the network is 
evaluated in batch as

𝐗 =
⎡

⎢

⎢

⎣

𝐱𝑇1
⋮
𝐱𝑇𝑁

⎤

⎥

⎥

⎦

∈ ℝ𝑁×𝑑in , 𝐹𝜽(𝐗) =
⎡

⎢

⎢

⎣

𝐮𝑇1
⋮
𝐮𝑇𝑁

⎤

⎥

⎥

⎦

∈ ℝ𝑁×𝑑out , (2)

where 𝐮𝑖 = 𝑓𝜽(𝐱𝑖). Derivatives required by the governing equations (e.g., 
𝜕𝐮∕𝜕𝐱, 𝜕2𝐮∕𝜕𝐱2) are computed by differentiating network outputs with 
respect to the input coordinates. Unlike numerical differentiation on a 
discrete grid, AD utilizes the computational graph of the neural network 
to apply the chain rule iteratively.

For a general non-linear partial differential equation defined on the 
domain Ω, the PDE residual is defined via a general differential operator 
 [⋅] on Ω. The residual 𝑟𝑓 (𝐱) is given by
𝑟𝑓 (𝐱) =  [𝐮](𝐱) 𝐱 ∈ Ω. (3)

Also, a boundary operator  with prescribed data 𝑔 defines the 
boundary residual 𝑟𝑏 on the boundaries 𝜕Ω. This residual is given by
𝑟𝑏(𝐱) =  [𝐮](𝐱) 𝐱 ∈ 𝜕Ω. (4)

Ideally, the exact solution satisfies 𝑟𝑓 (𝐱) = 0 in Ω and 𝑟𝑏(𝐱) = 0 on 
the boundaries. For time-dependent problems, it also satisfies the initial-

condition residual 𝑟𝑖(𝐱) = 0 at the initial time. The PINN framework en-
forces these constraints by minimizing the mean squared error (MSE) of 
the residuals over the corresponding collocation points. The PDE loss is 
defined as

PDE(𝜽) =
1
𝑁

𝑁
∑

𝑖=1

(

𝑟𝑓 (𝐱𝑖)
)2, (5)

where 𝑁 is the number of collocation points in the domain. The bound-
ary loss BC is evaluated at a set of 𝑁𝑏 boundary points {𝐱𝑏𝑗}

𝑁𝑏
𝑗=1 where 

Dirichlet or Neumann conditions are known, as

BC(𝜽) =
1
𝑁𝑏

𝑁𝑏
∑

𝑗=1

(

𝑟𝑏(𝐱𝑏𝑗 )
)2
. (6)

For unsteady problems, the initial-condition loss is evaluated at 𝑁𝑖
points {𝐱𝑖𝑗}

𝑁𝑖
𝑗=1 at the initial time, as

IC(𝜽) =
1
𝑁𝑖

𝑁𝑖
∑

𝑗=1

(

𝑟𝑖(𝐱𝑖𝑗 )
)2
. (7)

If experimental data, numerical reference data, or sparse measurements 
are available, a data loss, data(𝜽), can also be included.

The total loss function, total, is then formulated as a weighted sum 
of these components, as
total(𝜽) = 𝑤PDEPDE(𝜽) +𝑤BCBC(𝜽) +𝑤ICIC(𝜽) +𝑤datadata(𝜽), (8)

where 𝑤PDE, 𝑤BC, 𝑤IC, and 𝑤data are non-negative hyperparameters that 
balance the contributions of the governing equations, boundary condi-
tions, initial conditions, and data constraints. Terms that are not relevant 
to a given problem, such as IC for a steady-state formulation or data
when no data are available, are omitted. Finally, the optimal network 
parameters are obtained by minimizing the total loss, as
𝜽∗ = argmin

𝜽
total(𝜽). (9)

The optimization is typically performed using gradient-based optimiz-
ers. Further details on PINNs can be found in reviews [91,92] and ref-
erences within them.

2.1.  Review methodology

The literature considered in this review was identified through struc-
tured searches of Scopus, Web of Science, and Google Scholar, supple-
mented by backward and forward citation tracking. The search covered 
relevant studies published up to May 2026 and used broad combinations 
of terms related to physics-informed neural networks and lid-driven cav-
ity flow. Studies were included when they applied PINNs to the lid-
driven cavity problem. Studies were excluded when they addressed con-
ventional CFD without a direct connection to physics-informed learning 
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Table 1 
Application of PINN for LDC in the literature.

 Study  Re  Data  Optimizer  Epochs
Activation
function

Collocation
points  Network

 Lid velocity treatment (soft and hard)
 Służalec et al. [17]  1, 10, 100, 1000  No  –  up to 1.0 × 105  –  –  MLP

 McDevitt et al. [18]

100, 400, 1000,
2500, 5000,
7500, 10000,
12500, 15000,
17500, 20000,

21000  Yes/No
Adam +
L-BFGS-B

2.15 × 105-
8.0 × 105  tanh

5 × 104

2.5 × 105  MLP
 Pal et al.𝐏 [19]  100, 400, 1000  No  Adam 3.0 × 105  swish 1.0 × 104

modified
MLP

 Chen et al. [20]  –  No  Adam 8.0 × 104  tanh
5.12 × 102−
4.096 × 103

modified
MLP

 Lin et al. [21]
1000, 2000,
3000, 5000 No  Adam

8.0 × 104-
2.5 × 105

tanh,
ReLU 961 − 10201

MLP+
DeepONet

Sababha et al. [22] 25, 500, 5000  No
Adam

+ L-BFGS-B  –  tanh 4.0 × 104 MLP
 Li et al. [23]  100  No  Adam 2.0 × 104  tanh ≈ 5.2 × 103  MLP
 Lou et al. [24]  100  No

Adam +
L-BFGS-B > 1.0 × 105  tanh 46058

modified
MLP

 Hao et al. [25]  100  No

Adam,
L-BFGS,

MultiAdam 2.0 × 104 1.024 × 104  MLP
 Ding et al. [26]  100  No

Adam +
L-BFGS 1.2 × 104 103  MLP

 Urbán et al. [27]  1000  No
BFGS,

self-scaled
Broyden 2.0 × 104  tanh 2.5 × 104  MLP

 Shukla et al. [28] 400, 2000  No  Adam
4.0 × 105−
9.0 × 105  tanh

1.0 × 104−
2.0 × 104

MLP,
KAN

 Inclusion of data points
 Geng et al. [29]  100  Yes  Adam 4.0 × 105  –  –  MLP
 Sun et al. [30]  100, 400, 1000  Yes  Adam 1.0 × 104  – 2.601 × 103

modified
MLP

Satyadharma
et al. [31]

100, 200, 500,
1000, 2000, 5000  Yes

Adam +
L-BFGS-B > 4.0 × 104  tanh < 2.5 × 105  MLP

 Bai et al. [14] 100  Yes/No  –  –  sine

random
sampling
with Latin
hypercube

modified
PINN

 Feng et al. [32]
100, 400,
1000, 5000  Yes

Adam +
L-BFGS > 3.0 × 105 1.0 × 104  MLP

 Liu et al. [33] 100  Yes  – 3.0 × 105  –  –
modified
MLP

 Pandey et al. [34]  100, 400  Yes  Adam 1.0 × 104  tanh 4.2 × 104
modified
MLP

 Jangir et al.𝐏 [35]

10, 30, 50, 80,
100, 150, 200,
250, 300, 400,
500, 600, 700,
800, 900, 1000,
1200, 1500,

2000  Yes/No
Adam +
L-BFGS

5.0 × 104-
5.0 × 105  tanh

3.3 × 103,
5.2 × 103,
1.17 × 104  MLP

 Ba et al. [36]
400, 1000,
3200 Yes/No  – 5.0 × 104  tanh 1.1 × 104

modified
MLP

 Zou et al. [37]  –  Yes  Adam 2.0 × 105  tanh 9.801 × 103
modified
MLP

 Domain decomposition

 Jagtap et al. [38] 100  No  Adam 4.5 × 106
adaptive
tanh ≈ 4.17 × 104  MLP

 Shukla et al. [39] 100  No  Adam  –  tanh
various

distributions  MLP
 Gu et al. [40]  100, 400  No

Adam +
L-BFGS-B 3.0 × 104  tanh 1.268 × 104

modified
MLP

Khademi and
Dufour [41]  100  No  Adam

≲ 1.2 × 104 -
≳ 3.5 × 104  tanh

≈ 5.4 × 103

2.08 × 104
modified
MLP

 Qian et al.𝐏 [42]  100  Yes  Adam 1.2 × 104  tanh 5.0 × 103
modified
MLP

 Roy et al.𝐏 [1]  400, 1000  No  L-BFGS
up to
2 × 105  tanh

6.25 × 102-
9 × 104  MLP

 Pan and Xiao [43]  100–300  Yes  Adam
5.0 × 103-
1.5 × 104  tanh 1.0201 × 104  MLP

Note: 𝐏 denotes a preprint. Unmarked entries are non-preprint sources, including journal articles, conference papers, and theses.
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Table 1 
Continued.

 Study  Re  Data  Optimizer  Epochs
Activation
function

Collocation
points  Network

 Less common activation functions

 Xiong et al. [44]
1000, 2500,

4000  No  L-BFGS
9.0 × 103-
1.0 × 104 learnable AF  –

MLP,
KAN

Khademi and
Dufour [45]  100, 3200 Yes/No  Adam 8 × 103

tanh,
adaptive sine

4.5 × 103−
8.0 × 103  MLP

 Zhou et al.𝐏 [46]  –  Yes  Adam 5.0 × 104 Mish, tanh  –
modified
MLP

 Zhang et al. [47]  100  No  Adam 2.0 × 104  swish 1.6641 × 104 MLP

 Chiu et al.𝐏 [48]
400, 3200,
7500, 10000,

20000  No  Adam
5.0 × 104

to 1.0 × 105  swish
1.0 × 104-

6.5536 × 104
modified
MLP

 Gao et al. [49]  100  No  Adam 3.3 × 104  ReLU
441 velocity
+121 pressure

PI-GGN/
GCN

 Chen et al. [50]  100, 300, 600  No  Adam 2.0 × 104  swish  –  MLP
 Yang et al. [51]  100, 500  No  Adam

2.0 × 104−
1.0 × 105  swish

1.15 × 103−
4.8 × 104  MLP

 Loss calculation novelties

 Wei et al. [52]
100, 400,
1000  No  L-BFGS 1.5 × 106  tanh

1.7184 × 104−
6.6336 × 104  MLP

 Wei et al. [53]  1000, 3200  No  L-BFGS
up to

1.5 × 106  tanh 4.74 × 104
modified
MLP

 Wei et al. [54]

100, 400,
1000, 3200,
5000, 7500,

10000  No  Adam 5.0 × 104  swish
2.601 × 103−
6.5536 × 104

modified
MLP

 Jiang et al. [55]
100, 1000,
5000, 10000  Yes

Adam+
L-BFGS-B

1.0 × 105

2.0 × 105  tanh
2.601 × 103

1.0201 × 104  MLP
Vasheghani Farahani

et al. [56]
1000,
3200  No

Adam,
L-BFGS 5.0 × 105

adaptive
tanh 1.0201 × 104

modified
MLP

 Służalec et al.𝐏 [57]  –  No  Adam 2.5 × 104  – ≈ 2.5 × 103  MLP
 Abda et al. [58]  100  No

Adam
+L-BFGS 8.9 × 105  tanh 121 × 121  MLP

 Ranade et al. [59]
1000, 2500,

5000  No  Adam 3 × 104  tanh 643

CNN-based
encoder and
decoder

 Wei et al.𝐏 [60]  10000, 20,000  No  Adam 1.0 × 105  swish 258 × 258
modified
MLP

 Gradient-flow pathology

 Wang et al. [61]  100  No  Adam 4.0 × 104  tanh  –
modified
MLP

 Wang et al.𝐏 [62]
100, 400,
1000, 3200  No  Adam

5.0 × 104-
5.0 × 105  tanh

8.192 × 103
(mini-batch)

modified
MLP

 Wang et al. [63]
100, 400,
1000, 1600,

3200  No  Adam
1.0 × 104,
5.0 × 105  tanh 4.096 × 103  PirateNet

 Wang et al. [64]  5000  No

Adam,
Kron,
Muon,
SOAP 2.0 × 105  tanh  8192  PirateNet

Cohen Tillberg
and Ingerskog [65]  100  No  Adam 2.0 × 105  tanh 2.2 × 104  MLP
 Li and Feng [66]  100  No  Adam 3.2 × 104  tanh 1.3 × 104  MLP
 Wang et al.𝐏 [67]  5000  No

Adam,
SOAP 105  tanh 4.096 × 103  PirateNet

 Niu et al. [68]  100  No  Adam 4.0 × 104  tanh 6.4 × 102
modified
MLP

 Feature layer embedding

 Wong et al. [69]  400  Yes  Adam 2.0 × 104
tanh, sine,
sigmoid 2.704 × 103  MLP

 Chiu et al. [70]

400
(forward &
inverse),

1000 (inverse)  No Adam
2.0 × 105−
2.0 × 106  sine

2.601 × 103-
4.0401 × 104  MLP

Biswas and
Anand [71] 10, 50, 100  No

Adam +
L-BFGS

3.0 × 104
+ 600 tanh 1.55 × 105

modified
MLP

 Tsai et al. [72]
400, 1000,
2000, 3200,

5000  No  Adam
1.11297 × 105-
1.207382 × 106  swish

8.695 × 103-
1.9335 × 104

modified
MLP

 Hu and Senocak𝐏 [2]
2500, 5000,

7500  No  L-BFGS 105  tanh 2.1024 × 104
modified
MLP

Note: 𝐏 denotes a preprint. Unmarked entries are non-preprint sources, including journal articles, conference papers, and theses.
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Table 1 
Continued.

 Study  Re  Data  Optimizer  Epochs
Activation
function

Collocation
points  Network

 Unsteady LDC
 Zhang et al. [73]  –  No  Adam 105  tanh, swish 212 − 224  DFS-PINN
Khadijeh
et al. [74]  –  No  Adam 3.0 × 105  tanh 1.0 × 103  MLP

Farea et al. [75]  100  No  Adam 6.0 × 104

tanh (FNN),
learnable
swish+
B-spline
(KAN)  –

MLP,
KAN

 Tan et al. [76]
100, 400,
1000  Yes

Adam+
L-BFGS-B > 3.0 × 104  tanh

4.0 × 103-
1.4 × 105  MLP

 Kumar et al.𝐏 [77] User-specified / configurable framework
 Not-square geometry

 Takao and Ii [78]
50, 100,
160, 200  Yes  Adam 5.0 × 105  tanh 1.681 × 103

modified
MLP

 Kiyani et al. [79]  –  No

Adam,
Adam+SSBFGS,

Lion,
AdaBelief,

Adam+Nonlinear CG ≲ 5.0 × 105  tanh 1.2 × 105 MLP

 Jnini et al.𝐏 [80]  –  No

Adam,
Adam+SSBFGS,

SOAP,
SOAP+SSBFGS,
SOAP+SSBroyden ≲ 5.2 × 105  tanh 1.2 × 105 MLP

 Solution multiplicity

 Wang et al.𝐏 [7]
2000, 3000,

5000  Yes  Adam
2.5 × 105-
3.0 × 106  tanh

4.0 × 104-
8.0 × 104  MLP

 Zou et al. [81]  –  No  Adam 6.0 × 104  tanh 6.0 × 104  MLP

 Zheng et al. [82]
100,

1000 − 50000,
100000 Yes/No Adam 2.0 × 104  tanh

250 × 250
500 × 500

modified
MLP

 He et al. [83]  1000  No  Adam 6.0 × 105  – 4.126 × 104  MLP
 Miscellaneous

 Feng et al. [84]
100, 400,
1000  No  Adam 8.0 × 104  tanh 2.5 × 104

modified
MLP

Kumar and
Ranjan [85]  100  No Adam+L-BFGS > 3.0 × 104  tanh 1.04 × 104  MLP
Srinivasan
et al.𝐏 [86]  –  No  Adam  –  – 4.922 × 103  MLP
Cao and

Zhang𝐏 [87]
100, 250,
500, 1000,
2500, 5000  No  L-BFGS

9.0 × 104-
1.5 × 106  tanh 2.2 × 104  MLP

Karnakov
et al. [88]  100, 1000  No  L-BFGS-B 5.0 × 105  – 1.04 × 104  MLP
Cao and

Zhang [89]  2500  No  Adam ≈ 5.0 × 105  tanh 4.0 × 104  MLP
 Barman et al.𝐏 [90]  100  No  L-BFGS 2.0 × 103

learnable
sine  –  PhysicsFormer

Note: 𝐏 denotes a preprint. Unmarked entries are non-preprint sources, including journal articles, conference papers, and theses.

Fig. 2. Basic PINN workflow.
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Fig. 3. Different geometries used for studying LDC via PINNs.

or considered cavity configurations outside the scope of the review, du-
plicated another version of the same work, or were unavailable in full 
text. When both preprint and peer-reviewed versions were available, the 
published version was used. The selected studies were then compared to 
identify methodological trends, reported performance, limitations, and 
research gaps.

Since physics-informed machine learning is a rapidly developing 
field, some recent and directly relevant studies were available only as 
preprints at the time of the review. These sources are explicitly iden-
tified in the reference list and in Table 1. Findings based on preprint 
studies should be regarded as preliminary and interpreted with appro-
priate caution when considering the insights, comparisons, and research 
directions presented in this review.

3.  LDC formulation for PINNs

LDC is a canonical benchmark for incompressible viscous flow in a 
bounded domain. As shown in Fig. 3, the geometry of the 2D computa-
tional domain can vary. However, in most cases, the computational do-
main is a square cavity enclosed by solid walls on all sides. The vertical 
and bottom walls remain stationary, while the top wall (the lid) moves 
tangentially at a constant velocity of 𝑢. The motion of the top wall in-
duces a strong shear layer near the top boundary, which propagates into 
the interior. As shown in Fig. 4, a large primary vortex develops in the 
center, accompanied by secondary vortices in the lower corners, whose 
size and structure depend on the Reynolds (Re) number. The Re number 
is usually defined as Re = 𝑢𝐻∕𝜈, where 𝐻 is the cavity height and 𝜈 is 
the kinematic viscosity. Fig. 4 also shows how the size and location of 
vortices vary with the change of Re number. As Re number increases, 
the secondary vortices become stronger, and new vortices also appear. 
The location of minimum and maximum pressure throughout Re number 
variation is also shown in Fig. 5.

A 2D LDC flow remains steady at Re < 7000 [22] or Re < 8000 [5], 
and for 3D LDC this threshold is Re < 3000 [59]. Also, by the increase 

of Re number, the convective transport dominates the diffusive terms of 
the Navier-Stokes equation, and sharp velocity and vorticity gradients 
emerge, which affects the accuracy of PINN prediction [35]. Despite 
this, Wei et al. [54] showed that their PINN solved LDC up to Re =
10000 with a steady 2D PINN model. Table 1 shows that LDC has been 
modeled with PINN up to Re = 50000. The distribution of Re studied in 
the literature is shown in Fig. 6.

Although most papers on LDC with PINNs have solved the problem 
as a steady 2D problem, some studies have solved it as a 3D steady 
problem [54,69] or 2D unsteady problem [54,73–76]. For example, Wei 
et al. [54] solved it as an unsteady 2D problem at Re = 400 and a steady 
3D problem at Re = 1000, and in both cases they obtained reasonable 
accuracy, although extending the problem to three spatial dimensions 
led to a reduction in accuracy.

3.1.  Governing equations

An overview of the different governing equations that have been 
used to model LDC with PINN is presented in Table 2, and the references 
that employed them are shown in Fig. 7. The graphical convention used 
in these schematic comparison diagrams in this paper is that citations in-
side boxes denote studies that used the corresponding method, while ci-
tations on arrows denote studies that compared the connected methods. 
Green arrows point toward the better-performing method, whereas red 
arrows point toward the underperforming method in the cited compar-
ison. As can be seen, not all governing equations have been compared, 
which highlights the need for more studies in this regard.

The Navier-Stokes equations are usually used as governing equations 
for LDC. The common formulation of these equations relates velocity 
and pressure. Jin et al. [93] call this formulation the velocity–pressure 
(𝑉 𝑃 ) formulation. An alternative formulation is vorticity-velocity (𝑉 𝑉 ) 
formulation for modeling incompressible fluid flows [93]. The general 
formulation of Navier-Stokes equations and also the steady-state 2D for-
mulation of these equations are presented in Table 2. The majority of 
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Fig. 4. Schematic illustration of vortices at different Re numbers, inspired by the streamlines presented in the literature [54,55].

Fig. 5. Schematic illustration of the effect of increasing Re number on the pressure field in LDC. The pressure maximum remains anchored near the top-right corner, 
whereas the pressure minimum shifts from the upper-left region at low Re number to the core of the primary vortex at high Re number, based on the study of McDevitt 
et al [18] and Hu and Senocak [2].

studies on LDC with PINN have been done with the 𝑉 𝑃  formulation of 
the Navier-Stokes equations. After presenting promising results by using 
the 𝑉 𝑉  formulation for incompressible flows [93], some studies on LDC 
adopted 𝑉 𝑉  instead of 𝑉 𝑃 , including Chen et al. [50] in Re number up 
to 600 and Tsai et al. [72] up to Re = 5000. To the best of our knowl-
edge, there is no comparison between the 𝑉 𝑃  and 𝑉 𝑉  formulations for 
modeling LDC with PINN.

The 𝑉 𝑃  formulation of the Navier-Stokes equation has been fur-
ther explored to improve the results of LDC with PINN. Hu and Seno-
cak [2] explained that the 𝑉 𝑃  formulation is fine for high Re num-
bers given supplemental data be used for the training. Khademi and 
Dufour [41] and Gu et al. [40] employed a scalar streamfunction, 𝜓 , 
defined through 𝑢 = 𝜕𝜓∕𝜕𝑦 and 𝑣 = −𝜕𝜓∕𝜕𝑥. These relations satisfy the 
continuity equation identically and, together with pressure, form the 
streamfunction–pressure (𝜓𝑃 ) formulation. Gu et al. [40] compared the 
regular 𝑉 𝑃  and the 𝜓𝑃  formulations at Re = 100 (with domain decom-
position) and indicated that the 𝜓𝑃  formulation had better performance 
in terms of 𝐿2 error. However, still they stated that the results of the 
𝜓𝑃  formulation also were not satisfactory, which necessitates the ad-
justment of the network’s architecture and using transfer learning for 
higher Re number. McDevitt et al. [18] showed that both formulations 
predicted the flow adequately at Re=100 and 400, whereas the 𝜓𝑃  for-
mulation achieved substantially better accuracy at Re=1000. In their 

formulation, substituting the streamfunction-based velocity definitions 
into the steady two-dimensional momentum equations while retaining 
pressure produces the third-order derivatives of 𝜓 shown in Table 2. 
McDevitt et al. attributed the improved performance to the exact en-
forcement of incompressibility through the 𝜓𝑃  formulation. It can be 
concluded that the 𝜓𝑃  formulation outperforms the 𝑉 𝑃  formulation for 
LDC. However, it must be noted that the 𝜓𝑃  formulation is limited to 
2D flows [2]. According to Lin et al. [21], modeling LDC with PINN 
with the 𝜓𝑃  formulation demands fewer collocation points and training
epochs.

As shown in the viscosity-enhanced steady-state 2D formulation row 
of Table 2, the basic 𝑉 𝑃  form of the Navier–Stokes equations can be 
modified by adding an eddy viscosity, 𝜈𝐸 , to the momentum equations. 
The auxiliary relations in the last two lines of viscosity-enhanced steady-
state 2D formulation row in Table 2 define how this additional viscosity 
is parameterized in the cited approaches. This improves PINN accuracy 
for LDC by helping capture high-frequency flow features [83]. However, 
as mentioned in Table 2, in that case additional equations must also be 
satisfied. Wang et al. [7] and He et al. [83] stated this equation in two 
different forms as presented in Table 2. Adding eddy viscosity to the 
formula is claimed to facilitate the use of PINNs for modeling LDC at 
higher Re number [2]. With this method, He et al. [83] modeled LDC 
up to Re=1000, and Wang et al. [7] reached up to Re=5000.
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Fig. 6. Number of papers for each Re based on Table 1. Numbers in brackets denote the corresponding references.

As summarized in Table 2, the Navier–Stokes equations and their de-
rived formulations are not the only governing-equation constraints used 
for LDC problems in PINNs. Lou et al. [24] and Bai et al. [14] instead 
used a Boltzmann-BGK formulation, in which the primary variable is the 
particle distribution function 𝑓𝑖 associated with discrete lattice veloci-
ties, rather than the macroscopic variables (𝑢, 𝑣, 𝑝) directly. The velocity, 
density, and pressure fields are then recovered from moments of 𝑓𝑖. Both 
Lou et al. [24] and Bai et al. [14] applied the Boltzmann-BGK formula-
tion to model the LDC problem at 𝑅𝑒 = 100.

The steady incompressible Stokes system has also been used to model 
LDC [57,79,80,86], given by
−∇2𝐮 + ∇𝑝 = 𝟎, ∇ ⋅ 𝐮 = 0. (10)

Taking the curl of the momentum equation removes the pressure since 
∇ × (∇𝑝) = 𝟎, giving ∇2𝜔 = 0 for the scalar vorticity 𝜔 = 𝜕𝑥𝑣 − 𝜕𝑦𝑢. In-
troducing a streamfunction 𝜓 via 𝑢 = 𝜓𝑦 and 𝑣 = −𝜓𝑥 satisfies incom-
pressibility automatically, and with 𝜔 = −∇2𝜓 we obtain the biharmonic 
equation, shown in Table 2.

Another consideration concerning governing equations in modeling 
LDC is the non-dimensionality. Jiang et al. [55] stated that dimension-

less governing equations are preferred, and some others also have used 
these non-dimensional formulations [18–21,25,30,32–35,39,54,58,61,
63,68,70,82,85,87,89].

Insights from the literature. The literature indicates that, within Navier-
Stokes-based PINN models for LDC, the 𝜓𝑃  formulation has been re-
ported to improve accuracy relative to the standard VP form, which 
highlights the importance of satisfying the divergence-free constraint in 
LDC. Using the 𝜓𝑃  formulation, despite its benefits, imposes more com-
putational cost per training epoch, as a higher-order derivative must 
be computed. Viscosity-enhanced formulations also appear to improve 
robustness and accuracy, especially at higher Re number. In addition, 
non-dimensional governing equations are generally recommended.

Room for further research. An important direction for future research is 
to draw on the extensive literature on incompressible-flow treatment in 
conventional numerical methods. One example is the addition of eddy 
viscosity to the momentum equations. These ideas could be adapted 
to the PINN framework for LDC. More broadly, they could also bene-
fit PINN formulations for incompressible flows. In addition, the limited 
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Table 2 
Representative governing-equation formulations for LDC.
 Case 𝑉 𝑃 formulation 𝑉 𝑉  formulation
 General formulation 𝜕𝐮

𝜕𝑡
+ (𝐮 ⋅ ∇)𝐮 = −∇𝑝 + 1

𝑅𝑒
∇2𝐮

∇ ⋅ 𝐮 = 0

𝜕𝝎
𝜕𝑡

+ ∇ × (𝝎 × 𝐮) = − 1
𝑅𝑒

∇ × ∇ × 𝝎

∇2𝐮 = −∇ × 𝝎

 Steady-state 2D formulation 𝑢 𝜕𝑢
𝜕𝑥

+ 𝑣 𝜕𝑢
𝜕𝑦

= −
𝜕𝑝
𝜕𝑥

+ 1
𝑅𝑒

(

𝜕2𝑢
𝜕𝑥2

+ 𝜕2𝑢
𝜕𝑦2

)

𝑢 𝜕𝑣
𝜕𝑥

+ 𝑣 𝜕𝑣
𝜕𝑦

= −
𝜕𝑝
𝜕𝑦

+ 1
𝑅𝑒

(

𝜕2𝑣
𝜕𝑥2

+ 𝜕2𝑣
𝜕𝑦2

)

𝜕𝑢
𝜕𝑥

+ 𝜕𝑣
𝜕𝑦

= 0

𝑢 𝜕𝜔
𝜕𝑥

+ 𝑣 𝜕𝜔
𝜕𝑦

= 1
𝑅𝑒

(

𝜕2𝜔
𝜕𝑥2

+ 𝜕2𝜔
𝜕𝑦2

)

𝜕2𝑢
𝜕𝑥2

+ 𝜕2𝑢
𝜕𝑦2

= − 𝜕𝜔
𝜕𝑦

𝜕2𝑣
𝜕𝑥2

+ 𝜕2𝑣
𝜕𝑦2

= 𝜕𝜔
𝜕𝑥

𝜔 = 𝜕𝑣
𝜕𝑥

− 𝜕𝑢
𝜕𝑦

𝜓𝑃 formulation
𝜕𝜓
𝜕𝑦

𝜕2𝜓
𝜕𝑥 𝜕𝑦

−
𝜕𝜓
𝜕𝑥

𝜕2𝜓
𝜕𝑦2

= −
𝜕𝑝
𝜕𝑥

+ 1
𝑅𝑒

(

𝜕3𝜓
𝜕𝑥2 𝜕𝑦

+
𝜕3𝜓
𝜕𝑦3

)

−
𝜕𝜓
𝜕𝑦

𝜕2𝜓
𝜕𝑥2

+
𝜕𝜓
𝜕𝑥

𝜕2𝜓
𝜕𝑥 𝜕𝑦

= −
𝜕𝑝
𝜕𝑦

− 1
𝑅𝑒

(

𝜕3𝜓
𝜕𝑥3

+
𝜕3𝜓
𝜕𝑥 𝜕𝑦2

)
 N/A

 Viscosity-enhanced steady-state 2D formulation 𝑢 𝜕𝑢
𝜕𝑥

+ 𝑣 𝜕𝑢
𝜕𝑦

= −
𝜕𝑝
𝜕𝑥

+
( 1
𝑅𝑒

+ 𝜈𝐸
)

(

𝜕2𝑢
𝜕𝑥2

+ 𝜕2𝑢
𝜕𝑦2

)

𝑢 𝜕𝑣
𝜕𝑥

+ 𝑣 𝜕𝑣
𝜕𝑦

= −
𝜕𝑝
𝜕𝑦

+
( 1
𝑅𝑒

+ 𝜈𝐸
)

(

𝜕2𝑣
𝜕𝑥2

+ 𝜕2𝑣
𝜕𝑦2

)

𝜕𝑢
𝜕𝑥

+ 𝜕𝑣
𝜕𝑦

= 0

(𝑢 − 𝑢𝑚)𝑒1+(𝑣 − 𝑣𝑚)𝑒2 − 𝑟 = 0[7,28,81]

𝛼(𝑒1𝑢 + 𝑒2𝑣) − 𝜈𝐸 = 0[83]

 N/A

 Case  Boltzmann-BGK
 Boltzmann-BGK equation 𝜕𝑓

𝜕𝑡
+ 𝝃 ⋅ ∇𝐱𝑓 = − 1

𝜏
(𝑓 − 𝑓 eq)

 Case  Biharmonic
 Biharmonic equation (2D) 𝜕4𝜓

𝜕𝑥4
+ 2

𝜕4𝜓
𝜕𝑥2 𝜕𝑦2

+
𝜕4𝜓
𝜕𝑦4

= 0

Fig. 7. Comparison between different formulations and equations for LDC in PINN literature. Citations inside boxes denote studies that used the corresponding 
formulation, while citations on arrows denote studies that compared the connected formulations. Green arrows point toward the better-performing formulation, 
whereas red arrows point toward the underperforming formulation in the cited comparison. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)
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Fig. 8. Lid velocity profiles used for LDC in PINN.

number of direct comparisons shown in Fig. 7 indicates that further 
systematic comparisons are needed to clarify the relative merits of the 
available formulations.

3.2.  Boundary conditions

In 2D LDC, the three variables 𝑢, 𝑣, and 𝑝 are usually under investi-
gation. For 𝑢 and 𝑣, no-slip and no-penetration boundary conditions are 
imposed on all walls. For 𝑝, however, no independent physical boundary 
condition is prescribed at the walls, since pressure is determined only 
up to an arbitrary constant. The boundary condition imposed on 𝑣 along 
all walls, together with that imposed on 𝑢 along the side and bottom 
walls, is generally straightforward and is handled in a similar manner 
in most studies. However, there are different approaches to enforce the 
𝑢 velocity on the top wall and also enforcing the 𝑝 boundary conditions. 
Having a constant 𝑢 velocity on the top wall matches with the physical 
definition that a moving lid is driving the flow. This constant horizontal 
velocity boundary condition is chosen in most studies.

Despite the simplicity of imposing a constant horizontal velocity on 
the top lid, this condition introduces a discontinuity in the horizontal 
velocity at the top corners, where the moving wall meets the stationary 
side walls. As a consequence, sharp velocity gradients and strong local-
ized vorticity arise near the corners. These features make the near-corner 
flow particularly difficult to resolve accurately, even when an additional 
data-loss term is included [78]. For this reason, some researchers have 
adopted a smoothed velocity profile for the lid along the top boundary 
to remove or reduce the corner discontinuity, although this modification 
departs from the physical definition of a uniformly moving lid. As shown 
in Fig. 8, the most common smoothed lid-velocity profiles used for the 
square LDC problem with PINNs include hyperbolic cosine, parabolic, 
quartic, and exponential profiles.

It must be mentioned that although the smoothed boundary profiles 
diminish the problems caused by the discontinuity, they can introduce 

their own problems. Lin et al. [21] argued that the hyperbolic cosine 
velocity profile over the lid causes the problem to be ill-posed, end-
ing up in instability. The uncommon flow pattern at Re=2000-2500, 
found by some studies [2,7,28] that used this velocity profile, supports 
this argument. However, observing this issue led to discover another 
merit of PINN, which is the capability of finding different possible solu-
tions of a problem, where they are hard to find by some other methods. 
Similarly, Zou et al. [81] used a sinusoidal velocity profile for the lid 
and reached different solutions via their PINN. Then they fed these so-
lutions as initial guesses to a conventional numerical solver, and that 
solver kept the initial solution in some cases, which proves those solu-
tions could be found by those solvers, but demanded specialized initial 
guesses, while PINNs by only a few random initialization can converge 
to the different possible solutions. It is also noteworthy that Shukla et 
al. [28] related the discovery of the new pattern to getting stuck in local
minima.

Regarding the pressure boundary condition, Jiang et al. [55] applied 
zero gradient on the four walls, and it was found that it did not affect 
the results considerably. They argued that for PINN simulations, the zero 
gradient pressure condition on walls is not needed, as the pressure Pois-
son equation is not solved to update pressure values. Roy et al. [1] also 
followed Jiang et al. [55] and did not enforce boundary condition for the 
pressure. Farea et al. [75] also stated that pressure boundary conditions 
are not needed when solving LDC and that pressure is a latent variable. 
Gu et al. [40] also did not use a pressure loss term. Instead, they did a 
shift on the pressure predictions. Takao and Ii [78] set the average value 
of the predicted pressure to zero. Hu and Senocak [2] used one anchor 
point in the center (𝑝(0.5, 0.5) = 0) to prevent unbounded development. 
In contrast, Tan et al. [76] did not leave the pressure completely latent 
for the steady LDC case, and used pressure values obtained from CFD 
simulation for the four boundaries in a new boundary condition loss 
term. However, for the unsteady LDC case, they left pressure at bound-
aries unconstrained.
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Insights from the literature. The pressure boundary condition does not 
have to be enforced, but in order to make the results comparable with 
the reference data, an anchor point or shifting the average suffices. Re-
garding the moving wall 𝑢 boundary condition, although the discontinu-
ity caused by a constant velocity may lead to optimization difficulties, 
smoothing out the boundary ends may lead to unknown issues, such 
as the emergence of unexpected flow patterns, which makes the results 
incomparable to the literature.

Room for further research. The ability of PINNs to discover multiple so-
lutions of LDC has so far been demonstrated only for the hyperbolic 
cosine and sinusoidal lid velocity profiles. Further research is needed 
to clarify theoretically which profiles admit multiple solutions, how the 
number and structure of these solutions vary with the lid profile and Re 
number, and what initializations are required for PINNs to recover as 
many admissible branches as possible. It is also necessary to distinguish 
genuinely admissible flow states from patterns that may arise because 
the optimization is trapped in local minima. Such investigations could 
also generalize to other nonlinear fluid dynamics problems where mul-
tiple solutions may coexist.

3.3.  Domain decomposition

Deciding whether the whole domain should be solved via a single 
network or if a system of networks should collaborate to find the solu-
tion is one of the first choices to make. In LDC, large velocity gradients 
develop near the top corners, where the moving lid meets the station-
ary side walls. These localized sharp features are very different from 
the flow in the remainder of the domain. Sharp gradients correspond to 
higher spatial-frequency content that can be attenuated by the spectral 
bias of MLP-based PINNs [94]. Consequently, a single global model may 
struggle to represent both the smooth interior solution and the corner 
layers simultaneously [95]. By splitting the computational domain into 
subdomains, separate subnetworks are assigned, each responsible for a 
subset of the flow with less diverse features. Domain decomposition also 
facilitates parallelization [39,40,42].

Table 3 presents the main design choices of some studies using do-
main decomposition for solving LDC with PINNs. The degrees of free-
dom in domain decomposition design can be classified into three main 
choices, the optimization method across subdomains, the interaction 
losses, and the number of subdomains. The first domain decomposi-
tion framework for PINNs, called conservative PINN (CPINN), was in-
troduced by Jagtap et al. [38] for systems of conservation laws. As seen 
in the schematic view in Fig. 9a, CPINN performs non-overlapping do-
main decomposition. They claimed that domain decomposition reduces 
all three forms of error, i.e., generalization, approximation, and opti-
mization errors. Building on CPINN, Jagtap and Karniadakis [96] later 
proposed XPINN, an extended PINN framework that generalizes non-
overlapping domain decomposition to arbitrary PDEs, not just conser-
vation laws. XPINN maintains a non-overlapping partitioning of the do-
main, but it allows for flexible spatial and spatio-temporal decompo-
sition on irregular geometries. Shukla et al. [39] compared CPINN and 
XPINN for LDC at 𝑅𝑒 = 100, demonstrating the effect of different decom-
position strategies on solution accuracy. Some other domain decompo-
sition techniques on LDC are compared in Table 3.

As shown in Fig. 9b, overlapping interfaces have been used by Qian 
et al. [42] for LDC. They also addressed the pressure indeterminacy 
across different subnetworks and reported that by increasing the num-
ber of subdomains to two and four, the L2 errors of both velocity and 
pressure decrease.

Figure. 9c denotes that the subdomains can be treated completely 
independent from each other with no interaction losses. Roy et al. [1] 
used this type of domain decomposition and showed that decomposing 
the domain noticeably improves capturing the secondary vortices in the 
bottom corners. However, there are also cases where domain decompo-
sition worsened the results. Lou et al. [24] also mentioned that they split 

the large domain into 9 subdomains. However, they essentially used a 
non-uniform mesh in different areas of the domain, without using dif-
ferent neural networks for the subdomains. They used no interaction 
function between the subdomains, and the whole domain was being op-
timized altogether.

The interaction losses that couple neighboring subdomains in all re-
viewed studies include a term enforcing solution consistency across the 
interface. Some works directly penalize the mismatch between the inter-
face predictions of adjacent subdomains [40–42], whereas others penal-
ize the mismatch between each subdomain prediction and the average of 
the two neighboring interface predictions [38,39,43]. For two neighbor-
ing subdomains, these two formulations are mathematically equivalent 
up to a constant scaling factor and therefore differ mainly in their effec-
tive weighting rather than in the continuity condition they impose. In 
the case of Qian et al. [42], this consistency is enforced through ghost-
layer losses, where each subdomain is penalized against the predictions 
received from its neighboring subnetworks.

No comparable consensus exists for the remaining interaction losses. 
Among them, flux continuity is the most commonly adopted coupling 
mechanism [38–40]. It should be noted, however, that the mass-flux 
continuity condition becomes redundant when continuity of the veloc-
ity components is already enforced at the interface, since matching 𝑢
and 𝑣 across neighboring subdomains also implies continuity of the nor-
mal mass flux. In contrast, the momentum-flux continuity terms pro-
vide a genuinely additional coupling effect because they involve pres-
sure and spatial derivatives, and therefore cannot be recovered from 
solution matching alone. Other interface treatments reported in the lit-
erature include PDE-residual continuity in XPINN [39], first-derivative 
matching aimed at enforcing differentiability across interfaces [41], and 
interface reduced-PDE consistency, in which the interface governing 
equation is evaluated using information from both neighboring subdo-
mains [43]. Notably, Qian et al. [42] only used solution matching inter-
face loss. They argued that additional constraints require the evaluation 
of higher-order derivatives on ghost-layer points, substantially increas-
ing the computational cost, while offering only marginal accuracy im-
provements.

Insights from the literature. Although domain decomposition is often ar-
gued to localize non-convex features and prevent local errors from con-
taminating the entire solution [38], its application to LDC is not straight-
forward. In LDC, the flow is driven entirely by the moving lid, so the 
dominant dynamics originate at the boundary and must propagate co-
herently throughout the whole domain. If the interfaces between subdo-
mains do not communicate accurately, isolating this region can instead 
degrade the global solution. This makes domain decomposition a non-
trivial strategy for LDC and adds substantial implementation complex-
ity. The literature reviewed here suggests that, although domain decom-
position can improve overall accuracy and is particularly helpful in re-
solving secondary vortices, its benefits should not be overstated. None of 
the reported studies reached Re numbers beyond 1000, and the method 
can significantly increase computational cost. Therefore, for LDC, do-
main decomposition appears to be a relatively expensive strategy that 
provides moderate improvements in PINN performance.

Room for further research. The lack of consensus on interface-loss design 
highlights a clear direction for future research. A systematic comparison 
of the existing coupling strategies would help clarify their relative merits 
and limitations.

4.  PINNs architecture

This section reviews the neural network architectures used for PINN-
based modeling of the LDC problem. It first summarizes the types of net-
works reported in the literature. Then, with a focus on multi-layer per-
ceptron (MLP)-based formulations, it discusses four key architectural 
design choices, namely the input representation, the feature mapping 
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Table 3 
Summary of studies applying domain decomposition for solving LDC.

 Reference Optimization method Interaction losses
Number of
subdomains

 Jagtap et al. [38]
Subdomain-wise optimization of separate subnetworks
with neighbor-coupled local loss functions.

1. Average-solution matching
2. Flux continuity  12

 Roy et al. [1]
Subdomain-wise optimization of separate PINNs,
while initialized by a pre-trained single-domain model. No interaction function  16

 Gu et al. [40] Similar to Jagtap et al. [38].
1. Solution matching
2. Flux continuity  4

 Qian et al. [42] Similar to Jagtap et al. [38].
Solution matching in overlapping
regions.  2, 4

 Shukla et al. [39] Similar to Jagtap et al. [38].

cPINN: Similar to Jagtap et al. [38]
XPINN: 1. Average-solution matching
2. Residual continuity  4

Khademi and
Durfour [41] Similar to Jagtap et al. [38].

1. Solution matching
2. First derivative matching  4

 Pan and Xiao [43]

Stage 1: Subnetworks are trained independently
using only subdomain losses and no interface coupling.
Stage 2: all subnetworks are jointly fine-tuned with
interaction losses.

1. Average-solution matching
2. Interface PDE consistency  3

Fig. 9. Different domain decomposition techniques used for studying LDC via PINNs.
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layer, the trial functions used in the output layer to enforce hard con-
straints, and the activation functions.

4.1.  General architecture

As seen in Table 1, MLP is the most commonly used network archi-
tecture for PINN-based solution of the LDC problem. In a basic MLP, the 
main architectural choices are the activation function, the number of 
hidden layers, and the number of neurons in each layer. Since there is 
still no well-established theory for selecting the optimal depth and width 
of an MLP for this problem, these parameters are often chosen based on 
experience, empirical tuning, or trial-and-error procedures [1,54]. Chen 
et al. [50], for example, increased the number of neurons in the hidden 
layers as Re number increased. However, increasing the size of an MLP 
does not necessarily improve its performance [82]. Several studies have 
therefore regarded plain MLPs as insufficient and proposed modified 
MLP-based architectures for the LDC problem. Fig. 10 compares two 
such modified MLPs with a plain MLP. Fig. 10b shows a coordinate-
wise PINN architecture, where the input coordinates are processed by 
separate subnetworks before being combined through a fusion module. 
This allows the model to extract coordinate-specific features before pre-
dicting the velocity and pressure fields. Fig. 10c illustrates a multi-task 
PINN architecture. A shared feature extractor first learns common rep-
resentations from the spatial inputs, while separate task-specific output 
heads are then used to predict 𝑢, 𝑣, and 𝑝. This structure allows the 
model to share useful flow features while retaining flexibility for each 
physical variable. Another outstanding example is the Physics-Informed 
Residual Adaptive Network, known as PirateNet, developed by Wang et 
al. [63]. PirateNet introduces residual adaptive connections to improve 
the expressiveness and trainability of PINNs, and has been specifically 
evaluated for the LDC problem in several studies [63,64,67].

MLPs and their variants are not the only network architectures used 
for PINN-based modeling of LDC. Kolmogorov-Arnold Networks (KAN) 
have also recently been applied to this problem [28,44,75]. Shukla et 
al. [28] compared MLPs with different KAN variants for the LDC prob-
lem and found that the KAN models did not considerably improve the 
accuracy, while requiring longer training times. The following subsec-
tions focus mainly on MLP-based networks.

4.2.  Input layer and feature layer

Most PINN studies of LDC have focused on the 2D steady-state case. 
In this setting, the input layer is typically minimal, consisting of only 
two neurons, 𝑥 and 𝑦, which represent the spatial coordinates. Accord-
ingly, as shown in Fig. 11, these two inputs appear in all studies. For 
3D configurations [54,59,71], an additional spatial input, usually 𝑧, is 
included. For unsteady LDC problems, time must also be incorporated, 
requiring an additional input 𝑡, as in unsteady 2D studies [54,73–76].

Additional neurons may be included in the input layer when either 
the governing equations or the computational domain is parameter-
ized, with each parameter represented by a separate input. For example, 
McDevitt et al. [18] and Jangir et al. [35] treated Re number as an input 
parameter, enabling the PINN to be trained over multiple Re numbers 
and then evaluated across a continuous range of Re numbers. Zheng 
et al. [82] instead used a normalized logarithmic form of Re number 
mapped to the interval [−1, 1]. As illustrated in Fig. 11, the neuron la-
beled Re represents this type of parametric input. Geometric descriptors 
can also be appended to the input layer when parameterized domains 
are considered, as demonstrated by McDevitt et al. [18] and indicated 
schematically in Fig. 11.

It is noteworthy that the time dimension can also be included in other 
ways, as done by Sababha et al. [22], without adding a specific neuron 
to the input layer. In the study of Cao and Zhang [87], the concept of 
pseudo-time has been used, which does not need adding a new neuron 
to the input layer. Discussing these methods is out of the scope of the 
current review study.

As shown in Fig. 11, some PINN studies on the LDC problem use a 
first hidden layer (feature layer) that differs from the subsequent hid-
den layers in its design or formulation. Sinusoidal feature mapping was 
introduced by Wong et al. [69], as a way to avoid getting stuck in local 
minima. They dedicated the first hidden layer right after the input layer 
to carry out the sinusoidal mapping imposing 𝛾(𝐱) = sin

(

2𝜋(𝐖1𝐱 + 𝐛1)
)

, 
where 𝐖 and 𝑏 were trainable. Their results showed that using this layer 
increases the accuracy of modeling LDC, regardless of the initialization 
algorithm or the activation function used in the following hidden lay-
ers. This idea has been followed in other studies. Chiu et al. [70] fol-
lowed Wong et al. [69] and used the same mapping in the first hidden 
layer. Tsai et al. [72], also inspired by the work of Wong et al. [69], 
used 𝜎(𝑥) = sin 2𝜋𝑥 as the activation function of the first hidden layer. 
Biswas and Anand [71], in their study of the 3D LDC, used a sine activa-
tion function in the first hidden layer, while employing the tanh in the 
subsequent hidden layers. Hu and Senocak [2] used a Fourier feature 
mapping in the first hidden layer to enhance the expressive capacity of 
the PINN, defined as

𝛾(𝐱) =
[

cos(2𝜋𝐁𝐱)
sin(2𝜋𝐁𝐱)

]

,

where 𝐁 is sampled from a Gaussian distribution and kept fixed dur-
ing training. Wei et al. [54] also used a frequency mapping layer in 
their FFV-PINN to project the input coordinates into a high-dimensional 
space for capturing high-frequency information. In their subsequent 
SIMPLE-PINN study [60], they employed a first-layer frequency anneal-
ing mapping for the same purpose, enhancing the representation of high-
frequency flow features.

Insights from the literature. Introducing additional parameters into the 
problem offers both benefits and drawbacks. For example, when Re num-
ber is treated as an input parameter, data available at only a limited 
set of Re number can be leveraged to improve predictions at other Re 
numbers. However, increasing the number of input dimensions also ex-
acerbates the curse of dimensionality [73].

Room for further research. Although sinusoidal mapping in the first hid-
den layer has proved beneficial to solve LDC with PINN in the literature, 
at least four different formula have been used, from sin 𝑥 [71] to the 
rather complicated formula used by wong et al. [69] accompanied by 
trainable variables. An ablation study between these candidates would 
be insightful.

Another point is that parameterizing the governing equations in-
creases the generality of the model. However, such parameterization 
may also push PINNs toward tasks that are more suited to operator-
learning frameworks. Although the relative simplicity of PINNs, com-
pared with operator-learning methods, makes them attractive in prac-
tice, it remains unclear whether they are the most efficient choice in pa-
rameterized settings. This raises an important research question. When 
problem parameters must be incorporated, is it preferable to remain 
within the PINN framework or to transition to operator learning?

4.3.  Last layer for hard constraining

The network architecture can be constructed in a way to satisfy 
the constraints automatically [97], which is called setting hard con-
straints [98]. By hard-imposing a constraint like boundary conditions, 
the perfect satisfaction of that constraint is guaranteed and the optimiza-
tion process does not need to focus on that. The use of hard constraints 
has been considered in the literature as a helpful tool for modeling LDC 
with PINN [53].

A well-known hard constraining technique that has been used to 
model LDC with PINN [17–19] is using trial functions. This idea was 
introduced by Lagaris et al. [15], who expressed the solution as a trial 
function that satisfies the boundary conditions by construction. When 
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Fig. 10. Plain MLP (a) and its modified versions (b and c) used to model LDC.

boundary conditions are imposed through trial functions, the neural net-
work is left to learn only the governing partial differential equations, 
which can help alleviate gradient imbalance arising from multiple com-
peting loss terms [99]. In general, a hard-constrained trial function can 
be written as

𝜙(𝑥, 𝑦) = 𝜙boundary(𝑥, 𝑦) + 𝜙zero(𝑥, 𝑦)𝜙̂(𝑥, 𝑦), (11)

where 𝜙boundary satisfies the prescribed nonhomogeneous boundary con-
ditions, 𝜙zero is constructed so that it vanishes on the boundaries where 
hard constraints are imposed, 𝜙̂(𝑥, 𝑦) is the neural network output. For 

homogeneous boundary conditions, 𝜙boundary = 0, and the ansatz reduces 
to a purely multiplicative form.

For LDC, homogeneous Dirichlet conditions of 𝑢 and 𝑣 can be en-
forced through multiplicative factors that vanish on the relevant bound-
aries. The main difficulty arises for the horizontal velocity 𝑢, because the 
moving-lid condition is discontinuous at the two top corners. As a re-
sult, a single smooth trial function cannot simultaneously impose 𝑢 = 1
on the entire top wall and 𝑢 = 0 on both side walls pointwise at the 
corners. As listed in Table 4, McDevitt et al. [18] proposed fully hard-
constrained formulations in both (𝑢, 𝑣) and 𝜓 formulations. As shown in 
Fig. 8d, their choice of 𝑢boundary regularizes the top-corner discontinu-
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Fig. 11. Generalized PINN architecture for modeling LDC. The feature layer acts only on the spatio-temporal inputs, while auxiliary inputs such as Re number and 
geometry descriptors bypass that layer and are concatenated later. The network body produces the output variables (𝑢, 𝑣, 𝑝), with an optional 𝑤 component shown 
in dashed style for three-dimensional cases, which are then passed through a hard-constraining layer to obtain the constrained fields (𝑢̂, 𝑣̂, 𝑝̂), with optional 𝑤̂.

ity by replacing the abrupt lid-velocity jump with a smooth transition 
over a small length scale set by Δ𝑥. Consequently, the lid speed is not 
uniform near the two top corners and exhibits small localized devia-
tions from the ideal 𝑢 = 1 boundary condition. In the 𝜓 formulation, 
the same regularization is embedded in the boundary construction for 
𝜓 , after which the velocity field is recovered from the 𝜓 via 𝑢 = 𝜕𝜓∕𝜕𝑦
and 𝑣 = −𝜕𝜓∕𝜕𝑥, as discussed in Section 3.1. As shown in Table 4, Pal 
et al. [19] also presented trial functions to satisfy the boundary condi-
tions 𝑢, 𝑣, and 𝑝. In their structure, by approaching the top boundary, 
the 𝑢 velocity nears 1, but the limitation is that no collocation points 
can be put exactly on the boundaries, as the denominators in the trial 
function of 𝑢 become zero. With this method, they could reach Re=400 
successfully, but the results at Re=1000 did not match the reference re-
sults well. As shown in Table 4, Pal et al. [19] used also a trial function 
to impose the reference pressure point 𝑝(0, 1) = 0 as a hard constraint. 
Pal et al. [19] compared their hard-constrained setting with a setting 
having boundary conditions as soft constraints and reported that hard-
constrained boundary conditions reduced the relative 𝐿2 error of 𝑢 up 
to 50%. Kiyani et al. [79] also solved LDC for a wedge geometry via hard 
constrained boundary conditions.

Table 4 also includes two partially hard-constrained alternatives in-
troduced in the present review rather than adopted from the existing 
literature. In partially hard constrained 1 (𝑢, 𝑣), the trial function for 𝑢
enforces 𝑢 = 0 on the left, right, and bottom boundaries, while the top 
boundary is imposed softly. In partially hard constrained 2 (𝑢, 𝑣), the 
trial function for 𝑢 enforces 𝑢 = 0 at the bottom wall and 𝑢 = 1 at the 
top wall, while the side-wall conditions are imposed softly. In both al-

ternatives, the trial function for 𝑣 enforces 𝑣 = 0 on all boundaries by 
construction.

Other hard constraining methods. In addition to trial functions, some 
other hard constraining methods have also been used for LDC with PINN. 
Hu and Senocak [2] used the augmented Lagrangian method for LDC at 
𝑅𝑒 = 7500. For PINNs using discretization-based methods, such as fi-
nite difference for the calculation of the loss value, boundary conditions 
are directly imposed and excluded from the training process. Jiang et 
al. [55] and Feng et al. [32] have used this kind of method and mod-
eled LDC up to respectively Re = 10,000 and 5,000. Another approach 
that can be seen as hard constraining is using the 𝜓 − 𝑝 formulation of 
the Navier–Stokes equation as applied on LDC in the literature [18]. By 
using this formula, the incompressibility constraint and the continuity 
equation are automatically enforced. Therefore, there is no need to use 
a continuity loss term, although one more derivative must be taken to 
calculate 𝑢 and 𝑣 from 𝜓 . Ba et al. [36] developed a PINN framework 
that provides an alternative to using trial functions for hard constrain-
ing boundary conditions. Their method introduces a classification neural 
network and a boundary condition network in a composite PINN archi-
tecture.

Insights from the literature. A key advantage of hard boundary enforce-
ment is that it removes the need for an additional boundary condition 
objective in the loss function, thereby simplifying the optimization prob-
lem, leading to lower error at least at Re=100 [19]. However, this ben-
efit may come with a trade-off. If the trial function used to impose the 
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Table 4 
Representative hard-constraint trial functions for LDC.
 Method 𝜙  Trial function

 Fully hard constrained (𝑢, 𝑣) [18] 𝑢 𝑢boundary(𝑥, 𝑦) = sin
[ 3𝜋
2

(

𝑦 − 2
3

)]

×
(

1 − exp
[

−
(𝑥 − 1)2

Δ𝑥2

])(

1 − exp
[

− 𝑥2

Δ𝑥2

])

,

𝑢zero(𝑥, 𝑦) = 16𝑥(𝑥 − 1)𝑦(𝑦 − 1)
𝑣 𝑣boundary(𝑥, 𝑦) = 0,

𝑣zero(𝑥, 𝑦) = 16𝑥(𝑥 − 1)𝑦(𝑦 − 1)

 Fully hard constrained (𝜓) [18] 𝜓 𝜓boundary(𝑥, 𝑦) = (𝑦 − 1)𝑦2 ×
(

1 − exp
[

−
(𝑥 − 1)2

Δ𝑥2

])(

1 − exp
[

− 𝑥2

Δ𝑥2

])

,

𝜓zero(𝑥, 𝑦) = 256𝑥2(𝑥 − 1)2𝑦2(𝑦 − 1)2

 Fully hard constrained (𝑢, 𝑣, 𝑝) [19] 𝑢 𝑢boundary(𝑥, 𝑦) =
4
𝜋2
𝜃1𝜃2 𝑦,

𝜃1 = tan−1
(

𝑥
1 − 𝑦

)

, 𝜃2 = tan−1
(

1 − 𝑥
1 − 𝑦

)

,

𝑢zero(𝑥, 𝑦) = 𝑥(1 − 𝑥)𝑦(1 − 𝑦)
𝑣 𝑣boundary(𝑥, 𝑦) = 0,

𝑣zero(𝑥, 𝑦) = 𝑥(1 − 𝑥)𝑦(1 − 𝑦)
𝑝 𝑝boundary(𝑥, 𝑦) = 0,

𝑝zero(𝑥, 𝑦) = 𝑟1 ,

𝑟1 =
√

𝑥2 + (1 − 𝑦)2
 Partially hard constrained 1 (𝑢, 𝑣) 𝑢 𝑢boundary(𝑥, 𝑦) = 0,

𝑢zero(𝑥, 𝑦) = 𝑥(1 − 𝑥)𝑦
𝑣 𝑣boundary(𝑥, 𝑦) = 0,

𝑣zero(𝑥, 𝑦) = 𝑥(1 − 𝑥)𝑦(1 − 𝑦)
 Partially hard constrained 2 (𝑢, 𝑣) 𝑢 𝑢boundary(𝑥, 𝑦) = 𝑦,

𝑢zero(𝑥, 𝑦) = 𝑦(1 − 𝑦)
𝑣 𝑣boundary(𝑥, 𝑦) = 0,

𝑣zero(𝑥, 𝑦) = 𝑥(1 − 𝑥)𝑦(1 − 𝑦)

top lid boundary condition alters the prescribed lid velocity profile, as 
in McDevitt et al. [18], then the resulting solution is not strictly compa-
rable with the standard LDC benchmark, for which the top lid is usually 
taken to move at a constant velocity. This is essentially the same compa-
rability issue that arises when the lid velocity is smoothed under a soft 
constraint treatment.

Room for further study. Trial function design is not unique, and many 
alternative constructions can satisfy the boundary conditions exactly. 
Although the trial functions proposed by Pal et al. [19] showed clear 
improvement over the soft-constrained formulation at Re=100, their 
performance deteriorated at higher Re numbers and did not yield satis-
factory results at Re=1000. This suggests that a more systematic inves-
tigation may find trial functions leading to better results.

4.4.  Activation functions

Activation functions supply the nonlinearity needed for neural net-
works to approximate complex solution fields. Their choice is important 
because their derivatives affect the gradients of the PINN loss and there-
fore the training dynamics [100]. Despite extensive research, there is 
still no consensus on an optimal activation function for modeling fluid 
flows with PINNs. This section reviews the suitability of some of the most 
common smooth and non-smooth activation functions used to model 
LDC, with the discussion focusing on MLP-based PINNs unless another 
architecture, such as KAN, is stated explicitly.

Hyperbolic tangent (tanh). According to Table 1, tanh is overwhelm-
ingly the most common activation function for solving LDC with PINNs. 
Tanh has been suggested for solving LDC with PINN, because of its 
smoothness, bounded output, and symmetric output range [35]. Wong 
et al. [69] also showed that it has better performance than sigmoid. 
However, despite its popularity, tanh has been criticized for not han-
dling high-frequency gradients and causing the PINN to suffer from spec-
tral bias [101], which can be a concern for LDC modeling at high Re 
numbers. Also, tanh has been blamed for causing a slow training pro-
cess [102]. In a comparison with the sine function, tanh showed inferior 

performance [69]. Jagtap et al. [38] and Vasheghani et al. [56] used 
adaptive tanh to solve LDC.

Swish or Sigmoid Linear Unit (SiLU). According to Table 1, swish func-
tion ranks second in frequency of use. It has been adopted in a small 
number of PINN studies on LDC [19,47,50,51,54,60,72,73]. Tsai et 
al. [72] and Chen et al. [50] cited its reduced susceptibility to vanishing 
and exploding gradients. In most works, however, the choice of swish 
is generally not explicitly justified. Zhang et al. [73] modeled LDC with 
PINNs using swish and tanh, but they did not report a direct tanh vs 
swish ablation. Nevertheless, the results reported by Wei et al. [54,60] 
suggest that swish can be compatible with successful simulations at rel-
atively high Re numbers, reaching Re=10,000 and Re=20,000. Farea 
et al. [75], who employed swish within a KAN architecture, argued that 
swish is an activation function with a smooth global profile, making it 
suitable for approximating complex nonlinear relationships. Its smooth-
ness may also promote more stable gradient propagation during back-
propagation, which can, in turn, improve optimization.

Sine. Bai et al. [14] employed the sine activation function to model 
LDC, although they did not report a comparison with other activation 
functions. Wong et al. [69] conducted a systematic investigation and 
demonstrated that the sine activation function outperforms both tanh 
and sigmoid activation functions. Motivated by this observation, Chiu 
et al. [70] adopted the sine activation function instead of tanh. Khademi 
and Dufour [45] proposed an adaptive sine activation function, which 
yielded improved results compared with tanh. However, they did not 
compare it against the standard sine activation function. Barman et 
al. [90] used learnable sine activation function. It is also worth not-
ing that several other studies have used the sine function specifically in 
the first hidden layer [71,72]. In some studies, this layer is referred to 
as a feature-mapping layer, as discussed in Section 4.2.

Sigmoid. It was compared with tanh and sine activation functions for 
LDC at Re=400 by Wong et al. [69], and was found to perform worse 
than both. More broadly, evaluations of the sigmoid function remain 
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Fig. 12. Conceptual relation between standard activation functions and other nonlinear transformations used in PINNs.

mixed. Although Jin et al. [93] successfully used it to model incom-
pressible flow, Glorot and Bengio [103] argued that it should generally 
be avoided in randomly initialized deep neural networks. Similarly, Ku-
rukulasuriya et al. [102] noted that its boundedness can be advanta-
geous, but identified its non-zero-centered output and susceptibility to 
vanishing gradients as major limitations.

Rectified Linear Unit (ReLU). ReLU is one of the most widely used ac-
tivation functions in neural network training [102]. However, ReLU is 
generally not well-suited for PINNs with MLPs in which the PDE resid-
uals are evaluated by automatic differentiation. ReLU does not possess 
continuous second-order derivatives [93], and PINNs based on ReLU are 
known to suffer from spectral bias [101]. Moreover, Leng and Thiya-
galingam [104] showed that MLPs with ReLU yield a vanishing Hes-
sian, which obstructs convergence when solving PDEs of second order 
or higher. Since the Navier–Stokes equations are second-order PDEs, 
PINNs based on MLPs that compute second derivatives via automatic 
differentiation are not compatible with ReLU as the activation function. 
However, ReLU can still be used where the neural network does not 
directly serve as a twice-differentiated continuous trial function. For ex-
ample, Gao et al. [49] successfully used ReLU in a physics-informed 
graph neural Galerkin network for LDC. In their work, the required dif-
ferential operators are not obtained by taking second-order automatic 
derivatives of an MLP.

Insights from the literature. The literature suggests that tanh remains 
the most established activation function for MLP-based PINNs applied 
to LDC. ReLU appears unsuitable for MLPs because its lack of smooth 
higher-order derivatives conflicts with the derivative requirements of 
LDC. Sigmoid is generally a weaker candidate because of optimization 
difficulties and inferior reported performance, whereas its descendant 
swish, shows more promising results and is being adopted more often 
in recent studies, including at relatively high Re numbers. Sine also ap-
pears to be a credible alternative, with comparative studies indicating 
that it can outperform both tanh and sigmoid in some LDC settings.

At first glance, activation function design may appear to have only 
a limited role in LDC literature. However, as illustrated in Fig. 12, the 
sections on feature embedding in the first hidden layer (Section 4.2) and 
on trial functions for hard constraining (Section 4.3) suggest a broader 
perspective. In both cases, the methods are not presented explicitly as 
branches of activation function design, yet they rely on special trans-
formations whose underlying role is closely related to what activation 
functions do in the hidden layers, namely shaping how the network rep-
resents the solution. This indicates that careful attention to activation 
functions and related nonlinear transformations can be effective for im-
proving performance and even opening new directions in the design 
space of PINNs.

Room for further research. Generally, there are not many comparative 
studies on the impact of different activation functions on solving LDC 
with PINNs. Particularly, regarding the popularity of tanh and emerging 

studies with swish with promising results, a direct comparison between 
these two activation functions is needed.

5.  Optimization scheme and training strategy

In this section, we discuss three important choices for modeling LDC 
with PINNs. These are the optimization scheme, the training strategies, 
and the distribution of collocation points. Since the inclusion of data 
points is primarily a design choice in the formulation of the loss terms, 
methods for distributing data points are discussed in the section on loss 
function design.

5.1.  Optimization schemes

The choice of optimization scheme plays a central role in the perfor-
mance of PINNs. This is mainly because PINN training involves mini-
mizing a highly non-convex loss function, often leading to slow conver-
gence, sensitivity to initialization, and possible trapping in local min-
ima [27,54]. These difficulties become more pronounced for the Navier–
Stokes equations, where the nonlinear convective terms and the cou-
pling between velocity and pressure further complicate the optimiza-
tion process [75]. In the specific case of LDC, Ding et al. [26] reported 
that conventional PINNs may converge to local minima, highlighting 
the need for robust optimization strategies.

According to Table 1 Adam and L-BFGS are the most common opti-
mizers used to model LDC with PINN. Many studies chose to use Adam 
at the beginning of the optimization and then turn to L-BFGS. Rathore et 
al. [105] in a study focusing on the difficulties in training PINN argued 
that Adam + L-BFGS is usually better than Adam or L-BFGS individ-
ually. Jangir et al. [35] reported in their study on LDC that training 
begins with the Adam optimizer, whose stochastic updates promote fast 
exploration of the parameter space and help avoid shallow local min-
ima. Once this initial stage yields a smoother loss landscape, the L-BFGS 
optimizer is used for deterministic refinement and final fine-tuning. A 
similar Adam + L-BFGS-B strategy was also used by Tan et al. [76] for 
the steady LDC case. However, they reported that applying L-BFGS-B 
after Adam increased the loss in the unsteady LDC case, and therefore 
omitted this fine-tuning step for that problem. Hao et al. [25] tried Mul-
tiAdam, a derivative of Adam developed by Yao et al. [106] on LDC and 
reported more than 18x increase in relative 𝐿2 error, compared to the 
case optimized by Adam. A summary of comparisons made by Wang et 
al. [64] and Hao et al. [25] between different optimizers is presented in 
Fig. 13.

Given this, there is significant evidence that Adam + L-BFGS can 
be seen as the most reliable optimization scheme for modeling steady 
LDC with PINN. However, the transition point from Adam to L-BFGS is 
a questionable point. Most studies choose a constant number of Adam 
epochs and then continue L-BFGS until convergence [71]. This is while 
we know the whole point of using Adam before L-BFGS is to let L-BFGS 
to start from a better starting point. When the loss history of Adam can 
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Fig. 13. Comparison between different optimizers for LDC in PINN literature. Citations inside boxes denote studies that used the corresponding optimizer, while 
citations on arrows denote studies that compared the connected optimizers. Green arrows point toward the better-performing optimizer, whereas red arrows point 
toward the underperforming optimizer in the cited comparison. (For interpretation of the references to colour in this figure legend, the reader is referred to the web 
version of this article.)

be quite oscillatory, choosing a predetermined epoch number for Adam 
may lead to give a not appropriate starting point for L-BFGS.

To address this, some studies adopt convergence-based stopping 
rules rather than a hard epoch budget. For example, Tsai et al. [72] 
halted training when the average change of the loss components over the 
preceding 1000 epochs fell below a chosen threshold; otherwise, train-
ing continued up to a specified maximum. While such rules can reduce 
computational cost, their effectiveness depends on the selection of the 
threshold. On the other hand, it must be taken into account that the least 
amount of loss in the loss-history diagram is not necessarily equivalent 
to the least error value [17,35,55,87]. Therefore, as a suggestion, after 
allocating a sufficient training budget with Adam, it is recommended to 
examine the training trajectory and pick the model from the epoch that 
attains the lowest total error. Then, training with L-BFGS starts from 
that point. In addition, since the ultimate goal of training is to minimize 
the error rather than loss value, it is suggested to consider error rather 
than loss in methods like the one used by Tsai et al. [72] to find the best 
starting point of L-BFGS.

Despite the benefits and popularity of the Adam+L-BFGS method, it 
faces limitations. One of the most important limitations is the inability 
of L-BFGS to work with mini-batch training. Because of it, some efforts 
have been made to come up with either new optimizers or new optimiza-
tion schemes based on the existing optimizers to solve LDC with PINN. 
Wang et al. [64] showed that optimizers of SOAP, Muon, and Kron, in 
order, lead to the least 𝐿2 error for LDC at Re = 5 × 103, and all of them 
outperformed Adam in terms of error.

Beyond changing the optimizer itself, the optimization process has 
been adjusted in other ways to improve LDC modeling with PINN. Hu 
and Senocak [2] defined LDC in PINN as an equality-constrained opti-
mization problem and solved it with an augmented Lagrangian method, 
rather than treating all physics and boundary terms as soft penalties in 
a loss function. Using this approach, they modeled LDC up to Re=7500. 
Wei et al. [54] continued with Adam, but they added the residual cor-
rection loss, which can be interpreted as an optimization-informed loss 
function. They argued that their method reaches more accurate results 
than those found by Wang et al. [64]. It must be noted that the overall 
methods used in these two studies have other differences, other than the 
optimization procedure.

Insights from the literature. Adam, L-BFGS, and the sequence of these 
two have proved to be well compatible with many different setups of 
PINN, and the latter was shown to outperform each individual opti-
mizer. Despite this, there is at least one study [64] reporting that a few 
less popular optimizers, including SOAP, Muon, and Kron optimizers, 
can lead to significantly more accurate results, and facilitate reaching 

Re=5000. Also, other optimization-related adjustments, such as using 
the augmented Lagrangian method, enable PINNs to model LDC up to at 
least Re=7500 [2]. Such potential to improve the results has not been 
seen in other design features of PINNs, such as governing equations se-
lection and domain decomposition.

Room for further research. The substantial improvement obtained by 
tweaking the optimization scheme, which allows PINNs to reach higher 
Re numbers without requiring additional data points, together with the 
repeated reliance on Adam and L-BFGS across many studies, lends sup-
port to the statement by Urbán et al. [27] that, because loss function 
modifications are easier to implement, they have received more atten-
tion in PINN research than optimization methods. This suggests the need 
for a more systematic study of the optimization process from several per-
spectives, including the use of new optimizers, as explored by Wang et 
al. [64], the tuning of Adam and L-BFGS hyperparameters, and the in-
corporation of optimization-induced components into the loss function, 
introduced by Wei et al. [54].

5.2.  Training strategies

Training strategy refers to the overall way in which a PINN is de-
ployed to achieve a given objective. The choices made in problem defi-
nition, neural network configuration, and optimization can be viewed as 
the design of a machine, while the training strategy determines how that 
machine is used to perform the task. As shown in Fig. 14, the training 
strategy for applying PINNs to LDC can be described, in broad terms, by 
two questions of where to start the training process and how to proceed 
thereafter. The most common starting point is random initialization of 
the model parameters. However, some studies report that initializing 
the network with the weights and biases of a pretrained model on a 
related problem can be highly beneficial. Such pretrained models may 
have been trained at different Re numbers or on different geometries. 
Once the starting point has been selected, the next step is to determine 
how training should proceed. In most studies, the hyperparameters ℎ, in-
cluding the collocation points and the weights assigned to the loss terms, 
are chosen before training and kept fixed throughout the optimization 
process. However, these hyperparameters may also be adjusted gradu-
ally or modified at specific epochs, an approach that can be described 
as multi-phase training. They may also be treated as trainable quan-
tities, denoted by ℎ(𝜃), that evolve continuously during training. The 
approaches adopted by different studies on LDC are discussed in the 
following.

Where to start. Most studies on LDC have been initialized using random 
initializers such as Xavier method [2,18,19,22,55,64,69,75,78] or He 
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Fig. 14. Different training strategies from two distinct perspectives: the initialization of model parameters (1–3) and tuning hyperparameter during the training 
(A–C).

Fig. 15. Overview of transfer learning across different Re numbers in the literature on using PINNs for LDC.

method [69,70]. Starting from PINNs pre-trained on LDC at lower Re 
numbers has been suggested by Wang et al. [62] as one of their con-
cluding remarks. As shown in Fig. 15, this type of transfer learning has 
been used across different Re numbers. Gu et al. [40] used a pretrained 
model at Re=100 to model LDC at Re=400. Takao and Li [78] also used 
a model trained at Re=100 to model LDC at Re=50 and 200. Wang et 
al. [63] have used transfer learning (they called curriculum learning) to 
use models pretrained on lower Re numbers for modeling LDC at higher 
Re numbers. Jangir et al. [35] stated that to train PINN at Re=500-1000, 
they used a pretrained model at a lower Re number. Another approach 
that can be seen as something between transfer learning and using data 
points is what Lin et al. [21] introduced, which is connecting data from 
a pre-trained DeepONet through an intermediate data-driven neural net-
work for training PINNs.

Transfer learning across different geometries has been explored by 
Takao and Ii [78] and Roy et al. [1]. Takao and Ii [78] considered 
pre-trained PINN models for LDC in several geometries, including the 
configurations shown in Fig. 3a, d, f, and g. Their study used a model 
pre-trained on the square cavity to initialize models for rectangular and 
shear-deformed cavities, and also examined transfer learning among dif-
ferent nonlinearly inflated cavity geometries. Roy et al. [1] used transfer 
learning for their domain decomposition technique. They first trained a 
model on the entire domain. Then, they used that pretrained model as 
the base for training models for the subdomains.

How to proceed. Changing hyperparameters ℎ, including loss term 
weights, optimizer learning rates, and collocation point distributions 
during training, has been found to be an effective strategy for train-
ing PINNs in general and for modeling LDC in particular. Khadijeh et 
al. [74] employed adaptive weights for the loss terms and showed that, 
compared with fixed weights, this approach leads to smoother con-
vergence. Adaptive loss weighting has also been reported to be ben-
eficial in several other studies on LDC [20,36,50,61,62,66,68]. Lin et 
al. [21] reported that, for modeling LDC at relatively high Re num-
bers of 𝑅𝑒 = 2000, 3000, and 5000, training was performed in three 
stages, each lasting several thousand epochs and using different num-
bers of collocation points and loss term weights. Learning-rate schedul-
ing has likewise been shown to improve optimization in modeling 
LDC [19,33,45,46,54,60,70,73,81,82]. Mini-batch training is another 
strategy that has been used for solving LDC with PINNs [54,70].
However, as noted by Wei et al. [54], this choice was primarily mo-
tivated by computational limitations and is unlikely to provide an in-
trinsic advantage in enhancing PINN performance for LDC modeling.

The design of the training process is not limited to specifying whether 
hyperparameters change during training. Other novel approaches have 
also been used for modeling LDC with PINN. Khadijeh et al. [74] 
introduced a multistage PINN that focuses on learning 𝑢, 𝑣, and 𝑝
through three consecutive stages. Tsai et al. [72] leveraged transfer 
learning in the sense that they used a tailored sequence of colloca-
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Fig. 16. Comparison between different collocation-point sampling methods for LDC in PINN literature. Citations inside boxes denote studies that used the correspond-
ing sampling method, while citations on arrows denote studies that compared the connected sampling methods. Green arrows point toward the better-performing 
sampling method, whereas red arrows point toward the underperforming sampling method in the cited comparison. (For interpretation of the references to colour 
in this figure legend, the reader is referred to the web version of this article.)

tion points to train PINN up to 𝑅𝑒 = 5000 and reported 60% accuracy
improvement.

Insights from the literature. There is broad agreement that initializing a 
PINN with a model pretrained on a related problem can improve train-
ing. However, this strategy is most practical when several related cases 
must be solved. When only a single case is required, transfer learning 
may demand additional simulations that are not otherwise needed. Its 
improved convergence therefore comes at the cost of additional prelim-
inary training.

5.3.  Collocation points distribution

The impact of the distribution of collocation points on modeling 
PINN with LDC has been studied extensively in the literature. As de-
picted in Fig. 16, different sampling methods can be categorized into 
four different groups of uniform, random, adaptive, and locally refined 
distributions. These four types of grids are being reviewed in the case 
of LDC in the following.

Uniform grid. A uniform distribution makes the training process unbi-
ased w.r.t. different parts of the domain, and many studies have chosen 
that [1,19,21,22,31,54,55]. It also makes the results reproducible, as re-
producing non-uniform clouds of collocation points can be very hard. In 
addition, for some implementations, like implementing the additive trial 
function [107], uniform distribution reduces the computational cost. 
However, generally a uniform distribution puts focus on some unnec-
essary areas that increase the computational cost, and reaching a good 
mesh density around important regions demands a very high number of 
collocation points [31]. Although this approach is not perfect, it has not 
been a hurdle to reach high Re numbers like Re = 10000 with PINN for 
LDC [54,55].

Non-uniform grid. Non-uniform grids encompass a few types of grids, 
including random grids, semi-random grids, and uniform grids with var-
ied densities in different locations. Using a random grid with no specific 
concentration point has been used in some papers [2,21,24,87]. If these 
schemes manage to provide a conclusive cover, they provide an unbi-
ased grid as a uniform grid. Farea et al. [75] used the Sobol sequence, 
which is a quasi-random method, and is more space-filling than random 

sampling. Jangir et al. [35] compared the Sobol method with two ran-
dom methods of Latin hypercube sampling and Monte Carlo sampling, 
and a uniform grid. Sobol took the fewest epochs to reach a specific loss 
value, but had the highest error at that point, which makes the judgment 
difficult. However, Monte Carlo sampling had fairly the best balance 
between accuracy, robustness, and computational efficiency among all 
competitors. The Latin hypercube sampling method also had a better 
performance than the uniform grid.

As shown in Fig. 16, another type of grid used for LDC in PINN is a 
locally refined distribution, where collocation points are concentrated 
in challenging regions of the domain. The most challenging regions in 
LDC are where secondary vortices appear, top corners, and also where 
the first and second order derivatives of velocity components rapidly 
change. Pandey et al. [34] put extra points near the top corners at Re =
400, where they reported improvement.

Adaptive grid. Ding et al. [26] compared three adaptive-sampling-based 
strategies: (1) the residual-based adaptive refinement with distribution 
(RAR-D), which redistributes collocation points according to the PDE 
residual so that regions with larger residuals receive denser sampling; 
(2) the combined gradient-enhanced PINN (gPINN) & RAR-D, which 
supplements this residual-driven refinement with gradient-based loss 
terms [108] to enforce smoother and more stable physics learning; 
and (3) the Adaptive Multi-Scale Gradient-Enhanced Sampling PINN 
(AMGS-PINN), which further integrates residual-based adaptive sam-
pling with adaptive multi-scale gradient regularization, using fine-scale 
residual-driven points together with coarse-scale points selected by 
K-means clustering to improve both local accuracy and global train-
ing stability. In the paper, AMGS-PINN is presented as the most ef-
fective of these strategies because it couples adaptive sampling with 
multi-scale regularization rather than relying on residual refinement
alone.

The number of collocation points. To the best of our knowledge, there is 
no theory that determines what the optimal number of collocation points 
in modeling with PINN is. This problem also persists in the case of mod-
eling LDC. The problem is that the finer grid sometimes has a negative 
impact on the accuracy. Jangir et al. [35] reported this controversy with 
regard to the PINN with automatic differentiation (AD-PINN) for LDC, 
and Roy et al. [1] reported almost the same with their PINN that used 
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the finite difference discretization for the calculation of residuals (FD-
PINN), no matter LDC was solved via a single domain or in a domain 
decomposition scenario. However, compared with CFD, the computa-
tional cost of AD-PINN and, to an even greater extent, FD-PINN are less 
sensitive to increases in grid resolution [55].

Insights from the literature. There are inconsistent conclusions from dif-
ferent studies. The uniform method generally performs poorly compared 
to other methods in different studies (Fig. 16). However, some PINNs 
using it have successfully reached high Re numbers up to 10000 [54]. 
Given this uncertainty, the grid design process currently is more of a 
trial-and-error process, in both realms of the grid type and resolution.

Room for further research. A promising direction for future PINN stud-
ies is the development of a grid that combines the comparability, repro-
ducibility, and space-filling properties of uniform meshes, the compati-
bility of structured layouts with approaches such as separable PINN [73] 
and additive trial functions [107], and the point-efficiency of locally re-
fined meshes. Since most LDC are defined on square or rectangular do-
mains, a structured yet non-uniform grid with local refinement appears 
to be a particularly suitable candidate. If such a grid is made adaptive 
during training, it could further unify the advantages of uniform, locally 
refined, and adaptive meshing strategies. To the best of the authors’ 
knowledge, no LDC study has yet investigated this type of grid.

6.  Loss function, evaluation metrics, and some selected results

6.1.  Loss function

The loss function of a PINN, in essence, is composed of a summation 
of some loss terms enforcing governing equations, initial or boundary 
conditions, and consistency with some field data. Whether each of these 
constraints must exist in the loss function, a new constraint must be 
added, and the relative contribution of each term are matters of de-
sign choice. By default, the loss function of a PINN designed to model 
the steady 2D LDC via 𝑉 𝑃  formulation of the Navier-Stokes equation 
had three loss terms for the continuity and the momentum conserva-
tion equation in 𝑥 and 𝑦 directions. The Dirichlet boundary conditions 
of the top moving wall and the stationary walls are also usually set as 
loss terms.

6.1.1.  Weight treatment
Weight treatment determines the relative importance of the loss 

terms and their distribution across the spatio-temporal domain, Eq. (8). 
The default fixed-weight loss formulation has been identified as a lim-
iting factor [68]. However, manual manipulation of the weights also 
should be taken with caution, as Hao et al. [25] showed that increasing 
the weight of the boundary losses of LDC from 1 to 100, when weights 
of the governing equations are 1, increases the relative 𝐿2 error by more 
than 3x. One of the most effective strategies is the improved adaptive 
weighting method proposed by Niu et al. [68]. This approach updates 
the loss weights adaptively while imposing an upper bound to prevent 
any weight from exceeding a prescribed limit. Using this method, they 
reduced the relative 𝐿2 error for LDC at Re=100.

Another weight treatment method that was designed specifically for 
LDC is to apply spatially varying weight functions to the loss terms, de-
veloped by Satyadharma et al. [31]. This technique aims to address cor-
ner discontinuities. They simultaneously employed weights on both the 
PDE residual and boundary loss components to suppress the influence 
of regions near the top corners. These weights are used in the loss terms 
for the governing equations and the moving wall boundary condition, 
respectively, as in
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𝜔mw = 1 − 4(𝑥 − 0.5)2. (15)

𝑁𝐶 , 𝑁𝐵,mw, and 𝑁𝐵,nmw denote the number of collocation points in the 
entire domain, on the moving wall, and on the non-moving walls, respec-
tively. Here, ̂𝜃(𝑧𝑖) represents the physics-informed neural network’s 
prediction of the solution at the collocation point 𝑧𝑖 = (𝑥𝑖, 𝑦𝑖), with 𝜃
denoting the network parameters. The effects of these weights are visu-
alized in Fig. 17. The left subplot shows the contour of 𝜔 (𝑧), with the 
darkest regions near the top corners indicating the highest reduction in 
loss weighting. The right subplot illustrates 𝜔mw(𝑧) along the top wall, 
where it reaches its maximum at the center and tapers to zero at the 
side edges, thereby reducing the boundary loss’ influence where the ve-
locity gradients are steepest. This method was successful up to Re=200. 
However, at Re>500, the simulation needed data points.

Insights from the literature. The spatially varying weight functions do 
not enable PINNs to resolve high-gradient regions in the top corners. In-
stead, they make the PINN put less attention to those regions. However, 
this method can be seen as a safer option compared to using smoothed 
boundary conditions that were suspicious to dramatically change the 
flow pattern.

Room for further research. As a direction for future research, the weight-
ing functions employed in this work may be further refined or opti-
mized. Modifying their concentration zones would introduce additional 
hyperparameters, whose effects on the training dynamics and predic-
tion accuracy remain unexplored. Also, despite this mixed-weight strat-
egy demonstrated improvements in stability and convergence, the au-
thors [31] did not investigate the individual effects of each weight nor 
compare their weighted formulation against an unweighted baseline.

6.1.2.  Inclusion of data points
Interior data points, i.e., field measurements that are not associated 

with boundary conditions, can be incorporated into the training pro-
cess for several purposes. First of all, they provide an effective means of 
improving predictive accuracy and can facilitate the modeling of LDC 
at higher Re numbers. In addition, data points can be used in inverse 
problems, for example to infer unknown physical parameters or recon-
struct missing flow quantities [21,24,32,37,69]. Such inverse applica-
tions, however, are beyond the scope of the present study.

Fig. 18 summarizes some of the Re-number ranges reported in the lit-
erature for LDC. Green bars indicate Re numbers at which LDC was mod-
eled without using data points, whereas the ranges beyond which data 
were introduced are marked with a red arrow. In several studies, there is 
a gap between the highest Re number reported for zero-data PINN mod-
eling and the first Re number at which data points were used. Because it 
is unclear whether the PINN could successfully model LDC without data 
within those intermediate ranges, these intervals are shown in gray. This 
figure does not include all papers presented in Table 1. For example, 
many studies modeled LDC at Re=100 with no data, and representing 
them here will not add any new information.

In Fig. 18, only the best-reported result from each paper is shown. As 
the figure shows, the Re numbers at which data points were used span a 
wide range, from 400 to 5000. This is because the literature reveals sub-
stantial variability in the performance of data-free PINNs, where some 
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Fig. 17. Distributions of 𝜔  and 𝜔mw over the entire domain and the top wall, respectively. Both weights diminish the loss influence at the top corners.

Fig. 18. The zero-data Re number limits reported for modeling LDC with PINNs.

studies report unsatisfactory results even at much lower Re [17] num-
bers, whereas others achieve accurate solutions at considerably higher 
Re numbers without using data points [54].

Data points distribution. In the same way that distributing collocation 
points was a design choice, as discussed in Section 5.3, data points have 
also been distributed in the domain of LDC differently. Fig. 19 shows 
four main ways of distributing data points in the LDC domain.

Placing data points uniformly was the choice of Geng et al. [29], 
where they used 81 data points of (𝑢, 𝑣) uniformly distributed and cov-
ering boundaries, considering they did not define separate boundary loss 
terms. They did it at Re=100. Satyadharma [31] compared the uniform 
distribution, distribution along high second-derivative locations, and 
the mixed scheme. They concluded that the locations with higher sec-
ond derivative values are most effective for placing data points. Satyad-
harma [31] investigated different numbers of data points for the veloc-
ity components (𝑢, 𝑣), all below 100. They found that the best position 
to put data points is where the second derivative of the outputs is the 
highest, in contrast to the belief that it should be put where the gradient 
(first derivative) is the highest.

Unlike collocation point distribution design, random distribution for 
the data points is not always a choice, rather it is sometimes the only 
option, as available data might be sparse. Feng et al. [32] used 50 data 
points randomly distributed throughout the domain. Jiang et al. [55] 
used 10, 25, 50, 100 data points (𝑢, 𝑣, 𝑝). They used randomly located 

data points, with more density near the boundaries and corners. They 
reported that with these data points, both AD-PINN and FD-PINNs were 
successful in capturing the main vortex, but FD-PINN was significantly 
more successful in capturing secondary vortices. Bai et al. [14] also used 
scattered data points at Re=100, but the details about the number of 
points have not been reported. Wang et al. [7] also used 100 randomly 
selected points to model LDC at Re=2000.

McDevitt et al. [18] used only 𝑢 data at 15 positions along the 
center vertical line, and it helped them to capture the flow up to 
Re=21000. Pandey et al. [34] modeled LDC at Re=100 without data, 
but for Re=400 they used four points located almost on the horizon-
tal and vertical centerlines. Wang et al. [7] used two scenarios of using 
1 and 5 data points, almost on the horizontal and vertical centerlines. 
Wang et al. [7] stated that even one data point can diminish the rough-
ness of the loss landscape. Sun et al. [30] developed an optimization-
based method to find the best position for data points. They also 
showed that adding more data points does not necessarily improve the
results.

Effects of noise. Several studies have investigated the robustness of 
PINNs to noisy training data in modeling LDC. Feng et al. [32] com-
pared PINN performance using clean data with cases containing 1% and 
4% noise, showing that prediction accuracy generally deteriorates as the 
noise level increases. Jiang et al. [55] and Satyadharma et al. [31] also 
examined the effect of noisy data. Jiang et al. [55] reported that FD-
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Fig. 19. Comparison between different data distribution methods for LDC in PINN literature. Citations inside boxes denote studies that used the corresponding 
methods, while citations on arrows denote studies that compared the connected methods. Green arrows point toward the better-performing method, whereas red 
arrows point toward the underperforming method in the cited comparison. (For interpretation of the references to colour in this figure legend, the reader is referred 
to the web version of this article.)

Fig. 20. Schematic representation of the centerline velocity profiles in LDC. Horizontal velocity 𝑢 along the vertical centerline, 𝑢(𝑦), and vertical velocity 𝑣 along 
the horizontal centerline, 𝑣(𝑥). Each profile is divided qualitatively into three approximately constant-slope regions, separated by two turning points where the slope 
changes. Colored segments highlight the piecewise-linear interpretation of the profiles.

PINN is generally more robust than AD-PINN under noise, although AD-
PINN exhibited somewhat inconsistent behavior and, in some cases, per-
formed competitively. Similarly, Geng et al. [29] and Liu et al. [33] as-
sessed measurement uncertainty by adding Gaussian noise to the train-
ing data.

Insights from the literature. The conclusion drawn by Satyadharma et 
al. [31] suggests that PINNs struggle more at high second-derivative 
regions, rather than high first-derivative regions. Although the verifica-
tion of this statement demands a systematic study, a quick verification 
is possible by focusing on the velocity components profile over center-
lines. If we consider Fig. 20 as the schematics of velocity profiles over 
the centerlines, at most Re numbers studied in the literature, each profile 
can be made of three segments, shown by 𝑚𝑢∕𝑣,1∕2∕3 having small slope 
changes, and two turning points, 𝑇𝑢∕𝑣,1∕2, where the slopes drastically 
change. It should be mentioned that 𝑇𝑢,1 starts to appear as Re number 

goes up. According to Satyadharma et al. [31], PINNs struggle at these 
turning points.

Now, Fig. 21, reprinted from the study of Jiang et al. [55], shows at 
Re=100, the 𝑢 profile of the less capable PINN, i.e., the AD-PINN starts 
to deviate from the correct profile near 𝑇𝑢,2, although it was very suc-
cessful in capturing the high-gradient region before this turning point. 
For the 𝑣 profile also, 𝑇𝑣,1 and 𝑇𝑣,2 are discrepancy regions. This issue 
better presents itself in Re=1000, where at high 𝑦 values, the steep 𝑢
change is captured well with AD-PINN, but it misses the slope change 
at 𝑇𝑢,2. This failure disconnects the excitation caused by the top moving 
wall and the rest of the domain, which makes the 𝑣 component zero 
along the centerline. This behavior is not limited to AD-PINN, and the 
small discrepancies of the FD-PINN at Re=1000 also follow the same 
pattern.

Room for further research. Many developments and innovations in 
PINNs are based on this assumption that PINNs struggle with the high-
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Fig. 21. Velocity components along horizontal and vertical profiles. Reprinted from Jiang et al. [55], used under the Creative Commons CC BY-NC-ND 4.0 license 
(https://creativecommons.org/licenses/by-nc-nd/4.0/).

gradient (first derivative) regions. If the regions with high second deriva-
tive values are also hard to deal with in PINNs, or maybe more difficult 
than high-gradient regions, all those methods developed based on these 
assumptions need to be revisited. Design of subdomains in domain de-
composed PINNs and the distribution of collocation points are two ex-
amples.

6.1.3.  Derivative calculation in the loss function
Vanilla PINNs (AD-PINN) rely on AD to compute the derivatives of 

the network outputs w.r.t. the inputs when forming the PDE residuals 
and other loss terms. However, AD is not the only viable choice, and 
the recursive application of the chain rule becomes increasingly expen-
sive and cumbersome for high-order derivatives [32]. Several studies 
have also reported that conventional AD-PINNs struggle to accurately 
model LDC at Re ≥ 100 [32,55], which has motivated the development 
of discretization-based alternatives for evaluating the derivatives ap-
pearing in the loss function. Once this route is taken, the PINN for-
mulation is no longer strictly mesh-free, and the required derivatives 
can instead be approximated using standard numerical schemes such as 
the finite difference method (FDM) [1,55] and the finite volume method 
(FVM) [53,54]. One key motivation for incorporating discretization into 
PINNs is that vanilla PINNs typically do not explicitly exploit informa-

tion from neighboring points, which can weaken the enforcement of 
physical constraints and reduce solution accuracy [54]. In contrast, dis-
cretization introduces explicit algebraic coupling between each colloca-
tion point and its neighboring nodes.

Finite-difference method (FDM). Jiang et al. [55] used FDM for the cal-
culation of the residual values for LDC up to Re=10000. They showed 
that by using FDM for the calculation of residuals, the secondary vortices 
can be predicted much better, but they also stated that for Re=1000 and 
higher, data points should be used to improve accuracy. Jiang et al. [55] 
showed that PINNs using FDM (FD-PINNs) required approximately one-
eleventh of the training time of those using AD (AD-PINNs) for the same 
number of Adam epochs. FD-PINN also proved faster convergence and 
less loss oscillation. However, in terms of RMSE accuracy, FD-PINN has 
not always been more accurate than AD-PINN. Another positive feature 
of the FD-PINN is that the boundary conditions can be perfectly satis-
fied [55]. Roy et al. [1] proved that the benefit of FD-PINN can be further 
improved by domain decomposition, and modeled LDC up to Re=1000. 
However, since they have not compared the results with AD-PINN, the 
impact of the discretization cannot be learned from this study. Chiu et 
al. [70] developed a combined method that uses FDM and AD to find 
the residual values for solving LDC with PINN at Re=400, while AD-
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Fig. 22. Comparison between different derivative calculation methods for LDC in PINN literature. Citations inside boxes denote studies that used the corresponding 
methods, while citations on arrows denote studies that compared the connected methods. Green arrows point toward the better-performing method, whereas red 
arrows point toward the underperforming method in the cited comparison. (For interpretation of the references to colour in this figure legend, the reader is referred 
to the web version of this article.)

PINN could not reach that Re number. Although their method showed 
improvement in accuracy, the computational time was even higher than 
AD-PINN (but AD-PINN effectively failed to reach the solution, which 
makes the computational time irrelevant).

Finite-volume method (FVM). Wei et al. [53] used FVM and trained 
a PINN for modeling LDC up to Re=3200 without data points. They 
showed that using the FVM method enables the PINN to capture sec-
ondary vortices, while the AD-PINN was not able to do that even at 
Re=1000. They used the central difference scheme for discretizing both 
diffusion and convection terms. The boundary conditions have been 
treated as soft constraints, having a special term in the loss function. 
In the same way that using the FDM method [55] decreased the compu-
tation time, Wei et al. [53] also reported up to one thirteenth time to the 
same number of L-BFGS under identical settings. Wei et al. [54] in an-
other study used a simplified form of the FVM and reached Re=10,000 
without data points, capturing the secondary vortices with good accu-
racy. It must be noted that using this FVM method was not the only 
novelty their model had over the vanilla PINN. The architecture of their 
neural network was equipped with a frequency mapping layer, a com-
bination of shared and variable-specific hidden layers, and a new loss 
term, called the residual correction loss term. Geng et al. [29] addressed 
one of the main limitations of earlier FVM-based PINNs, namely their 
reliance on predefined meshes, by introducing a formulation that gener-
ates local control volumes around sampled points and thus avoids time-
consuming mesh generation.

Other methods. Feng et al. [32] proposed a hybrid derivative-evaluation 
framework for PINNs in which kernel derivative-free smoothed particle 
hydrodynamics (KDF-SPH) is used to approximate spatial derivatives in 
the interior of the domain, while finite differences are employed near 
the boundaries. Within this framework, they introduced two variants, 
KDF-PINN-I and KDF-PINN-II, where the former enforces boundary con-
ditions through soft constraints in the loss function, whereas the latter 
imposes them as hard constraints. The corresponding comparison for 
LDC is presented in Fig. 22.

Insights from the literature. Studies indicate that, in most cases, 
discretization-based residual evaluation improves LDC predictions, par-
ticularly in capturing complex flow features such as secondary vortices, 
while also significantly reducing computational time. These advantages 

make discretization-based methods strong candidates for PINN loss func-
tion design. Their main drawback, however, is that they sacrifice the 
meshless nature of PINNs and require additional meshing. Still, given 
the computational savings they offer during training, this added dis-
cretization effort may be justified.

Room for further research. Both FDM and FVM are well-established 
methods with many variants. Given the substantial gains in both accu-
racy and computational efficiency achieved through these approaches, 
there is strong motivation to adapt advances from classical discretization 
methods to the PINN framework. This potential is illustrated by Wei et 
al. [54], who simplified the FVM procedure by leveraging PINN-specific 
capabilities and extended the achievable range to Re=10000, compared 
with the highest reported Re of Re=3200 in their earlier study [53].

Another promising direction is a systematic comparison between 
discretization-based PINNs and transformer-based architectures. Both 
approaches are motivated by the idea of incorporating information from 
neighboring points during training, yet they do so through fundamen-
tally different mechanisms. A careful comparison could clarify their re-
spective strengths, limitations, and computational trade-offs for chal-
lenging flow problems such as LDC.

6.2.  Evaluation metrics

Table 5 summarizes the main evaluation metrics used in the litera-
ture to study LDC with PINN. The central point is that different metrics 
test different aspects of solution quality. As a result, two studies may 
reach different conclusions about the same method. A PINN can match 
centerline velocity profiles well, yet still miss the correct secondary vor-
tices or retain large local errors elsewhere in the domain. Performance 
claims should therefore be read together with the evaluation protocol.

Profile-based comparisons along horizontal and vertical lines, espe-
cially the cavity centerlines, are widely used because they connect di-
rectly to established benchmark data in the literature [18,34,55]. This 
makes them attractive when the goal is to compare against published 
results without running a new CFD simulation. Their limitation is that 
they probe only a few cuts of the flow and may miss errors in the rest of 
the domain, especially in the secondary vortices. This issue is important 
at moderate and high Re numbers, where local recirculation structures 
are part of the main physics [55].

Field-wise contours provide broader spatial information. Velocity 
contours have been used to visualize the predicted flow field itself [2], 
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Table 5 
Comparison of evaluation metrics used for LDC in PINN literature.
 Metric  Error concentration recognition  Quantitative comparison  Flow pattern recognition
 Average error  No  Yes  No
 Error contours  Yes  Partially  No
 Velocity contours  Partially  Partially  Partially
 Streamlines  Partially  Partially  Yes
 Profiles along horizontal and vertical lines  Partially  Partially  No
 Loss history  No  Yes  No
 Reference-free metrics  Partially  Yes  No

while error contours have been used to show where the PINN fails rel-
ative to a reference solution [1,26,54]. These plots are useful for iden-
tifying error concentration near the moving lid, near the corners, or in 
thin shear layers. Still, they do not describe vortex topology as clearly 
as streamline plots, and quantitative error contours require a reliable 
reference field.

Streamline plots are one of the most direct tools for assessing the 
flow topology, as they reveal the presence, position, and morphology 
of the primary and secondary vortices [1,2,18,21,53,54]. This is par-
ticularly useful for LDC problem, where vortex formation and evolu-
tion are central features of the flow. However, streamline plots are of-
ten interpreted qualitatively. Unless quantities such as vortex-center 
locations, vortex sizes, and secondary-vortex positions are extracted, 
streamlines alone do not provide a complete quantitative metric. This 
limitation is consistent with the observation of Lin et al. [21], who 
noted that comparing different cases solely from streamline plots can be
difficult.

Scalar error measures such as mean squared error (MSE) [35,54], 
root mean squared error (RMSE) [55], mean absolute error (MAE) [72], 
relative 𝐿2 error [21,40,50,54,68,72], and the coefficient of determina-
tion (𝑅2) [35] are useful for compact comparison across methods and Re 
numbers. However, they reduce the whole field to one number and may 
hide localized failure in physically important regions. Loss history is also 
commonly reported [2,18,21,74,78], but it should be treated as an op-
timization diagnostic rather than an accuracy metric because lower loss 
does not always imply lower solution error [17,35,55,70,87].

A useful additional option is the reference-free residual-based met-
ric proposed by Urbán et al. [27], which evaluates the normalized 𝐿2
norm of the discretized governing-equation residual on a test grid. This 
is especially relevant when a trusted reference solution is unavailable. 
Apart from point-wise error metrics, Zhang et al. [73] have used some 
metrics common for image quality assessment for their study on LDC, 
which is out of the scope of the current study.

The benchmark study by Ghia et al. [109] is among the most used ref-
erences to evaluate the PINN results for LDC [1,2,34,54,55,72]. Other 
references used for this purpose are Botella and Peyret [110], Gupta 
and Kalita [111], Li et al. [112], Tian and Yu [113], Bruneau and 
Jouron [114], Erturk et al. [115], and Cortes and Miller [116].

Insights from the literature. The most comprehensive assessment of PINN 
results for LDC, both in terms of evaluating solution quality and en-
abling comparison across studies, is obtained by combining scalar er-
ror measures, error contours, velocity contours, and streamlines. This 
strategy is preferred when reliable reference solutions are available and 
the computational cost of generating them is acceptable. When evalua-
tion must rely on benchmark data reported in the literature rather than 
full reference fields, comparisons along horizontal and vertical center-
lines provide a practical alternative. In the absence of any reference so-
lution, reference-free residual-based metrics become particularly valu-
able [27]. Loss history may still be reported as a supplementary indi-
cator of optimization behavior, but it should be interpreted cautiously, 
since a lower loss does not necessarily correspond to a more accurate
solution.

6.3.  Some selected results

Figs. 23–26 summarize selected quantitative results reported for 
Re=100, 2000, 3200, and 5000, respectively. In cases where a study 
reported several methods or configurations, only the lowest reported 
error from that paper is included. The bars are ordered to facilitate com-
parison, and a logarithmic axis is used to accommodate the wide range 
of reported error values. These figures provide a more direct compari-
son than a study-by-study description, but several differences among the 
original investigations prevent them from constituting a fully controlled 
benchmark. The studies use different error metrics, including relative 
𝐿2 error, RMSE, and MSE, and they do not always evaluate the same 
physical quantity. Some report the error of the velocity magnitude, 𝑉 , 
whereas others report separate errors for 𝑢, 𝑣, and 𝑝. The spatial support 
of the error also varies, as in some studies it is evaluated over the en-
tire computational domain, while in others the comparison is restricted 
to one or more centerlines. In addition, the reference solution may be 
drawn from established benchmark studies, such as Ghia et al. [109], or 
generated independently by the authors using a conventional numerical 
solver. Consequently, the lowest reported error should be interpreted as 
the best reported value under the conditions of the corresponding study, 
rather than as proof that the underlying method is universally superior.

At Re=100, Fig. 23(a) presents the relative 𝐿2 errors of the veloc-
ity magnitude. However, even at the same Re number and for the same 
nominal metric, the comparison is only partially aligned because the 
studies use different reference fields, numerical solvers, grids, and eval-
uation points. Among the studies included in this panel, Chen et al. [50] 
report the lowest error and therefore provide the strongest reported re-
sult for this particular comparison. However, their method was demon-
strated only up to Re=600, and its performance at substantially higher 
Re numbers remains unknown. By comparison, Cao and Zhang [87] and 
Wei et al. [54] applied their methods up to Re=5000 and Re=10000, 
respectively. Thus, the lowest reported error at Re=100 does not nec-
essarily identify the method with the greatest robustness over a wider 
range of flow regimes. Fig. 23(b) and (c) also show that the errors in 𝑢, 
𝑣, and 𝑝 can differ substantially within the same simulation. Ranking a 
method solely by the error of the velocity magnitude may therefore con-
ceal weak prediction of an individual velocity component or pressure.

Fig. 24 shows the variable-specific relative 𝐿2 errors reported by 
Wang et al. [7] and the MSE values reported by Jangir et al. [35] at 
Re=2000. The two studies also use different reference solutions. No 
study was found that reported the relative 𝐿2 error of 𝑉 . This illustrates 
a limitation of the literature, as differences in reported metrics and refer-
ence solutions can prevent a meaningful head-to-head comparison even 
when the same Re number is considered. Fig. 25 compares results at 
Re=3200. An additional source of inconsistency at this Re number is 
the treatment of the moving lid. Wang et al. [62] and Wei et al. [54] 
used the constant lid velocity, whereas Khademi and Dufour [45] and 
Wang et al. [63] used the hyperbolic-cosine profile shown in Fig. 8(a). 
The comparison between Wang et al. [62] and Wei et al. [54] is com-
paratively well aligned because both report the relative 𝐿2 error of the 
velocity magnitude 𝑉  using the same benchmark dataset. Under these 
conditions, Wei et al. [54] report a better quantitative performance at 
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Fig. 23. Reported errors for PINN solutions of LDC at Re=100. Panel (a) shows relative 𝐿2 errors of the velocity magnitude 𝑉 . Panel (b) shows RMSE values for 𝑢, 
𝑣, and 𝑝. Panel (c) shows MSE values of 𝑢, 𝑣, and 𝑝.

Fig. 24. Reported errors for PINN solutions of LDC at Re=2000. Panel (a) shows relative 𝐿2 error values of 𝑢, 𝑣, and |∇𝑝|. Panel (b) shows MSE values of 𝑢, 𝑣, and 𝑝.

Fig. 25. Reported errors for PINN solutions of LDC at Re=3200. Panel (a) shows relative 𝐿2 error values of the velocity magnitude 𝑉 . Panel (b) shows relative 𝐿2
error values of 𝑢, 𝑣, and 𝑝.

Fig. 26. Reported errors for PINN solutions of LDC at Re=5000. Panel (a) shows relative 𝐿2 error values of the velocity magnitude 𝑉 . Panel (b) shows relative 𝐿2
error values of 𝑢, 𝑣, and 𝑝.
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Fig. 27. Tree-style illustration of design choices for improving the accuracy of PINNs for LDC. Lower fruits correspond to methods that are easier to adopt, while 
higher fruits represent methods that are harder to implement.

Table 6 
General lessons for PINNs suggested by studies on LDC.
No. Observation from LDC studies General implication for PINNs Suggested research direction
1 Many PINN developments are motivated by the 

assumption that failure mainly occurs in high-gradient 
regions [20,21,26,35]. However, evidence from modeling 
LDC [31] suggests that the more severe difficulty may arise 
in regions with large second derivatives (Section 6.1.2).

The main bottleneck in PINN approximation may 
be related more strongly to higher-order variation 
than to first-order variation alone.

Methods designed to improve learning in 
high-gradient regions can be reformulated under a 
second-derivative hypothesis and compared 
directly with their original versions.

2 In standard optimization, the comparison between the 
current epoch and previous epochs is usually handled by 
the optimizer. Some PINN studies [54,75,87] on LDC 
indicate that this comparison can instead be incorporated 
into the loss function (Section 6).

Loss design in PINNs can do more than enforce 
physics and boundary conditions. It can also 
encode training-history information and influence 
optimization dynamics directly.

Future PINN losses can be designed to include 
history-aware or epoch-comparative terms and 
then benchmarked against purely optimizer-driven 
formulations.

3 Reported conclusions about PINN variants may conflict 
when methods are implemented under different 
architectures, collocation strategies, training schedules, or 
boundary treatments. For example, one study [32] may 
conclude that FD-PINN fails for LDC at Re=1000, whereas 
another [55] may show that FD-PINN succeeds at the same 
Re (Section 6.1.3).

Fair assessment of PINN methodologies requires a 
common implementation and evaluation 
framework. Otherwise, differences in outcome 
may reflect the framework rather than the method 
itself.

A clear research need is the systematic comparison 
of several PINN methods within a common 
framework, so that differences in performance can 
be attributed to the methods themselves rather 
than to inconsistencies in architecture, sampling, 
optimization, or evaluation.

4 For LDC, PINNs recover flow structures that differ from 
those typically reported by conventional simulations, while 
still satisfying the governing equations and boundary 
conditions [2,7,28] (Section 3.1).

PINNs may reveal multiple admissible solution 
branches or physically consistent states that 
conventional CFD workflows do not readily 
expose.

This possibility should be investigated 
systematically, especially in complex flows where 
multiple solution branches or sensitivity to 
initialization may exist.

Re=3200. At Re=5000, Fig. 26 shows that Wei et al. [54] report the 
lowest explicitly identified relative 𝐿2 error of 𝑉  among the selected 
studies. However, the comparison is only partially aligned because the 
original studies use different reference solutions and do not clearly es-
tablish identical evaluation points. Wang et al. [64] and Wang et al. [67] 
also used the hyperbolic-cosine profile shown in Fig. 8(a), whereas Wei 
et al. [54] retained the constant lid velocity.

Considering the selected results, Wei et al. [54] report competitive 
accuracy at Re=100, the lowest velocity-magnitude errors in the se-
lected comparisons at Re=3200 and Re=5000, and simulations up to 
Re=10000 without field data while retaining the constant lid veloc-
ity. Their strong data-free performance is also evident in Fig. 18, where 
their method reaches one of the highest Re-number limits reported. The 
method also combines several design choices identified in this review 
as favorable. These include the classical constant lid velocity, which 
preserves consistency with the standard benchmark (Section 3.2), di-
mensionless governing equations (Section 3.1), finite-volume residual 
evaluation (Section 6.1.3), and a residual-correction loss that incorpo-
rates optimization-history information into the loss formulation (Sec-
tion 5.1). The frequency-mapping layer (Section 4.2) and the combina-
tion of shared and variable-specific hidden layers (Section 4.1) further 
improve the representation of complex flow features. The use of swish is 
also consistent with its promising performance in recent high-Re studies 
(Section 4.4). In addition, Wei et al. [54] evaluated their predictions us-

ing the established benchmark of Ghia et al. [109], together with scalar 
errors, error contours, and streamlines, thereby considering several com-
plementary aspects of solution quality (Section 6.2).

This work [54] is part of a continuing research line by Wei et 
al. [52–54,60], in which the authors progressively developed their PINN 
formulation for LDC across wider Re-number ranges. In their most recent 
contribution, Wei et al. [60] extended the reported range to Re=20000. 
However, this study was available only as a preprint at the time of the 
review and does not report lower-Re results suitable for direct compari-
son in Fig. 23–26. Therefore, the approach proposed by Wei et al. [54] 
appears to be the strongest overall candidate in this selected quantitative 
assessment. However, this conclusion remains conditional. This subsec-
tion does not include every study listed in Table 1, and the available 
results were not obtained under fully identical evaluation conditions.

7.  Concluding remarks

The insights and open research questions identified in this review 
are not repeated in detail here because each section already closes with 
dedicated subsections on the main findings from the literature and the 
remaining gaps. Instead, this concluding section summarizes the prin-
cipal overall assessment, offers several broader recommendations for 
future PINN studies on LDC and draws attention to what studies of LDC 
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reveal for fluid modeling with PINNs in a wider sense. These broader 
lessons are presented in Table 6.

No universally best PINN method for LDC can currently be identified 
because the available studies differ in problem formulation, boundary 
treatment, use of training data, and evaluation protocols. Nevertheless, 
as discussed in Section 6.3, the approach of Wei et al. [54] appears to 
be the strongest overall candidate among the studies included in the 
selected quantitative assessment. This conclusion remains conditional 
and may change as new methods and more directly comparable results 
become available. This uncertainty underscores the value of benchmark 
problems such as LDC for assessing new PINN developments, provided 
that the methods are formulated and reported under comparable condi-
tions. Without such comparability, methodological progress is difficult 
to evaluate because results obtained under different conditions cannot 
be contrasted directly. For LDC, several aspects of the problem definition 
should therefore be standardized to facilitate comparison. Based on the 
practice followed by most studies, the most suitable reference configura-
tion is a square cavity in the steady two-dimensional regime. Likewise, 
smoothing the moving-wall velocity instead of imposing a constant lid 
speed may improve optimization, but it reduces comparability with the 
classical benchmark adopted in much of the literature. For example, Hao 
et al. [25] provided valuable ablation results. However, because they 
employed a parabolic velocity profile at the moving wall, their results 
are not directly comparable with those of most published LDC studies.

The methods reviewed in this study can be interpreted as a trade-off 
between ease of implementation and the resources required for their use. 
As illustrated in Fig. 27, these improvement strategies are arranged ac-
cording to their relative difficulty of application, much like the branches 
of a fruit tree. Methods placed near the bottom of the tree are generally 
easier to adopt, while those placed higher require more substantial mod-
ifications to the PINN framework, training procedure, or computational 
workflow. The simplest strategy is the use of additional data points, 
which can improve accuracy with minimal changes to the model. How-
ever, this approach is not always feasible, since it depends on the avail-
ability of reliable high-fidelity reference data. Transfer learning can also 
be placed in the lower part of the tree. It does not usually require major 
changes in the design of the PINN itself, yet it still demands additional 
resources because some preliminary PINN simulations or prior training 
effort are needed. Moving higher up the tree leads to domain decom-
position and different training strategies. These approaches are more 
difficult to apply and introduce additional design choices, while also 
increasing the computational effort required during training. Even so, 
they usually do not alter the core structure of the PINN. At the highest 
level of the tree are alternatives to automatic differentiation and im-
provements in optimization methods. These directions require deeper 
methodological intervention and greater implementation effort. Only a 
limited number of studies have reached this upper part of the tree, which 
suggests that some ripe fruits still remain untouched.

LDC should be viewed as more than a standard benchmark. It is a 
compact and informative testbed for understanding where PINNs suc-
ceed, where they struggle, and which methodological modifications are 
most worth pursuing. Future progress will depend not only on proposing 
new PINN variants, but also on evaluating them under sufficiently con-
sistent conditions so that genuine advances can be distinguished from 
improvements caused mainly by differences in implementation details 
or benchmark definition.
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