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We present a graded modal type theory with recursion over natural numbers and prove formally in Agda that

it handles resources correctly, in the sense that an abstract machine accesses resources the “correct” number

of times. The theory is parametrized, and can for instance be instantiated with grades for erasure, linear types,

or affine types. The correctness proof shows that our usage counting is sound. Our eliminator for natural

numbers is flexible as it enables different resource-usage patterns and practical in the sense that it can be used

both to define functions with expected usage counts for the arguments. Further, it can be used to encode other

data types, using large elimination. Finally, we adapt our resource correctness proof to show correctness also

for grades tracking information flow, in the form of a non-interference property.
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1 Introduction
In graded modal type theories the type system is equipped with an algebraic structure, typically

some form of semiring, containing grades. Grades can be used for data privacy [14, 23, 30], for

memory safety [7, 21], to enforce correctness (for instance of communication protocols) [8, 11],

and for quantitative aspects, where the number of times variables are being used are counted, like

erasure, linear types and affine types [1, 3, 5, 7, 9–13, 19, 21–23].

In the case of quantitative aspects one might like to ensure that variables are referenced the

“right” number of times during evaluation, as specified by an operational semantics. This approach

is taken by Choudhury et al. [13], who define a heap-based abstract machine with the capability

to count heap lookups, corresponding to variable uses, and prove a notion of correctness. On the

other hand, in the case of data privacy one might want to prove non-interference, as is done by

Choudhury et al. [14].

Our main goal is to find suitable “grade typing” rules for an eliminator for natural numbers. The

difficulty with this is connected to recursion. For instance, in a quantitative setting it is difficult to

accurately count uses of variables without knowing the depth of the recursion in advance. We have

previously considered an eliminator for natural numbers in a graded system [3], but as we discuss

in Section 5.1, that approach is problematic in a setting with linear types. Different approaches have
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been presented by e.g. Atkey [6] and Nakov and Forsberg [24] but we argue that the eliminator

we present here is more flexible in the sense that it supports multiple usage patterns. For instance,

one can define functions that are linear in the natural number, but it is also possible to track linear

uses of variables in the zero and successor branches. Our rule is derived from finding necessary

conditions for the rule to be sound. We also believe that this approach is sufficiently systematic

that it should be applicable to eliminators of other data types as well.

We are primarily interested in quantitative uses. In order to show that our approach to usage

counting is correct we build on the graded type theory from our previous work [3] where we

showed correctness of erasure, but left the question of correctness for other grade interpretations

for future work. We now answer this question for a class of quantitative grade semirings by

establishing an operational semantics which counts variable uses, following Choudhury et al. [13].

In particular, we show that the theory can be used to correctly encode information about linear or

affine uses. We support large elimination and the empty type, which allows us to use our eliminator

to encode other data types like booleans and vectors. While the inclusion of these features does

not necessarily cause complications in terms of usage counting, one aim of this work is concerned

with the combination of features, ensuring that they work together. The use of dependent types

with such features does complicate other aspects of the meta-theory such as normalization and

consistency, which our correctness proof relies on.

Our correctness proof is mechanized in Agda [17], building on our previous formalization of

graded type theory [2].
1
We believe that this is the first complete formalization of correctness

for linearity for a graded type theory with dependent types; the work of Choudhury et al. [13]

is partly formalized but the main correctness result is not. The formalization contains the file

README.agda which lists our definitions, theorems and claims in the order they appear in the paper,

linking to their formalized counterparts. The file also includes some discussion about how the

formalized statement relates to the version in the paper such as if there are differences between the

formalization and the paper. The paper provides links to an HTML rendering of this file for each

entry. We mark such links in blue.

In some regards the presentation in the paper differs from the formalization. Notably, the

formalized syntax uses well-scoped de Bruijn indices for variables and machine pointers whereas

the paper uses names. Consequently, we do not need to worry about potential issues relating to e.g.

scoping or name clashes in the formalization. We also ignore such issues in the paper presentation:

the definitions and results should be read as if well-scoped de Bruijn indices had been used. Another

notable difference is that the formalization supports unit types and identity types. We have chosen

to exclude them from the paper but our results hold also when they are included (in some cases

with extra conditions). We refer the interested reader to the formalization for details [17]. These

differences, as well as others, are explained further in README.agda.
The rest of the paper is structured as follows: In Section 2 we give a high-level, informal descrip-

tion of the main ideas we present in the paper and the problem we solve. Specifically, we discuss

the difficulty in defining correct grade typing for recursion, our approach to doing so, and how

we use an abstract machine to count variable uses. The formal presentation begins in Section 3,

where we give an overview of the graded type theory that we will be working with, excluding

the natural number eliminator. Then, in Section 4 we define the abstract machine and prove a

form of resource correctness for the theory without the eliminator. The eliminator is introduced

in Section 5, where we first discuss some issues with the approach used in our previous work

1
Our formalization is not directly based on the formalization accompanying the paper, but rather on a more recent version

to which some additional contributions have been made, including those of Danielsson and Geng [16] and Danielsson et al.

[15].
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[3] before describing our approach to usage counting. We prove that our approach is sound by

extending the correctness proof to include the eliminator We also discuss concretely the practical

consequences of our approach to usage counting, namely under what circumstances variables

are used e.g. linearly by the eliminator and we show that it can be used to encode booleans and

vectors with reasonable eliminators of their own. Section 6 goes beyond quantitative use cases

and we describe how our correctness proof can be adapted, with minor changes, to a proof of

non-interference, showing that our eliminator behaves correctly also when grades are used for

security. Finally, in Section 7 we discuss how our approaches to usage counting and correctness

proofs relate to other graded type theories with support for recursion for natural numbers, or other

recursive types.

2 The Problem of Usage Counting
Before we begin the main part of the paper we will spend some time giving an overview of some of

the difficulties with usage counting and give a high-level explanation of how we approach them in

this paper. We first explain the difficulties with static usage analysis that come from recursion and

then some subtleties of dynamic usage counting in our semantics. In order to highlight the core

issues and ideas, the presentation in this section is in several ways simplified compared to the formal

treatment in the rest of the paper and is thus not formalized. For instance, we present functions in

a pattern matching style, using Agda notation, rather than using eliminators (though the functions

we present can all be written in the eliminator style) and we ignore some of the administrative

details of the abstract machine like properly keeping track of variable names, focusing instead on

variable usage counting.

2.1 Static Usage Counting
In a quantitative setting we aim to determine, or approximate, how many times variables are used

during evaluation, and assign a corresponding grade. In simple cases this can be done by analyzing

each function clause individually. For instance, consider the function truncIf which takes a boolean

b and a natural number n and is defined by matching on b:

truncIf : (b : Bool) (n : N)→ N
truncIf true n = zero
truncIf false n = n

How many times are b and n used in truncIf? Clearly, n is used once when b is false and zero times

when it is true (at least under call-by-name). Since we cannot know in advance what value b will
take we can only conclude that n will be used either zero times or once, and so we may assign

any grade which stands for zero or one uses (and possibly more). In both clauses, b is used once

through matching but not further, so we can conclude that it is used once.

When we add function calls and recursion into the picture, we cannot simply count variable

occurrences, but we need to scale occurrences in function arguments appropriately. Consider the

following recursive definitions of addition and multiplication:

plus : N→ N→ N
plus zero n = n
plus (suc k) n = suc (plus k n)

mult : N→ N→ N
mult zero n = zero
mult (suc k) n = plus n (mult k n)

To account for argument uses in plus we may hypothesize that it uses each argument exactly once

and confirm our hypothesis for each function clause. The first clause uses the second argument, n,
exactly once and matches on the first argument, which should also count as a use, so our hypothesis

is confirmed. The second clause uses the arguments just like plus uses them, given that constructors
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like suc are treated as linear functions; thus, our hypothesis is true. In fact, any other hypothesis

would also be consistent with the second clause, except for zero uses of the first argument, which

is ruled out by the match.

For mult, a linear use of the first argument is consistent with both clauses. However, for the

second argument we need to be consistent both with zero uses in the first clause, and one more use,
as the first argument of plus, in the second clause. Here we arrive at a proper recurrence.

Rather than using some kind of solver for recurrences, our approach in this work is to get rid of

recursion by instantiating the clauses to all numerals and fully unfold the recursive calls:

plus : N→ N→ N
plus zero n = n
plus (suc zero) n = suc n
plus (suc (suc zero)) n = suc (suc n)

...

mult : N→ N→ N
mult zero n = zero
mult (suc zero) n = plus n zero
mult (suc (suc zero)) n = plus n (plus n zero)

...

Looking at the transformed clauses, it becomes clear that n is used once in plus whereas it might be

used any number of times in mult. The uses of the first arguments are perhaps a bit harder to see

since they have been fully matched on, but in both cases their only use is the matching, resulting

in a single use. A rigorous treatment of these ideas can be found in Section 5.2, detailing how the

usage count for each level of unfolding is found and how the counts of all levels are combined.

2.2 Dynamic Usage Counting
We will now switch focus and give a high-level description of the abstract machine, which we will

introduce formally in Section 4 and use to prove that our grade typing correctly tracks how many

times variables are used during evaluation. The key point of note is how variable uses are counted:

this involves some subtlety.

The two main components of the machine are the heap and the stack. The heap assigns a term,

which may still need to be evaluated, to each variable in scope. Each variable also gets assigned a

grade representing how many times a lookup of that variable may (or must) be performed. The

stack keeps track of the context of what is currently being evaluated, acting similarly to a call stack.

We write ⟨𝐻 ; 𝑡 ; 𝑆⟩ for the state of a machine that evaluates the term 𝑡 under the heap 𝐻 and stack

𝑆 (in Section 4 we extend this with a fourth component, the environment). The overall evaluation

strategy can be summarized as follows: When a function call is reached, the function argument(s)

are placed on the heap, and then the body of the function is evaluated, starting by evaluating

the function’s scrutinee. When doing so a “token” is placed on top of the stack, representing the

function clauses. Once the scrutinee has been evaluated, the token is removed from the stack and

we continue evaluating the corresponding clause of the function.

In order to show the workings of the machine, and the subtleties of usage counting, we will

demonstrate how the program dbl (truncIf false zero) is evaluated, where dbl is the following

non-recursive function that doubles the predecessor of the input:

dbl : N→ N
dbl zero = zero
dbl (suc m) = plus m m

It should be clear, given the discussion above, that m is used at most twice in dbl m.

If we evaluate the program, then we get the trace shown in Figure 1. Let us look at how the heap

evolves as evaluation progresses. We first insert the argument of dbl. Since the function may use its
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⟨ ; dbl tfz ; ⟩
(1)
−−→ Place argument on heap

⟨m ↦→2 tfz ;m | zero→ ...
suc → ... ; ⟩

(2)
−−→ Evaluate scrutinee of dbl

⟨m ↦→2 tfz ;m ; | zero→ ...
suc → ... ⟩

(3)
−−→ Lookup m

⟨m ↦→0 tfz ; tfz ; | zero→ ...
suc → ... ⟩

(4)
−−→ Place arguments on heap

⟨m ↦→0 tfz, 𝑛 ↦→2 z, 𝑏 ↦→2 f ; b | true → ...
false→ ...

; | zero→ ...
suc → ... ⟩

(5)
−−→ Evaluate scrutinee of truncIf

⟨m ↦→0 tfz, 𝑛 ↦→2 z, 𝑏 ↦→2 f ; b ; | true → ...
false→ ...

, | zero→ ...
suc → ... ⟩

(6)
−−→ Lookup b

⟨m ↦→0 tfz, 𝑛 ↦→2 z, 𝑏 ↦→0 f ; false ; | true → ...
false→ ...

, | zero→ ...
suc → ... ⟩

(7)
−−→ Evaluate false clause of truncIf

⟨m ↦→0 tfz, 𝑛 ↦→2 z, 𝑏 ↦→0 f ; n ; | zero→ ...
suc → ... ⟩

(8)
−−→ Lookup n

⟨m ↦→0 tfz, 𝑛 ↦→0 z, 𝑏 ↦→0 f ; zero ; | zero→ ...
suc → ... ⟩

(9)
−−→ Evaluate zero clause of dbl

⟨m ↦→0 tfz, 𝑛 ↦→0 z, 𝑏 ↦→0 f ; zero ; ⟩

Fig. 1. Evaluation trace of dbl (truncIf false zero) where truncIf false zero is abbreviated by tfz, zero by z, and
false by f.

argument up to two times we associate the binding with a grade representing “at most two uses”
2
,

which we will here denote 2. In the formal machine, this grade is given by a grade annotation on

function applications which we exclude here. The first subtlety appears when we look up this entry.

Even though we only perform a single lookup, the stack indicates that we are currently evaluating

the argument of dbl, which uses its argument (up to) two times, and the lookup must therefore

account for both uses. As a result, zero additional lookups of m are allowed after step (3). If we had

instead only counted a single use of m from this lookup it would have been possible to perform

another lookup later, meaning that m could be used too many times; two times as the argument to

dbl and additional times after the second lookup.

Next, the heap is extended with the arguments to truncIf. Despite truncIf using both its arguments

at most once they are inserted with grade 2, indicating that they may be used twice. The reason is

once again that we are evaluating the argument to dbl, meaning that although a single call to truncIf
uses b and n only once the result will be used (up to) twice and the uses of the arguments are thus

increased accordingly. If we had instead only allowed single lookups of b and n, evaluation would

get stuck trying to look up two uses of b where only one is allowed. We continue evaluating the

argument of dbl, with lookups of two uses of b and n as before, and in the end, we have exhausted

all entries in the heap, meaning that they have been used a correct number of times.

If we had instead evaluated dbl (truncIf true zero) evaluation would have proceeded in essentially

the same way until step (7), where we would continue by evaluating zero instead of n. This causes
n to never be looked up, so it is left with 2 allowed lookups in the final heap. This is still valid since

we interpret the grade 2 as meaning at most two uses, including the possibility of zero. If, however,

the final heap includes grades which do not allow zero uses, it would indicate that a variable was

not used the correct number of times. As an example, when using the linearity semiring which we

define in Section 3.1, the grade 1 represents a linear (i.e. exactly one) use. An entry with such a

grade would indicate that a variable that was supposed to be used linearly was unused. Our main

correctness theorem (Theorem 4.9) shows that this cannot happen for well-typed programs.

2
Depending on the chosen grade semiring, there might not be a grade that matches this interpretation exactly. For instance,

the linearity semiring we define in Section 3.1, does not have such a grade but we can then instead use the grade 𝜔 which

represents any number of uses, including at most two.
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3 A Graded Modal Dependent Type Theory
We continue the work on the graded modal type theory from our previous work [3] and its

formalization [2]. In this section we will provide some background by describing the key parts of

the language. We refer the reader interested in more details to the formalization [17].

3.1 Grade Semirings
Terms of our language are annotated with grades that form a semiring-like structure which we

call a grade semiring or simply semiring for short. We will primarily be interested in grades with a

quantitative interpretation, allowing us to express how many times some resource will be used

when the program is evaluated. Our definition of grade semirings is a slight reformulation of the

one presented in our previous work [3, Definition 3.1]:
3

Definition 3.1. A grade semiring (G,+, ·,∧, 0, 1) is a 6-tuple consisting of (from left to right) a

set G, three binary operations (addition, multiplication and meet) and zero and unit elements,

satisfying the following properties:

• (G,+, ·, 0, 1) forms a semiring: Addition is commutative and associative with 0 as identity.

Multiplication is associative with 1 as identity and 0 as absorbing element and distributes

over addition. As usual, we will often abbreviate multiplication of 𝑝 and 𝑞 as 𝑝𝑞.

• (G,∧) forms a semilattice: Meet is commutative, associative and idempotent.

• Both multiplication and addition distribute over meet.

• Equality with 0 is decidable.

For our purposes, we may think of grades as representing a quantity—the number of times some

resource, like a function argument, is used. From this perspective, the grades 0 and 1 represent no
uses and a single use of some resource, respectively. Addition represents the combined resource

usage from different places, usually from two subterms, while multiplication represents a single

resource being used several times, for instance, the argument of a function.

As discussed in Section 2.1, when computation can branch the branches may use different

amounts of some resource, which we combine with the meet operator. For instance, a function

might use its argument either once or not at all, depending on some condition, so the combined

usage is 1 ∧ 0. Thus, in practice, a grade often stands for a set of natural numbers, representing

the possible actual uses. For instance, the set of all natural numbers 𝜔 represents any number of

uses, so it gives us no static information about the actual usage. Singleton sets carry the maximal

information as they determine the exact number of uses. Meet is then interpreted as set union,

addition as pointwise addition of sets, and multiplication as pointwise multiplication of sets.

Meet induces a partial order defined by 𝑝 ≤ 𝑞 iff 𝑝 = 𝑝 ∧ 𝑞. We interpret this relation as a form

of compatibility between grades, in the sense that if 𝑝 ≤ 𝑞 then a resource that is used 𝑞 times may

alternatively be thought of as being used 𝑝 times. When grades are interpreted as sets of natural

numbers, 𝑝 ≤ 𝑞 means that 𝑝 is a superset of 𝑞. In particular, the greatest set 𝜔 is the least element.

The order explains how to define +, · and ∧ on structuresM that represent only some sets of
numbers, such as the “none-one-tons” semiring L given by McBride [22]. Unlike McBride, let us

present this structure as if it had been defined using actual sets of natural numbers. It contains the

sets 0L := {0}, acting as zero, 1L := {1}, acting as one, and 𝜔L := N, the least element. The meet of

0L and 1L is 𝜔L , the greatest lower bound of the two. The sum of 1L and itself is 𝜔L , the smallest

superset of {1 + 1} = {2} that is in the structure. Only the product in this structure is the literal

3
In comparison with our previous definition [3] we have omitted the operator ⊛ used to assign grades to the eliminator for

natural numbers. We will return to this in Section 5. In order to support certain uses of identity types the formalization also

requires that there is a grade 𝜔 satisfying 𝜔 ≤ 1 and 𝜔 (𝑝 + 𝑞) ≤ 𝜔𝑞.
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𝑙 ∈ Nat Universe level Γ,ΔF 𝜖 | Γ. 𝑥 : 𝐴 Typing context

𝑝, 𝑞, 𝑟 ∈ G Grade 𝛾, 𝛿 F 𝜖 | 𝛾 . 𝑥 : 𝑝 Grade context

𝑠 F ⊗ | & Σ-type strength 𝑚 F 0 | 1 Mode

𝐴, 𝐵, 𝑡,𝑢 F 𝑥 | 𝜆𝑝𝑥 .𝑡 | 𝑡𝑝𝑢 | (𝑝𝑡,𝑢)𝑠 | fst𝑝 𝑡 | snd𝑝 𝑡 Term

| prodrec𝑝𝑟 (𝑥 .𝐴) 𝑡 (𝑥1.𝑥2 .𝑢) | emptyrec𝑟 𝐴 𝑡 | zero | suc 𝑡
| U𝑙 | Π𝑞

𝑝 (𝑥 : 𝐴) 𝐵 | Σ𝑞𝑠,𝑝 (𝑥 : 𝐴) 𝐵 | ⊥ | N Type formers

Fig. 2. The syntax of terms, typing and grade contexts, and modes.

pointwise product of sets, not requiring us to round up to the next available set. (We now drop

the subscript L and only use it when disambiguation is necessary.) We shall refer to this structure,

summarized as 0 ≥ 𝜔 ≤ 1 with 0 and 1 incomparable, as the linearity semiring. A resource labelled

with 1 must here be used exactly once.

Changing 1 to be 1A := {0, 1}, we get the affine types semiring A, summarized as 𝜔 ≤ 1 ≤ 0.

A resource labelled with 1 can here be used at most once. Setting 1 to be 1E := 𝜔 , we get the

two-point erasure semiring E, where resources are either unused (0), and thus can be erased, or

used any number of times (𝜔). We also support using natural numbers as grades extended with

a grade 𝜔 for any number of uses where grade 𝑛 represents either “exactly 𝑛 uses”, generalizing

linear types, or “at most 𝑛 uses”, generalizing affine types. We encourage the reader unfamiliar

with these grade semirings to work out their addition and multiplication tables.

For the theory we present below we additionally require grade semirings to have a well-behaved
zero. This means that 1 ≠ 0, if 𝑝 + 𝑞 = 0 or 𝑝 ∧ 𝑞 = 0 then 𝑝 = 𝑞 = 0, and if 𝑝𝑞 = 0 then either

𝑝 = 0 or 𝑞 = 0. Similar properties have been put forward by McBride [22] and Atkey [5]. The grade

semirings we introduced above all have a well-behaved zero.

3.2 Syntax, Typing and Usage
The language we are considering is a dependently typed language with Π- and Σ-types, a natural
number type, an empty type, as well as a hierarchy of Russell universes. The syntax is given in

Figure 2. There are two different kinds of Σ-types, weak with a form of pattern matching (using

prodrec) and strong with projections and 𝜂-equality. We keep the two kinds separate because of

their different behavior in terms of resource usage, as we discuss further below. We therefore label

Σ-types and pairs with ⊗ or & to indicate the weak and strong versions, respectively. In cases where

no distinction is needed, we may omit the label.

Some terms are annotated by grades indicating, for semirings with a quantitative interpretation,

how many times some resource should be used. For lambdas and pairs, the grade represents

how many times the function argument is used and the number of times the first component

should be used, respectively. Their eliminators—applications, projections and prodrec—each have

a corresponding annotation. Π
𝑞
𝑝- and Σ

𝑞
𝑝-types have two annotations, with 𝑝 having the same

meaning as the grade on lambdas or pairs, and 𝑞 instead representing the number of times the

function argument is used in the codomain or how many times the first component is used in type

of the second component. In addition to the grade already mentioned, the eliminator for Σ⊗-types,
prodrec𝑝𝑟 has one more annotation, 𝑟 , which represents how many times the components of the

pair are used by 𝑢 (since a single pair provides 𝑝 uses of the first component it should be used 𝑟𝑝

times by 𝑢). The eliminator for the empty type (emptyrec𝑟 ) has a similar annotation 𝑟 indicating

how many times its argument is used. Both prodrec and emptyrec have side conditions which can

be configured to control if certain grade/mode combinations should be disallowed.
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0 ▶𝑚 U𝑙 0 ▶𝑚 N 0 ▶𝑚 ⊥
𝛾 ▶

𝑚𝑝
𝐴 𝛿. 𝑥 :𝑚𝑞 ▶𝑚 𝐵

𝑝𝛾 + 𝛿 ▶𝑚 Π
𝑞
𝑝 (𝑥 : 𝐴) 𝐵

𝛾 ▶
𝑚𝑝

𝐴 𝛿. 𝑥 :𝑚𝑞 ▶𝑚 𝐵

𝑝𝛾 + 𝛿 ▶𝑚 Σ
𝑞
𝑠,𝑝 (𝑥 : 𝐴) 𝐵 𝑚𝒆𝑥 ▶𝑚 𝑥

𝛾 . 𝑥 :𝑚𝑝 ▶𝑚 𝑡

𝛾 ▶𝑚 𝜆𝑝𝑥 .𝑡

𝛾 ▶𝑚 𝑡 𝛿 ▶
𝑚𝑝

𝑢

𝛾 + 𝑝𝛿 ▶𝑚 𝑡𝑝𝑢

𝛾 ▶
𝑚𝑝

𝑡 𝛿 ▶𝑚 𝑢

𝑝𝛾 ∧ 𝛿 ▶𝑚 (𝑝𝑡,𝑢)&
𝛾 ▶𝑚 𝑡

𝛾 ▶𝑚 fst𝑝 𝑡
𝑚𝑝 ≤𝑚

𝛾 ▶𝑚 𝑡

𝛾 ▶𝑚 snd𝑝 𝑡

𝛾 ▶
𝑚𝑝

𝑡 𝛿 ▶𝑚 𝑢

𝑝𝛾 + 𝛿 ▶𝑚 (𝑝𝑡,𝑢)⊗

𝛾 ▶𝑚𝑟 𝑡 𝛿 . 𝑥1 :𝑚𝑟𝑝. 𝑥2 :𝑚𝑟 ▶𝑚 𝑢 𝜂. 𝑥 : 0 ▶0 𝐴

𝑟𝛾 + 𝛿 ▶𝑚 prodrec𝑝𝑟 (𝑥 .𝐴) 𝑡 (𝑥1.𝑥2.𝑢)
Prodrec𝑚𝑟 𝑝

0 ▶𝑚 zero

𝛾 ▶𝑚 𝑡

𝛾 ▶𝑚 suc 𝑡

𝛾 ▶𝑚𝑟 𝑡 𝛿 ▶0 𝐴

𝑟𝛾 ▶𝑚 emptyrec𝑟 𝐴 𝑡
Emptyrec𝑚𝑟

𝛾 ▶𝑚 𝑡

𝛿 ▶𝑚 𝑡
𝛿 ≤ 𝛾

Fig. 3. The usage relation, 𝛾 ▶𝑚 𝑡 .

The type system consists of five judgements: ⊢ Γ for well-formed contexts, Γ ⊢ 𝐴 and Γ ⊢ 𝑡 : 𝐴
for well-formed types and terms, and Γ ⊢ 𝐴 = 𝐵 and Γ ⊢ 𝑡 = 𝑢 : 𝐴 for equality of types and terms.

Contexts Γ, Δ are snoc-lists of types, see Figure 2. The definition of the typing judgements should be

unsurprising except for the inclusion of grades: typing ensures that the annotations on constructors

match the annotations on the corresponding eliminators (for instance, (𝜆𝑝𝑥 .𝑡)𝑞𝑢 is well-typed only

if 𝑝 = 𝑞). In the interest of brevity we thus leave out their definitions, but they can be looked up in

the formalization [17] following the links accompanying the judgements above.

Typing does not ensure that assigned grades are correct in the sense that resources are used

as many times as indicated. This is instead handled through the usage relation, 𝛾 ▶𝑚 𝑡 , defined in

Figure 3. It checks that 𝑡 is well-resourced under the grade context 𝛾 , which assigns a grade to each

variable that is in scope in 𝑡 : the grades correspond to the number of times the variables should

be used when a single copy of 𝑡 is evaluated. Similarly to typing contexts, grade contexts assign a

grade to each variable (or pointer) in scope, see Figure 2. We write 𝛾 (𝑥) for the grade 𝛾 associates to

𝑥 . We define addition (𝛾 + 𝛿) and meet (𝛾 ∧ 𝛿) of contexts by pointwise application of the respective

operator
4
. Similarly, scaling (𝑝 · 𝛾 ) a context by a grade is defined by pointwise multiplication from

the left and we also lift the order relation (𝛾 ≤ 𝛿) pointwise to contexts. The context 0 assigns grade
0 to all variables and 𝒆𝑥 assigns 1 to 𝑥 and 0 to all other variables.

We are using the extended usage relation [3, Section 8] which checks that 𝑡 is well-resourced

at a given mode𝑚. In a quantitative setting, the mode can be either 1 or 0. The former is in some

sense the default mode, representing computationally relevant settings, while the latter represents

erased settings and is used to check terms with no computational relevancy such as the function

argument of an erased application (𝑝 = 0). Intuitively, no variable uses should be counted in this

setting since the term will not be evaluated, and we may also be a bit more permissive in the erased

mode, owing again to the idea that erased terms are not evaluated. We can convert grades into

modes with 𝑝 = 0 iff 𝑝 = 0 and 1 otherwise. In the other direction we implicitly convert mode 0 to

grade 0 and mode 1 to grade 1. Multiplication for modes is defined such that𝑚𝑚′ = 1 iff both𝑚

and𝑚′
are 1, and 0 otherwise.

4
These operations are only well-defined if the contexts mention the same variables but this is ensured by the de Bruijn

representation used in the formalization.
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For quantitative grade semirings we may think of the usage relation as counting how many

times resources, or variables, are used [3]. To that end, a variable 𝑥 is well-resourced with respect

to the context𝑚𝒆𝑥 which assigns grade𝑚 to 𝑥 and 0 to all other variables. For the term and type

constructors (anything but variables and eliminators) the general principle is that, to each subterm,

a usage context is assigned which is extended by grades for the variables bound in that subterm.

The usage context of a subterm is then scaled by the grade corresponding to how many times the

subterm is used in the surrounding term, which is 1 in most cases except for the first component

of a pair. The (possibly scaled) contexts of all subterms are then summed up to form the usage

context of the whole term. Strong pairs are an exception since they only allow one component to

be used through projection while the other is discarded. Here, the contexts are instead combined

using meet to ensure a usage context that is compatible regardless of which component is used.

For constants every variable is assigned grade 0.

The eliminators follow the same pattern only that scaling is the rule rather than the exception.

For instance, an application 𝑡𝑝𝑢 uses the function argument 𝑝 times, which is reflected by a 𝑝-fold

scaling of the usage context 𝛿 of the argument 𝑢, which is added to the usage context 𝛾 of the

function 𝑡 . We also see that 𝑢 is checked in mode𝑚𝑝 , rather than𝑚, ensuring that it is checked

in the erased mode when 𝑝 = 0. The eliminators corresponding to pattern matching, prodrec and
emptyrec, all allow scaling of the scrutinee 𝑡 by an arbitrary 𝑟 . Variable usage in the motive (target

type) 𝐴 of the eliminators is not accounted for, as motives are not constructed at runtime and thus

do not consume resources. For the projections, the usage count of fst𝑝 𝑡 or snd𝑝 𝑡 is the same as

that for 𝑡 which, as mentioned, is a context compatible with either component of 𝑡 . For the first

projection the side condition𝑚𝑝 ≤𝑚 restricts 𝑝 to be bounded by 1 when checked in mode 1. This

is because only one of the 𝑝 copies of the first component remains after taking the projection so

we require compatibility between 𝑝 and 1.

The final rule works like subsumption in subtyping systems. It allows us to throw away informa-

tion about resource usage, going from a more precise usage context 𝛾 to a less precise context 𝛿

whenever 𝛿 ≤ 𝛾 . For instance, for all our example semirings we have 𝜔 ≤ 0 and an unused variable

(0) can then be considered to be used (𝜔). Similarly, for the affine types semiring with 1 ≤ 0, an

unused variable can be considered to be used 1 time: 1 has the interpretation “at most one use”. On

the other hand, this is not allowed for the linearity semiring, because 0 and 1 are not comparable.

The reduction relation Γ ⊢ 𝑡 → 𝑢 : 𝐴 specifies call-by-name weak head reduction and, as usual,

Γ ⊢ 𝑡 →∗ 𝑢 : 𝐴 denotes its reflexive, transitive closure. Notably, the reduction relation is typed, yet

the reduction rules are otherwise standard and thus omitted. We have a form of subject reduction

for the usage relation. If 𝛾 ▶𝑚 𝑡 and Γ ⊢ 𝑡 → 𝑢 : 𝐴 then 𝛾 ▶𝑚 𝑢, which we can interpret as saying

that the uses of the free variables do not change (up to subsumption) during evaluation.

Several meta-theoretical properties of the type theory are proved through a logical relation,

originally due to Abel et al. [4]. We rely on some of these below in our proof of resource correctness.

Most notably, this includes normalization, i.e., all well-typed terms reduce to weak head normal

form, and consistency, i.e., one cannot construct a closed term of the empty type. But we also

depend on properties like inversion of typing and injectivity of Π- and Σ-types and we will further

use part of the logical relation itself as an inductive structure for the terms inhabiting data types,

in our case, the natural numbers.

4 A Resource Aware Abstract Machine
In [3] we have shown that a usage preservation lemma holds for all grade semirings, and that

the usage relation captures the concept of erasure correctly for a class of semirings (those with a

“well-behaved zero”). However, “a serious soundness argument for linearity” was left for future

work. The goal of this section is to provide such an argument.
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In the context of linearity, our intended interpretation of 𝛾 ▶1 𝑡 is that, if 𝛾 (𝑥) = 1, then 𝑥 is

used exactly once during evaluation of 𝑡 . We specify what it means to be used through an abstract

machine that keeps track of available resources, and then we prove that the number of times a

variable is used is consistent with the usage relation. Our proof works for the linearity semiring,

but more generally whenever grade subtraction is definable.

4.1 Subtraction of Grades
While we utilize grades to represent how many times a resource may be used, they do not a

priori provide a way to track how this number changes as resources are consumed. There are two

questions that we would like to be able to answer. Firstly, “given 𝑝 copies of some resource, are

there 𝑞 copies available?” and secondly, “if so, how many copies would be left if we used those 𝑞

copies?”. The first question can be answered in the affirmative if there is some 𝑟 such that 𝑝 ≤ 𝑟 +𝑞,

meaning that 𝑝 can be converted into the sum of 𝑞 and some residual 𝑟 . There may be many such 𝑟

so we should not take just any such 𝑟 as the answer to the second question. We want to allow as

many future uses as possible when converting 𝑝 into 𝑞 + 𝑟 so we should pick the least such 𝑟 . A

least 𝑟 might not always exist, but when there is such an 𝑟 for every 𝑝 and 𝑞 such that 𝑝 ≤ 𝑟 ′ + 𝑞

for some 𝑟 ′, then we say that the grade semiring under consideration supports subtraction. In this

case we write 𝑝 − 𝑞 = 𝑟 . We shall in turn write 𝑝 − 𝑞 ≤ 𝑟 whenever 𝑝 ≤ 𝑟 + 𝑞.5

For example, in the linearity semiring we have both 𝜔 ≤ 1 + 1 and 𝜔 ≤ 𝜔 + 1, but since 𝜔 ≤ 1

we let 𝜔 − 1 = 𝜔 . In fact, 𝜔 − 𝑞 = 𝜔 for any 𝑞 since 𝜔 is the least element: it represents any number

of uses. This generalizes to any least element 𝑝 in any grade semiring since then 𝑝 ≤ 𝑝 + 𝑞 for

any 𝑞. We further always have 𝑝 − 0 = 𝑝 for any 𝑝 since 𝑝 ≤ 𝑝 + 0. For the linear and affine types

semirings, the only remaining case is 1 − 1 = 0; the rest, 0 − 1, 0 − 𝜔 , and 1 − 𝜔 , are undefined

(because there is no 𝑟 such that 0 ≤ 𝑟 + 1, 0 ≤ 𝑟 +𝜔 or 1 ≤ 𝑟 +𝜔). Notation might suggest 𝑝 − 𝑝 = 0,

but this does not hold in general, for instance 𝜔 − 𝜔 = 𝜔 in the linearity semiring.

All concrete grade semirings we consider support subtraction. Note in particular that, for these

semirings, subtraction from 0 is only possible when subtracting by 0. That is, if there are no copies

available then we may only “use” zero copies.

4.2 The Abstract Machine
We will now define an abstract machine for the step-wise evaluation of terms. Structure-wise, it is

similar to the lazy abstract machine by Sestoft [27], but adapted to a call-by-name setting. In regards

to resource tracking we draw inspiration from Choudhury et al. [13]. The choice of call-by-name is

due to the usage relation being defined with resource counting for call-by-name in mind. Other

evaluation strategies may lead to differences in how many times variables are referenced.

We focus on evaluation of closed programs, but with some modifications our results hold also

for open programs for which all free variables are erasable, see Theorem 4.10. Details are available

in the formalization.

We follow Sestoft and use machine states 𝑠 with four parts: a heap 𝐻 mapping pointers to

closures, an evaluation stack 𝑆 , the (possibly open) term 𝑡 that is being evaluated (the head), and an
environment 𝜌 for 𝑡 , mapping 𝑡 ’s free variables to pointers. The syntax for machine states, heaps

and stacks is given in Figure 4. Heaps are lists of entries (which are closures consisting of a term

and an environment) together with grades indicating how many copies of the entries are available.

The dependency structure is like that of a typing context: entries can only refer to preceding entries,

making the heap well-founded. We write 𝜌 (𝑥) for the pointer environment 𝜌 assigns to variable 𝑥 .

5
Defining subtraction from addition in preordered semirings is a standard application of Galois connections, and the general

term is residuation [18, Ch. 3].
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𝑒 F (𝑡, 𝜌) Heap entries 𝑆 F 𝜖 | 𝑐. 𝑆 Stacks

𝐻 F 𝜖 | 𝐻.𝑦 ↦→𝑝 𝑒 Heaps 𝑐 F •𝑝𝑢 [𝜌] | fst𝑝 • | snd𝑝 • | suc • Continuations

𝜌 F 𝜖 | 𝜌 [𝑥 ↦→ 𝑦] Environments | prodrec𝑝𝑟 (𝑥 .𝐴) • (𝑥1.𝑥2.𝑢) [𝜌]
𝑠 F ⟨𝐻 ; 𝑡 ; 𝜌 ; 𝑆⟩ Machine states | emptyrec𝑟 𝐴 • [𝜌]

Fig. 4. The syntax of the abstract machine.

𝑝 − 𝑞 = 𝑟

(𝐻.𝑦 ↦→𝑝 𝑒) ⊢ 𝑦 ↦→𝑞 𝑒 ; (𝐻.𝑦 ↦→𝑟 𝑒)
𝐻 ⊢ 𝑦 ↦→𝑞 𝑒 ; 𝐻 ′

(𝐻.𝑦′ ↦→𝑝 𝑒′) ⊢ 𝑦 ↦→𝑞 𝑒 ; (𝐻 ′ . 𝑦′ ↦→𝑝 𝑒′)
𝑦 ≠ 𝑦′

(𝐻.𝑦 ↦→𝑝 𝑒) ⊢ 𝑦 ↦→ 𝑒

𝐻 ⊢ 𝑦 ↦→ 𝑒

(𝐻.𝑦′ ↦→𝑞 𝑒′) ⊢ 𝑦 ↦→ 𝑒
𝑦 ≠ 𝑦′

Fig. 5. Heap lookup relations 𝐻 ⊢ 𝑦 ↦→𝑞 𝑒 ; 𝐻 ′ and 𝐻 ⊢ 𝑦 ↦→ 𝑒 for lookup of 𝑞 copies with heap update and
lookup without heap update respectively.

The statement 𝐻 ⊢ 𝑦 ↦→𝑞 𝑒 ; 𝐻 ′
, defined in Figure 5, means that it is possible to dereference the

pointer 𝑦 into the heap 𝐻 , obtaining the entry 𝑒 and a new heap 𝐻 ′
. In the new heap, the usage

count of the entry has been decreased by 𝑞. This kind of lookup can fail if the heap does not contain

sufficiently many copies of that entry, i.e. if it is not possible to subtract 𝑞 from the number of

available copies. We also define a separate lookup relation 𝐻 ⊢ 𝑦 ↦→ 𝑒 that always succeeds and

does not involve a heap update, see Figure 5.

The evaluation stack 𝑆 is a list of continuations 𝑐 that represent the context of the term that is

currently being evaluated, see Figure 4. The continuation suc •, corresponding to the successor

constructor, is used to fully evaluate programs to numerals. The other continuations are eliminators

with the scrutinee removed but complemented with an environment for the remaining subterms (if

there are any). For instance, when an application is evaluated, the function argument is put as a

closure on the stack while the function itself is evaluated.

We note that a machine state 𝑠 can be seen as a decomposition of a (closed) term that can be

recovered from 𝑠 . From this perspective heaps can be seen as substitutions replacing each variable

with its corresponding entry in the heap. Stacks make up the “spine” of a term, missing only the

scrutinee to form a complete term. We can recover the term corresponding to a state by inserting

the head as the missing scrutinee and applying a substitution corresponding to the heap. We denote

this operation by L𝑠M. Going in the other direction there can of course be several different states all

corresponding to a term 𝑡 . The most natural is perhaps ⟨𝜖; 𝑡 ; 𝜖; 𝜖⟩ which we call the initial state
for 𝑡 and denote by ⟨𝑡⟩.

As noted in Section 2.2 we must be careful with how heap lookups are counted, and account for

the fact that arguments of eliminators are not necessarily used only once. When an entry is looked

up it is not necessarily the case that 1 should be subtracted from its grade: the grade to subtract

depends on how the current head will be used by continued evaluation. Similarly, the grade of a

new heap entry depends on how the head is going to be used. For these reasons we will keep track

of a grade 𝑟 that represents how many “copies of the head” the current state is using.

Choudhury et al. [13] parametrize their reduction relation by 𝑟 , but we compute 𝑟 from the

stack 𝑆 via the multiplicity function |𝑆 |. In our formalization multiplicity is defined as a functional
relation |𝑆 | ≡ 𝑟 introduced by the rules in Figure 6, because the function becomes partial once we

add the eliminator for natural numbers in Section 5. The multiplicity of a stack is the product of
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|𝜖 | ≡ 1

|𝑆 | ≡ 𝑝 |𝑒 | ≡ 𝑞

|𝑒. 𝑆 | ≡ 𝑝𝑞 |•𝑝𝑢 [𝜌] | ≡ 1 |fst𝑝 •| ≡ 1 |snd𝑝 •| ≡ 1

|prodrec𝑝𝑟 (𝑥 .𝐴) • (𝑥1 .𝑥2.𝑢) [𝜌] | ≡ 𝑟 |emptyrec𝑟 𝐴 • [𝜌] | ≡ 𝑟 |suc •| ≡ 1

Fig. 6. Multiplicity of stacks and continuations.

⟨𝐻 ; 𝑥 ; 𝜌 ; 𝑆 ⟩ →𝑒 ⟨𝐻 ′
; 𝑡 ; 𝜌 ′; 𝑆 ⟩ if 𝐻 ⊢ 𝜌 (𝑥) ↦→ |𝑆 | (𝑡, 𝜌 ′) ; 𝐻 ′

⟨𝐻 ; 𝑡𝑝𝑢 ; 𝜌 ; 𝑆 ⟩ →𝑒 ⟨𝐻 ; 𝑡 ; 𝜌 ; •𝑝𝑢 [𝜌] . 𝑆 ⟩
⟨𝐻 ; fst𝑝 𝑡 ; 𝜌 ; 𝑆 ⟩ →𝑒 ⟨𝐻 ; 𝑡 ; 𝜌 ; fst𝑝 •. 𝑆 ⟩
⟨𝐻 ; snd𝑝 𝑡 ; 𝜌 ; 𝑆 ⟩ →𝑒 ⟨𝐻 ; 𝑡 ; 𝜌 ; snd𝑝 •. 𝑆 ⟩
⟨𝐻 ; prodrec𝑝𝑟 (𝑥 .𝐴) 𝑡 (𝑥1.𝑥2.𝑢); 𝜌 ; 𝑆 ⟩ →𝑒 ⟨𝐻 ; 𝑡 ; 𝜌 ; prodrec𝑝𝑟 (𝑥 .𝐴) • (𝑥1 .𝑥2.𝑢) [𝜌] . 𝑆 ⟩
⟨𝐻 ; emptyrec𝑟 𝐴 𝑡 ; 𝜌 ; 𝑆 ⟩ →𝑒 ⟨𝐻 ; 𝑡 ; 𝜌 ; emptyrec𝑟 𝐴 • [𝜌] . 𝑆 ⟩

⟨𝐻 ; 𝜆𝑝𝑥 .𝑡 ; 𝜌 ; •𝑝𝑢 [𝜌 ′] . 𝑆 ⟩ →𝑣 ⟨𝐻.𝑦 ↦→ |𝑆 |𝑝 (𝑢, 𝜌 ′); 𝑡 ; 𝜌 [𝑥 ↦→ 𝑦]; 𝑆 ⟩
⟨𝐻 ; (𝑝𝑡1, 𝑡2)&; 𝜌 ; fst𝑝 •. 𝑆 ⟩ →𝑣 ⟨𝐻 ; 𝑡1; 𝜌 ; 𝑆 ⟩
⟨𝐻 ; (𝑝𝑡1, 𝑡2)&; 𝜌 ; snd𝑝 •. 𝑆 ⟩ →𝑣 ⟨𝐻 ; 𝑡2; 𝜌 ; 𝑆 ⟩
⟨𝐻 ; (𝑝𝑡1, 𝑡2)⊗ ; 𝜌 ; prodrec𝑝𝑟 (𝑥 .𝐴) • (𝑥1.𝑥2.𝑢) [𝜌 ′] . 𝑆 ⟩ →𝑣 ⟨𝐻 ′

; 𝑢 ; 𝜌 ′′ ; 𝑆 ⟩
if 𝐻 ′ = 𝐻.𝑦1 ↦→ |𝑆 |𝑟𝑝 (𝑡1, 𝜌). 𝑦2 ↦→ |𝑆 |𝑟 (𝑡2, 𝜌 [𝑥1 ↦→ 𝑦1])

𝜌 ′′ = 𝜌 ′ [𝑥1 ↦→ 𝑦1] [𝑥2 ↦→ 𝑦2]

⟨𝐻 ; suc 𝑡 ; 𝜌 ; suc𝑘 • ⟩ →𝑛 ⟨𝐻 ; 𝑡 ; 𝜌 ; suc𝑘+1 • ⟩ if ¬Numeral 𝑡
⟨𝐻 ; 𝑡 ; 𝜌 ; suc •. 𝑆 ⟩ →𝑛 ⟨𝐻 ; suc 𝑡 ; 𝜌 ; 𝑆 ⟩ if Numeral 𝑡

Fig. 7. The machine reduction relations for eliminators, 𝑠 →𝑒 𝑠
′, values, 𝑠 →𝑣 𝑠

′, and numerals 𝑠 →𝑛 𝑠′. The
stack suc𝑘 • consists (only) of 𝑘 copies of suc •.

the multiplicities of its continuations, and those are 1 in all cases except for the pattern matching

eliminators where it is the multiplicity of the scrutinee. Note that the multiplicity of an application

continuation is 1: this continuation is used when the function is evaluated, not the argument.

The state transitions 𝑠 → 𝑠′ of our machine, defined in Figure 7, mimic the call-by-name weak

head reduction of the language. This will be made formal by a bisimulation argument utilizing the

translation L𝑠M from states 𝑠 to terms. For a given machine state, we can think of one evaluation

step as doing one of three things: (1) looking up a variable in the heap, (2) putting a continuation

on the stack, or (3) popping a continuation off the stack.

It turns out to be convenient to know not only that one state reduces to another but also in what

way. In particular, we separate the third category above from the others and define the relation

𝑠 →𝑒 𝑠′ capturing reductions in the first two groups and 𝑠 →𝑣 𝑠′ capturing those of the third,

see Figure 7. We denote the union of these by 𝑠 → 𝑠′ and will refer to it as the weak head semantics

of the machine. As usual, notation like 𝑠 →∗ 𝑠′ is used for reflexive, transitive closures.

The first relation, 𝑠 →𝑒 𝑠
′
, concerns cases where the head of the state is either an eliminator or a

variable. For eliminators, a corresponding continuation is put on top of the stack and evaluation

continues with the scrutinee in head position.In the variable case, we look up |𝑆 | copies of the
pointer corresponding to the variable and continue evaluating the result under the updated heap.

Importantly, the variable rule can fail if an attempt is made to look up more copies than are available,

in which case evaluation would halt.
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Table 1. Summary of the reduction relations showing for which kinds of head terms they can be applied.

Applies when: →𝑒 d𝑒 →𝑣 →𝑛 → d ↠
Head is an eliminator ✓ ✓ ✓ ✓ ✓
Head is a value and stack matches ✓ ✓ ✓ ✓
Head is a variable (with resource tracking) ✓ ✓ ✓
Head is a variable (without resource tracking) ✓ ✓
Head is suc 𝑡 ✓ ✓

The second relation, 𝑠 →𝑣 𝑠
′
, corresponds to states with a value (non-neutrals in weak head

normal form) in head position. These rules can fail if the top of the stack does not match the head

term, for instance in the case of a projection with a lambda in head position. In the case of a match

the continuation on top of the stack is popped off, and new entries are possibly put on the heap.

The number of copies put on the heap are given by the grade annotations of the continuation—in

analogy with the usage relation—scaled by the stack multiplicity as explained above.

The observant reader might have noticed that it is possible to look up zero copies of a heap entry

whenever the stack multiplicity is 0. As can be gleaned from its definition, the multiplicity of a

stack is zero if (and only if) it contains prodrec𝑝
0
or emptyrec

0
, i.e. in the case of an erased match

[3] on a weak pair or for the empty type. In either case, this indicates that the current head is an

erased term which does not have any computational relevance. While lookups may still happen

there is no risk of any data on the heap being used more times than allowed as any new heap

entries will have grade 0. Nevertheless, depending on what the language is used for one might

not want to allow such lookups in erased contexts. Erased matches can be disallowed using the

corresponding side conditions in the usage relation. Unless otherwise noted, the results we present

here hold regardless of whether erased matches are allowed or not.

We will also make use of a variant of the semantics for which we do not keep track of resource

usage: 𝑠 d 𝑠′. Since the variable case is the only one in which this is done we can define this simply

by replacing the variable rule of the weak head semantics with the following one:

𝐻 ⊢ 𝜌 (𝑥) ↦→ (𝑡, 𝜌 ′)
⟨𝐻 ; 𝑥 ; 𝜌 ; 𝑆⟩ d𝑒 ⟨𝐻 ; 𝑡 ; 𝜌 ′; 𝑆⟩

As Theorems 4.4 and 4.6 will show, the weak head semantics mirrors the call-by-name weak

head reduction of the language. In order to prove our resource correctness theorem, Theorem 4.9,

just weak head reduction is not quite sufficient. The reason is that evaluation to weak head normal

form could leave us with states in which the head still contains references to the heap, representing

resources that have not yet been used. Since our goal involves verifying that the number of times

variables are used is correct we want evaluation to continue until no such references remain. We

will therefore evaluate programs (terms of type N) to numerals, rather than just to outermost

constructor form.

For this purpose, we define an additional reduction relation 𝑠 →𝑛 𝑠′, see Figure 7. This allows
suc 𝑡 to be evaluated further if 𝑡 is not a numeral. Note that we only allow evaluation under suc
when the stack is suc𝑘 • (for some 𝑘), the stack consisting of nothing but 𝑘 successor eliminators.

We add this stipulation to ensure that the reduction semantics stays deterministic once we add

the continuation for the natural number eliminator. We also define an extended reduction relation

𝑠 ↠ 𝑠′, which is the union of 𝑠 →𝑒 𝑠′ and 𝑠 →𝑣 𝑠
′
and 𝑠 →𝑛 𝑠′: we will refer to this as the full

semantics of the machine. A summary of the reduction relations for the abstract machine is given

in Table 1.
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Our goal is to show that this semantics is correct in the sense that all programs (of type N)
evaluate to a numeral and use resources correctly: evaluation should not get stuck because the

heap did not contain enough resources, and once evaluation finishes, the heap should have no

leftover resources that were expected to have been used. Note that, as mentioned in Section 2.2, the

latter condition does not mean that the heap should not have any resources remaining in the sense

that all entries are annotated with 0: for the linearity semiring it should be fine to have entries

annotated with 𝜔 , because 𝜔 stands for any number of uses, including none. Thus, it suffices that

all heap entries are annotated with grades that are compatible with 0, i.e., at most 0. Note that for
the linearity semiring 0 ≤ 0 and 𝜔 ≤ 0, but 1 ̸≤ 0.

As we will see, evaluation of “sufficiently well-behaved” programs with the full reduction strategy

can be summarized in the following way: First evaluation uses the weak head semantics until a state

with suc 𝑡 in head position is reached (we may also reach zero right away in which case evaluation

halts). At this point, a successor continuation is put on the stack and evaluation continues using

the weak head semantics. This repeats until a state with zero in head position is reached, at which

point evaluation finishes by popping all successor continuations off the stack (one by one). In other

words, most interesting steps of evaluation are covered by the reduction steps of the weak head

semantics. Although our main goal involves full reduction, we will therefore spend most of our

effort considering only weak head reduction.

We will show that in each iteration of the procedure described above weak head reduction will

lead to a state with either zero or suc 𝑡 as the head, and use this to show that full reduction matches

the procedure described above. Looking at the reduction rules, we can see three ways in which

weak head evaluation can get stuck or terminate (two of which were mentioned above): (1) variable

lookup fails because there are not enough resources in the heap, (2) there is a value in head position

with a non-matching continuation on top of the stack, or (3) there is a value in head position and

the stack is empty. In the next few sections we will consider these reasons one by one, leading up

to our main correctness proof. The first reason is perhaps the most interesting as it means that a

term is trying to access more resources than allowed—for instance attempting to access a linear

resource more than once. We will show in Section 4.3 that well-resourced states cannot get stuck in

this way. The second reason is an indication of a malformed state, such as applying a projection to

a lambda abstraction. As we will show, also in Section 4.3, such situations are ruled out by typing.

Conversely, the final reason is the expected way for evaluation to terminate. In Section 4.4 we show

that all sufficiently well-behaved programs indeed terminate in this way and in the process use any

resources as many times as specified.

4.3 Usage and Typing for the Machine
In order to rule out the possibility of evaluation getting stuck because the heap does not contain

enough resources, we will define a usage relation for machine states. The idea is to keep track

of both the resources available in the heap and the resources that will be consumed by the head

and stack, and make sure that these are compatible, i.e. that the heap contains at least as many

resources as will be consumed. We partly follow Choudhury et al. [13].

The first step is to define a usage relation for heaps, representing the available resources, see Fig-

ure 8. We write this as 𝛾 ▶ 𝐻 with the interpretation that 𝛾 represents the number of available

copies of each entry.

When a heap entry 𝑥 ↦→𝑝 (𝑡, 𝜌), with 𝛿 ▶
𝑝
𝑡 , is added to 𝐻 , the new entry is assigned the grade

𝑝 , representing that it has 𝑝 copies available. For all preceding entries, however, the number of

available copies seems to decrease (from 𝛾 + 𝑝𝛿 [𝜌] to 𝛾 ). This accounts for any resources that the 𝑝

copies of 𝑡 may consume, making them unavailable to be used elsewhere. We use the notation 𝛿 [𝜌]
to indicate a renaming of the variables of 𝛿 to the corresponding pointers according to 𝜌 .
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𝜖 ▶ 𝜖

𝛾 + 𝑝𝛿 [𝜌] ▶ 𝐻 𝛿 ▶
𝑝
𝑡

𝛾 . 𝑦 : 𝑝 ▶ 𝐻.𝑦 ↦→𝑝 (𝑡, 𝜌)
𝛾 ▶ 𝐻

𝛿 ▶ 𝐻
𝛾 ≤ 𝛿

𝛾 ▶
𝑚𝑝

𝑢

𝑝𝛾 [𝜌] ▶𝑚 •𝑝𝑢 [𝜌] 0 ▶𝑚 fst𝑝 •
𝑚𝑝 ≤𝑚

0 ▶𝑚 snd𝑝 •

𝛾 . 𝑥1 :𝑚𝑟𝑝. 𝑥2 :𝑚𝑟 ▶𝑚 𝑢

𝛾 [𝜌] ▶𝑚 prodrec𝑝𝑟 (𝑥 .𝐴) • (𝑥1.𝑥2 .𝑢) [𝜌]
Prodrec𝑚𝑟 𝑝

0 ▶𝑚 emptyrec𝑟 𝐴 • [𝜌]
Emptyrec𝑚𝑟

0 ▶ 𝜖

𝛿 ▶ |𝑆 |
𝑐 𝛾 ▶ 𝑆

𝛾 + |𝑆 |𝛿 ▶ 𝑐. 𝑆

𝛾 ▶ 𝐻 𝛿 ▶ |𝑆 |
𝑡 𝜂 ▶ 𝑆

▶ ⟨𝐻 ; 𝑡 ; 𝜌 ; 𝑆⟩
𝛾 ≤ |𝑆 | · 𝛿 [𝜌] + 𝜂

Fig. 8. Usage relations for heaps, 𝛾 ▶ 𝐻 , continuations, 𝛾 ▶𝑚 𝑐 , stacks, 𝛾 ▶ 𝑆 , and states, ▶ 𝑠 .

As for terms, we allow a form of subsumption for heaps. This one goes the other way around,

because while the usage relation for terms represents resources that will be consumed, usage for

heaps represents resources that are available.

The head and stack make up the “consuming” parts of a state. The usage relation for terms

(Figure 3) describes the resources consumed by the head, and also forms the basis for defining a

usage relation for stacks. In short, the resources consumed by a continuation are the same as the

ones for the corresponding term with the resources for the scrutinee removed and the assumptions

regarding eliminators’ motives dropped. This is expressed by 𝛾 ▶𝑚 𝑐 , defined in Figure 8. Note

that the lack of a usage rule for suc • is deliberate; with the weak head semantics we are currently

considering such continuations will never be placed on the stack. For stacks, the usage counts of all

continuations are simply added together, scaled by the stack multiplicity to account for the number

of copies being evaluated, see Figure 8. We write this as 𝛾 ▶ 𝑆 .

With this we get both (an approximation of) what resources a state has available for use and

(an approximation of) what resources are required to evaluate it. For a well-resourced state, these

should be in balance, i.e. there should always be enough resources available. We define usage

of states, ▶ 𝑠 in Figure 8. The first three conditions ensure that the heap, head and stack are all

well-resourced with respect to certain usage contexts. The side condition is key for this definition.

The right-hand side, |𝑆 | · 𝛿 [𝜌] + 𝜂, represents the total number of resources that will be consumed

by the stack and the (|𝑆 | copies of) the head, so this condition ensures that the heap contains at

least as many resources as will be consumed. We get that, for well-resourced states, reduction

cannot get stuck due to failing heap lookups caused by insufficient resources in the heap:

Theorem 4.1. If ▶ ⟨𝐻 ; 𝑥 ; 𝜌 ; 𝑆⟩, then 𝐻 ⊢ 𝜌 (𝑥) ↦→ |𝑆 | 𝑒 ; 𝐻 ′ for some entry 𝑒 and heap 𝐻 ′.

Furthermore the property of being well-resourced is preserved by the weak head semantics:

Theorem 4.2. If ▶ 𝑠 and 𝑠 → 𝑠′ or 𝑠 →∗ 𝑠′ then ▶ 𝑠′.

Note that the contexts assigned to the heap, head and stack of 𝑠 and 𝑠′ are not necessarily the same:

they could change due to e.g. heap lookups.

Thus we see that, starting with a well-resourced state, reduction will never fail because the

variable rule could not be applied due to insufficient resources. In order to also ensure that reduction

cannot get stuck for states with non-empty stacks, due to a non-matching continuation, we define

a typing judgement for states, ⊢ 𝑠 : 𝐴. Like typing for terms, typing for states is mostly unrelated

to usage counting so we do not spell out the details here and instead refer to the formalization. Like
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usage, typing is preserved by machine reduction and any state with a value in head position and a

non-empty stack reduces. We can now show that two of three ways in which reduction could get

stuck cannot happen for well-resourced and well-typed states:

Theorem 4.3. If ⊢ 𝑠 : 𝐴 and ▶ 𝑠 for some state 𝑠 that does not evaluate further then the head of 𝑠
is a value and its stack is empty.

4.4 Resource Correctness
At this point we have shown that there is only one way in which (well-typed and well-resourced)

programs can terminate, but it remains to show that all programs do terminate and that heap entries

are used a sufficient number of times. We will deduce this from normalization of call-by-name

reduction after first showing that the machine and call-by-name reduction relations are bisimilar.

The first direction, showing that machine evaluation steps are matched by call-by-name reduction

steps, is relatively straightforward:

Theorem 4.4. For any machine states 𝑠 and 𝑠′:
• If 𝑠 →𝑒 𝑠

′ then L𝑠M = L𝑠′M.
• If ⊢ 𝑠 : 𝐴 and 𝑠 →𝑣 𝑠

′ then 𝜖 ⊢ L𝑠M → L𝑠′M : 𝐴.
• If ⊢ 𝑠 : 𝐴 and 𝑠 → 𝑠′ then 𝜖 ⊢ L𝑠M →∗ L𝑠′M : 𝐴.
• If ⊢ 𝑠 : 𝐴 and 𝑠 →∗ 𝑠′ then 𝜖 ⊢ L𝑠M →∗ L𝑠′M : 𝐴.

The second direction is more involved. We begin by showing that every well-resourced state can

be evaluated to a state with a value in head position using only→𝑒 , reduction for continuations

and variables. We say that such states are in normal form. The procedure for normalizing a state

is as follows: (1) the head is a value, in which case we are done, (2) the head is an eliminator, in

which case we put the corresponding continuation on the stack and continue, (3) the head is a

variable, in which case we look up the variable and continue. The final case poses some issues since

variable lookups might not be allowed. In principle, this could be avoided using Theorem 4.1 since

heap lookups are always allowed for well-resourced states, but this does not lend itself well to the

induction scheme that we use to prove that normalization is always possible. We therefore show

normalization first for the non-tracking semantics, avoiding the issue of possibly failing lookups.

By showing the tracking and non-tracking semantics to be bisimilar for well-resourced states we

also get normalization for the tracking semantics.

Theorem 4.5. For any machine state 𝑠 :
• There is some state 𝑠′ in normal form with 𝑠 d∗

𝑒 𝑠
′.

• If ▶ 𝑠 then there is some state 𝑠′ in normal form such that 𝑠 →∗
𝑒 𝑠

′.

To go from normalization to bisimilarity we note that normalized states with non-empty stacks

reduce using →𝑣 . Thus, a single call-by-name reduction step corresponds to normalizing the

corresponding machine state, followed by a single evaluation step using →𝑣 , popping the topmost

continuation off the stack.

Theorem 4.6. If 𝜖 ⊢ L𝑠M → 𝑢 : 𝐴 and ⊢ 𝑠 : 𝐵 and ▶ 𝑠 , then there is some state 𝑠′ such that 𝑠 →∗ 𝑠′

and L𝑠′M = 𝑢. If additionally 𝑢 is in weak head normal form then 𝑠′ does not evaluate further: the head
of 𝑠′ is a value and the stack is empty.

As a corollary we get that evaluation with the weak head semantics terminates:

Corollary 4.7. If ⊢ 𝑠 : 𝐴 and ▶ 𝑠 then 𝑠 →∗ 𝑠′ for some state 𝑠′ = ⟨𝐻 ; 𝑡 ; 𝜌 ; 𝜖⟩ where 𝑡 is a value
and 𝑠′ does not evaluate further.
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So far we have only considered the weak head semantics of the machine, but it is now finally

time to turn our attention to full evaluation to numerals. We can use Corollary 4.7 to reach a state

with either zero or suc 𝑡 in head position. In the latter case, a successor continuation is placed on

the stack and Corollary 4.7 is applied again repeatedly until the head becomes zero, at which point

the continuations are popped off the stack, and we reach a state with a numeral in head position.

Theorem 4.8. If ⊢ 𝑠 : N and ▶ 𝑠 then there is a numeral 𝑛, a heap 𝐻 and an environment 𝜌 such
that 𝑠 ↠∗ ⟨𝐻 ; 𝑛; 𝜌 ; 𝜖⟩ and ▶ ⟨𝐻 ; 𝑛; 𝜌 ; 𝜖⟩.
The proof is done by induction on the logical relation for natural numbers provided by Abel et al.

[4], essentially representing the numeral which 𝑡 eventually evaluates to. Notably, the theorem

implies that evaluation cannot get stuck due to over-use of some resource.

Of course, there is still one part missing—namely that resources are also not used fewer times

than specified. This follows more or less directly from Theorem 4.8 by noting that since 𝑛 is a

numeral and the stack is empty, the state we end up in consumes no resources. Since the state is

well-resourced this means that 𝛾 ▶ 𝐻 for some context 𝛾 ≤ 0 from which it follows that the number

of copies of each entry in 𝐻 is bounded by 0.

Theorem 4.9. If 𝜖 ▶1 𝑡 and 𝜖 ⊢ 𝑡 : N then there is a numeral 𝑛, a heap 𝐻 and an environment 𝜌
such that ⟨𝑡⟩ ↠∗ ⟨𝐻 ; 𝑛; 𝜌 ; 𝜖⟩ and the grade associated with each entry in 𝐻 is bounded by 0.

For the linearity semiring, the final heap cannot contain any remaining linear entries. Thus, any

such entries that were placed on the heap must have been looked up exactly once.

With some modifications our results hold also for evaluation of open programs, as long as all

free variables are assigned grade 0. In order to ensure that such variables cannot be used in a

computationally relevant way, our proof assumes that the grade 0 is well-behaved (regardless

of whether the setting with two or one modes is used). This ensures that one cannot subtract a

non-zero quantity from zero. This extends our resource correctness theorem as follows:

Theorem 4.10. If Δ is consistent, erased matches for prodrec are disallowed, 0 ▶1 𝑡 , and Δ ⊢ 𝑡 : N,
then there is a numeral 𝑛, a heap 𝐻 and an environment 𝜌 such that ⟨𝑡⟩ ↠∗ ⟨𝐻 ; 𝑛; 𝜌 ; 𝜖⟩ and the
grade associated with each entry in 𝐻 is bounded by 0.

As a reminder, an erased match here refers to occurrences of prodrec𝑝
0
. These can be disallowed

using the corresponding side condition of the usage relation. Note that the assumptions of this

theorem (a consistent context, no erased matches, all free variables are erasable) are similar to

those of the proof of soundness of erasure [3, Theorem 6.13]. All these assumptions are necessary

and the theorem fails if one is removed (though we can replace consistency with the requirement

that erased matches are not allowed for emptyrec).

5 Natural Number Recursion
In the previous sections we omitted the eliminator for natural numbers. In this section we extend

the syntax of our language with such a term, natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) 𝑛, corresponding to the

following Agda function, and discuss how to properly count usage for it.

natrec : (A : (x𝑛 : N)→ Set) (z : A zero) (s : (x𝑝 : N) (x𝑟 : A x𝑝 )→ A (suc x𝑝 )) (n : N)→ A n
natrec A z s zero = z
natrec A z s (suc n) = s n (natrec A z s n)

We take the our previous method [3] as a starting point. As we will see this approach fails to

capture, for instance, linearity. We will instead propose a different method for usage counting for

natrec, and extend the abstract machine and its correctness proof to show that the method works

correctly.
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5.1 Natrec-star
In previous work [3], we state the usage rule

6
for natrec using an additional operator ⊛ named

natrec-star. The operator is assumed to satisfy some distributivity properties, an “interchange”

property, as well as the two inequalities 𝑝 ⊛𝑟 𝑞 ≤ 𝑝 and 𝑝 ⊛𝑟 𝑞 ≤ 𝑞 + 𝑟 (𝑝 ⊛𝑟 𝑞). They use the

following usage rule, with ⊛𝑟 lifted pointwise to contexts:

𝛾𝑧 ▶𝑚 𝑧 𝛾𝑠 . 𝑥𝑝 :𝑚𝑝. 𝑥𝑟 :𝑚𝑟 ▶𝑚 𝑠 𝛾𝑛 ▶𝑚 𝑛 𝜂. 𝑥𝑛 : 0 ▶0 𝐴

(𝛾𝑧 ∧ 𝛾𝑛) ⊛𝑟 (𝛾𝑠 + 𝑝𝛾𝑛) ▶𝑚 natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) 𝑛

Here 𝑧 and 𝑠 are the zero and suc branches, respectively, and 𝑛 is the natural number argument.

The 𝑠 argument binds two variables, one corresponding to the predecessor of the natural number,

assigned grade 𝑝 , and one corresponding to the recursive call, assigned grade 𝑟 . Similarly to other

eliminators there is an explicit motive 𝐴.

A detailed explanation of this rule has been given previously [3] where our focus is on proving

that usage is preserved by reduction and correctly models erasure. However, the rule is not sufficient

to express linearity correctly.

One problem arises when considering addition of natural numbers, defined in the following way:

plus 𝑘 𝑛 = natrec1
0
(𝑥𝑛 .N) 𝑘 (𝑥𝑝 .𝑥𝑟 .(suc 𝑥𝑟 )) 𝑛. This corresponds to the following Agda program,

which one might expect to be linear in both arguments:

plus : N→ N→ N
plus k zero = k
plus k (suc n) = suc (plus k n)

For the linearity semiring, however, the suggested definition of⊛ is 𝑝⊛0𝑞 = 𝑝∧𝑞 and 𝑝⊛1𝑞 = 𝑝+𝜔𝑞
and 𝑝 ⊛𝜔 𝑞 = 𝜔 (𝑝 + 𝑞), which is the (pointwise) largest possible definition [2]. This would mean

that plus we have 𝛾 ∧ 𝛿 ▶𝑚 plus 𝑘 𝑛 if 𝛾 ▶𝑚 𝑘 and 𝛿 ▶𝑚 𝑛. For plus 𝑥1 𝑥2 the usage count of both
𝑥1 and 𝑥2 is then 0 ∧ 1 = 𝜔 . This is safe but suboptimal since it fails to capture linearity. A more

problematic situation is provided by plus 𝑥 𝑥 , for which the usage count is 1 ∧ 1 = 1, despite the

fact that the variable is used twice.

5.2 A Resource-Correct Usage Rule
Let us now define an alternative usage rule for natrec. If the pattern of the other eliminators is

followed, then the usage count for natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) 𝑛 should be the usage count for 𝑛

scaled by some factor plus the usage contributions from 𝑧 and 𝑠 ; as usual, there is no contribution

from the motive 𝐴. If we leave the other parts of the usage rule above unchanged, then we get a

rule of the following form:

𝛾𝑧 ▶𝑚 𝑧 𝛾𝑠 . 𝑥𝑝 :𝑚𝑝. 𝑥𝑟 :𝑚𝑟 ▶𝑚 𝑠 𝛾𝑛 ▶𝑚 𝑛 𝜂. 𝑥𝑛 : 0 ▶0 𝐴

𝑥𝛾𝑛 + 𝜒 ▶𝑚 natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) 𝑛
Side conditions to be determined

Here 𝑥 is some grade indicating the number of copies of 𝑛 that are used and 𝜒 is a context

representing the usage contributions from 𝑧 and 𝑠 . It seems reasonable that the uses of 𝑛, i.e. 𝑥 ,

should only depend on how the number is being used in 𝑠 , i.e. on 𝑝 and 𝑟 . We want to find values

for 𝑥 and 𝜒 that are sound in the sense that they provide an accurate usage count, while also not

being overly approximate. We will choose the values in such a way that subject reduction can be

proved: a linear variable should not stop being linear due to evaluation. Our approach is therefore

to determine necessary conditions on 𝑥 and 𝜒 for subject reduction to hold, given our ansatz.

6
We also present an alternative usage rule [3, Section 7.1.4]. Similar issues apply to that one.
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The argument is as follows: Given certain assumptions, we can, for any contexts 𝛾𝑧 and 𝛾𝑠 ,

construct terms 𝑧 and 𝑠 such that 𝛾𝑧 ▶1 𝑧 and 𝛾𝑠 . 𝑥𝑝 : 𝑝. 𝑥𝑟 : 𝑟 ▶1 𝑠 as nested pairs of variables

to accumulate the required usage of each variable. For any numeral 𝑛 we have 0 ▶𝑚 𝑛 and for

𝑡 = natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) 𝑛 we have 𝜒 ▶1 𝑡 by assumption. In the case where 𝑛 = zero,
we have 𝑡 → 𝑧 and subject reduction thus gives 𝜒 ≤ 𝛾𝑧 . When 𝑛 = suc zero we have 𝑡 →
𝑠 [zero/𝑥𝑝 , natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) zero/𝑥𝑟 ], so subject reduction gives 𝜒 ≤ 𝛾𝑠 + 𝑟𝛾𝑧 , and so on.

In total, a necessary condition is given by 𝜒 ≤ nr𝑖 𝑟 𝛾𝑧 𝛾𝑠 , where we have defined the function nr𝑖

by nr0 𝑟 𝑞z 𝑞s = 𝑞z and nr𝑖+1 𝑟 𝑞z 𝑞s = 𝑞s + 𝑟 · nr𝑖 𝑟 𝑞z 𝑞s, lifted pointwise to contexts in its last two

arguments. We can see nr𝑖 𝑟 𝛾𝑧 𝛾𝑠 as representing the usage contributions from 𝑧 and 𝑠 given that

natrec is unfolded 𝑖 times. Zero unfoldings just yield the base case 𝑧 with contributions 𝛾𝑧 , a single

unfolding uses the recursive call, which here is the zero branch, 𝑟 times and the successor branch

once giving a total usage count of 𝛾𝑠 + 𝑟𝛾𝑧 , and so on. The inequalities can thus be seen as requiring

that the usage contribution from 𝑧 and 𝑠 should be compatible with any number of unfoldings. We

pick the greatest such context (assuming that such a context exists) and thus let
7𝜒 =

⋀︁
𝑖 nr𝑖 𝑟 𝛾𝑧 𝛾𝑠 .

Taking the largest context for which subject reduction holds should avoid overapproximations

and give us the most general usage rule for our ansatz—subsumption allows going to any smaller

context.

Proceeding similarly for 𝑥 we get the inequality 𝑥 ≤ 𝑝 + 𝑟𝑥 , corresponding to the uses in the

successor case. On its own, this constraint would allow 𝑥 to be 0 whenever 𝑝 = 0 which means

that 𝑛 would be considered to be erased even though its value affects evaluation. Unlike above, we

do not get any necessary condition corresponding to the zero case so to prevent this we add the

requirement 𝑥 ≤ 1. We can interpret this as having reached the zero case, we have fully matched on

𝑛 counting as a single use. If we again take 𝑥 to be the greatest solution to these inequalities, then

the condition can be written as 𝑥 =
⋀︁

𝑖 nr𝑖 𝑟 1𝑝 , where we can think of nr𝑖 𝑟 1𝑝 as representing

how many times 𝑛 is used given 𝑖 unfoldings.

We get our usage rule by adding the side conditions 𝑥 =
⋀︁

𝑖 nr𝑖 𝑟 1 𝑝 and 𝜒 =
⋀︁

𝑖 nr𝑖 𝑟 𝛾𝑧 𝛾𝑠 to

the rule given above. With this rule we can prove subject reduction for the usage relation given

some additional assumptions for the grade semiring:

Definition 5.1. A grade semiring is said to have well-behaved greatest lower bounds if it satisfies

the following properties:

(1) If 𝑝 =
⋀︁

𝑖 𝑝𝑖 then 𝑞 + 𝑝 =
⋀︁

𝑖 (𝑞 + 𝑝𝑖 ).
(2) If 𝑝 =

⋀︁
𝑖 𝑝𝑖 then 𝑞 · 𝑝 =

⋀︁
𝑖 (𝑞 · 𝑝𝑖 ).

(3) If 𝑝 =
⋀︁

𝑖 𝑝𝑖 then 𝑝 · 𝑞 =
⋀︁

𝑖 (𝑝𝑖 · 𝑞).
(4) If 𝑝 =

⋀︁
𝑖 nr𝑖 𝑟 𝑞z 𝑞s and 𝑝′ =

⋀︁
𝑖 nr𝑖 𝑟 𝑞

′
z 𝑞

′
s then 𝑝 =

⋀︁
𝑖 nr𝑖 𝑟 (𝑞z + 𝑞′z) (𝑞s + 𝑞′s) exists and

𝑝 + 𝑝′ ≤ 𝑝 .

The first three properties are essentially generalizations of distributivity over meet to greatest lower

bounds of grade sequences. The final property corresponds to the following “sub-interchange”

property between addition andmeet which follows from the grade semiring laws: (𝑝∧𝑞)+(𝑝′∧𝑞′) ≤
(𝑝 + 𝑝′) ∧ (𝑞 + 𝑞′). Unlike the preceding three properties we restrict this property to sequences of

the form nr𝑖 . This is for practical purposes as proving constructively that all our example semirings

satisfy the sub-interchange property for arbitrary sequences does not seem feasible. All grade

semirings we have mentioned above (e.g. those for linearity and affine types) satisfy these properties.

We can prove subject reduction for grade semirings with well-behaved greatest lower bounds,

using the following “characteristic inequalities” (which also appeared above for natrec-star): if

7
Given a sequence 𝑝_ of grades (a function from natural numbers to grades) we let 𝑝 =

⋀︁
𝑖 𝑝𝑖 mean that 𝑝𝑖 has a greatest

lower bound 𝑝 , and similarly for contexts.
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⟨𝐻 ; natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) 𝑛; 𝜌 ; 𝑆 ⟩ →𝑒 ⟨𝐻 ; 𝑛; 𝜌 ; natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) • [𝜌] . 𝑆 ⟩

⟨𝐻 ; zero ; 𝜌 ; natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) • [𝜌 ′] . 𝑆 ⟩ →𝑣 ⟨𝐻 ; 𝑧; 𝜌 ′ ; 𝑆 ⟩
⟨𝐻 ; suc 𝑡 ; 𝜌 ; natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) • [𝜌 ′] . 𝑆 ⟩ →𝑣 ⟨𝐻 ′

; 𝑠 ; 𝜌 ′ [𝑥𝑝 ↦→ 𝑦𝑝 ] [𝑥𝑟 ↦→ 𝑦𝑟 ]; 𝑆 ⟩
if 𝑞 =

⋀︁
𝑖 nr𝑖 𝑟 1 𝑝

𝐻 ′ = 𝐻.𝑦𝑝 ↦→ |𝑆 |𝑞 (𝑡, 𝜌 ′). 𝑦𝑟 ↦→ |𝑆 |𝑟 (natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) 𝑥𝑝 , 𝜌 ′ [𝑥𝑝 ↦→ 𝑦𝑝 ])

Fig. 9. Extension of the machine reductions for eliminators and values from Figure 7 by natrec.

𝑝 =
⋀︁

𝑖 nr𝑖 𝑟 𝑞z 𝑞s then 𝑝 ≤ 𝑞z and 𝑝 ≤ 𝑞s+𝑟𝑝 . In addition, the main results presented previously [3]

still hold with our new rule (for semirings with well-behaved greatest lower bounds), in particular

the substitution lemma and correctness of erasure.

It remains to show that the resource correctness from Section 4 extends to natrec. However,
let us first note that for the linearity semiring the natural number will be considered to be used

linearly (𝑥 = 1) only when 𝑝 = 0 and 𝑟 = 1 or if 𝑝 = 1 and 𝑟 = 0. For the affine types semiring we

also have 𝑥 = 1 when 𝑝 = 𝑟 = 0. In all other cases 𝑥 = 𝜔 . For plus we have 𝛾 + 𝛿 ▶𝑚 plus 𝑘 𝑛 if

𝛾 ▶𝑚 𝑘 and 𝛿 ▶𝑚 𝑛: both arguments are treated as if they are used once (for any grade semiring).

5.3 Resource Correctness
As a first step towards extending our proof of resource correctness to natrecwe add a corresponding
continuation natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) • [𝜌] and define its multiplicity. The usage rule we defined

above indicates that the multiplicity should be the greatest lower bound of nr𝑖 𝑟 1𝑝 , so we extend the

multiplicity definition above (Figure 6) with |natrec𝑟𝑝 (𝑥𝑛 .𝐴)𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠)•[𝜌] | ≡ 𝑞′ iff𝑞′ =
⋀︁

𝑖 nr𝑖 𝑟 1𝑝 .

Since this greatest lower bound does not necessarily exist for all semirings, the stack multiplicity is

no longer guaranteed to exist. It is still the case, however, that the stack multiplicity relation |𝑆 | ≡ 𝑟

is functional since the greatest lower bound is unique if it does exist. We therefore still write |𝑆 | as
before for the unique multiplicity of a stack, with an implicit assumption that it exists.

We get three new reduction rules: one for putting the continuation on the stack and two for

popping it off, corresponding to the zero and successor cases, see Figure 9. In the successor case,

two new entries are put on the heap. The first contains |𝑆 |𝑞′ copies of the natural number, where

𝑞′ =
⋀︁

𝑖 nr𝑖 𝑟 1𝑝 corresponds to all of the number’s uses, both by 𝑠 and by the recursive call. The

second entry contains |𝑆 |𝑟 copies of the recursive call in the form of a closure. Its natural number

argument 𝑥𝑝 refers to the previous entry, prompting a lookup if the recursive call gets evaluated.

The reduction relation is still deterministic, because of the constraint on the reduction rule that

puts suc • on the stack.

A consequence of the addition of natrec is that the circumstances under which reduction can get

stuck are now slightly different. A state with a value in head position and a non-empty stack is

now stuck if it is not the case that (1) the stack and head match and (2) the stack multiplicity exists.

Similarly to what we did in Section 4, we will show that for well-resourced and well-typed states,

this cannot happen.

The usage relation for continuations, Figure 8, is extended with the following rule:

𝛾𝑧 ▶𝑚 𝑧 𝛾𝑠 . 𝑥𝑝 :𝑚𝑝. 𝑥𝑟 :𝑚𝑟 ▶𝑚 𝑠 𝜂. 𝑥𝑛 : 0 ▶0 𝐴

𝜒 [𝜌] ▶𝑚 natrec𝑟𝑝 (𝑥𝑛 .𝐴) 𝑧 (𝑥𝑝 .𝑥𝑟 .𝑠) • [𝜌]
𝜒 =

⋀︁
𝑖 nr𝑖 𝑟 𝛾𝑧 𝛾𝑠

This rule is obtained from the usage rule for the corresponding term through the removal of the

contribution from the scrutinee (i.e. the natural number argument). The only difference from the

pattern established above is that we have included the assumption that the motive is well-resourced.
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Table 2. Usage counting for natrec for linear and affine types.

𝑟 𝜒 =
⋀︁

𝑖 nr𝑖 𝑟 𝛾𝑧 𝛾𝑠
𝑥 =

⋀︁
𝑖 nr𝑖 𝑟 1 𝑝

𝑝 = 0 𝑝 = 1 𝑝 = 𝜔

0 𝛾𝑧 ∧ 𝛾𝑠 𝜔L/1A 1 𝜔

1 𝛾𝑧 + 𝜔𝛾𝑠 1 𝜔 𝜔

𝜔 𝜔 (𝛾𝑧 + 𝛾𝑠 ) 𝜔 𝜔 𝜔

This is used to conclude that the motive in the recursive call is well-resourced when the recursive

call is added to the heap.

A priori, machine states can now get stuck if the stack multiplicity is undefined. However, we can

prove that for well-resourced states, the stack multiplicity always exists. We get that well-resourced

states do not get stuck due to the stack multiplicity not existing and that the theorems related to

usage in Section 4.3 still hold.

Typing for machine states is similarly updated to account for the added continuation. We can now

prove everything from Sections 4.3 and 4.4 as stated. In particular, the main resource correctness

result, Theorem 4.9, still holds.

To wrap this section up, let us return to the addition example presented above. Let us evaluate

plus 𝑘 𝑛, for closed numbers 𝑘 and 𝑛. The evaluation progresses by recursion over 𝑛, with each

iteration inserting a natural number in the heap as well as an unevaluated recursive call, both

assigned grade 1. Note that even though the natural number is unused by the successor branch

(𝑝 = 0), it is used once by the recursive call through matching. The correctness theorem shows that

once this evaluation finishes, lookups will have been performed in such a way that all these entries

will have their remaining uses bounded by 0. For the linearity semiring it must then be the case

that there are 0 copies left, since one cannot obtain 𝜔 by (repeated) subtraction from 1.

5.4 Usage Counting of the Natural Number Eliminator for Linear and Affine Types
We have shown that our proposed usage rule for natrec is sound, but the rule is perhaps not very
enlightening, as it might not be immediately clear what the greatest lower bound of nr𝑖 𝑟 𝑞z 𝑞s
is (or whether such a bound even exists). For that reason we will now investigate natrec for two
specific grade semirings: those for linear and affine types. For these semirings it is straightforward

to determine the relevant greatest lower bounds for concrete values of 𝑟 and 𝑝 . We summarize

these in Table 2.

As we noted above, there are two cases when natrec uses its natural number argument linearly.

The first is when the recursive call is used linearly and the predecessor is erased, that is when 𝑟 = 1

and 𝑝 = 0. The addition function discussed above is an example of this. The other situation is when

instead the predecessor is used linearly and the recursive call is erased. An example of this is the

predecessor function pred 𝑛 = natrec0
1
(𝑥𝑛 .N) zero (𝑥𝑝 .𝑥𝑟 .𝑥𝑝 ) 𝑛 which is considered to be linear

since 𝑟 = 0 and 𝑝 = 1. This corresponds to the following Agda program:

pred : N→ N
pred zero = zero
pred (suc n) = n

For affine types the number is used at most once in the given two cases and also when 𝑝 = 𝑟 = 0.

In the latter case the number is only used through a match on the outermost constructor, so it is

not necessarily “fully used”.

For both semirings all other cases yield an unrestricted (𝜔) number of uses (and the number

is therefore never considered to be erased). This should not be too surprising, as the exact usage
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count can depend on the specific number of recursive calls (i.e. on the eliminator’s natural number

argument), and little can therefore be said about the usage count in the general case.

Table 2 also shows the combined usage contributions from the zero and successor branches,

allowing us to determine uses of variables that appear there. Associating 𝛾z with the usage counts

of the zero branch and 𝛾s with the successor branch we have that for 𝑟 = 0, their contribution (𝜒 in

the usage rule above) is 𝛾z ∧ 𝛾s. In this case the recursive calls are not used, so only one of the zero

and successor branches will be used (but we do not know which). Note that if a variable is used

once in the zero branch, once in the successor branch, and not at all in the scrutinee, then it counts

as being used once. For instance, the program f𝑚 𝑛 = natrec0
1
(𝑥𝑛 .N)𝑚 (𝑥𝑝 .𝑥𝑟 .(plus𝑚 𝑥𝑝 )) 𝑛 is

linear in both arguments. This program corresponds to the following Agda code:

f : N→ N→ N
f m zero = m
f m (suc n) = m + n

The argument𝑚 is used linearly in both the zero and successor branches, resulting in its combined

use being linear as well.

For 𝑟 = 1 we get 𝛾z + 𝜔𝛾s: every recursive call is used once, so the zero case will inevitably be

used once, while the successor cases could be used any number of times. This was the case for

plus, where the linear use of the number we do not recurse over comes from its use in the zero

branch (𝛾z).

Finally, when 𝑟 = 𝜔 , the recursive calls are used an unrestricted number of times so we get

𝜔 (𝛾z + 𝛾s), using both branches an unrestricted number of times.

5.5 Derived Usage Rules for Encoded Booleans and Vectors
Knowing what the usage counts are for concrete values of 𝑝 and 𝑟 we are now able to encode data

types
8
like booleans and vectors and figure out what their “usage rules” end up being. It follows

from our correctness proof that these rules are “safe” but not necessarily that they are as “exact” as

one might expect. For instance, a rule that always assigns 𝜔 to all variables would be safe but not

particularly useful.

Booleans can be encoded as pairs containing a natural number and a predicate stating that the

number is either zero or one. Our encoding corresponds roughly to the following Agda code—though

of course we use eliminators instead of explicit pattern matching:
9

Bool : Set
Bool = Σ N IsZeroOrOne

boolrec :
(P : Bool→ Set)→ P true→ P false→ (b : Bool)→ P b

boolrec P t f (zero , tt) = f
boolrec P t f (suc zero , tt) = t
boolrec P t f (suc (suc n) , not-ok) = emptyrec not-ok

false true : Bool
false = zero , tt
true = suc zero , tt

IsZeroOrOne : N→ Set
IsZeroOrOne zero = ⊤
IsZeroOrOne (suc zero) = ⊤
IsZeroOrOne (suc (suc n)) = ⊥

The encoding of the eliminator boolrec uses natrecwith 𝑝 = 1 and 𝑟 = 0. This results in the follow-

ing admissible usage rule where the boolean argument is used linearly and the usage contributions

of the true and false branches are combined using the meet operation (some side conditions related

8
Our encodings use unit types: we have not discussed them in the paper, but they are present in the formalization.

9
We use a variant of emptyrecwhich allows us to assign any grade context to the impossible case. This variant is implemented

with the help of a strong unit type.
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to allowing certain matches are omitted):

𝛾𝑏 ▶𝑚 𝑏 𝛾𝑡 ▶𝑚 𝑡 𝛾𝑓 ▶𝑚 𝑓 𝜂. 𝑥𝑏 : 0 ▶0 𝑃

𝛾𝑏 + (𝛾𝑡 ∧ 𝛾𝑓 ) ▶𝑚 boolrec 𝑃 𝑡 𝑓 𝑏

This rule is exactly what we would expect, and it holds for any grade semiring.

Vectors of length 𝑛 can be encoded as 𝑛-iterated Σ-types. Our encoding roughly corresponds to

the following Agda code:

Vec : Set→ N→ Set
Vec A zero = ⊤
Vec A (suc n) = A × Vec A n

nil : (A : Set)→ Vec A zero
nil A = tt

cons :
(A : Set) (n : N)→
A→ Vec A n → Vec A (suc n)

cons A n x xs = x , xs

vecrec :
{A : Set}→
(P : (n : N)→ Vec A n → Set)→
P zero (nil A)→
((n : N) (x : A) (xs : Vec A n)→ P n xs →
P (suc n) (cons A n x xs))→

(n : N) (xs : Vec A n)→ P n xs
vecrec P nl cs zero tt = nl
vecrec P nl cs (suc n) (x , xs) =
cs n x xs (vecrec P nl cs n xs)

Unlike the encoding of boolrec, the grades used for natrec in the encoding of vecrec are not fixed
and instead depend on the grades assigned to the head (𝑝ℎ), tail (𝑝𝑡 ), length of the tail (𝑝𝑛) and

recursive call (𝑟 ) in the cons-branch. As a consequence of this we have greatest lower bounds in

the admissible usage rule (some side conditions are again omitted):

𝜂𝐴 ▶0 𝐴 𝜂𝑃 . 𝑥𝑛 : 0. 𝑥𝑣 : 0 ▶0 𝑃

𝛾nl ▶𝑚 nl 𝛾cs . 𝑥𝑛 :𝑚𝑝𝑛 . 𝑥ℎ :𝑚𝑝ℎ . 𝑥𝑡 :𝑚𝑝𝑡 . 𝑥𝑟 :𝑚𝑟 ▶𝑚 cs 𝛿𝑛 ▶𝑚 𝑛 𝛿xs ▶
𝑚𝑞xs xs

𝑞𝑛 =
⋀︂

𝑖
nr𝑖 𝑟 1 𝑝𝑛 𝑞xs =

⋀︂
𝑖
nr𝑖 𝑟 𝑝ℎ 𝑝𝑡 𝜒 =

⋀︂
𝑖
nr𝑖 𝑟 𝛾nl 𝛾cs

⋀︂
𝑖
nr𝑖 1 0𝜂𝐴 exists

𝜒 + 𝑞𝑛𝛿𝑛 + 𝑞xs𝛿xs ▶𝑚 vecrec𝑟𝑝𝑛,𝑝ℎ,𝑝𝑡 𝐴 𝑃 nl cs 𝑛 xs

The occurrences of greatest lower bounds makes this rule somewhat difficult to interpret: it is not

clear to us whether it, in general, gives an accurate estimate or an overapproximation. However,

we can note that the contributions from the nil (𝛾nl) and cons (𝛾cs) branches are treated in the same

way as in the rule for natrec, and the natural number is also treated in the same way.

Though it may be hard to say something general about the usage rule we can consider the

concrete grade semirings for linear and affine types as we did in Section 5.4, making use of Table 2

to find values for the bounds. Doing so indicates that we get reasonable usage counts for the list in

at least some cases. For instance, the list is used linearly (𝑞xs = 1) when either the recursive call is

erased and the head and tail are used linearly, or when the recursive call is used linearly and the

tail is erased while the head is used linearly. In the affine types case these all constitute affine uses,

together with the cases where the recursive call is erased, exactly one of the head and tail is affine,

and exactly one of the head and tail is erased.

Since this encoding uses the length of the vector in a computationally relevant way, the argument

𝑛 cannot be erased (𝑞𝑛 ≠ 0), though we do not rule out that another encoding could make this

possible. On the other hand, since the recursion is defined over the length and not the list itself, the

list can be erased.

5.6 Decidability of Usage
For the systemwith the natrec-star operator, it has been shown that usage is decidable: it is decidable

whether, for a given term 𝑡 and mode𝑚, there is a context 𝛾 such that 𝛾 ▶𝑚 𝑡 [3]. The presented
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decision procedure involves a function that takes terms to grade contexts in such a way that, for a

well-resourced term, the returned grade context is optimal. The context is constructed using the

contexts for the sub-terms and the operators of the grade semiring, following the rules of the usage

relation. A drawback of the usage rule we proposed in Section 5 is that this approach no longer

works in general, because the new rule involves greatest lower bounds that might not exist.

For some grade semirings the sequence nr𝑖 𝑟 𝑝 𝑞 has a greatest lower bound for all 𝑟 , 𝑝 and 𝑞; this

is the case for all our example semirings. For such semirings the optimal grade context function

and the decision procedure for usage can be recovered.

If this is the case, why did we not replace the natrec-star operator with some function providing

the greatest lower bound of nr𝑖 𝑟 𝑝 𝑞 and formulate our usage rule in terms of this? This approach

would likely have been feasible, but it would rule out grade semirings for which not all bounds

exist. An example of this is provided by the natural numbers (without 𝜔). Since there is no global

least element, many grade combinations cause nr𝑖 𝑟 𝑝 𝑞 to not have any lower bound. Consequently

we have not proved decidability of usage for this semiring.
10
Having a “non-computational” usage

rule for natrec thus allows for some flexibility in which grade semirings are allowed.

6 Information Flow
Our main motivation has been grades with a quantitative interpretation, but programs can be run

in the abstract machine regardless of the grade semiring and most of the results we have shown

only require that it supports subtraction and has well-behaved greatest lower bounds. For instance,

we may instantiate the theory with a (bounded, distributive) lattice of security levels, following

Choudhury et al. [14]. In this case, the addition and multiplication of the semiring are given by the

meet and join of the lattice, respectively. We can interpret larger grades as representing data that is

“more secret”, and 0 and 1 become the maximum and minimum elements, representing maximally

secret and maximally public information, respectively. If we allow any grade to be used as a mode
11

with mode multiplication coinciding with grade multiplication, then the usage relation can track

information flow: the mode can change for instance when checking a function argument or the

scrutinee of prodrec. As an example, when prodrec𝑝𝑟 (𝑥 .𝐴) 𝑡 (𝑥1.𝑥2.𝑢) is checked, the scrutinee 𝑡 is
checked with access to level 𝑟 . We can also note that our usage rule for natrec prevents leaking of

information, since the use of the scrutinee must be bounded by 1. Since 1 is the least element, this

means that we always consider the result of matching on a number to be fully public. In the end,

the context 𝛾 associates each variable to a security level, representing how secret it is.

Using the abstract machine, with minor modifications, we can show correctness also for these

grade semirings in the form of a non-interference theorem. In this interpretation, the multiplicity of

a continuation can be thought of as the security level needed to evaluate the scrutinee. For instance,

in prodrec𝑝𝑟 (𝑥 .𝐴) 𝑡 (𝑥1 .𝑥2 .𝑢), the components of the pair are used at level at least 𝑟 by 𝑢, so no

information at a higher level should be allowed while evaluating 𝑡 . For stacks the multiplicity is

given by the product, here join, of all its continuations, but for the empty stack we assign a fixed

security level ℓ0 which represents the security level the user should have access to. The multiplicity

of a stack is thus the greatest lower bound of its continuations and the user’s clearance level.

The semantics of the machine is left unchanged, but we note that for bounded, distributive

lattices, subtraction 𝑝 − 𝑞 = 𝑟 is equivalent to 𝑝 ≤ 𝑞 and 𝑝 = 𝑟 . This has two implications for the

semantics. Firstly, the variable rule only allows lookups for entries that are at most as secret as the

level given by |𝑆 |, and secondly, the grades assigned to entries are not changed by lookups. This

means that the grades assigned to heap entries can now be thought of as representing the security

10
To be clear, we do not claim that usage is undecidable for this semiring, only that our approach does not work.

11
We do not require the semiring to have a well-behaved zero in this case.
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level needed to access them, and the variable evaluation rule can be thought of as a monitor [26],
preventing lookups that should not be allowed.

Given two heaps and a security level ℓ we define ℓ-equivalence of the heaps to mean that they

are equal on all entries which are at least as public as ℓ , but possibly different elsewhere:

𝜖 ∼ℓ 𝜖

𝐻1 ∼ℓ 𝐻2

𝐻1. 𝑦 ↦→ℓ ′ (𝑡, 𝜌) ∼ℓ 𝐻2. 𝑦 ↦→ℓ ′ (𝑢, 𝜌)
ℓ ′ ≤ ℓ → 𝑡 = 𝑢

Using a similar argument as for resource correctness, we can then prove a non-interference property

[29]. Unlike Theorem 4.9 we now consider evaluation of open terms but do so only under heaps

containing entries for each free variable.

Theorem 6.1. If secret matches for prodrec are disallowed, 𝛾 ▶ℓ0 𝑡 and Γ ⊢ 𝑡 : N, and 𝐻1 ∼ℓ0 𝐻2

for some heaps where the heap entries are well-typed and their grades are given by 𝛾 [𝜌], then there
is a numeral 𝑛 and heaps 𝐻 ′

1
and 𝐻 ′

2
such that ⟨𝐻1; 𝑡 ; 𝜌 ; 𝜖⟩ ↠∗ ⟨𝐻 ′

1
; 𝑛; 𝜌 ′; 𝜖⟩ and ⟨𝐻2; 𝑡 ; 𝜌 ; 𝜖⟩ ↠∗

⟨𝐻 ′
2
; 𝑛; 𝜌 ′; 𝜖⟩ and 𝐻 ′

1
∼ℓ0 𝐻

′
2
.

A “secret match” here refers to a use of prodrec𝑝
ℓ
where ℓ ̸≤ ℓ0 in a mode that is not less public than

ℓ0, that is a match on a pair that would reveal information that is “more secret” than the user’s

clearance. This is similar to the concept of “erased matches” discussed above for quantitative grade

semirings.

The theorem says that we can evaluate a program 𝑡 under two different ℓ0-equivalent heaps

whose entries have security labels matching the security levels of the corresponding variables in

𝑡 . Doing so yields the same numeral and the entries of the resulting heaps are still ℓ0-equivalent,

differing only on entries that are secret from the perspective of the user.

7 Related Work
This work adds to a large collection of theoretical investigations of graded type theory that occupy

various points in the design space in regards to, for instance, the types that are included, support

for erased matches, and usage counting in types as well as terms [1, 3, 5, 9, 12, 13, 19, 22, 23].

The dependently typed functional language Idris 2 [11] is a practical implementation of graded

type theory, incorporating many of the language features that we investigate in this work, albeit

restricted to the one-none-many semiring [22] with grade typing rules based on Quantitative Type

Theory (QTT) [5].

We build on our own previous formalization [3], and do not repeat the discussion of related

work presented in that text. We focus on correctness for graded modal types, in particular for

quantitative interpretations, and on graded type theories with support for some form of inductive

data types.

7.1 Resource Correctness
Our correctness proof is verymuch inspired by thework of Choudhury et al. [13]. Like us, they define

an abstract machine that tracks usage counts for variables and prevents lookups if allowed usage

would be exceeded. In many respects we follow their approach; we use call-by-name reduction, we

use similar methods to track resources in heaps and to check that sufficient resources are available

for each evaluation step. We also base our correctness proof on a bisimilarity argument. Yet in

some respects, we departed from their design. For one, in contrast to their big-step semantics we

define a small-step semantics that handles continuations explicitly. We also use slightly different

approaches for tracking variable uses. For instance, while our use of a stack-based machine allows

us to infer how many copies are currently being evaluated, their reduction relation is annotated

with a grade for this purpose. Heap lookups are also handled a little differently. They allow lookups
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of 𝑟 copies whenever there are 𝑞 + 𝑟 copies available and the resulting heap has 𝑞 copies remaining.

This does not uniquely determine the number of remaining copies in all cases. In contrast, we

defined subtraction by always taking the least such 𝑞, obtaining deterministic reduction. We also

differ in which type formers are covered: Unlike Choudhury et al. we include natural numbers,

strong Σ-types, and an empty type. On the other hand, Choudhury et al. include sum types, which

we can encode in our setting using large elimination.

We are not the first to build on Choudhury et al. [13] when giving correctness arguments for

graded type systems. This is done also by Bianchini et al. [9, 10], similarly using an abstract machine

as an argument for resources being used to correct number of times. Torczon et al. [28] use a similar

abstract machine where the focus is on using grades to track effects and coeffects. Despite the

different application, the “usage counting” is treated in the same way, with “resources” being

removed when variables are evaluated.

In terms of correctness in an operational sense, a different approach is to show a form of subject

reduction for resources, that is, that the amount of resources used by a term is preserved by reduction.

This is the case, for instance, for Orchard et al. [25] and Moon et al. [23]. As we have argued in

Section 5.1, subject reduction alone is not sufficient for showing correctness in a quantitative sense,

though it may serve as a reasonable “sanity check” as part of a larger correctness argument. For

instance, [3] we do not only prove subject reduction, but also show correctness for erasure in the

sense that removing erased content during compilation is safe.

Atkey [5] shows resource-correctness for QTT, a dependent type theory with linearity and era-

sure, by means of a logical relation between a set-theoretic model of QTT and an interpretation into

linear combinatory algebras called BCI algebras. This logical relation is constructed as an instance

of a generic model that uses categories with families enriched with quantitative information.

Abel and Bernardy [1] define a relational semantics that is used to obtain “free theorems” for

linear (non-dependent) function spaces, in particular that a linear function of type 𝐴 ×𝐴 →1 𝐴 ×𝐴

(polymorphic in 𝐴) must either be the identity or the swap function.

7.2 Natural Numbers and Recursion
Let us now discuss some existing methods for integrating one or more inductive data types into

graded type theory. We have already discussed in some detail how the natrec-star operator [3]

would, at least as presented, be insufficient for quantitative settings in general. However, the main

correctness argument of that work concerned erasure, and we can note that for the erasure semiring

the usage rule we suggest here coincides with the one using natrec-star.

While QTT [5] does not include recursive data types, Idris 2 [11] has support for linearity and

erasure, based on QTT, and allows user-defined data types. To our knowledge the exact rules for

how quantities and data types interact in Idris are not documented. However, we have implemented

variants of natrec𝑟𝑝 corresponding to the different values of 𝑝 and 𝑟 for the linearity semiring.

Through our testing, it appears that our usage rules coincide with those used by Idris in this case.

Nakov and Forsberg [24] extend QTT with polynomial functors, allowing the encoding of

inductive data types. These data types come with eliminators that are linear in the matched

argument. As a concrete example they consider the natural numbers, deriving a usage rule for

which the successor branch may use the natural number 0 times and the recursive call 1 time. In

our setting, this is the same as setting 𝑝 = 0 and 𝑟 = 1. In our case we also get linear usage of the

scrutinee when 𝑝 = 1 and 𝑟 = 0 (this case is not discussed by Nakov and Forsberg).

Atkey [6] adds some inductive types to (a variant of) QTT in a systematic way. The focus is on

polynomial-time computation, and the data types’ eliminators are restricted to allow recursion

only in the erased fragment. Doing this avoids many of the problems with usage counting in the

presence of recursion, though working with such data types might be a bit restrictive in practice. In
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addition to the restricted data types there is a type of natural numbers with support for recursion:

The eliminator’s successor branch only allows uses of the natural number in erased positions, while

the recursive call is used once. In addition, both the zero and successor branches are restricted to

have no uses of any other variables. The first restriction appeared also in the approach used by

Nakov and Forsberg [24], and the second corresponds to having 𝛾𝑧 = 𝛾𝑠 = 0 in our setting.

Another approach is taken by Brunel et al. [12], who support recursion for natural numbers

through the combination of pattern matching and a fixpoint combinator for which the “recursive

call” is assigned a grade 𝑝 . The total usage count 𝑞 of the fixpoint combinator is then given as a

solution to𝑞 ≤ 1+𝑝𝑞. We recognize this inequality as, basically, one of the characteristic inequalities

we describe in Section 5.2.

A somewhat similar style of recursion is supported by Bianchini et al. [10], though recursion

is achieved not through a fixpoint combinator but by directly allowing lambda expressions to

be recursive. They also support encoding natural numbers. Since they allow recursion in a more

general sense than us it is somewhat difficult to compare our grade typing to theirs. A notable

difference is how usage counts of free variables in the zero and successor branches are handled. In

their case, these are required to always be equal in both the zero and successor cases, leading to

variables that are used in one branch but unused in the other to be assigned an unrestricted use

count. As we discuss in Section 5.4 we are able to give a more precise usage count, at least in some

cases. That kind of analysis is presumably not feasible for general recursion since one would not

have the same guarantee that the zero case will be reached (exactly one time).

Huang and Yallop [20] extend QTT with a type of lists together with an eliminator, and suggest

that the method that is used should be extendable to arbitrary inductive families. In contrast to

us, the eliminator is not annotated with grades indicating how many times resources are used by

the eliminator. Instead, this information is encoded in the constructors, allowing them to contain

several copies of the head and tail of the list—similar to our Σ-types. The eliminator is then linear

in the sense that it uses the supplied list once and requires that all available copies of the head and

tail are used (up to subsumption).

8 Conclusions
We have investigated a graded modal language with dependent types, formally proving its usage

accounting to be correct with respect to an operational semantics for a certain class of grade semir-

ings with quantitative interpretations. In particular, we can instantiate this result with semirings for

erasure, linearity and affine types. We have also considered how one can support natural numbers

in this kind of system, and how to correctly define usage counting for their eliminators. We believe

that our method of dividing the usage contributions of the scrutinee and branches, and deriving

side conditions, should be applicable to a larger group of inductive types beyond natural numbers.

The formalization underlying this work [17] is available for further extensions. One obvious idea

is to try to add support for more recursive types to the formalization, based on the approach we

used for natural numbers. Currently, while we can encode recursive types such as vectors using

natural numbers and large elimination, it is unclear whether they can be used as flexibly as natrec.
One could also consider whether our method can be adapted to support constructors that take

several copies, as supported by Huang and Yallop [20].

Our abstract machine is rather high-level. It might be worthwhile to develop similar results for a

more low-level machine that uses a more realistic evaluation strategy, and that incorporates actual

erasure. It could also be interesting to make actual use of the support for linear or affine types, for

instance by adding support for safe mutability in the style of Bernardy et al. [7].

Finally, one could explore the possibility of implementing a practical type-checker based on our

formalization.
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