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Abstract—The increasing deployment of large antenna arrays
at base stations has significantly improved the spatial resolution
and localization accuracy of radio-localization methods. However,
traditional signal processing techniques struggle in complex
radio environments, particularly in scenarios dominated by non
line of sight (NLoS) propagation paths, resulting in degraded
localization accuracy. Recent developments in machine learning
have facilitated the development of machine learning-assisted
localization techniques, enhancing localization accuracy in com-
plex radio environments. However, these methods often involve
substantial computational complexity during both the training
and inference phases. This work extends the well-established
fingerprinting-based localization framework by simultaneously
reducing its memory requirements and improving its accuracy.
Specifically, a model-based neural network is used to learn the
location-to-channel mapping, and then serves as a generative
neural channel model. This generative model augments the
fingerprinting comparison dictionary while reducing the memory
requirements. The proposed method outperforms fingerprinting
baselines by achieving sub-wavelength localization accuracy, even
in complex static NLoS environments. Remarkably, it offers
an improvement by several orders of magnitude in localization
accuracy, while simultaneously reducing memory requirements
by an order of magnitude compared to classical fingerprinting
methods.

Index Terms—Model-based machine learning, implicit neu-
ral representations, data augmentation, radio localization,
fingerprinting.

I. INTRODUCTION

RADIO localization refers to the process of determining
the location of an object, such as a transmitter, a receiver

or a passive target, based on measurements of radio frequency
electromagnetic waves. One of the earliest application of radio
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localization is radio detection and ranging (radar), which has
been extensively used in both military, e.g. detecting adver-
sarial aircrafts, and civilian contexts, e.g. air traffic control in
civil aviation. Traditional radio localization techniques rely on
the use of signal processing methods such as angle of arrival,
time of arrival, time difference of arrival or round trip time: see
[1] for an extensive review. These methods typically require
multiple sensing nodes and assume the existence of a direct
line of sight (LoS) propagation path with negligible non line of
sight (NLoS) paths treated as nuisance. However, in complex
radio environments, NLoS paths may be significant, resulting
in degraded localization accuracy.

The evolution towards the sixth-generation of cellular net-
works has introduced the concept of integrated sensing and
communication, wherein sensing tasks, such as localization,
and communication functions are jointly developed to improve
system efficiency and performance. This places the localiza-
tion problematic at the core of future cellular communication
systems, as these methods will be extensively utilized to enable
a wide range of localization-based applications [2], [3]. From
this perspective, it is crucial to develop localization methods
that achieve high precision in complex radio propagation
environments, to maximize the efficiency of future applica-
tions. One example of a radio-localization-aided application
is the deployment of automated guided vehicles in smart
factories, where precise positioning is essential for efficient
and autonomous operations. Smart factories are typically
complex indoor environments with challenging propagation
conditions, i.e. quasi-static channel but with significant NLoS
paths, where classical localization methods often suffer from
degraded performance.

Over the past decade, rapid developments in the machine
learning (ML) field have facilitated the development of
learning-based localization methods, particularly those lever-
aging fingerprinting. These methods exploit patterns in a
radio-environment related feature, e.g. received signal strength
or channel coefficients, to perform localization by associating
a given measured feature with a position, through the use of
a ML method. Such approach has been studied by the 3GPP
[4], [5]. In this context, it was reported that, in complex indoor
radio environments, the 90% quantile localization error metric
could be reduced from approximately 15 m with classical
methods to within the range of 1 − 5 m when leveraging
ML-aided techniques [6]. However, these approaches still
rely on channel estimates from multiple base stations, and
the proposed neural architectures often introduce significant
computational complexity during both training and inference
phases, in addition to requiring large dataset sizes. This paper
investigates to what extent the model-based machine learning
paradigm [7], [8], identified as a key strategy for improving the
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Fig. 1. Overview of the proposed method: the left-hand side illustrates the
classical k-NN/MLP approaches using a fixed database (DB), whereas the
right-hand side depicts the proposed scheme, in which a neural network
learning the location-to-channel mapping serves as a neural database.

efficiency and interpretability of ML techniques, can be lever-
aged for effective radio localization. Given the well-known
challenges of localization in complex radio environments,
several key questions arise: Does a model-based machine
learning localization method achieve superior performance in
challenging radio environments compared to classical meth-
ods? Does it entail a lower computational complexity than
other machine-learning methods?
Contributions. Our previous studies [9], [10] introduced a
novel neural architecture that combines the concept of implicit
neural representation (see [11] for an extensive literature
review), with the model-based machine learning paradigm,
in order to learn the location-to-channel mapping at the
wavelength level. The proposed neural network in [10] is
able to infer the channel coefficients between a base station
(BS) equipped with multiple antennas operating at several
frequencies, and a mono-antenna user equipment (UE) at a
given location, achieving high accuracy.1 Once trained, this
neural network can be used as a generative neural channel
model on a given scene. This work investigates the use of
this neural model to perform localization with sub-wavelength
precision. The main contributions of this paper are as follows.
• A localization method taking advantage of the learned

location-to-channel mapping to perform data augmen-
tation in a fingerprinting framework is introduced in
Definition 3, and is illustrated by Fig. 1.

• The performance and computational complexity of the
proposed method are optimized in Section III-D using
theoretical insights introduced in Corollary 2.

• Extensive experiments are conducted on realistic chan-
nels, showing the sub-wavelength precision of the
proposed method and its computational efficiency. Com-
pared to classical fingerprinting methods, the proposed
approach improves the median localization accuracy
by factors ranging from 102 to 103, while con-

1For instance, the proposed trained network achieves a −29 dB normalized
mean squared error when inferring channel coefficients in a ray-tracing
simulated outdoor scenario.

Fig. 2. Memory-performance trade-off comparison. The memory require-
ments of the proposed method originates from the used neural network
learnable parameters: further explanations are provided in Section IV.

currently reducing memory requirements by a fac-
tor 10. This is illustrated in Fig. 2 where the
proposed method is compared against the classical
k-Nearest Neighbors (k-NN) fingerprinting method.

Related Work. ML-based localization methods is a well
studied topic in the recent literature: the reader can see
[12] and [13] for comprehensive surveys. Fingerprinting-based
localization can rely on a wide range of ML methods: support
vector machine [14], k-NN [15], decision trees [16], random
forests [17], principal component analysis [18], but also deep
neural networks [6], [19].

On the other hand, the use of the model-based machine
learning paradigm has been applied to several wireless com-
munication problems such as precoding [20], detection [21],
channel estimation [22], [23], [24], [25], angle of arrival esti-
mation [26], [27], channel charting [28], [29], [30], [31], and
also in integrated sensing and communication scenarios [32],
[33]. Its use in a localization context has been studied in [34],
where a model-based neural network is employed to estimate
the position and velocity of a moving UE. Specifically, these
characteristics are obtained by solving a weighted least squares
problem, where the weight matrix is dynamically adapted
to the input measurements through a neural network. The
primary distinction between [34] and the approach proposed
in this paper lies in methodology: while [34] leverages data
to dynamically solve a conventional least-squares problem,
the proposed method exploits prior knowledge of the channel
propagation model to perform data augmentation and guide
the optimization process. Furthermore, this study considers a
static UE and performs localization using only uplink channel
coefficients obtained at a single BS, whereas [34] addresses a
mobile UE and relies on measurements from multiple BSs pro-
cessed centrally. Finally, to the best of the author’s knowledge,
this work is the first to explore the use of a generative neural
channel model to perform localization. While a simplified
evaluation setup with noiseless, static channels is consid-
ered, this work provides an initial validation of the proposed
method, and still reflects relevant real-world scenarios. Indeed,
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the noiseless assumption is justified by the widespread use of
pilot symbols in sensing systems. Additionally, while static or
quasi-static propagation environments are not representative
of all propagation environments, there exist contexts where
this assumption is reasonable, e.g. in certain indoor envi-
ronments, such as indoor factories where precise localization
supports automation. In time-varying environments, periodic
data collection combined with re-training of the proposed
neural architecture could further extend the approach.
Organization. The rest of the paper is organized as fol-
lows. Section II presents the system model and defines the
localization problem. Section III presents the proposed loca-
tion estimator along with theoretical results on its behavior.
Section IV evaluates the proposed method performance and
compares it against baselines on realistic synthetic data.
Finally, Section V presents some conclusions and directions
for future work.
Notations. Lowercase bold letters represent vectors while
uppercase bold letters represent matrices. R and C denote the
real and complex fields, while S and G denote location sets.
∅ denotes the empty set. Ex∼Px [·] denotes the expectancy
operator on the random variable x, that follows the distribution
Px. ‖·‖p denotes the `p norm, while ‖·‖F denotes the `F,
Frobenius norm. |·| denotes the absolute value operator for
real numbers, modulus operator for complex numbers, and
cardinality operator for sets. C (c, r) denotes the circle of
center c ∈ R2 and radius r ∈ R. × denote the Cartesian
product set operator. ∩ and ∪ denote the intersection and union
set operators. ⊗ and � denote the Kronecker and Hadamard
matrix products. diag (·) denotes the matrix operator con-
structing a diagonal matrix from a vector and vec (·) denotes
the vectorization operator. Finally, U (S) denotes the uniform
distribution on the subspace defined by S, N

(
µ, σ2

)
denotes

the gaussian distribution of mean µ and variance σ2, and
1{x∈A} (x) denotes the indicator function over the set A.

II. SYSTEM MODEL AND PROBLEM FORMULATION

This section defines the system model in addition to the
localization problem.

Let us consider a scene where the location space is a
plane denoted by S ⊂ R2. The considered task is the
localization of a single-antenna UE located at x ∈ S, which
transmits pilots on Ns distinct frequencies to a BS equipped
with Na antennas, using only the noiseless uplink channel
matrix H (x) ∈ CNa×Ns . It is assumed that the considered
propagation scene is static.

Remark II.1: As mentioned in the introduction, the
assumptions of noiseless and static channels are physically
grounded and reflect practical scenarios, especially indoor
environments such as factories, where precise localization is
critical for automation.

This localization problem can be formally defined as deter-
mining a location estimator E? : Df → S, that minimizes the
mean localization error, i.e.:

E? = arg min
E∈X

Ex∼Px [‖x− E (f (H (x)))‖2], (1)

where X is the location estimator class, f (H (x)) is a channel
feature, Df being its domain, and Px denotes the true locations

distribution over S. The challenge lies in developing an estima-
tor capable of providing accurate location estimates across the
entire scene, with minimal a-priori knowledge. One classical
approach in the localization literature is fingerprinting with
propagation channel coefficients, which can be summarized
as follows:

1) In a given propagation scene, one constitutes a dictionary
of known UE locations G:

G = {x̃i}
Nf
i=1 ⊂ S, (2)

and a dictionary of the corresponding propagation chan-
nel coefficients H:

H = {H (x̃i)}
Nf
i=1 , (3)

where H (x̃i) ∈ CNa×Ns is the uplink channel matrix
between the BS and UE located at x̃i ∈ S.

2) For the UE with unknown location x, the BS estimates
the uplink channel matrix H (x). The estimated location
is then obtained as:

x̂ (H (x)) = arg max
x̃∈G

sim (H (x) ,H (x̃)), (4)

with sim (·, ·) ∈ ]−∞, 1] being a channel similarity
measure, optimal at 1.

This approach exhibits two shortcomings. Firstly, in order
for the estimated location to be unique within G, the channel
function needs to be injective with respect to the similarity
measure, as defined below.

Definition 1: The channel function is said to be injective
wrt. similarity measure iff, ∀ (xm,xn) ∈ S× S:

sim (H (xm) ,H (xn)) = 1⇒ xm = xn. (5)

Secondly, the precision of the estimated location is directly
related to the spatial density of the location subset G. Indeed,
considering a uniform true locations distribution, a man-
ifestation of the well-known curse of dimensionality [35,
Chapter 2,pp.22-26] reads:

Ex∼Px [‖x− x̂ (H (x))‖2] ∝
(
As
|G|

) 1
d

, (6)

where x̂ (H (x)) is obtained by solving Eq. (4), As is the
area covered by S, and d = dimR (S) = 2. Enhancing the
localization accuracy thus necessitates an extensive measure-
ment process, which poses challenges in both the time required
for dictionary construction, and the memory requirements for
storing the dictionary. For a fixed covered area As, dividing
the localization error by a factor n ∈ R∗ requires multiplying
the cardinality of G by a factor nd. This results in an imprac-
tically large dataset size, which represents the main limitation
of classical fingerprinting methods. The use of the model-
based machine learning paradigm to overcome the limitations
of classical fingerprinting methods is presented in the next
section.

III. PROPOSED METHOD

This section presents how a model-based neural network
learning the location-to-channel mapping can be used to
improve the classical fingerprinting-based localization method.
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A. Learning a Generative Neural Channel Model
It is proposed to use the neural architecture presented in [9],

and expanded in [10], as a generative neural channel model.
Considering Lp propagation paths, the channel coefficients at
frequency fk between antenna j of the BS and the UE located
at x ∈ S can be modeled as:

hj (fk,x) =

Lp∑
l=1

γl
dl,j (x)

e
−j 2π

λk
dl,j(x), (7)

where γl ∈ C accounts for wave-matter interactions of NLoS
paths, dl,j (x) is the length of the lth propagation path for the
jth BS antenna, and λk , c/fk.2 Let H (x) ∈ CNa×Ns be
the uplink channel matrix at location x, i.e. the concatenation
of the channel coefficients, presented in Remark. 3, for all
antennas and frequencies. The neural network fθ, with θ its
set of learnable parameters, learns the mapping:

fθ : R2 −→ CNa×Ns

x −→ H (x) , (8)

by minimizing the loss function:

J =
1

|D|
∑

(x,H(x))∈D

‖H (x)− fθ (x)‖2F, (9)

over the training dataset D consisting of locations and asso-
ciated uplink channel matrices.

Remark III.1: In [10], all theoretical developments are
made for true locations x ∈ R3. This study only considers
the R2 scenario to simplify the associated theoretical analysis.
This assumption is equivalent to having all UEs confined to the
same elevation plane as the BS. All the proposed theoretical
results can easily be extended to R3.

Remark III.2: Using the virtual source theory [36,
Chapter 1,pp.47-49], [37], one can rewrite Eq. (7) as:

hj (fk,x) =

Lp∑
l=1

γl
‖x− al,j‖2

e
−j 2π

λk
‖x−al,j‖2 , (10)

where al,j ∈ R2 is the jth true antenna location, when l = 1,
or jth virtual antenna location, when l > 1. This channel
model will be used in the subsequent theoretical developments.

The architecture of the network proposed in [10] is recalled
in Fig. 3. For a given input location x, the associated channel
H (x) is infered as a sparse linear combination of steering
vectors (denoted by the dictionary Ψ̃a (x)), of frequency
response vectors (denoted by the dictionary Ψ̃f (x)) and planar
wavefronts (denoted by the dictionary ψ̃x (x)), which accounts
for local displacements. Each MLP consists of a distinct three-
layer MLP hypernetwork, with hidden layer sizes of 256 for
the weight hypernetwork and 64 for the antenna and frequency
hypernetworks. In total, the model comprises about 9.1 million
learnable parameters. It was shown that, after training, this
neural architecture was able to infer the channel matrix at any
wanted location in the scene considered during training, with
minimal error, yielding the following definition.

2Eq. (7) accounts only for direct propagation, reflection, and diffraction.
Note that scattering effects can be incorporated by decoupling the distances
used in the attenuation term (as a product of distances) and in the phase term
(as a sum of distances).

Fig. 3. Architecture of the neural model fθ proposed in [10]. The Fourier
Feature (FF) embedding projects the input location x into a subspace that
captures high frequency variations.

Definition 2: Let S ⊂ R2 be the set of locations covered by
the considered scene, and fθ the trained neural model. Then,
the model estimation error Ξ (x) is bounded as, ∃εfθ ∈ R+

s.t. ∀x ∈ S:

Ξ (x) ,
‖H (x)− fθ (x)‖F
‖H (x)‖F

≤ εfθ . (11)

The estimation error Ξ (x) of the proposed network remains
low, even in complex radio environments. In [10], the normal-
ized mean squared error (NMSE), defined as Ex∼Px

[
Ξ (x)

2
]
,

was reported to be approximately −40 dB in LoS-only envi-
ronments, −29 dB in LoS/NLoS environments and −20 dB in
NLoS-only environments. This good performance on the test
dataset indicates that the proposed network learned to inter-
polate between training locations. This capability is enabled
by architectural constraints that originate from a physical
propagation channel model, as presented in details in [10].
Furthermore, the proposed network was shown to effectively
capture the fast-fading characteristics of the channel, i.e. small-
scale fading, allowing it to infer distinct channel matrices
for locations separated by sub-wavelength distances, while
maintaining low estimation error. These findings support the
feasibility of using fθ as a generative neural channel model
within the considered scene.

Remark III.3: Once the location-to-channel mapping is
learned, it can be used to generate any number of approximated
channel at any given location in the scene, allowing to generate
a potentially infinite database to be used for localization.
Moreover, the mapping being continuous and differentiable,
first order optimization method can be applied. These two
properties are at the core of the proposed method, which is
described in details next.

B. Application to Localization

As presented in Eq. (6) in Section II, the primary draw-
backs of fingerprinting-based localization methods include the
need for a substantial comparison dictionary, which in turn
necessitates an extensive measurement campaign and imposes
memory storage constraints. It is proposed to use the proposed
model-based neural architecture to solve this dictionary size
issue. Indeed, as fθ can be seen as a generative neural channel
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model, an infinite number of comparison channels can be
generated on the fly to solve Eq. (4),3 as formalized in
Definition 3.

Definition 3: Let S ⊂ R2 be the set of locations covered by
the considered scene. Let x ∈ S be the UE unknown location
and H (x) ∈ CNa×Ns be the associated uplink channel matrix.
An estimate of the UE location is given by:

x̂ (H (x) |θ,S) , arg min
x̃∈S

‖H (x)− fθ (x̃)‖F. (12)

Remark III.4: Eq. (12) is obtained by considering the
following similarity measure in Eq. (4):

sim (H (xm) ,H (xn)) = 1− ‖H (xm)−H (xn)‖F. (13)

This similarity measure is optimal when one-valued, as it
requires the channel coefficients to be exactly equal across all
antennas and subcarriers. Its injectivity properties and their
implications will be discussed in Section III-C. Since the
Frobenius distance component of this similarity measure is
central to the subsequent analysis, it is referred to as the phase-
sensitive (PS) distance and defined as follows:

LPS (H (x) , x̃|θ) , ‖H (x)− fθ (x̃)‖F. (14)

Given the ability of fθ to effectively learn the location-
to-channel mapping, the theoretical error performance of
the proposed method can be established, as formalized in
Theorem 1.

Theorem 1: Let S ⊂ R2 be the set of locations covered by
the considered scene. Let x ∈ S be the UE unknown location.
Let x̂ (H (x) |θ,S) be the solution of Eq. (12). Let εfθ ∈ R+

be the model estimation error bound defined in Definition 2.
Assuming that Eq. (13) satisfies Definition 1, it follows that:

sup
x∈S
‖x− x̂ (H (x) |θ,S)‖2 −→εfθ→0

0. (15)

Proof: See Appendix A. �
Theorem 1 demonstrates that the location estimator pre-

sented in Definition 3 achieves theoretically perfect accuracy
while maintaining finite memory requirements. Indeed, chan-
nel coefficients can be evaluated on-the-fly using fθ, which
only requires storing |θ| coefficients. However, the proposed
method requires inferring the channel at every location in
S, which is uncountable. To address this, the scene location
space is discretized using a finite grid G ⊂ S ⊂ R2. This
discretization leads to the following localization error bound.

Theorem 2: Let G ⊂ S ⊂ R2 be the discretized location
grid. Let x ∈ S be the UE unknown location. Assuming that
the true locations are uniformly distributed within S, and that
the grid is uniform with inter-element spacing ν ∈ R+,∗ yields:

Ex∼Px [‖x− x̂ (H (x) |θ,G)‖2] ≥ νδ, (16)

with δ = 1
6

(√
2 + ln

(√
2 + 1

))
' 0.38.

Proof: See Appendix B. �
Remark III.5: Theorem 2 states that the localization

accuracy is lower-bounded by the grid inter-element spacing.
This is unsurprising as solving Eq. (12) on the grid G is

3Note that, when comparing the approaches in Section IV, the amount of
data required to train the generative neural model is taken into account.

equivalent to performing a grid search, inherently constraining
the localization accuracy to the grid resolution.

To overcome this grid limitation, an off-grid approach
is introduced: after the initial grid search, a gradient-based
refinement with N∇ steps is applied to enhance localization
accuracy, as formalized in Eq. (17). At step k, the update is
expressed as:

x̂(k+1) ← x̂(k) − α∇x̃LPS (H (x) , x̃|θ) |x̂(k) , (17)

where α ∈ R+ controls the gradient contribution to the
update, x̂(k) is the location estimate at step k, with x̂(0) =
x̂ (H (x) |θ,G). As for all gradient-based methods, this local-
ization refinement is prone to local minima error in the PS
distance used as a loss function in Eq. (17). A method to
avoid local minima and increase performance is presented in
Section III-D.

C. About the Channel Function Injectivity

Remark III.6: As discussed in Section II, ensuring that
the channel function is injective wrt. the similarity measure
defined in Eq. (13) is essential for the uniqueness of the
location estimate. This can be demonstrated by deriving the
global minimum of the PS distance.

The subsequent theoretical contributions can be summarized
as follows:
• Theorem 3 establishes a condition for reaching the

global minimum of the Frobenius distance introduced in
Eq. (14).

• Corollary 1 demonstrates that the channel function is
injective wrt. the similarity measure defined in Eq. (13),
based on the results of Theorem 3.

• Corollary 2 builds on Theorem 3, considering a dominant
propagation path to define the distance between two
consecutive minima in the Frobenius distance.

Theorem 3: For a given location x ∈ S, the Frobenius
distance component of the similarity measure defined in
Eq. (14), rewritten as ‖H (x)−H (x + δ)‖F, reaches a global
minimum when the displacement vector δ ∈ R2 satisfies:

δ ∈
⋂

(i,j,l,k)∈L

C
(
al,i − x, ‖x− al,i‖2 + kλj

)
. (18)

with L = [[1, Na]]× [[1, Ns]]× [[1, Lp]]× Z, and al,i ∈ R2 the
antenna locations defined in Remark 3.

Proof: See Appendix C. �
Corollary 1: In the absence of symmetries in the scene

including the antenna array, and considering Na > 1 antennas,
the channel function is injective wrt. the similarity measure
defined in Eq. (13).

Proof: See Appendix D. �
Fig. 4 illustrates Theorem 3 and Corollary 1 by depicting,

for each antenna, path, frequency, and integer multiple k,
the circles defined in Eq. (18). These circles represent local
minima, as a displacement vector along one of them nulls
the contribution of a specific antenna, frequency, and path in
‖H (x)−H (x + δ)‖F.

Remark III.7: As stated by Theorem 3, and visualized
in Fig. 4, the global minimum is attained when all circles
intersect, which occurs at x, only when k = 0: this is
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Fig. 4. Illustration of Theorem 3 in a vector space whose origin is x:
minimum circles for Na = 4 antennas, Ns = 3 frequencies (color-coded
as gray/red/green), and k ∈ [[0, 2]]. For k = 0, circles originating from all
frequencies coincide, as observed in Eq (18).

equivalent to setting δ = 0R2 . This holds only if the scene does
not exhibit perfect topological symmetries, when including
the antenna array. However, this assumption is weak, as
perfect symmetries, up to the scene objects’ electromagnetic
properties, is unlikely to be found in real-world propagation
environments.

The size of the basins of attraction associated to minima in
the Frobenius distance is influenced by the number of antennas
and the considered bandwidth. As illustrated in Fig. 4 (a),
a larger antenna array decreases the tangential extent of the
region where the circles intersect. Conversely, the radial size
of this region depends on k (λNs − λ1) , k ∈ Z, which is
related to the bandwidth. Theoretically, for a sufficiently high
k, or a sufficiently high bandwidth, it is possible to resolve
one basin of attraction per frequency. However, in practice,
since the wavelength does not significantly vary over the
system bandwidth, this distinction remains impractical. This
insight clarifies the distance between consecutive minima, as
formalized in Corollary 2.

Corollary 2: For a given location x ∈ S, in presence of a
dominant propagation path, the distance between two consec-
utive minima in ‖H (x)−H (x + δ)‖F can be approximated
as λ0, where λ0 , 1/Ns

∑
i∈[[1,Ns]] λi.

Proof: See Appendix E, and Fig. 4 (a) for an illustration.�
Remark III.8: When considering multipath propagation,

each propagation path introduces an additional set of circles. In
this case, the local minima form a grid-like pattern, as exposed
in Fig. 4 (b). It increases the complexity of the gradient descent
procedure, making convergence to the global minimum more
challenging. This is consistent with the well-established fact
that localization in the presence of NLoS paths is a hard task.

Algorithm 1 Proposed Enhanced Localization Method: Off-
Grid (PI/PS)
Inputs: Measured channel matrix H (x) ∈ CNa×Ns , trained

neural model fθ, selected initialization loss Linit, global
location grid GG, local grid size L, inter-element spacing
ν, number of circles NC, number of circle points MC.

1: (a in Fig. 5). Compute the local grid initialization
location by performing a grid search on GG: x̃i ←
x̂ (H (x) |θ,GG), with:

x̂ (H (x) |θ,GG) = arg min
x̃∈GG

Linit (H (x) , x̃|θ) . (19)

2: Construct the local grid GL: size L by L, centered at x̃i,
with inter-element spacing ν in both directions:

GL = (x̃i,0 + Zν,L)× (x̃i,1 + Zν,L) , (20)

with Zν,L = νZ ∩ [−L/2, L/2].
3: (b in Fig. 5). Perform a grid search on GL: x̃g ←

x̂ (H (x) |θ,GL), with:

x̂ (H (x) |θ,GL) = arg min
x̃∈GL

LPS (H (x) , x̃|θ) . (21)

4: (c in Fig. 5). Perform N∇ gradient steps from x̃g, as
defined in Eq. (17), to obtain x̃gd.

5: Evaluate the Frobenius distance at the obtained location:

γgd = LPS (H (x) , x̃gd|θ) . (22)

6: Sample locations on the circles centered at x̃gd, with radii
kλ0, k ∈ [[1, NC]]:

GC ⊂
⋃

k∈[[1,NC]]

C (x̃gd, kλ0) , |GC| = MC. (23)

7: (d in Fig. 5). Find the minimum Frobenius distance on
the circles:

x̃?c = arg min
x̃c∈GC

LPS (H (x) , x̃c|θ) (24)

γ?c = LPS (H (x) , x̃?c |θ) . (25)

Compare the Frobenius distances:
8: if γ?c ≤ γgd then
9: (e in Fig. 5). Perform N∇ gradient steps from x̃?c , as

defined in Eq. (17), to obtain x̃gd2 .
10: Update the estimated location: x̂← x̃gd2 .
11: else
12: Update the estimated location: x̂← x̃gd.
13: end if
Output: Estimated location: x̂.

D. Performance and Complexity Optimization

Hitherto, Theorem 2 has established the theoretical limita-
tions of the grid-based approach, Eq. (17) has introduced a
gradient-based refinement, and Corollary 1 has demonstrated
the suitability of the proposed similarity measure for this local-
ization task. It is now proposed to optimize the performance
of the proposed method, while reducing its computational
complexity. For a given true location, the accuracy of the
proposed method depends on two key assumptions. Firstly,
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Fig. 5. Illustration of the proposed localization scheme steps. a: a grid-search is performed on the global grid GG. b: a second grid-search is performed on
the local grid GL, constructed from the obtained location at the previous step. c: a first gradient-descent procedure is performed, and a local minimum is
reached. d: locations are sampled on circles of center x̃gd and radii kλ0. e: a second gradient-descent procedure is performed from the best location in the
sampled circle locations, from a PS distance perspective. The bottom row illustrates the steps and loss functions involved in the proposed method (Off-Grid
(PI/PS)) and its variants, which are presented in details in Section IV.

the location grid G must include a point sufficiently close
to the true location. Secondly, the gradient descent process
must successfully converge to the global minimum. To satisfy
these assumptions, the cardinality of G needs to be high,
which entails significant computational complexity. Addition-
ally, even under this condition, the effectiveness of gradient
descent in reaching the global minimum remains uncertain.
Indeed, as established in Corollary 2, the minima of the PS
distance are separated by a distance approximately equal to
the central wavelength, which, in conventional communication
systems, typically ranges from centimeters to millimeters.
This small spacing between local minima underscores the
risk of convergence to a local minimum when conducting
the gradient-based approach. The proposed enhanced local-
ization method is presented in Algorithm 14; details about
performance and complexity optimization are subsequently
presented, and Fig. 5 illustrates the proposed method and vari-
ants. Note that the naive approaches use the large discretized
location grid G.
Performance Optimization: The theoretical knowledge of
the distance between consecutive minima is incorporated
into the gradient-based refinement procedure. Specifically, a
dual-gradient-descent scheme is considered: the first gradient
descent is performed from x̃g, i.e. the location obtained
through the on-grid approach. This approach allows to obtain
the location estimate x̃gd. Subsequently, MC locations are
sampled on NC circles of center x̃gd and radii corresponding to
integer multiples of the theoretical separation distance between
minima, i.e. kλ0, k ∈ Z (line 6 in Algorithm 1). The minimum
Frobenius distance on the sampled circle locations, i.e. γ?c ,
associated to location x̃?c , is then compared to the value
obtained at the location estimated through the initial gradient-
descent procedure. If it is lower, it indicates the presence of
a better minimum, suggesting the possibility of refining the

4The phase-insensitive (PI) term appearing in Algorithm 1 is thoroughly
described in the subsequent Complexity optimization paragraph.

location estimate towards the global minimum. In that case,
a second gradient-descent procedure is performed from x̃?c to
ensure convergence to the lowest point within the basin of
attraction.
Complexity Optimization: To mitigate the computational
complexity of the proposed method, a bi-level grid approach
is proposed. Initially, an exhaustive search is performed on
a coarse grid, denoted as GG ⊂ S, to determine an initial
location estimate x̃i. This global grid is constructed based
solely on the topological knowledge of the scene S, which
is used to define the grid boundaries. Subsequently, a finer
local grid, GL ⊂ S, is generated around x̃i, and a refined
location estimate, x̃g, is obtained through a grid search over
GL. Finally, a gradient-descent optimization process is applied
starting from this refined location estimate. The loss function
used to obtain the initialization location, as defined in Eq. (19),
can either be the Frobenius distance loss presented in Eq. (14)
or the phase-insensitive (PI) distance introduced in [38], which
is defined as follows:

LPI (H (x) , x̃|θ) ,

√√√√
2− 2

∣∣∣Tr
(
H (x)

H
fθ (x̃)

)∣∣∣
‖H (x)‖F‖fθ (x̃)‖F

. (26)

This PI distance does not distinguish maxima from minima
due to the modulus operator in its definition. While this
characteristic limits its applicability for achieving precise
localization, it enhances the reliability of obtaining an estimate
sufficiently close to the global minimum. Indeed, this inability
to distinguish between minima and maxima results in a more
gradual minimum profile, in contrast to the highly localized
nature of the PS distance minima. The respective behaviors of
the PS and PI distances for this localization problem will be
illustrated in Section IV.

A complexity comparison of the proposed approaches is
presented in Table I, where κfθ represents the network forward
pass complexity. The on-grid approach refers to the localiza-
tion without gradient-based refinement, whereas the off-grid
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TABLE I
COMPLEXITY COMPARISON OF THE PROPOSED APPROACHES

Fig. 6. 3D view of the considered scenes: the red plane represents the
possible training/test/evaluation locations and the green spheres represent the
BS antennas. In S2 and S3, gray planes represent metallic obstacles. For S1,
only the locations in front of the BS are considered during the localization
performance evaluation.

approach considers it. The PI/PS notation indicates which loss
function is used for the grid-search on GG. As the bi-level grid
approach allows to obtain a local grid center estimate that is
close to the global minimum, it is possible to consider a low
cardinality in GL, so that:

|GG|+ |GL|+ |GC|+ 2N∇ � |G|. (27)

Specifically, considering |G| = 218.103 (uniform grid on a
100m2 square scene, with λ0/4 inter-element spacing), |GG| =
1.103, |GL| = 9.103, |GC| = 1.103, and N∇ = 100 yields
the second line in Table I, which clearly highlights the overall
complexity improvement obtained with the proposed approach.

IV. EXPERIMENTS

In this section, the localization performance of the proposed
estimator is evaluated against traditional fingerprinting base-
lines such as k-NN, on realistic synthetic data in both indoor
and outdoor scenes.

A. Evaluation Framework
System Parameters: For all upcoming experiments, Ns =
64 frequencies are considered, with a central frequency f0 =
3.5 GHz and a bandwidth of 20 MHz. The associated central
wavelength is λ0 ' 8.57 cm. The BS is equipped with a
uniform linear array composed of Na = 64 antennas with
half central wavelength spacing.
Scene Characteristics: Three distinct scenes are considered,
as represented in Fig. 6: an outdoor urban environment in the
Etoile neighborhood of Paris, denoted as S1, and two distinct
indoor environments with metallic obstacles, denoted as S2

and S3. The primary distinction between S2 and S3 is the
higher proportion of locations without LoS paths in S3 (around
50%), making it representative of a more complex radio
environment. Additionally, in S1, the antenna array is located
close to the UE locations, while it is far in S2 and S3. These
contrasting settings enable the evaluation of the proposed
localization method in scenarios representative of outdoor
cellular deployments and indoor industrial environments.
Location Generation: Each scene consists of a
LS,xLS,y m2 plane considered as the location space S.

Within this location space, training, test, and evaluation
locations are sampled.

Remark IV.1: Note that obstacles in the propagation envi-
ronment are taken into account during the sampling process
by defining exclusion regions within which no locations can
be sampled. This is formalized by introducing an exclusion
location space Se. This approach enables the integration of
accessibility constraints into the empirical validation frame-
work, particularly for the S2 and S3 scenes, which include
physical obstacles in the region of interest (denoted by the
red plane in Fig. 6).

The training locations, used to train the fθ model, and
denoted as Gtrain, are uniformly sampled as, ∀xi ∈ Gtrain:

xi ∼ U (([−LS,x/2, LS,x/2]× [−LS,y/2, LS,y/2]) \ Se) .
(28)

Test locations, denoted as Gtest, are used to validate the
mapping-learning capabilities of fθ. They form a uniform
grid with an inter-element spacing of λ0/4: this yields a
train/test ratio of around 7%. Evaluation locations, collected
in Gloc, are uniformly sampled within S, following Eq. (28),
and are specifically used to assess the performance of the
proposed localization method. Importantly, Gtrain ∩ Gtest = ∅,
Gtrain∩Gloc = ∅, and Gtest∩Gloc = ∅ ensuring that localization
performance is evaluated on locations independent of those
used for training and testing. Note that for S1, LS,x = 10 m
and LS,y = 5 m, while LS,x = LS,y = 10 m for S2 and S3.
Additionally, for all scenes, the training location density is set
to 175locs./m2 ' 1.3locs./λ20.5

Channel Generation: The datasets are obtained through the
radio-propagation digital twin of the Sionna library [39]. Since
ray-tracing methods rely on fundamental electromagnetic prin-
ciples, the resulting channels, both in indoor and outdoor
scenes, can be considered realistic.

Remark IV.2: Note that the ray-tracing approach is inher-
ently limited by the accuracy of the radio-propagation digital
twin. For instance, in a given scene, all buildings often
share the same material, surfaces are typically modeled as
unrealistically flat, and accurately capturing scattering effects
induced by material roughness remains a challenging task.

For each antenna and location in the scene, ray-tracing
techniques identify the propagation paths and compute the
corresponding frequency-domain channel coefficients. The
number of propagation paths depends on the location, with
up to two consecutive reflections considered, while diffraction
is neglected. The complete dataset consists of the locations
and associated channel matrices, e.g. the training dataset is
defined as:

Dtrain = {xi ∈ Gtrain,H (xi) ∈ Htrain}Ntrain
i=1 , (29)

where Htrain consists of the computed channel matrices at
the training locations, and Ntrain = |Gtrain| is the number of
training locations.
Evaluation Metrics: Let x denote the true UE location and
x̂ its estimate. The performance of the localization methods is
evaluated through statistical analysis of the localization error

5Results from our prior study [10] demonstrated effective mapping learning
at a training location density of 0.5 locs/λ20, suggesting that satisfactory
localization performance can be expected at lower densities.
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Fig. 7. Comparison of LPS (H (x) , x̃|θ) and LPI (H (x) , x̃|θ), in dB, for
a given true location x in the S1 scene.

‖x− x̂‖2, using metrics such as the median, 10% and 90%
quantiles.
Baselines: It is proposed to consider the weighted k-NN
method on the training dataset as a fingerprinting baseline.
Specifically, for a given channel H (x), the k-best locations
are computed as:

{x̃1, · · · , x̃k} = arg mink
x̃∈Gtrain

‖H (x)−H (x̃)‖2F
‖H (x)‖2F

, (30)

and the associated weights are, ∀i ∈ [[1, k]]:

αi =

(
‖H (x)−H (x̃i)‖2F

‖H (x)‖2F

)−1
, (31)

which are then normalized as α̃i = αi/
∑k
i=1 αi. The esti-

mated location through k-NN is finally computed as:

x̂ =
k∑
i=1

α̃ix̃i. (32)

Considering this fingerprinting baseline on the training
dataset, used to train the neural generative model, ensures a
fair comparison with the proposed method, as both approaches
use exactly the same data to generate a location estimate.

B. Experimental Results

Unless stated otherwise, in each scene, the following grid
cardinalities are considered: |GG| = 1.103, |GL| = 140.103

for the PS init. method on the S2 and S3 scenes, and |GL| =
9.103 for both the PS init. method on the S1 scene, and the
PI init. method on all scenes. This cardinality difference in
complex radio environments originates from the need for a
larger coverage area in the PS case, which is attributed to the
PS distance yielding a less accurate initial location estimate
than the PI distance in such scenarios. Finally, N∇ = 100
gradient descent steps are considered.

PI/PS Distance Behavior: Fig. 7 illustrates the behavior of
the PI and PS distances in the S1 scene for a given true
location x. It can be observed that the PS distance exhibits
highly localized minima, which hinders the reliability of the
initialization location estimate through the grid search on the
global grid. In contrast, the PI distance exhibits a smoother,
more gradual loss profile, with very high loss values anywhere
except within a broad neighborhood in the true location
direction, illustrated by the yellow area in the zoomed-out
view of Fig. 7. This facilitates the identification of an accurate
initial location estimate through the global grid search. The
closer spacing of minima in the PI distance, compared to the
PS distance, can be attributed to its inability to distinguish
maxima from minima, as previously discussed.
Localization Performance: Fig. 8 presents the performance of
each approach by considering the boxplots of the localization
error on 1.104 independent locations. The low/high bars of the
boxplots respectively represent the 10% and 90% quantiles,
the central orange line represents the median, and the box
boundaries correspond to the first and third quartiles. The
different methods are as follows:
• MLP and 3-NN: fingerprinting baselines. The MLP has

four complex hidden layers of sizes 4096, 2048, 1024,
and 512, takes complex channel matrices H (x) as inputs,
and outputs a location estimate. It comprises approxi-
mately 22 million learnable parameters, and is trained
for 500 epochs.

• On-grid (PI/PS): proposed method using the PI or PS loss
in the exhaustive search on GG, but without the gradient-
descent refinement.

• Off-grid (PS w/o circle): proposed method using the
PS loss in the exhaustive search on GG, with gradient-
descent, but without the circles approach (see Fig. 5 d).

• Off-grid (PI/PS): proposed method using the PI or PS
loss in the exhaustive search on GG, with both gradient-
descent and circles approaches.

The proposed off-grid (PI) method consistently outperforms
the fingerprinting baselines across all scenes, achieving an
improvement of two to three orders of magnitude in the
median localization performance. Notably, its median value
reaches 0.01 cm in S1, and approximately 0.06 cm in S3,
demonstrating its strong performance throughout the entire
scene, and across challenging radio environments. It is worth
noting that these values are well below the central wavelength,
λ0 ' 8.57 cm, highlighting the sub-wavelength accuracy of
the proposed method. As anticipated, the off-grid approach
significantly improves localization accuracy by eliminating the
constraint of a fixed grid. Moreover, the median error values
for the on-grid PS approach are approximately on the order
of the central wavelength, highlighting the high sensitivity of
the PS distance to local minima. In contrast, the PI distance
demonstrates greater robustness to this issue, corroborating
the insights from Eq. (26) and Fig. 7. For both initialization
methods, the circle-based approach effectively mitigates this
limitation, and enhances localization resolution. The degraded
performance of the proposed method in the S2 and S3 scenes,
compared to S1, can be attributed to the increased complexity
of the radio environments simulated in S2 and S3. The
presence of strong NLoS paths, and the complete absence of
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Fig. 8. Statistics on the localization error (in cm) across the S1, S2 and S3 scenes. The red horizontal line represents the central wavelength λ0.

Fig. 9. PS distance landscapes for the S1 and S3 scenes.

LoS paths for around 50% of the locations in S3 results in a
much more complex loss landscape, making convergence to
the global minimum more challenging. In this scenario, the
circle-based approach, which is designed to mitigate the local
minima issue, reaches its limit as the PS distance function
exhibits increasingly chaotic minima. This can be seen with the
superior localization performance of the off-grid (PI) approach
on the S3 scene when considering only locations with LoS
paths (denoted as w. LoS only in Fig. 8), as compared to
locations with only NLoS paths (denoted as w. NLoS only in
Fig. 8). This chaotic minima behavior is illustrated in Fig. 9
with the loss landscape over the S1 and S3 scenes.
Local Grid Spacing Performance Impact: Fig. 10 illustrates
the median localization error performance as a function of
the inter-element spacing in GL, over the S1 scene. It is
observed that the on-grid approach requires a very dense
grid to approach the best-case bound defined in Theorem 2.
However, as anticipated, the off-grid approach surpasses this
on-grid best-case performance bound, even with a relatively
coarse grid. This demonstrates the efficiency of the off-grid
approach in delivering accurate localization estimates, while
maintaining a controlled computational complexity. This is

Fig. 10. Localization performance evolution wrt. GL inter-element spacing,
over the S1 scene.

enabled by the ability of the fθ model to serve as a generative
neural channel model with low estimation error.
Relationship Between Model and Localization Perfor-
mance: In Fig. 11, each point in the bi-dimensional histograms
corresponds, for a given true location, to the pair formed by the
localization error and the channel estimation error, i.e. NMSE,
at that true location, with marginals displayed on the right and
top axes. In the S1 scene, the near-zero Pearson’s correlation
coefficient indicates that the localization error is largely uncor-
related with the model error, whereas a noticeable correlation
appears in the S2 and S3 scenes. This is likely due to the
higher model NMSE in S2 and S3 (around −10 dB) compared
to S1 (around −30dB). Nevertheless, even with high model
NMSE, localization performance remains satisfactory. This
implies that even when the reference channel, i.e. the channel
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Fig. 11. 2D histogram of the location error wrt. the model error, across the S1, S2 and S3 scenes. A zero-valued Pearson’s correlation coefficient ρ indicates
that the location and channel estimation errors are uncorrelated. Green dashed lines represent integer multiples of the central wavelength λ0.

TABLE II
AVERAGE INFERENCE TIME OVER THE S2 SCENE

estimated by the network at the true location, is imperfectly
reconstructed, the resulting location estimate remains highly
accurate, highlighting the robustness of the proposed method
to noisy channels during inference. Additionally, it can be
observed that in S2 and S3, the off-grid approach benefits only
at locations where the model error remains within acceptable
limits. This behavior is consistent across all locations in S1,
where the model error is uniformly low due to the less chal-
lenging nature of the scene. Furthermore, localization errors
tend to accumulate at multiples of the central wavelength: this
is an expected effect of the local minima in the PS distance,
as discussed in Corollary 2. The off-grid approach, which
incorporates the circles method, partially mitigates this local
minima issue: owing to its ability to escape local minima
through the circles sampling strategy, the proposed method
can be viewed as a model-based annealing approach.
Computational Complexity: Table II reports the empirical
inference computational complexity of the proposed methods
and baselines over the S2 scene. The average inference time
for each method is computed over 1.104 independent locations,
with all computations performed on the same NVIDIA A40
GPU. The on-grid (naive) approach employs a uniform grid
across the scene with an inter-element spacing of λ0/4.
The off-grid (naive) approach extends it by incorporating the
proposed gradient descent and circle-based methods, but lacks
the computational complexity optimization provided by the
bi-level grid approach. Lastly, the off-grid (PI/PS) approaches
follow Algorithm 1, with the GL grid for the PS initialization
being 16 times larger than that for the PI initialization, which
explains its superior mean execution time. While the optimized
method, i.e. off-grid (PI/PS), exhibits higher computational
complexity compared to the classical fingerprinting approach,
it offers a substantial improvement in localization accuracy.
Moreover, as demonstrated in Table I, the proposed off-grid
approach reduces the number of required forward passes by a
factor of twenty with respect to the on-grid approach, resulting

in an almost tenfold reduction in mean execution time. This is
further illustrated by comparing the computational complexity
of the proposed method with the off-grid naive approach,
which experiences a high mean execution time due to the
absence of computational complexity optimization.
Memory Requirements Comparison: As shown in Fig. 8,
the k-NN fingerprinting approach, that uses the neural gener-
ative model training dataset, achieves relatively satisfactory
performance, with sub-meter median localization accuracy
across all scenes. However, this approach necessitates the
storage of 2|Gtrain| + 2NaNs|Gtrain| real scalars, which, when
evaluated on the S2 training dataset, amounts to storing
121.3M real scalars. In comparison, the proposed localization
method only requires storing the |θ| = 9.1M real learnable
parameters of fθ, resulting in a thirteenfold reduction in
the required memory. This number of learnable parameters
originates from the hyperparameters selected for the MB-Ψ̃a

network in [10]. Assuming a 32-bit floating-point represen-
tation, the fingerprinting approach demands 485.2 MB of
memory, whereas the proposed method only requires 36.4 MB.
This substantial memory reduction is achieved by eliminating
the need for a large fingerprinting comparison dictionary.
Importantly, this memory efficiency does not compromise
localization accuracy, as the proposed method is not con-
strained by the number of stored coefficients, unlike classical
fingerprinting methods, as highlighted in Eq. (6). The indepen-
dence of the proposed method’s localization performance from
memory requirements is illustrated in Fig. 2. The proposed
method consists of the off-grid (PI) approach, while the
3-NN results for different memory requirements are obtained
by subsampling Dtrain on the S2 scene.
Impact of Noisy Uplink Channels During Inference: The
proposed method assumes noiseless uplink channels during
inference. To account for an imperfect sensing process, the
performance of the proposed approach is also evaluated using
noisy uplink channels at inference time. More specifically, the
uplink channels used for performance evaluation are generated
as follows:

H̃ (x) = H (x) + N, (33)

where:

N =
σ√
2

(Z1 + jZ2) , (34)
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Fig. 12. Evaluation of noisy channels impact on the proposed localization method performance, during test time. Dark boxplots correspond to noise-free
results, and blue ones to noisy results with SNRdB = 5 dB.

with:

σ =

√
‖H (x)‖2F

NaNsSNRlin
, (35)

and where each element of Z1 ∈ RNa×Ns and Z2 ∈ RNa×Ns
are independently drawn for the N (0, 1) distribution. Exper-
imental results with noisy channels at SNRdB = 5 dB are
shown in Fig. 12, where dark boxplots correspond to noise-free
results, and blue ones to noisy results. It can be observed that
the proposed approach demonstrates strong resilience to noise,
as performance degradation remains minor across all methods
and scenes. These results indicate that, even with an imper-
fect channel sensing process during the inference phase, the
resulting impact on localization performance remains within
acceptable limits.
Impact of Sparse Training Locations: Hitherto, all empirical
results assume a training location density of 175locs./m2 '
1.3locs./λ20. This implies that the location-to-channel neural
network is trained on a highly spatially dense dataset. To
investigate the impact of sparser training locations, Fig. 13
illustrates the performance of the proposed Off-grid (PI)
localization method on the S2 scene as the spatial density of
the training dataset decreases. It can be seen that, as expected,
the localization performance decreases with the training spatial
density. Nevertheless, the proposed method maintains strong
performance in the low-density regime. In particular, when
considering a density of 0.18locs./λ20 ' 25locs./m2, that is
well below one training sample per squared wavelength, the
localization performance remains satisfactory, achieving sub-
wavelength median localization error.

Fig. 13. Evaluation of sparse training location impact on the proposed method
localization performance: Off-grid (PI) on S2 scene.

V. CONCLUSION AND FUTURE WORK

This paper investigated the use of the model-based machine
learning paradigm to perform user localization. Specifically,
a neural architecture introduced in earlier studies, designed
to learn the location-to-channel mapping, was leveraged
to enhance the localization accuracy of the well-known
fingerprinting method, while simultaneously reducing its mem-
ory requirements. Simulations conducted on realistic data,
encompassing both LoS and NLoS challenging radio envi-
ronments, demonstrated that the proposed method achieves
sub-wavelength localization accuracy, providing up to a two-
order-of-magnitude improvement over classical fingerprinting
approaches. Unlike traditional fingerprinting methods, the
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performance of the proposed approach is not contingent
on the size of a stored comparison dictionary. Instead,
the neural model functions as a generative channel model,
enabling on-the-fly inference of channel coefficients and
thereby eliminating the need for an extensive precomputed
dictionary. This resulted in a tenfold reduction in memory
requirements compared to classical fingerprinting techniques.
In its current form, the proposed method could be used
in dynamic environments to detect changes in the prop-
agation environment. Indeed, since the method relies on
a neural channel model trained for a fixed propagation
environment, a significant modification of this environment,
e.g. the introduction of a new obstacle generating strong
additional propagation paths, would result in degraded chan-
nel estimation performance. Given a set of channel-location
pairs generated by the neural channel model trained under
nominal propagation conditions, environmental variations
could be identified by monitoring the maximum similar-
ity over time between a sensed channel and this reference
set.

Future research directions can be organized into four main
categories, encompassing both complexity/performance opti-
mization, and adaptation of the proposed method to more
realistic propagation environments.
Computational Complexity Optimization. To enable the use
of the proposed method in practical systems, it is crucial to
optimize its computational complexity. This can be achieved,
for example, by refining the cardinalities of the various loca-
tion grids.
Performance Optimization in NLoS Environments. Further
optimization of the circle-based strategy in NLoS environ-
ments could be explored. In such scenarios, the presence of
multipath propagation induces a more complex loss landscape
and increases the risk of local minima. Enhancing robustness
in these challenging conditions could further improve local-
ization accuracy.
Adaptation to Time-Varying Propagation Environments.
Extending the method to time-varying propagation environ-
ments could be achieved through online learning strategies.
In such setups, continuously collected channel measurements
could be used to iteratively refine the neural channel model,
enabling its continuous adaptation over time. In this context,
the domain-incremental learning approach for 5G indoor local-
ization proposed in [40] appears particularly well suited, as it
enables the rapid adaptation of neural models to environmental
changes.
Adaptation to Realistic Propagation Environments. An
immediate research direction is the application of the proposed
method to real measured channels, for instance using the
Ultra Dense Indoor MaMIMO CSI dataset [41], or the CAEZ
dataset [42]. Additionally, the proposed method could be
applied in propagation environments affected by hardware
impairments, e.g. by incorporating a calibration procedure to
mitigate their impact, as shown in [24], [25], [27], and [33].
Finally, the method presented in this paper relies on ray-
tracing to generate a channel coefficients dataset used to train
a generative neural channel model. Since ray-tracing methods
cannot fully capture all the underlying physical phenomena
governing propagation channels, future work should aim at

characterizing the modeling error between ray-tracing and
measured channels in propagation environments of interest
[43], [44], [45], [46]. The impact of this mismatch on the
proposed method’s performance should then be evaluated.
In addition, hybrid approaches combining ray-tracing data
and measured channels, e.g. transfer learning techniques,
could be investigated to mitigate the potential impact of this
mismatch.

APPENDIX A
PROOF OF THEOREM 1

From Definition 2, it follows that:

∀x ∈ S, Ξ (x) −→
εfθ→0

0⇒ ∀x ∈ S, fθ (x) −→
εfθ→0

H (x) . (36)

Assuming that Eq. (13) satisfies Definition 1, and invoking
Definition 3, one obtains:

∀x ∈ S, x̂ (H (x) |θ,S) q −→
εfθ→0

x,

⇒ sup
x∈S
‖x− x̂ (H (x) |θ,S)‖2 −→

εfθ→0
0. (37)

APPENDIX B
PROOF OF THEOREM 2

Let ε (x) , ‖x− x̂ (H (x) |θ,G)‖2. A lower bound on
Ex∼Px [ε (x)] can be derived by considering the best-case
scenario, i.e. that the location estimate obtained by solving
Eq. (12) on G is also optimal in the sense of the `2 norm,
which reads as:

x̂ (H (x) |θ,G) = arg min
x̃∈G

‖H (x)− fθ (x̃)‖F

= arg min
x̃∈G

‖x− x̃‖2. (38)

By definition:

Ex∼Px [ε (x)] =

∫
R2

ε (x) px (x, y) dxdy, (39)

where px (x, y) is the density function of Px. Since under the
considered assumptions, ε(x) denotes the distance between
the true location and its closest point on the uniform grid G
with inter-element spacing ν, it can be assumed that x is uni-
formly distributed within a square of side length ν/2, leading
to:

px (x, y) =
4

ν2
1{x∈R+|x≤ν/2} (x)1{y∈R+|y≤ν/2} (y) . (40)

Eq. (39) can then be rewritten in polar coordinates as:

Ex∼Px [ε (x)] ≥ 4

ν2

∫ π
2

0

∫ rm(θ)

0

r2drdθ, (41)

where the axial integration bound is obtained from:

{
x = ν

2

y = ν
2

⇒


rm (θ) =

ν

2 cos θ

rm (θ) =
ν

2 sin θ

⇒ rm (θ) , min
( ν

2 cos θ
,

ν

2 sin θ

)
. (42)
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One then obtains:

Ex∼Px [ε (x)]

≥ 4

ν2

(∫ π
4

0

∫ ν
2 cos θ

0

r2drdθ +

∫ π
2

π
4

∫ ν
2 sin θ

0

r2drdθ

)

=
ν

6

(∫ π
4

0

1

cos3 θ
dθ +

∫ π
2

π
4

1

sin3 θ
dθ

)
. (43)

Recalling that:
∫

1

cos3 θ
dθ =

1

2
(sec θ tan θ + ln (|sec θ + tan θ|))∫

1

sin3 θ
dθ =

1

2
(− csc θ cot θ + ln (|csc θ − cot θ|)) ,

(44)
yields the following lower bound:

Ex∼Px [ε (x)] ≥ ν

6

(√
2 + ln

(√
2 + 1

))
, (45)

so that, ∀x ∈ S:

Ex∼Px [‖x− x̂ (H (x) |θ,G)‖2] ≥ νδ, (46)

with δ = 1
6

(√
2 + ln

(√
2 + 1

))
, which concludes the proof.

APPENDIX C
PROOF OF THEOREM 3

From Eq. (10), introducing dl,i (x) , ‖x− al,i‖2 and φj ,
2π/λj yields:

‖H (x)−H (x + δ)‖F

=

√√√√√Na∑
i=1

Ns∑
j=1

∣∣∣∣∣∣
Lp∑
l=1

γl

(
e−jφjdl,i(x)

dl,i (x)
− e−jφjdl,i(x+δ)

dl,i (x + δ)

)∣∣∣∣∣∣
2

=

√√√√√Na∑
i=1

Ns∑
j=1

∣∣∣∣∣∣
Lp∑
l=1

fi,j,l (δ)

∣∣∣∣∣∣
2

. (47)

Considering ‖δ‖2 ≤ εδ , so that dl,i (x) /dl,i (x + δ) ' 1,
fi,j,l (δ) can be rewritten as:

fi,j,l (δ) ' γl
dl,i (x)

(
e−jφjdl,i(x) − e−jφjdl,i(x+δ)

)
. (48)

The function ‖H (x)−H (x + δ)‖F being lower-bounded
by 0, a sufficient condition to obtain its global minimum is
given by:

δ ∈
⋂

(i,j,l)∈I

{
δ ∈ R2|fi,j,l (δ) = 0

}
⇔ δ ∈

⋂
(i,j,l)∈I

{
δ ∈ R2|e−jφjdl,i(x) = e−jφjdl,i(x+δ)

}
,

(49)

with I = [[1, Na]]× [[1, Ns]]× [[1, Lp]]. Let k ∈ Z, then:

e−jφjdl,i(x) = e−jφjdl,i(x+δ)

⇔ φjdl,i (x) = φjdl,i (x + δ) + k2π

⇔ ‖x− al,i + δ‖2 = ‖x− al,i‖2 + kλj

⇔ x + δ ∈ C
(
al,i, ‖x− al,i‖2 + kλj

)
. (50)

The global-minimum condition is thus given by:

δ ∈
⋂

(i,j,l,k)∈L

C
(
al,i − x, ‖x− al,i‖2 + kλj

)
, (51)

with L = [[1, Na]] × [[1, Ns]] × [[1, Lp]] × Z. Note that, in
the absence of ambiguity, the circles intersect exclusively at
0R2 for k = 0, implying that δ = 0R2 . When δ = 0R2 ,
‖H(x)−H(x + δ)‖F attains its minimum possible value,
which confirms that Eq. (51) characterizes a global minimum.

APPENDIX D
PROOF OF COROLLARY 1

From Eq. (13), the similarity measure is maximized
when the Frobenius distance is minimized. Hence, satisfying
Definition 1 reduces to showing that δ = 0R2 is the global
minimum of ‖H(x)−H(x + δ)‖F, which was established in
Theorem 3 under the no-ambiguity assumption.

APPENDIX E
PROOF OF COROLLARY 2

Assuming a dominant propagation path is equivalent to
considering that:

∃ld ∈ [[1, Lp]], ∀l ∈ [[1, Lp]], |γld | � |γl|. (52)

This translates into negligible path components in Eq. (47) so
that:

‖H (x)−H (x + δ)‖F

'

√√√√Na∑
i=1

Ns∑
j=1

∣∣∣∣∣γld
(

e−jφjdld,i(x)

dld,i (x)
− e−jφjdld,i(x+δ)

dld,i (x + δ)

)∣∣∣∣∣
2

. (53)

The minima condition defined in Eq. (18) can then be rewritten
as:

δ ∈
⋂

(i,j,k)∈J

C
(
ald,i − x, ‖x− ald,i‖2 + kλj

)
, (54)

with J = [[1, Na]]× [[1, Ns]]×Z. The minima thus lie on circles
centered at the locations of the antenna array elements, with
radii determined by the system’s wavelengths. In conventional
communication systems, wavelength variation across the band-
width is negligible, such that ∀j ∈ [[1, Ns]]:

λj ' λ0 ,
1

Ns

Ns∑
i=1

c

fi
, (55)

which yields:

δ ∈
⋂

(i,k)∈K

C
(
ald,i − x, ‖x− ald,i‖2 + kλ0

)
, (56)

with K = [[1, Na]] × Z. In Eq. (56), the intersection of the
circles originating from the different antennas depends only
on the chosen integer k ∈ Z, which translates into consecutive
minima being approximately spaced by λ0.
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