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Two Calabi—Yau Theorems for Degenerations of Compact Kahler Manifolds

David Witt Nystrom'

Abstract. We discuss two closely related Calabi—Yau theorems for degenerations of compact Kéahler manifolds.
The first is a Calabi-Yau theorem for big test configurations. The second result is a Calabi—Yau theorem for
a wider class of degenerations, formulated in the language of non-Archimedean Kéhler geometry. This theorem
was first proved in the algebraic setting by Boucksom—Jonsson, while Mesquita-Piccione and I recently proved
the general Kéahler case. Our main focus here is on the connection between these results and the theory of big
cohomology classes and their volumes.
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1 Introduction. Let (X,w) be a compact Kihler manifold, and let a := {w} € H!(X,R) be the associated
Kéhler class. To understand (X,w) or (X, ), it is often helpful to study their degenerations. As an example, by
the work of Chen and Cheng [CC21a, CC21b], we know that the existence of a constant scalar curvature Kahler
(cscK) metric in « can be detected using geodesic rays, which are degenerations of (X,w) of a special kind.
There is also a strong link between geodesic rays and certain degenerations of (X, «) called test configurations.
Test configurations appear in the formulation of Yau-Tian-Donaldson (YTD) conjecture, which aims to give a
numerical criterion for the existence of canonical metrics, such as cscK metrics, in a given Kéahler class. The
YTD conjecture was famously proved by Chen—Donaldson—Sun in the case when X is Fano and a = ¢ (X)
[CDS15a, CDS15b, CDS15¢]. Recently, Boucksom and Jonsson [BJ25b] proved a version of the YTD conjecture
in the algebraic setting, building on earlier work of Chi Li [CLi22, CLi23|, and in [MW25] Mesquita-Piccione and
I extended some of the latter results to the Kéhler setting. At the same time, Darvas- and Zhang [DZ25] proved
a different YTD correspondence, which also is valid in the Kéahler setting.

The aim of this paper is to discuss two closely related Calabi—Yau theorems for degenerations of (X, ),
Theorems A and B. Theorem A is a Calabi—Yau theorem for so-called big test configurations, and it generalizes
a result in [WN24]. Theorem B is a Calabi-Yau theorem for a wider class of degenerations, formulated using the
language of non-Archimedean (n-A) Kahler geometry. Theorem B plays a key role in the variational approach
to the YTD conjecture; see, e.g., [BBJ21, CLi22|, and was first proved in the algebraic case (i.e., when X is
projective and a = ¢;(L) for some ample (R—)line bundle L) by Boucksom and Jonsson [BJ22], building on
earlier work of Boucksom, Jonsson, and Favre [BFJ15]. The general Kéhler case of Theorem B was recently
proved by Mesquita-Piccione and myself [MW25].

Organization. This paper is organized as follows.

We first review the classical Calabi—Yau theorem in section 2.

In section 3 we discuss Kéahler and big test configurations and give a geometric interpretation of their associated
Monge-Ampere measures. Here we also formulate Theorem A.

In section 4 we introduce the notions of n-A Kéahler geometry that we need to formulate Theorem B.

In section 5 we give a brief introduction to the theory of big cohomology classes. In particular, we discuss the
conjectural duality between the pseudoeffective and the movable cone, the related transcendental Morse inequality,
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and how this connects to differentiability properties of the volume function. Finally, we state a result from [WN24]
about restricted volumes, here called Corollary 5.3, which will be crucial for what follows.

In section 6 we use the general results of section 5, and, in particular, Corollary 5.3, to give a direct proof of
Theorem A.

In section 7 we discuss the proof of Theorem B, which uses the variational approach described in [BJ22, BJ23]
for the algebraic case. A key step is to establish the so-called orthogonality property (see Definition 7.1), and we
show how this can be accomplished using the results from section 6.

2 The classical Calabi—Yau theorem. Here and in the rest of this paper, (X,w) will be a compact Kéhler
manifold of complex dimension n, with the associated Kéhler class denoted by a := {w} € HV(X,R). We let
V= fX w™ =a™ denote the volume.

One of the most central results in Kahler geometry is the now classical Calabi—Yau theorem, due to Yau
[Yau77, Yau7s].

THEOREM 2.1 (The classical Calabi-Yau theorem). For any volume form dV on X such that [, dV =V,
there is a unique Kdhler form w' € o such that (W)™ =dV.

Note that by the dd®-lemma any Kéahler form w’ € a can be written as w’ = w+dd°¢ for some smooth function
¢. We say that a smooth function ¢ is a Kéhler potential (with respect to w) if wg :=w +dd°¢ is Kéhler. The set
of Kéhler potentials is denoted by H.,, and we also let H,, o denote the set of Kéhler potentials whose supremum
is zero. The Monge-Ampeére measure of ¢ is defined as MA,(¢) := V_lwg, thus Theorem 2.1 can be restated as
saying that for any volume form dV such that [  dV =1, the Monge-Ampere equation

MA,(¢) =dV

has a unique solution in H,, .

There are also variations of Theorem 2.1, where the domain of definition of the Monge—Ampere operator is
enlarged; see, e.g., [Kol98, BBGZ13, Theorem A]. To formulate the second of these variations, we need to recall
some basic concepts of pluripotential theory.

A decreasing limit ¢ of Kéhler potentials (with respect to w), not identically equal to —oo, is said to be w-psh,
and the set of w-psh functions is denoted by PSH,,.

The energy of a Kahler potential is defined as

V_l - c 1\J n—j
Ew<¢>:=n+1;/)(¢<w+dd¢>ﬂw i,

The energy of ¥ € PSH,, is defined as the infimum of the energy of all ¢ € H,, such that ¢ > 1, and the space of
finite energy potentials is defined as

&L :={y € PSH, : E,(¢) > —o0}.

We also let £, :={p €&} :supp=0}.
The Monge-Ampere measure of a Kahler potential ¢ is defined as

MA(¢) : =V~ Hw + dd°p)",

and there is a natural extension of the Monge—Ampere operator to £L.
The (dual) energy E (1) of a Radon probabiltiy measure is defined as

EY (1) == sup {Ew(@ —/X¢dui<ﬁ655},

those with E(11) < 0o giving us the space of finite energy measures M.
In [BBGZ13] Berman et al. used a variational approach to prove the following Calabi—Yau theorem for finite
energy potentials.
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THEOREM 2.2. The Monge-Ampére operator is a bijection between &, o and M.

3 A Calabi—Yau theorem for big test configurations. In this section we will introduce Kéhler and big
test configurations, discuss their associated Monge—Ampere measures, and finally formulate Theorem A.

3.1 Test configurations and models. Let us first recall the definition of a test configuration, which in
the general K&hler setting goes back to [DR17, SD18].

DEFINITION 3.1. A (smooth dominating) test configuration (X, A+ D) of (X,a) consists of the following
data:
1. a compact Kihler manifold X together with a surjective map m: X — X x P such that 7 : X \ |Xo| —
X x (P*\ {0}) is a biholomorphism, where Xy := w3, ([0]) is the zero divisor and |Xy| is the zero fiber;
2. a lift of the standard C*-action on X x P! to X making 7 equivariant;
3. a class A+ D € HY' (X, R) where A := 7% (a) and D is a vertical divisor, i.e., a divisor supported on
|Xo| (for convenience we do not distinguish between D and its cohomology class).

We also call X a model of X. If X is a model and Y C |Xp| is a C*-invariant submanifold, the blow-up of Y
in X is a new model. A simple way to produce models is thus to start from the trivial model X x P! and then to
iterate this blow-up procedure.

We say that the model or test configuration is SNC if X7¢? has simple normal crossings, i.e., if Xy = > biE;
where the E;:s are smooth hypersurfaces that intersect transversely. To not overuse the word SNC, from now on,
all models and test configurations are assumed to be SNC, unless specifically stated otherwise.

3.2 Kaihler test configurations. We say that the test configuration (X', A+ D) is Kéhler if A+ D is Kéhler,
meaning that A + D contains a Kéahler form.

Thus, let (X, A+ D) be a Kéhler test configuration, and let Q be a Kéahler form in A + D. We write
Xop= Zfil b; E; where each F; is irreducible.

Also, let X, = X denote the fiber over 7 € P' \ {0}, and let w; := Qx_. Since D does not intersect X, we
have that w, € A|x, = «a, and thus (X;,w;),ep1\ {0y is a family of Kéhler manifolds, all with volume V. But as
7 —0, (X;,w;) degenerates to (Xo,2|x,), and the proportion of the fixed volume V' that goes into the weighted
component b; F; is given by

V*lbl-/ Q"=V"HA+D)" (bE;).
E;

This motivates the following definitions. For any model X with Xy = Zf\il b, E; welet X§°™ :={E;:1<i< N}
be the set of irreducible components of Xj.

DEFINITION 3.2. The Monge-Ampére measure of a Kdhler test configuration (X, A+ D) is the measure on
A°™ defined as
N
MA(X, A+ D):=V""Y (A+D)"- (b;E;)d,, .
i=1
Thus the Monge-Ampere measure encodes how the volume is distributed among the weighted components of
Xo. As we will see in section 4, this definition of MA(X, A+ D) comes from n-A Kéhler geometry, where it plays
a central role.
Since
N
> (A+ D) (biE;)=(A+D)" - Xo=(A+D)" X, =A" - X, =a" =V
i=1
we see that MA(X, A + D) is a probability measure on X§°™, which gives each point a nonzero mass. If p is
such a measure on X§°™, ie., if p = > "  a;0p, with a; >0 and ) ,a; = 1, can we always find a Kéhler test
configuration (X, A+ D) which solves the Monge-Ampere equation

MA(X,A+ D)=p?

The answer is no, and a very simple example where it fails is described in [WN24].

© 2026 International Mathematical Union. Published by SIAM under Creative Commons Attribution 4.0 (CC BY) license.
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3.3 Big test configurations. To be able to solve the Monge-Ampere equation, we are thus forced to
consider a larger class of test configurations.

We say that a test configuration (X, A+ D) is big if the class A+ D is big, i.e., if A+ D can be written as
the sum of a Kéhler class and a pseudoeffective class (for more details on big classes, see section 5). Note that in
the algebraic setting with A+ D =c¢; (L), A+ D is big precisely when £ is a big line bundle, i.e., when h%(X, £F)
grows like a positive multiple of k"1,

DEFINITION 3.3. The Monge-Ampére measure of a big test configuration (X, A+ D) is the measure on X§™
defined as

N
MA(X, A+ D)=V "b((A+ D)") x|E,05,
=1

Here ((A+ D)") x|, denotes the restricted volume of A+ D along E;, which is equal to (A + D)" - E; when
A+ D is Kéhler (see section 5 for the definition). In contrast to the usual intersection number (A + D)™ - E;, the
restricted volume is always nonnegative, which means that MA(X, A + D) is a positive measure.

Let us now give a geometric interpretation of MA(X, A+ D).

A big class A+ D on X which is not Kéhler will obviously not contain any K&hler forms. However, it will
contain many closed positive currents € that are smooth Kéahler forms away from the so-called non-Kéhler locus
E.x = E,x(A+ D) of A+ D (see section 5 for the definition), which in this case will be an analytic subset
of |Xy|. Given such an © we let w, := Qx, and thus (X;,w;) cp1\fo} is a family of Kéhler manifolds, all with
volume V. As 7 — 0, (X;,w;) degenerates to (X, x,). Since Q can have singularities it will typically happen
that

> b / <V,
i Ei\Enk

which tells us that as 7 — 0, some of the volume of (X,,w,) concentrates along the non-Kéhler locus E, . Now
((A+ D)™) x|E, is equal to the supremum of all possible integrals / B\ B Q" and by monotonicity one can find
a sequence of currents € as above such that for all i, fEi\EnK Q) will converge to ((A+ D)") x|g, -

In section 6 we will prove the following.

THEOREM 3.4. The Monge—Ampere measure of a big test configuration is always a probability measure.

Note that because of the singularities of the currents €2, this does not follow directly from the fact that
{X1}={AXb}, as it did in the Kéahler case. Indeed, it is a highly nontrivial result, closely related to the so-called
transcendental Morse inequality (see section 5).

As a consequence of Theorem 3.4, the Monge-Ampere measure does encode how the volume of (X, w;)
distributes among the weighted components as 7 — 0, at least up to discrepancies due to the singularities of €2,
but as we have seen, these discrepancies can be made arbitrarily small.

The Calabi—Yau theorem for big test configurations now says that the associated Monge—Ampere equation is
always solvable.

THEOREM A. If X is a model, then for any probability measure (1 on X5°™ one can find a big test configuration
(X, A+ D) such that

MA(X,A+D)=p.

In other words, using big test configurations it is possible to prescribe how the volume distributes among the
weighted components of the zero divisor.

In the algebraic setting Theorem A follows, e.g., from [BJ25a, Corollary 7.16], while in the general Kéhler
setting it is a consequence of [MW25, Proposition 8.3.2], which is proved by invoking the more general Theorem B.

However, there is also a more direct proof. Namely, in [WN24] I proved the special case of Theorem A when
u is a Dirac measure, and as we will see in section 6, the full statement can be proved using a refinement of the
argument in [WN24].

© 2026 International Mathematical Union. Published by SIAM under Creative Commons Attribution 4.0 (CC BY) license.
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4 A n-A Calabi—Yau theorem. As already noted, the definition of the Monge-Ampeére measure of an
ample/Kéhler test configuration originated in n-A Kéahler geometry, or n-A pluripotential theory which it is also
called.

This theory, where common notions of Kahler geometry are given analogues in a n-A context, was initiated by
Kontsevich and Tschinkel [KT01], and has since been extensively developed in [BFJ15, BJ22, BJ23, CD12] and
references therein. Notably, the theory underlies the variational approach to the Yau-Tian—-Donaldson conjecture,
and is also the basis for Yang Li’s approach to the Strominger—Yau—Zaslow conjecture; see, e.g., [YLi22, YLi23,
HIMM24].

Originally, n-A Kahler geometry was formulated only in the algebraic setting. Recently though, in the
special case relevant to the Yau-Tian-Donaldson conjecture (i.e., when the n-A field is given by C with its trivial
norm), Darvas, Xia, and Zhang [DXZ23] and Mesquita-Piccione [MP24] proposed two somewhat different ways
of formulating the theory for compact Kéhler manifolds. Here we will use the version presented in [MP24],
which indeed is close to the original formulation in [KT01]. In addition to [MP24, MW25], key references include
[BFJ15, BJ22, BJ23].

4.1 Tropical analytification. Let Zx denote the set of coherent ideal sheaves on X. A nonconstant
function v : Zx — [0,00] is called a semivaluation if for any I,J € Zx we have that v(I.J) = v(I) + v(J) and
v(I +J) = min(v(I),v(J)). The tropical analytification XN* of X is defined as the set of semivaluations given
the topology of pointwise convergence. XN4 then becomes a compact Hausdorff space.

4.2 Divisorial points. Now let X be a model (recall that all our models are assumed to be SNC) with
zero divisor Xy =3 ;biE;, as defined in section 3. Then for each irreducible component E; there is an associated
semivaluation

v, (I) :=min{b; tordg, (forx): f€I(U),UC X}.

Such semivaluations are called divisorial valuations and the set of divisorial valuations/points in XN4 is denoted
by X9, Thus we can think of X°™ as a subset of X%V, Note that if 1: X’ — X is a dominating model and E!
is the proper transform of E; then vg, =v B A crucial fact is that X9 is dense in XNA.

4.3 Dual complexes. Let X be a model with Ay = Ziel b;E;. To each subset J C I and irreducible
component Z of the intersection (), ; E; we associate the simplex Az := {w € (Rxo)l/l | 3, w;b; = 1}. This
collection then defines the dual complex Ay of X. If X’ dominates X, we get a simplicial map from Ay: to Ay,
and one can show that there is a natural identification between XN and the projective limit of the projective
system of the dual complexes and their simplicial maps. There are also natural injections iy : Ax < XN4 hence
one can think of Ay as a subset of XNA with X§°™ being its set of vertices.

4.4 Vertical divisors and PL functions. Recall that a divisor D on a model X is said to be wvertical if it
is supported on |Ap|.

Let D be such a vertical divisor on X. If 2 € X4V we let 4 : X’ — X be a dominating SNC model such
that © = vg, for an irreducible component E; of Xj =Y. b,E;. We write p*(D) = a;E; + Zj# a; E;, and let
fo(z):= bi_lai. This defines a function fp on X4V which can be seen to have a continuous extension to the whole
of XNA  also denoted by fp. Functions of this kind are called piecewise linear (PL), and we write fp € PL.

4.5 Kahler potentials and A-psh functions. A PL function fp is said to be a Kéhler potential (with
respect to A:=mk«), written fp =¢p € Ha, if A+ D is relatively Kéhler on some model X, i.e., if A+ D + cXy
is Kahler for large c.

A decreasing limit ¢ of Kahler potentials ¢; is said to be A-psh, and the set of A-psh functions is denoted by
PSH 4.

4.6 Finite energy potentials. The energy E4(¢p) of a Kéhler potential ¢p is defined as
-1

E(¢p) = —— (A + D),

n+1

while the energy E4(¢) of an A-psh function ¢ is defined as the infimum of the energy of all ¢ € H 4 such that
¢ > 1. The space of finite energy potentials is defined as

Ehi={yY ePSH4:Ea(¢¥) > —oc}.

(© 2026 International Mathematical Union. Published by SIAM under Creative Commons Attribution 4.0 (CC BY) license.
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We furthermore equip £} with the strong topology, defined as the coursest topology, finer than the topology of
pointwise convergence on X4V, such that E4 becomes continuous. We also let 5},70 = {1 € E} 1 supy = 0} with
its subspace topology.

4.7 The n-A Monge—Ampere operator. The n-A Monge-Ampere measure of a Kéhler potential ¢p is
defined as

MA4(¢p) =V "' Y (A4 D)" - (bEi)) Sug,

where Xy =), b, E; is the zero divisor on a model X where D is defined. Thus, after possibly adding a multiple
of Xy to make A+ D Kéahler, MA 4(¢p) is basically the same as MA(X, A+ D), but thought of as a measure on
X4V rather than on just AgFom.

There is also a natural extension of the n-A Monge-Ampere operator to £}. In that case we similarly think
of the Monge—Ampere measure as encoding the distribution of volume after the degeneration of (X, ), but insted
of X being decomposed into finitely many pieces, the decomposition can now also be infinitesimal.

4.8 Finite energy measures. The (dual) energy E(x) of a Radon probability measure is defined as

E} (1) :=sup {EA(cb) - /tbdu pe 5}1} :

those with E{(u) < oo giving us the space of finite energy measures M. We endow MY, with the strong topology,
defined as the coursest topology, finer than the weak topology of measures, that makes EY continuous.

4.9 A Calabi—-Yau theorem for n-A finite energy potentials. We now come to an n-A version of
Theorem 2.2.

THEOREM B. The n-A Monge-Ampére operator is a homeomorphism between 5}170 and MY.

As already noted in the introduction, in the algebraic setting, i.e., when X is projective and « = ¢;(L) for
some ample (R-)line bundle L, Theorem B was first proved by Boucksom and Jonsson [BJ22], extending earlier
results of Boucksom, Jonsson, and Favre [BFJ15]. In the general Kéhler setting, Theorem B was recently proved
by Mesquita-Piccione and myself in [MW25]. As an application of Theorem B, in [MW25] we prove that if (X, «)
is uniformly K-stable for models, then there is a unique cscK metric in «. This was first proved in the algebraic
case by Chi Li [CLi22]. See also [BJ25b, DZ25] for recent related results.

Remark 4.1. In this paper we only really discuss the case when the n-A field is C with its trivial norm. In the
algebraic setting though, much of the pluripotential theory introduced in this section has been developed for very
general n-A fields, and Calabi—Yau theorems have been proved in great generality (see, e.g., [BFJ15, BGJKM20,
BGM22, BJ22, BJ23] and references therein).

5 Big cohomology classes and their volumes. In this section we will give a brief introduction to the
theory of big cohomology classes. In particular, we will discuss the conjectural duality between the pseudoeffective
and the movable cone, the related transcendental Morse inequality, and how this connects to differentiability
properties of the volume function. Finally, we state a result from [WN24] about restricted volumes, here called
Corollary 5.3, which will be crucial for what follows.

5.1 Notions of positivity for cohomology classes. Let (X,w) be a compact Kédhler manifold of complex
dimension n.

Recall that a class in H1''(X,R) is said to be Kéhler if it contains a Kéhler form. The set of Kéhler classes
constitutes an open convex cone K :=K(X) in HY1(X,R) called the Kiihler cone. Its closure K is called the nef
cone, and a class is said to be nef if it lies in the nef cone.

A class in HM1(X,R) is said to be pseudoeffective if it contains a closed positive current. The set of pseu-
doeffective classes forms a closed convex cone € in H1(X,R) called the pseudoeffective cone. Its interior £° is
called the big cone, and a class is said to be big if it lies in the big cone. Note that a class is big if and only if it
can be written as the sum of a Kahler class with a pseudoeffective class.

There are also two important notions of positivity for (n — 1,n — 1)-classes.

A class in H"~ 1"~ 1(X R) is said to be pseudoeffective if it contains a closed positive current, and the set of
pseudoeffective classes forms a closed convex cone N called the pseudoeffective cone.

© 2026 International Mathematical Union. Published by SIAM under Creative Commons Attribution 4.0 (CC BY) license.
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The movable cone M is the closed convex cone in H" 1"~}(X R) generated by classes of the form
Lo (51 A.. ./\Bn_l), where p: X — X is some smooth modification and BZ are Kihler classes on X. Clearly, M C N

If X is projective, the Neron—Severi space NS(X,R) C HY!(X,R) is defined as the subspace of H''1(X,R)
generated by divisor classes. Similarly, N1(X,R) C H* 1"~1(X,R) is the subspace generated by curve classes.
Intersecting with NS(X,R) or N;(X,R) we get algebraic versions of all the positivity cones defined above.
To signify the algebraic version of a cone we add the subscript NS. Here it is important to note that the
first Chern class ¢1(L) of a line buncle L is Kéhler/nef/pseudoeffective/big if and only if the line bundle is
ample/nef/pseudoeffective /big.

5.2 Duality between cones. Note that there is a natural pairing (sometimes called the Poincaré pairing)
between H''(X,R) and H"~""~1(X,R), given by (y-1) := [, v An.

Demailly and Paun famously proved in [DP04] that K and N are dual with respect to this pairing, i.e., that
a class 8 € H'(X,R) is nef if and only if [\, 8A 7 >0 for all n e N.

In [BDPP13] Boucksom et al. proved that when X is projective, then Eyg and Mg are dual with respect to
the Poincaré pairing. They also conjectured that the full cones £ and M should be dual for any compact Kahler
manifold X; see [BDPP13, Conjecture 2.3]. In [WN19] I proved this conjecture in the case when X is projective,
but the general case remains open. We will return to this issue in section 5.9, when discussing transcendental
Morse inequlities.

5.3 0-psh functions and closed positive currents with analytic/minimal singularities. We let
B € HY1(X,R) be a big class and choose a smooth form € in 3. An upper semicontinuous (usc) function
¢ : X = [—00,00) is said to be O-psh if 6 + dd°¢ > 0 as a current, and the set of #-psh functions is denoted
by PSHy. We say that ¢ has analytic singularities if locally we can write ¢ = clog(>", |fi|*) + g where the fi:s
are holomorphic and g is bounded. If ¢,9 € PSHy we say that ¢ is less singular than ¢ if ¢ > ¥ — C for some
constant C, and ¢ is said to have minimal singularities if ¢ is less singular than all #-psh functions. It is easy to
see that such functions always exist. We also say that a closed positive current T' = 6+ dd°¢ has analytic/minimal
singularities if ¢ has analytic/minimal singularities.

5.4 Lelong numbers. Let u be a plurisubharmonic (psh) function in a neighborhood of 0 € C™. Then the

Lelong number of u at 0 is defined as

e u()
vo(u) = llgglf Tog|e]’

If u, rather, is psh in a neighborhood of a point x € X where X is a complex manifold, then v, (u) :=vp(uog~!)

where g is a local holomorphic chart centered at x. If T is a closed positive current which locally near x can be

written as T = ddu, then we let v, (T) :=v,(u), and if Z C X is a subvariety, we let vz(T) :=inf,cz v, (T).
Given a big class 3 we also let

vz(B):=inf{vz(T): T is a closed positive current in 3}.

If T € 8 has minimal singularities, then vz (T) = vz(8). Note that Lelong numbers depend continuously on the
class; see, e.g., [Bou04, Proposition 3.6].

5.5 Non-Kihler and nonnef loci. A closed positive current T = 0 4+ dd°¢ € § is called a Kéahler current
if T'— ew > 0 for some € > 0. We say that x € X lies in the Kéhler locus of § if there is a Kahler current T € 8
with analytic singularities which is smooth near x. The complement of the Kahler locus is called the non-Kéahler
locus of 8 and is denoted by F,k(f8).

The nonnef-locus is defined as E,,,(8) := {z € X : v,(8) > 0} and it is easy to see that E,,(8) C E,x(8). It
is also easy to show that if x € E, x(8) \ Enn(8), then x lies in the Kéhler locus of 8 + e« for any € > 0.

5.6 Positive products of currents. If 77, ...,T} are closed positive currents, following [BEGZ10] one can
form a closed positive (k,k)-current (T3 A --- A Tx) known as the positive product. In the special case of k =n
and T; =T =0 + dd°¢ for all i we have that ((§ 4+ dd°$)™) is a positive measure which up to a constant is equal
the nonpluripolar Monge—Ampeére measure MAy(¢) (see [BEGZ10]).
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5.7 Positive intersections and volumes. For 1 < k < n the positive (or movable) intersection class
(B*) € H*F(X,R) is defined as

(8°) = {(T")},

where T is any closed positive current in 3 with minimal singularities. Equivalently, if v € H"~%7=%(X R) is
semipositive (i.e., contains a semipositive form), then (%) - v is the supremum of all numbers (5')* - u*~ where
w: X' — X is a modification and 8’ is a K&hler class on X’ such that 8’ < p*g8 (see, e.g., [Bou02]). In the
special case of k =n we get that (") is a positive number, also known as the volume of 8, written vol(g). If 8
is Kihler, then clearly (8%) = g*.

If L is a big line bundle, then we have that

hO(X, Lk
(e1(L)™*y =vol(L) := lillfisogp lfﬂl/)n')
5.8 Restricted volumes. Let Y be a smooth hypersurface on X which is not contained in E, k(8). The
restricted volume of § along Y is then defined as

e /Y (Ty)" ),

where T' is any closed positive current in f with minimal singularities. Equivalently, it can be defined as the

supremum of all numbers (/)" .Y where Y is the strict transform of ¥ under a modification y: X’ — X and

B’ is a Kéahler class on X’ such that p*8 — 8 is the class of an effective divisor D whose support is contained in

p Y (Enk(B)) (see [CT22, Theorem 5.3]). In the case when Y is contained in E,x(3) but not in E,,(3) we let

(B N xpy =lmeo (B4 €e{n})" ) x|y, while if Y C E,.,(8), we let (8"71) x|y := 0. We say that Y is -good

if it either intersects the Kéhler locus or lies in the nonnef locus of 5. For a generic big class 8, F will be 8-good.
It follows easily from the definitions that

(5.1) 0< (8" Nxpy <B" )Y <{((By)" ).

5.9 The transcendental Morse inequality and orthogonality. In [BDPP13] Boucksom et al. conjec-
tured that for any two nef classes a, 8 € IC, the following inequality holds:

(5.2) {((a=pB)") > a"™ —na™- 8.

This is known as the transcendental Morse inequality.

In [BDPP13] it was furthermore shown that (5.2) would imply the conjectured duality between the big cone
& C HY(X,R) and the movable cone M C H"~1n=1(X R).

When X is projective, it is not hard to establish the inequality (5.2) for a, 3 € Kxg, and this is indeed how
the duality between Eng and Mg was proved in [BDPP13].

In [WN19] I proved (5.2) in the case when X is projective (but obviously not assuming « and j to be algebraic).
For general compact Kéhler manifolds though, the transcendental Morse inequality is still a conjecture.

5.10 Differentiability of the volume and orthogonality. For X projective, Boucksom, Favre, and
Jonsson [BFJ09] and Lazarsfeld and Mustatd [LMO09] independently proved that the volume function 8 — (58") is
continuously differentiable on the algebraic big cone £3¢. In particular, Boucksom, Favre, and Jonsson showed
that if v € NS(X,R), then

(5.3) (B+t)™) =n(B"") -7,

dt =0

while Lazarsfeld and Mustati showed that if F is a prime divisor not included in the non-Kéhler locus of 3 (which
when 8 =¢;(L) is the same as the nonample locus of L), then

5.4 o (BHEN) = (8"
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As explained in the appendix of [WN19] written by Boucksom, (5.3) is a consequence of the Morse inequality
(5.2), and since for X projective, (5.2) was established in [WN19] for general nef classes, it similarly follows that
when X is projective, the volume function is continuously differentiable on the whole of £°.

In the appendix of [WN19] it is also explained that (5.3) is equivalent to the orthogonality property, established
in [BDPP13], which says that for any 8 € x g,

(5.5) ()= (") -B.

Remark 5.1. Tt is well known that in the algebraic case, orthogonality, or if you will the differentiability of
the volume function, is tightly linked with the solvability of the n-A Monge-Ampere equation; see, e.g., [BFJ15,
Appendix A]. This is also true when considering much more general n-A fields. What matters then is the
differentiability of the associated n-A volume function; see, e.g., [BGJKM20, BGM22].

5.11 Differentiability of the volume in divisorial directions. In [WN24] I further developed the tech-
niques of [WN19] and managed to prove the following Kéhler version of (5.4).

THEOREM 5.2. IfY is a smooth hypersurface which is 5-good, then we have that

d

5.6 ol
(5:6) dt |t=0

((B+tY)") =n(8" ") x|y

Recently, it was shown by Vu [Vu23] that just as in the algebraic case, one can remove the assumptions on Y’
to be smooth and $-good.

An important aspect of the identity (5.6) is that it shows that the restricted volume along Y only depends
on the cohomology class of Y, since this is true for the left-hand side. In particular, we get the following useful
corollary (see [WN24, Corollary Al).

COROLLARY 5.3. If Y1,...,Y,, and Z1,...,Z; are smooth and (-good hypersurfaces such that
> adVi} =) {7},
i J
then we have that

Zaz‘<5n71>x|n = ij (B" 1) x12;-
i J

We will see that this result will play a key role in the proofs of Theorems A and B.

6 A direct proof of Theorem A. We will start by showing that the Monge-Ampere measure of a big test
configuration is a probability measure.

Proof of Theorem 3.4. Let (X, A+ D) be a big test configuration and write Xy =), b;F;. Recall that

MA(XaA + D) = V_l Zbl«A + D)7L>X|E1‘5Ei7

hence we need to show that

(6.1) Zbi<(A+D)">X|Ei =V.

Since the restricted volumes are unaffected by adding a positive multiple of Xy to D, we can without loss of
generality assume that D > AXj. As a consequence, we have that E, x(A+ D) C Ay, and thus X7 is (A+ D)-good.
Let us now assume that the Fj:s are all (4 + D)-good. Since

{(X1}={x} =)D _b{E},
it then follows from Corollary 5.3 that

D bil(A+ D)) i, = (A+ D)),
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Since the support of D does not contain X7, it follows by monotonicity that
(A+D)")xix;, = (A" xx, = A" - X1 =V,
On the other hand, by (5.1) we also have that
(A+D)")xix, <{((A+ D)) =(Alx,) =V,

which thus shows (6.1) as claimed.
Assume now that some E;:s are not (A+ D)-good. Let D’ > Xj be such that A+ D’ is Kahler, and let

B.:=A+D+eA+ D).
Then it is easy to see that all the E;:s are B.-good for € > 0 small enough. By the argument above we get that

D bi(BYxjg = (1+€)"V,

and we then get (6.1) by letting € go to zero. 0
Let £ 4 denote the set of vertical divisors D on a given model X such that A+ D is big.
PROPOSITION 6.1. The functions g;(D) := ((A+ D)") x|g, are all continuous on E% 4.

Proof. Let D € €% 4. As shown in [CT22, Corollary 5.5], g; is continuous at the point D if E; is not
contained in F,x(A+ D). If E; is contained in FE,,, (A + D), then g; is zero in a neighborhood of D, and is, in
particular, continuous at the point D. If E; is not (A + D)-good, then using monotonicity, it is easy to see that
g; is continuous at D if and only if g;(D) = 0.

Thus let us assume that F; is not (A + D)-good, and let also B, be as in the proof of Theorem 3.4. For € <0
we then have that F; C E,,(B.) and thus (B[') x|z, = 0. By monotonicity we also have that for j # 1,

(B) x5, < 9;(D).

Combining this with Theorem 3.4 we get that for all —1 <e <0,

1=V => bi(Bap, <> g;(D)=V —gi(D),
J i

which clearly implies that g;(D) =0. 0

For each E; we have the pseudoeffective cone &; := £(E;) C HY'(E;,R). Note that & does not contain any
lines through the origin, because if there were such, there would have existed a nonzero class v € HV!(E;,R) such
that both v and —v are pseudoeffective. Thus there would have been a nontrivial closed positive current of the
form dd®y, which is impossible because E; is compact. Since thus &; is a closed convex cone that contains no
lines, one can find a half-space H; C H!(E;,R) such that H; N &; = {0}. We now pick such half-spaces H; for
each 1.

LEMMA 6.2. For each i one can find a D; € E% 4 such that for all k #1,
(A+Dz)|EJ S H;;

Proof. Let T" be the intersection graph of X, meaning that I'" has vertices 1,..., N and an edge between i
and j if and only if E; and E; intersect. Let [(4,) denote length between ¢ and j in T
For 1<i< N and ¢t >0 we let

Dig:=Y (L+tN — NN By e €5 4.

J

Let Jy :={j : l(j, k) =1}, and if k £ 4, we let Jy; == {7 : l(4,k) = 1,1(3,k) — I(,7) = 1}. Note that Jy; is
nonempty. If j € Ji, we let Ej; := E; N Ey, and from the fact that Xy 5, = X1, =0 we get that

(beEx) g, =— Y bjEji.
J€Jk
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Combining these observations we get that

Divyp, = Z (V=R NG )y = —N+1=UR) Z b By + O(tN 1Ry,

J€Jk J€Jk,i

Note that vy, == EjeJk_i b;Eji, € & \ {0}, and hence —vy;, ; € Hy.

Now we observe that tl(i*k)*Nfl(A + D;t)|p, converges to —,; as t — oo, and thus for ¢y large enough and
D;:= D;y,, we get that (A+ D;) g, € Hy for all k#i. O

We are now ready to prove Theorem A.

Proof of Theorem A. Let ¥ denote the unit simplex

YN = {ae (R>O)N:Zai:1},

and pick D;:s as in Lemma 6.2. Given a € ¥y we then let Dy := ). a;D; € 5;7A. We also let f:3¥xy — XN be
defined by

fla):= (V"0 ((A+ D)) 15y, V ION (A + Da)™) 5y )-

By Proposition 6.1, f is continuous.
We now claim that f(a); =0 whenever a; =0. To see this, we note that a; =0 means that D, = Ei# a;D;,
and we thus need to show that

< A+ a;D; "> =0.

7 X|E;

Using the fact that HJ is convex we get that

A+ZaiDi :—Zai’}/j)iEH;.
i#£] B, i#j

It follows that (A+ 3, a;D;)g, is not pseudoeffective, and hence by (6.1)

[(1esan)) <[ [resun ">O.

i#£] X|E; i#£] |E;

We clearly have that fi(a) := (1 —1t)f(a) + ta, t €[0,1], is a homotopy of f: Xy — Xy to the identity map.
Since f(a); =0 whenever a; =0, each f; maps Xy to 0¥, thus showing that fisx, : 0¥y — 0¥ is homotopic
to the identity. If there now was a point ag € En \ f(Zn), then we could let g be a retraction of X \ {ag} to
0¥N, and go f: Xy — 0¥y would then be a continuous extension of fiss, to Xy. But as ¥y is contractible,
this would force fjss, to be null-homotopic, which it is not. Thus we must have that f(¥Xy)= ¥y, which proves
the theorem. O

One should note that the main difficulty in the proof of Corollary 5.3 given in [WN24] really amounts to
proving a special case of Theorem A. This clearly demonstrates how strongly connected these two results are.

7 About the proof of Theorem B. Recall that Theorem B first was proved in the algebraic case by
Boucksom and Jonsson in [BJ22]. Their proof uses a variational method, and is close in spirit to the variational
proof of Theorem 2.2, which was given in [BBGZ13]. In [BJ23] Boucksom and Jonsson further developed their
synthetic approach to n-A pluripotential theory, highlighting the similarities with classical pluripotential theory.
The proof of the general Kéhler version in [MW25] follows the proofs in [BJ22, BJ23], and as one would expect,
many of the arguments can be easily translated to the Kéahler setting.
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Let 4 € MY be a probability measure on X NA with finite energy, which we recall means that

E} (1) == sup { Ea(¢) - /¢du HS 55} < co.

A maximizing sequence (with respect to ) is a sequence ¢; € £} such that Ea(¢;) — [ ¢;dp converges to E} (1).
A key step in solving the associated Monge-Ampére equation

(7.1) MA4(¢) = p,

is to show that if ¢, is a maximizing sequence, then the Monge-Ampere measures MA 4(¢;) converge strongly to
p. After that one shows that some subsequence of ¢; will converge strongly to some ¢ € £}, and that this ¢ then
solves (7.1).

As explained in [BJ23, Theorem 2.22], that the Monge—Ampére measures of a maximizing sequence converges
strongly to u is a consequence of the so-called orthogonality property.

DEFINITION 7.1. We say that XN* has the orthogonality property (with respect to A) if for any continuous
function f on XNA it holds that

(72) [ = Pae)MALEPa() =0
Here P4(f) denotes the A-psh envelope of f, defined as

Pa(f)=sup{p € PSHA: ¢ < f},

and by the continuity of envelopes property we know that P (f) is continuous and A-psh (see [MW25, Theorem
1.4.1)).

As shown in [BFJ15, Appendix A], in the algebraic case, (7.2) follows from the orthogonality property for big
line bundles (5.5), which we discussed in section 5.10.

THEOREM 7.2. If (X, ) is a compact Kihler manifold with a Kihler class o, then XN* has the orthogonality
property with respect to A =7} .

To prove Theorem 7.2 we will follow the arguments in [MW25], and we will see how the results of section 6
come to use.

Let X be a model with Xy =), F;, and let D be a vertical divisor defined on X. Without loss of generality
we can assume that A + D is big.

Key to proving Theorem 7.2 is the following transcendental version of [CLi23, Theorem 1.1 (i)], which says
that the Monge-Ampere measure of Pa(fp) is basically the same as that of the big test configuration (X, A+ D),
only extended by zero from A§o™ to XNA.

THEOREM 7.3. For X and D as above, we have that

MAA(Pa(fp))=V~"! Z bi((A+D)") x|B,0vg, -

Proof. The proof is similar to that in [CLi23], but using the results of section 6 rather than their algebraic
analogs.

Assume that F; is not contained in E,, x (A4 D). Then for any k € N there is a dominating model iy, : Xk x
whose center does not contain E;, a K&hler class Ay, and an effective divisor Dy supported on E,x(A+ D) C Xé“
(we here identify A + D with its pullback to X*) such that A+ D = Ay + Dy and

(7.3) (Ap)" - B > ((A+D)") i, — 1/k.

Here E; denotes the strict transform of E;. We also note that Dy, is vertical and hence or :=0¢p_p, € Ha, and
since Dy, >0 we have that ¢ < fp.

Using the continuity of P4(fp) and a simple monotonicity argument we can assume that ¢ converges
uniformly to Pa(fp). The Monge-Ampere operator is easily seen to be continuous with respect to uniform
convergence, and thus MA 4(¢y) will converge weakly to MA 4(Pa(fp)). Using (7.3) this implies that

MAA(PA(fp))({om, ) 2 liminf MA4(6x) ({05, 1) 2 V" H(A+ D)) g,
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If E; is not (A + D)-good, then we see from the proof of Proposition 6.1 that ((A+4 D)") x|, = 0. Thus we
get the inequality

MAA(Pa(fp)) 2 V™'Y bil(A+ D)") x5, 00,

K3

By Theorem 3.4 we know that the right-hand side is a probability measure just as the left-hand side, which means
that they have to be equal. O

A probability measure g on XN of the form p = Zf\;l a;0y, , where each vg, € X div ig called a divisorial
measure. Note that the fact that one can solve the n-A Monge—Ampere equation for all divisorial measures (see
[BFJ15, Proposition 8.6] and [MP24, Proposition 8.3.2]) now follows as a direct corollary of Theorem A and
Theorem 7.3.

We will also have use for the following interpretation of the numbers fp(vg,) — Pa(fp)(vEg,) in terms of Lelong
numbers of the class A+ D.

PROPOSITION 7.4. We have that
fp(e,) = Pa(fp)(ve,) =b; 've,(A+ D).

Proof. By Demalilly regularization, for every ¢ > 0 we can find a Kéahler current 7' € A + D with analytic
singularities such that vg, (T) < vg, (A + D) —e. Thus on some model X, T will have divisorial singularities,
and since F,x (A + D) C |Ap| we can assume that the singularities are supported on |Xp|. Hence we can write
T = Q+ [D'] where Q is Kahler and D’ is an effective vertical divisor. It follows that ¢ := ¢p_p € Ha and
¢ < fp, which implies that ¢ < P4(fp). We finally get that

fD(UEi) - PA(fD)(UEi) < fD(UEi) - (b(UEL) :bZIVEi([D/D = b;lyEl(T) < VEl(A—’— D) — €
Since € > 0 was arbitrary this implies that
fo(ve,) — Pa(fp)(ve,) <b; 've,(A+ D).

The argument for the other inequality is not very difficult, but as it is not actually needed for proof of
Theorem 7.2, we will omit the details. O

We are now ready to prove Theorem 7.2.

Proof of Theorem 7.2. We first assume that f = fp is PL, and without loss of generality we can assume
that A + D is big. By Theorem 7.3 MA A(P4(fp)) is supported on X§°™. Note that ((A + D¢)")x|p, = 0 if
vg,(A+ D) >0, so by Proposition 7.4, fp — P4(fp) =0 on the support of MA 4(Pa(fp)), proving the claim in
the PL case.

For a general continuous function f we choose a sequence of PL functions f; converging uniformly to f. It is
then easy to see that Pa(f;) also will converge uniformly to Pa(f), and thus MA 4(Pa(f;)) will converge weakly
to MA 4(P4(f)). This then shows that

(= PaE)MANPA() =i [ (f; ~ PaCF) MAA(PA(£) =0,

which concludes the proof. O
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