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Crosstalk between qubits fundamentally limits the scalability of quantum processors, necessitating physics-
based models that can handle the complexity of large qubit arrays. Here, we develop a comprehensive theoretical
and experimental framework that captures residual interactions between both adjacent and nonadjacent qubits
in fixed-frequency transmon lattices. The model integrates the combined effects of exponential localization in
banded capacitance matrices, suppression of virtual couplings through detuning products across intermediate
modes, and evanescent decay of below-cutoff electromagnetic fields, yielding predictive scaling relations for
coupling strength as a function of spatial separation and spectral detuning. Experimental characterization
of a 4x4 superconducting qubit lattice with inductive shunt pillars reveals exponential spatial decay and
frequency-dependent suppression consistent with theoretical predictions, achieving quantitative agreement for
all nearest-neighbor couplings across the 4-6 GHz operating range. Our results show that standard dispersive
Hamiltonian approximations systematically overestimate long-range coupling when spatial and spectral de-
pendencies are neglected; these errors propagate into circuit simulation and design strategies. Our framework
provides design guidance for crosstalk mitigation in larger-scale quantum processors under realistic fabrication

1

constraints, addressing a bottleneck in scalability.

DOLI: 10.1103/2zb3-4vwq

I. INTRODUCTION

Large-scale integration of superconducting qubits has
enabled remarkable progress in quantum computing, with
demonstrations of quantum supremacy and error correction
reaching hundreds of physical qubits [1-4]. However, this
scaling has revealed fundamental system-level challenges
that were negligible in smaller devices, particularly para-
sitic couplings and control-signal crosstalk, which become
increasingly relevant as devices scale [5]. These interactions
generate correlated errors that violate the fundamental as-
sumption of independent error channels in quantum error
correction, making them a major obstacle to fault-tolerant
operation. In fixed-frequency devices, circuit-mediated resid-
ual ZZ interactions [6] are a particularly important source
of such correlations. Unlike independent stochastic gate er-
rors that can be addressed through improved fabrication and
calibration, these correlated effects persist even as individual
gate fidelities approach theoretical limits [7,8]. This elevates
crosstalk mitigation from a performance optimization concern
to a fundamental requirement for maintaining logical qubit
coherence in error-corrected quantum processors [9].
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Addressing these correlated errors at the hardware level
requires careful circuit engineering, navigating seemingly
conflicting requirements: Qubits should be robustly coupled
for fast, high-fidelity gates while at the same time sup-
pressing spurious interactions [10]. Increasing qubit counts
while maintaining gate fidelity and minimizing hardware
complexity under these demands remains an unresolved
engineering challenge [5]. For example, superconducting
transmon qubits [11] are typically coupled via lithograph-
ically defined capacitors [12], and these couplings must
be carefully tuned to implement high-fidelity two-qubit
gates [13]. However, any residual parasitic coupling between
qubits [14—16] gives rise to persistent, state-dependent ZZ
interactions [6,17,18]. While strong ZZ coupling can be har-
nessed for implementing CPHASE or CZ gates [19-25], any
non-negligible ZZ shift degrades the fidelity of simultaneous
single- and two-qubit gates and, by extension, limits overall
device performance [26-29]. Suppressing such residual inter-
actions is therefore essential for maintaining high two-qubit
gate fidelities in large-scale processors.

Beyond direct qubit-qubit coupling, other architecture-
dependent pathways—such as residual interactions through
shared control [30,31] and readout lines [32], dc and ac
flux crosstalk in tunable devices [33], and spurious enclosure
modes—can also mediate crosstalk [34-38]. While impor-
tant in certain architectures, these mechanisms are not the
focus of this work, which concentrates on static qubit-qubit
interactions in fixed-frequency-qubit arrays. Throughout this
work, we use the term crosstalk to refer to static cross-
couplings as they contribute to unwanted, state-dependent
interactions during circuit operation. For this class of
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interactions, parasitic couplings can scale unfavorably as cir-
cuit size and complexity increase, amplifying interactions
negligible in small systems. ZZ-type crosstalk now con-
stitutes one of the dominant sources of coherent error in
fixed-frequency architectures, limiting simultaneous gate per-
formance and constraining logical qubit overheads in surface
codes [4] and low-density-parity-check codes [39]. Although
it is known that parasitic ZZ interactions can increase with
system size and architectural complexity, their detailed spatial
scaling, strength, and architecture dependence are not yet
quantitatively understood. Establishing reliable scaling laws
is therefore of direct practical importance for error-corrected
quantum computing.

To develop such predictive models for crosstalk scaling,
we require a description that captures both intended nearest-
neighbor (NN) interactions and parasitic long-range couplings
in a unified framework. The challenge lies in systematically
accounting for coupling mechanisms that span multiple en-
ergy and length scales, from direct capacitive interactions
at the device level to cavity-mediated processes involving
the electromagnetic environment. Existing approaches often
rely on simplified two-qubit models or phenomenological
coupling constants, limiting their applicability to realistic
multiqubit architectures where multiple interaction pathways
contribute simultaneously to the overall system dynamics.

In this work, we develop a comprehensive theoreti-
cal framework that integrates electromagnetic and quantum
crosstalk analysis for fixed-frequency transmon arrays. Our
approach combines nodal circuit analysis and electromagnetic
Green’s-function theory with perturbation theory in circuit
quantum electrodynamics to predict coupling strengths as a
function of interqubit separation, frequency detuning, and de-
vice geometry. We validate this framework through detailed
comparison with experimental data from a 4x4 transmon
lattice, demonstrating quantitative agreement across multi-
ple coupling channels and frequency configurations. The
resulting model establishes design principles for engineer-
ing crosstalk-resilient quantum architectures, showing how
strategic frequency allocation, lattice spacing, and enclosure
design can suppress state-dependent static interactions and
preserve simultaneous-gate performance. This combined ap-
proach provides the predictive capability needed for scaling to
larger quantum processors while maintaining error-correction
viability.

Importantly, the experimental analysis in this work is
not intended as an isolated fit to a phenomenological de-
cay law. Rather, the measured ZZ landscape is used to
test a scaling structure derived independently from cir-
cuit quantization, inverse-capacitance-matrix locality, virtual
intermediate-mode suppression, and below-cutoff electro-
magnetic Green’s-function analysis. We show Ramsey-based
77 spectroscopy and frequency-stability measurements, en-
closure simulations, and cryogenic transmission measure-
ments to connect those device-level observations to a
microscopic model for spatial and spectral crosstalk suppres-
sion. This distinction is important: The theoretical framework
predicts the relevant localization mechanisms, while the ex-
periment verifies that the measured residual interactions are
consistent with the intended low-crosstalk regime of the
architecture [54].

FIG. 1. Cross-sectional and three-dimensional schematic of a
rectangular cavity enclosure containing transmon qubits Q; and Q,,
where Q, denotes an arbitrary qubit among the total of N qubits.
Two primary crosstalk pathways are illustrated: (1) cavity-mediated
electromagnetic coupling through evanescent enclosure modes be-
low cutoff (green arrow), characterized by coupling strengths g.1, gcn»
and the cavity-cavity coupling g..; and (2) direct circuit-mediated
exchange interactions gy, arising from the inverse capacitance matrix
C~'. Each transmon displays its anharmonic energy-level structure—
ground state |0), first excited state |1), and second excited state
|2)—along with the transition frequencies w{; and '}, etc. The
colored standing-wave patterns represent electromagnetic enclosure
modes that mediate long-range interactions, and g, denotes the
effective direct coupling between distant qubits Q; and Q,. The pa-
rameter ¢, denotes the corresponding static ZZ interaction strength,
defined as the state-dependent frequency shift ¢;, = " — @{!” —
o + ", which quantifies the correlated error induced by resid-
ual couplings.

This article is organized as follows. In Sec. II, we formu-
late a unified Hamiltonian that combines circuit-mediated and
enclosure-mediated exchange processes in fixed-frequency
transmon arrays. In Sec. III, we develop two complementary
classical frameworks—nodal circuit analysis and electro-
magnetic Green’s-function theory—to derive the spatial and
spectral scaling of residual couplings. Then, in Sec. IV, we
apply quantum perturbation theory to obtain analytical expres-
sions for nearest- and next-nearest-neighbor ZZ interactions
based on these residual coupling strengths. In Sec. V, we
present experimental measurements from a 4x4 transmon
lattice and compare them directly with the theoretical scaling
model. We conclude in Sec. VI by discussing architectural im-
plications of our results for crosstalk mitigation and scalable
superconducting quantum processors. Technical derivations
and experimental details are provided in Appendixes A-G.

II. CIRCUIT- AND ENCLOSURE-MEDIATED CROSSTALK

We consider a two-dimensional lattice of N fixed-
frequency transmon qubits embedded in a microwave en-
closure (schematically illustrated for two qubits in Fig. 1).
Crosstalk arises through two pathways: (1) direct circuit-
mediated exchange originating from the inverse capacitance
matrix of the layout, but also affected by the transmon
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parameters and qubit frequencies, and (2) indirect enclosure-
mediated exchange via the cavity electromagnetic modes.

To model the direct couplings through the circuit lattice
and the indirect couplings via the intermediate cavity modes,
we assume, here, that the cavity states have large excita-
tion energies compared to the transmons. In our devices,
the inductively shunted enclosure raises the lowest cavity-
mode frequencies to 230-35 GHz, placing them far above
the 4-6 GHz transmon band. This large detuning ensures that
all enclosure modes are far in the dispersive regime, remain
unpopulated during operation, and contribute only through
virtual transitions. We therefore treat the cavity modes as
being in their ground states, so that their internal dynamics is
negligible and their only effect on the transmons is to mediate
indirect couplings. These mediated interactions between the
transmons through the cavity states are sometimes referred to
as virtual interactions. Under these assumptions, we write the
model Hamiltonian as

Hmodel = Heircuit + Venclosure, (])

where H.jc,ir models the circuit physics and Vepelosure describes
the enclosure-mediated couplings between the transmons.

A. Circuit Hamiltonian and direct exchange

We now examine the first component: the circuit Hamilto-
nian Hcyit- Each transmon i consists of a Josephson junction
with energy E;; shunted by a capacitor with charging energy
Eci~ e?/(2C;), where is the total capacitance to ground.
These capacitances are the diagonal elements of the capaci-
tance matrix C, which characterizes the classical circuit. The
off-diagonal elements C;; (i # j) are the mutual capacitances
between the transmons labeled with i and j. We use single
indices to denote the diagonal elements C; = Cj;, and also for
the charging-energy matrix Ec; = E¢ ;.

Following standard circuit quantization procedures [40],
we promote the classical node charges n; and superconducting
phases ¢; in the circuit to quantum operators satisfying the
commutation relation [e*?, n;] = F8;;ei%, where §;; is the
Kronecker delta. The circuit Hamiltonian then takes the form

N N
Hirenit = Z 4Ec;j(n; — ng;)(n; — ng ;) + Z Ejicos ¢;,

ij=1 i—1

@
where n,; is the charge offset and Ec;; = ezc,;l /2 is given
by the inverse capacitance matrix C~'. A critical observation
is that even when the capacitance matrix C exhibits sparse
structure (e.g., only nearest-neighbor capacitive coupling),
its inverse C~! is generally dense, introducing long-range
interactions throughout the circuit. In a one-dimensional
chain with comparable mutual capacitances, these long-
range interactions described by the entries of C~! decay
exponentially with distance [41,42]. More generally, on two-
dimensional grids this exponential off-diagonal decay holds
in the Manhattan (graph) distance provided the capaci-
tance matrix is finite-range and gapped (e.g., strict diagonal
dominance/below-cutoff packaging); see Appendix A for
Demko-type bounds, a one-dimensional (1D) Toeplitz inver-
sion, and conditions under which exponential locality can fail.

B. Effective circuit Hamiltonian

Given the charging and Josephson energies, the circuit
Hamiltonian in Eq. (2) gives an exact description of the circuit
physics. However, the exact model does not lend itself, in gen-
eral, to developing simple analytical models for measurable
quantities connected to the crosstalk, e.g., the ZZ couplings in
the system. The analytical models are key since we use them
to infer the mutual couplings, i.e., Ec;;, from experimentally
measured ZZ couplings. Here, we discuss the approximate
Hamiltonian, also referred to as an effective Hamiltonian,
which we later apply in Sec. IV to relate the mutual couplings
and the ZZ couplings.

We approximate each transmon in Eq. (2) with an an-
harmonic oscillator. By then applying a Schrieffer-Wolff
transformation [43], we find the approximate Hamiltonian
(A = 1 here and in the rest of the article)

c1reu1t ~ Z <w a;a; + aTaTa,a,)
£
/
+ Zgu (a;a; + ajai) + O(ﬁ) 3)

i<j

where a; (aj) are bosonic annihilation (creation) operators; we
refer the reader to Appendix B for the full computation. The
model parameters in Eq. (3) derive from the circuit parameters
in Eq. (2). The transmon frequencies and mutual coupling

strengths are, respectively,
g
(—2 , )
1)

Zwl—i—a)k
8ik8 jk 83
+ == >+O<—2), (5)
wj + wx w

k#i
1o [ gug
L ik8 jk
2 k;] (wi + i

w; ~ \J8EcE;; — Ec,i, (6)

Ecij
= L E; E; ), 7
8ij LB, 1iEy,j (7

while the transmon anharmonicity is given by o; & —E¢ ;. The
approximate Hamiltonian is valid when each transmon is well
described by its lowest few levels; higher excited states con-
tribute only at higher perturbative orders and can be neglected
to leading accuracy in the ZZ interaction.

Using Egs. (4)—(7), we note that the Josephson energies
relate to the transmon frequencies through w; ~ /8E¢ ;Ey; —
Ec ;. Note that Eq. (4) shows that mutual couplings produce
a small renormalization of order g>/w, yielding the dressed
frequency ] = w; + O(g*/w). Consequently, the coupling
strengths retain the frequency dependence g, i~ Ecij/

V16Ec Ec. j\/ww which arises directly from the circuit
quantization. ThlS dependence distinguishes the -circuit-
mediated coupling mechanism from simplified models that
treat exchange couplings as frequency independent. As a
result, nominally identical coupling capacitors yield differ-
ent effective exchange strengths depending on individual
transmon frequencies, suggesting that cross-couplings cannot
be fully characterized by geometry alone and necessitating

g/ij =8ij —

where
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frequency-aware modeling for accurate crosstalk prediction
in experimental systems. We return to this point in Sec. III,
where we analyze the frequency and scale dependencies of
the circuit- and enclosure-mediated coupling strengths.

C. Enclosure-mediated exchange

Turning from the circuit to the enclosure model, we adopt
the simplest possible model for the enclosure-mediated cou-
plings. Although the cavity modes are assumed to be in their
ground states due to their large excitation energies, they still
mediate virtual interactions between distant transmons. In-
spired by the exchange interactions in Eq. (3), we model
this interaction through an excitation-preserving Hamiltonian
ansatz

N
Veaviy = Z Gi; (a;aj + a;az‘), (8)
i<j
where Gj; is the cavity-mediated exchange between trans-
mons i and j, which we assume to be real valued. At this stage,
we remain agnostic about the parameter dependence of G;;,
e.g., with respect to the transmon frequencies or the physical
distance between the transmons. In the next section, we study
the classical crosstalk mediated by the enclosure modes and
derive the parameter G;; in our Hamiltonian ansatz.
Altogether, Eqgs. (1), (3), and (8) give the model Hamilto-
nian

N
o; .
~ . o
Hyodel & E (a)iai a; + Eai a; aiai>
i

N
g
+ZJ,-j(a[Taj+aja,-) +O(E>, (9)
i<j
where J;; = g’” + G;j; is the total coupling strength. A brief
remark is appropriate here. A similar model Hamiltonian can
be achieved more directly by applying the rotating-wave ap-
proximation [44,45] on the circuit Hamiltonian in Eq. (2). The
difference is that the rotating-wave approximation does not
capture the corrections to the capacitive coupling strengths
(second term) in Eq. (5). These corrections are significant
to include as they are otherwise wrongly ascribed to the
enclosure-mediated couplings G;;.

III. CIRCUIT LATTICE CROSSTALK

In this section, we employ classical circuit and electro-
magnetic methods to derive the spatial and spectral scaling
of qubit-qubit coupling strengths. While the qubits them-
selves are quantum objects described by bosonic operators,
the coupling strengths J;; and G;; appearing in the quan-
tum Hamiltonian [Eq. (9)] can be computed from classical
network theory. This classical-to-quantum correspondence is
standard in circuit quantum electrodynamics [40] and allows
us to leverage powerful tools from microwave engineering to
predict crosstalk scaling.

Building on the Hamiltonian model in Sec. II [Eq. (1)] and
the total coupling-strength model in Eq. (9), we develop two
complementary frameworks to quantitatively predict chip-
level crosstalk as a function of interqubit separation and

We ] W

1 M

Ly

3

FIG. 2. Equivalent circuit schematic representing qubits as lin-
ear LC resonators coupled through both direct capacitive coupling
(capacitors C) and virtual processes mediated by intermediate elec-
tromagnetic modes with frequencies w,,, to w.,. The series chain is
an effective representation of one virtual mediator pathway, chosen
to make the product-over-detunings suppression transparent. In the
physical enclosure, many electromagnetic modes and pathways can
contribute in parallel; these are captured by the Green’s-function
and impedance-matrix formulation used in the text. The circuit el-
ements therefore represent effective inductances and capacitances
of the resonator-cavity system, where the intermediate modes act
as harmonic oscillators that facilitate long-range coupling between
spatially separated resonators.

0
Q
||
| |
2
o
||
| |

I

frequency detuning in fixed-frequency transmon arrays. For
simplicity, we here model the transmons as linear harmonic
oscillators. The first framework employs nodal circuit analy-
sis to capture virtually mediated coupling through chains of
intermediate electromagnetic modes. The second framework
utilizes electromagnetic Green’s-function theory to describe
evanescent-field coupling in environments operating below
cutoff. Under the far-detuned, weak-loss, reciprocal assump-
tions, both approaches yield identical scaling laws, providing
independent validation and physical insight into the mecha-
nisms governing crosstalk suppression.

A. Nodal circuit analysis

We start with the nodal framework and treat all modes as
linear harmonic oscillators. For simplicity, we consider two
harmonic oscillators, labeled 1 and 2, separated by distance
d;j, and coupled through virtual processes involving M inter-
mediate cavity modes. We model the system as a linear chain
of M + 2 coupled harmonic oscillators, where the end points
b, and b, represent the transmons and ¢y, . . ., ¢ represent the
mediating modes (Fig. 2). Under the assumption that interme-
diate modes are far detuned from the transmon frequencies
(v, — w12 > g), they remain unexcited and only mediate
virtual coupling. Hence, their dynamics can be adiabatically
eliminated [46,47]. The chain Hamiltonian takes the form

M
Hexi = wp, bibl + wp, bzbz + Z @, chn

n=1
8oy (b-;-cl + c-{-bl) + 8ewbs (CLbZ + blsz)
M—1
+ Z 8encunn (C:;Cn-s-l + Cl‘i-‘rlcﬂ)’ (10)

n=1
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where b, and ¢, are bosonic annihilation operators for the
two harmonic oscillators and the intermediate cavity modes,
w1 » are the bare frequencies of the two harmonic oscillators,
w,, represents the frequency of the nth intermediate mode,
and g;; denotes the coupling strength between adjacent modes
in the chain. The coupling coefficients arise from electro-
magnetic field overlap and are determined by the chip and
enclosure geometries.

To derive the effective coupling mediated by virtual tran-
sitions through intermediate modes, we use the node-flux
equations of motion for coupled resonators. With flux vari-
ables ®;, capacitance matrix C, and inductance matrix L
(including mutual inductances M;;), the linear dynamics are

D Cyidi+ ) L ;=0 (1D
J J

so that mutual inductive couplings enter through the off-
diagonal elements of L~!. For weak mutual inductances and
negligible mutual capacitances, this reduces the component
form to

LD M;;
CGdo+—-Y —L o, =0 12
+ 1 ;LiLj j (12)

We parametrize the inductive coupling by the dimensionless
coefficient k;; = M;;/,/L;L; and define mediator detunings
A, = |& — o, | with @ = (w1 + @2)/2. For completeness, if
the coupling is capacitive rather than inductive, it enters
through off-diagonal elements of the capacitance matrix:
Zj C,‘j (I)J- + (Lil)[[q),‘ = 0 for C,'j # 0 and (Lil),‘j =0(@G#
J). Thus, capacitive coupling generates cross terms (C,-_,~<f>_,~),
whereas mutual inductance generates cross terms (LY, D
The two descriptions are related by node-loop duality (C <> L,
® < Q) and, in the weak-coupling dispersive regime, yield
the same effective exchange Hamiltonian up to this parameter
mapping.

For a chain of M intermediate modes, systematic algebraic
elimination (detailed in Appendix C) yields the effective cou-

pling

— M
Jr(M) = <§) Jo. (13)

where g = ([T, guns1)/™* is the geometric mean cou-
pling strength, A = ([T, A,)'/" is the geometric mean
detuning of intermediate modes, and Jy sets the overall cou-
pling scale at the reference separation. Thus, the mediator
chain yields the expected algebraic suppression Jeg(M) =~
Jo (g/ AYM. Next, we show that the enclosure path contributes
a spatial evanescent envelope, and together these produce the
unified scaling used.

B. Electromagnetic Green’s function

We now develop the complementary electromagnetic
framework by relating exchange to the enclosure’s two-
port response, operating below cutoff under the far-detuned
regime. A step-by-step derivation is provided in Appendix D.

Following network methods, we characterize the enclo-
sure by its transimpedance between the two-qubit ports. For

weakly anharmonic transmons, the enclosure-mediated ex-
change can be written in terms of the transimpedance as [48]

7. 1 o Dj Z;j(w;) n Zij(wj) (14)
Y 4 LiLj wj wj ’

where L; and w; are the effective inductance and frequency of
transmon i. The transimpedance Z;;(w) = V;/I; quantifies the
voltage induced at port j due to a current excitation at port
i; it encodes the electromagnetic response of the enclosure
connecting the two qubits. Equivalently, one may work with
the transfer admittance Y;;(w) = 1;/V;, which is related to the
transimpedance through the enclosure’s impedance matrix.
The admittance formulation is often more convenient when
the coupling is predominantly capacitive, as in our transmon
array. In this case, the coupling strength takes the form

Jij X ‘/a),-a)j ReY,-j(CT))\/C,'C', (15)

evaluated at the mean frequency @ = (w; + w;)/2.

To compute the transfer function, we use an enclosure
Green’s-function description. A Green’s function describes
the system’s response [49,50] to a localized point source—
in our case, the electric potential at position r due to a
unit point charge at r’. The Green’s function encapsulates
how the enclosure geometry and boundary conditions shape
the electromagnetic field distribution, and provides a nat-
ural framework for computing port-to-port responses (see
Ref. [51] for a general treatment of Green’s functions for
the Helmholtz equation). For capacitive coupling, it is con-
venient to work with the scalar electric Green’s function
Gy(r, r’;w), which solves the Helmholtz equation with the
enclosure boundary conditions. The transfer admittance be-
tween ports i and j is then obtained by integrating G, over the
charge distributions p; and p; associated with the electrodes
of each transmon:

Yij(0) = i eeﬁf/ pi(1; ) Gy (1, s ) p;(r; ) dr v,

(16)
where p;(r; w) is the displacement charge distribution on the
electrodes of transmon i. Physically, this integral sums the
contributions to the admittance from all pairs of source and
field points on the two-qubit electrodes, weighted by the
Green’s function that propagates the influence between them.
For compact qubit electrodes that are small compared to the
interqubit separation d;;, the charge distributions can be ap-
proximated as point charges centered at the qubit locations,
and the double integral reduces to evaluating G, at the qubit
separation: Y;; < Gy (d;j; ).

Below the enclosure cutoff frequency w,, electromagnetic
fields cannot propagate freely; instead, they decay evanes-
cently with distance. The Green’s function for such a screened
environment satisfies the modified Helmholtz (or screened
Poisson) equation

1

Eeff

(V2 = k)Gy(r, v 0) = ——8(r — 1), 17
where «(w) > 0 is the screening parameter (inverse pene-
tration depth) that characterizes the evanescent decay. In an
effective two-dimensional (2D) description appropriate for
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our planar qubit array, the solution to this equation is the
modified Bessel function of the second kind [51]:

Gy(r, 1 0) = Ko(k () [r — 1)), (18)
27 Eeff
where
02 — 2
k() = ———, (19)
Up

with K the modified Bessel function of the second kind and
v, the relevant phase velocity in the medium. Since Ko(x) ~
e~ //x for large x, the enclosure-mediated amplitude inherits
an evanescent envelope Ko(k(w)d;;) ~ e @i/ [ic(w)d;; at
large separations. Consequently, since Y;; o Gy (d;;; w), the
enclosure-mediated amplitude inherits the Bessel-Kj spatial
law
—K (@) d;j

,/K(Cz))d,'j

i.e., exponential suppression with distance (modulo a 1/3/d
prefactor) set by the evanescent penetration length x (@)~!.

The exchange coupling J;; derived above enters the quan-
tum Hamiltonian [Eq. (9)] and gives rise to state-dependent
frequency shifts (ZZ interactions) between qubits. In the
dispersive regime, where the qubit-qubit detuning greatly
exceeds the coupling, i.e., |A;j| = |w; — wj| > J(®), the res-
onant exchange of excitations is energetically suppressed.
However, virtual exchange processes produce a static, state-
dependent interaction. From second-order perturbation theory
(see Sec. IV for the full expression), the leading-order ZZ
interaction scales as

Jij(@) x Kok (@) d;j) ~ (dij — 00), (20)

.~ 2@

, 21

Thus, detuning provides algebraic suppression (g;; o< 1/A;;),
while the spatial dependence enters through J(@)>. Since
J o e % from the evanescent Green’s function, the ZZ in-
teraction inherits a doubled exponential decay rate: ¢;; o< J 2 x
e~2¢dij This factor of 2 is significant for crosstalk suppression,
as it means that the observable ZZ shifts fall off twice as
fast with distance as the underlying exchange coupling. The
full expression including qubit anharmonicities is given in
Sec. IV.

C. Identification of G;;

In the Hamiltonian ansatz Viuiy = > j Gij aja j» the
enclosure-mediated hopping is the exchange amplitude com-
puted from the enclosure transfer function. Consistent with
Egs. (11)—(16), we take

Gi; = J™ (@) C;c"ff(@)«/_ (22)
i =J; () = wio;,
LTy 2,/CC;
where
ImY;;
CM(w) = mT’(‘”) 23)

with ¥;;(w) given by Eq. (16) via the scalar Green’s function
Gy [Eqgs. (17)—(20)]. Equivalently, using the transimpedance

form [Eq. (11)] and assuming w; ~ w; = @ and a slowly
varying Z;;(w),

1 [OHON Z,((I))
Gy ~ — = L%y | LR 24
j 2\ LiL; m[ @ ] @24

Below cutoff, the Green’s-function evaluation in Eqgs. (13)—
(16) yields the spatial envelope

Gij = JS™ Saia(dij; @),  Sais(d; @) o Ko(k(@)d), (25)

with «k(w) = /w? —w?/v, and Jéenv) = Jl.(f"")(do;cb) the
enclosure-mediated coupling at the reference spacing dy. In
a reciprocal, weak-loss enclosure, G;; = Gj; and is real to
leading order; we evaluate Sgi at @ throughout. In the full
device, the total hopping is Ji* = Jl-(f“c) + G;j, combining
circuit-level exchange with the enclosure contribution.

D. Unified scaling framework

We now combine circuit-mediated near/fringing/far-field
trends with the enclosure-mediated evanescent envelope to
obtain a single factorized law for J;;. The spatial depen-
dence of enclosure- and circuit-mediated coupling follows
from electrode geometry and field profiles. We identify three
practical regimes, set by the separation relative to device di-
mensions:

(1) Near field (d;;~ a, with lattice pitch a): Direct capac-
itive overlap dominates, C;; o €A/d;;, giving J;; o (do/d;j)
after normalization at a reference spacing dy.

(2) Fringing regime (d;; comparable to, but larger than,
the electrode width w): Coplanar fringing yields C;;
e/In(2d;j/w), so J;; [1n(2d,-j/w)]’1.

(3) Dipolar far field (d;; >>electrode dimensions): Electric
dipole-dipole scaling, C;; o sA;A;/d};, hence Ji; o (do/dij)’.

In enclosures operated below cutoff, the enclosure contri-
bution picks up the evanescent law

e*/{(w)d
Saisi(d; ) o Ko(k (w)d) ~ Jeord (26)
which multiplies the quasistatic trends above when the enclo-
sure dominates.

A convenient way to summarize these cases is to factor the
coupling into a spatial envelope evaluated at the mean qubit
frequency:

Jij(wi, wj) > Jo Saise(dij; @), 27)
with
(do/d), near field,
InQdy/w) . .
S (d (Z)) _ 11111(2(10/11)) ’ frlnglng regime, (28)
Wl OI= N (dosdy, dipolar far field
o/d)’, polar far field,
Kok (@)d)
Kc@dy»  below cutoff.

Here, Jo = J;j(do, @) fixes the overall scale at a chosen refer-
ence spacing dy.

Derivation of the unified scaling law. We now show how
the preceding results combine to yield a single expression
for the interqubit coupling. From Eq. (14), the coupling J;;
is determined by the transimpedance Z;;. Using the Green’s-
function expression for the admittance [Eq. (16)] with the K
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solution [Eq. (18)], and noting that for well-separated qubits
the overlap integral is dominated by G, evaluated at the qubit
separation d;;, we obtain J;; o« Ko(«kd;;). For large arguments,
Ko(x) ~ e7*/+/x, yielding the exponential spatial decay. A
parallel derivation using nodal circuit analysis (Appendix C)
gives the same functional form through the product-over-
detunings formula [Eq. (13)], confirming the consistency of
the two approaches. Combining these spatial dependencies
with spectral suppression from both theoretical approaches
and assuming the qubit frequencies are far below the cutoff
frequency, we obtain the unified scaling law

J,‘j =J KO(Kdij)f(Awij)

e—Kd;/'

VK dij
where Jy sets the overall coupling scale (for example, a typ-
ical nearest-neighbor strength), k ! = d; is the characteristic
spatial decay length of order the lattice spacing, and f(Aw;;)
is a dimensionless correction factor encoding any residual fre-
quency dependence (which is weak in our parameter regime,
so f =~ 1).

This equivalence clarifies why the nodal-chain product-
over-detunings picture (Appendixes A and C) and the
Green’s-function evanescence picture (Appendix D) pro-
duce the same exponential distance dependence: Virtual-
process suppression through detuned intermediate modes and
evanescent electromagnetic fields below cutoff both lead
to couplings proportional to the screened two-dimensional
Green’s function Ko(«d;;). The connection between the two
approaches becomes clear when we recognize that the nodal-
analysis effective coupling corresponds to the cavity-mediated
terms in the Green’s-function decomposition. Specifically, for
a chain of M intermediate cavity modes, the corresponding
effective exchange amplitude can be written schematically as
a sum over virtual paths,

M
Jetaing v § ez 8e.e41
i (@) N

paths 1—1":1 n

up to geometry-dependent prefactors. This form is dimen-
sionally consistent: The numerator contains M + 1 exchange
rates and the denominator contains M detunings, leaving
an effective coupling with units of frequency. It is the far
off-resonant limit of the corresponding Green’s-function or
impedance-matrix resolvent, and reproduces the mediator-
chain scaling Jegr o< (J]g)/(J] A). This equivalence explains
why the nodal (circuit) and Green’s-function (enclosure) anal-
yses yield consistent distance laws and the same dispersive
detuning dependence.

~ Jy

f(Aa),'j), for large d,'j , (29)

Ay =0 — o, (30)

IV. QUANTUM LATTICE CROSSTALK

In this section, we consider the effect of cross couplings
on quantum-mechanical properties of the transmon lattice.
In particular, the couplings cause residual ZZ couplings,
which have the observable effect that the transmons’ energies
become dependent on the states of neighboring transmons.
This state-dependent effect is in itself sometimes referred
to as quantum-mechanical crosstalk. Here, we give ana-

lytical expressions through perturbation theory, relating the
ZZ-coupling strengths between nearest-neighbor and next-
nearest-neighbor transmons to the cross couplings. These
analytical expressions are the basis from which we in Sec. V
experimentally infer the cross couplings from ZZ-coupling
measurements.

A. 77 couplings for nearest- and next-nearest-neighbor
transmons

Beginning from the Hamiltonian model in Eq. (9), we re-
late the model parameters, in particular, the coupling strengths
Jij, to ZZ couplings between the transmons. The ZZ couplings
can be approximated using perturbation theory, and we give
them below for nearest-neighbor and next-nearest-neighbor
transmons. If needed, the ZZ couplings beyond next-nearest
neighbor can also be analytically approximated with the same
methods. We neglect spectator effects, i.e., exclude transmons
which are not directly coupled to the two transmons consid-
ered for the ZZ coupling (see Appendix E for further details).
The ZZ coupling for two nearest-neighbor transmons labeled
1 and 2 is approximated to [11,52,53]

_ 2(a; +o)Jd
(Ap + o)A —a)

In the case of next-nearest-neighbor transmons labeled 1 and
3 with an intermediate transmon labeled 2, the ZZ coupling is
approximated to [18,24]

2
fs = (o1 + o) (11/3_Aa1+a3>
(A +a))(A —a3) 2

4(a; —a3) ( o +Ol3) ,
+ A+ —|AJ
(Aps+a)(Az —ap)\ 7 2 13

[2 ALy — (o + a3)/2T
(A + o)A —a3)

{12 +O(J?2/A?2)' (3D

(a1 +a3)

+ SM(&}AZ FOUSIAY,  (32)

Ap— Ay —a
where J{; = J13+%112]23(A+2 - ALB) =Ji3+ A(A2 — Ap),
A = —Jinh3/(2A12A), and O(J°/A*) denotes higher-
order corrections. Jj; is occasionally called the effective
coupling between transmons 1 and 3; it has a contribution
from the direct coupling J;3 and a contribution %J 12]23(A+2 —

ALB) mediated by transmon 2. The effective coupling is found
from performing a Schrieffer-Wolff transformation that elim-
inates the intermediate transmon. We note that A quantifies
how A like the first-excitation subspace of the system is,
where smaller 0 < A « 1 implies a more A-like system. A A
system is a three-level system where two of the states couple
to a third intermediate state, which has a significantly higher
or lower energy.

B. Modeling ZZ couplings with the scaling model

It is possible to continue with perturbation theory to
compute the ZZ couplings between even further neighbors.
However, as seen from going from nearest- to next-nearest-
neighbor ZZ couplings, these expressions quickly grow in
complexity. Instead, we opt for a more practical approach
by combining the scaling model in Eq. (29) with the
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nearest-neighbor expression in Eq. (31). The idea, here, is that
the scaling model estimates the effective coupling between
any pair of transmons, while ignoring the other transmons
in the lattice, effectively modeling each pair of transmons
as independent directly coupled pairs. The spatial factor in
this expression is not introduced as an independent phe-
nomenological correction; it is the squared envelope of the
exchange coupling J;; derived above from capacitance-matrix
localization and below-cutoff electromagnetic evanescence,
together with the perturbative relation ¢;; Jl.zj. As such, the
nearest-neighbor ZZ expression applies to any pair (i, j) once
the theory-derived coupling J;; from Eq. (29) is substituted.
Inserting J;; = Jo Ko(k d;;) f(Aw;;) into Eq. (31) gives the
unified ZZ scaling model:

o 2(a; + o)) 2 K (k dij) f2(Awij)
Y (Ajj +oi)(Aij — aj) '

(33)

Here, Jy is the single free parameter of the model, set by the
nearest-neighbor coupling scale and fitted to the measured NN
77 data. The evanescent decay parameter k = \/w? — ®*/v,,
[Eq. (19)] is determined entirely by the inductively-shunted
enclosure geometry and is not a free fit parameter; it is
validated independently through High-Frequency Structure
Simulator (HFSS) simulation and cryogenic S,; transmission
measurements (Appendix G).

For large separations where xd;; > 1, using the asymptotic
form Ky (x) ~ e~ //x yields

o—2dij/do

dij/dy ’

§ 2(0[,’ +Olj)Jg
ij ~ X
T (A o)A — )

where dy = 1/« is the evanescent penetration length. We
emphasize that the factor e=2%//% here is not an indepen-
dent empirical correction: It is the exact asymptotic form of
K} (xd;;), derived from the theory. The doubled exponential
rate—ZZ decaying twice as fast as J—is a direct consequence
of & Jizj combined with the evanescent envelope J;;

(34)

e~%i/%_Both Ky(kd;;) and the exponent « are independently
predicted by three complementary theoretical frameworks:
Demko-type exponential localization of C~! (Appendix A),
product-over-detunings suppression from virtual intermediate
modes (Appendix C), and the screened 2D electromagnetic
Green’s function below the enclosure cutoff (Appendix D).
The convergence of all three derivations on the same Ky(xd)
envelope is not coincidental: Each framework describes a
gapped two-dimensional operator whose Green’s function is
Ky by the same mathematical structure. The model is therefore
fully predictive given Jy and the enclosure geometry.

In Fig. 3, we compare the scaling model in Eq. (33) with
numerical simulations of the ZZ couplings in the lattice. The
simulations compute the ZZ couplings with exact diagonaliza-
tion using the model Hamiltonian in Eq. (9), and the system
parameters reported in Ref. [12], which is for the same device
as characterized in Sec. V. In particular, we use only the exper-
imentally measured nearest-neighbor couplings. The scaling
model is fitted to the simulated ZZ couplings with respect to
the mean ZZ couplings for the different Manhattan distances.
We note that the trend of the numerically simulated ZZ cou-
plings is exponentially decaying with respect to Manhattan
distance, as expected from the scaling model.

T 104 ' e Exact diagonalization

E 109 ® Scaling model

= [ ]

o e

3 1074 ¢ o

O 107}

N 108

10~ s .

|
5

1 2 3 4
Manhattan distance

FIG. 3. Simulated ZZ couplings in the 4x4 transmon lattice.
The yellow markers show the result from exact diagonalization of
the model Hamiltonian in Eq. (9), while the purple markers give
the results of the scaling model fitted to the exact-diagonalization
ZZ couplings. Note that the yellow markers saturate at ~10~% kHz
beyond Manhattan distance 4. We attribute this saturation to the al-
gorithmic precision of the exact-diagonalization routine. The plotted
coupling rates are reported after division by 27: ZZ interactions are
shown as ¢ /27 in kHz.

V. EXPERIMENTAL CROSSTALK CHARACTERIZATION

We now present experimental results to validate the the-
oretical crosstalk framework developed in this work. Our
test platform consists of 16 fixed-frequency transmon qubits
arranged in a square lattice with designed NN capacitive
links. Fabrication details are provided in Refs. [12,54], and
device parameters are detailed in Appendix F. Each qubit has
frequency w;/2m and anharmonicity «;/27 &~ —196 MHz,
with qubits designed in two interleaved frequency bands
(4.8 and 4.9 GHz nominal) to maintain qubit addressabil-
ity. The lattice incorporates off-chip inductive shunt pillars
(see Appendixes F and G) that raise the electromagnetic
cutoff frequency from ~11GHz (bare cavity) to ~34 GHz
(shunted cavity), placing the device firmly in the evanescent
regime where enclosure-mediated coupling is exponentially
suppressed. The effectiveness of this inductive-shunting strat-
egy has been established through electromagnetic modeling
and experimental demonstrations [37,38,54]; in the present
work, we therefore use the shunted enclosure as a validated
architectural element and focus on the spatial and spectral
scaling of the residual total coupling measured through ZZ
spectroscopy.

To capture both intended NN couplings and unintended
long-range crosstalk, we distinguish these couplings from
Eq. (9):

i=0 i<j
JeN;
+ ZZ/(&laj +&1&T)7 (35)
i<j
JEN;

where N; denotes the four NN qubits of site i, J;; are the
designed capacitive exchange couplings, and .Zj represent
effective non-nearest-neighbor (NNN) interactions arising
from circuit-mediated virtual processes (Appendix C) and
enclosure-mediated electromagnetic coupling (Appendix D).
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FIG. 4. Device architecture and frequency allocation. (a) Optical micrograph of the fabricated 4 x4 transmon lattice, with a total device
footprint of 10 mm? showing qubit pads (concentric light grey circles) connected by nearest-neighbor capacitive links, with inductive shunt
pillar holes interleaved between qubit sites. Both arrays share the same square lattice pitch (¢ = 2 mm). Inductive shunt pillars (Appendix D)
suppress enclosure-mediated coupling by raising the cavity cutoff above the qubit band. (b) Measured qubit frequencies form two interleaved
bands at 4.8—4.9 GHz, with most detunings satisfying |w; — w;|/2m < («/27)15 = —196.4 MHz (straddling regime).

Our goal is to extract both J;; and Ji ; from spectroscopic
measurements and validate their spatial and spectral scaling
against theoretical predictions. Figure 4 shows the measured
idle frequencies for all 16 qubits, spanning 4.78-5.04 GHz
with two clear bands centered near the design targets. The
frequency allocation achieves relative spreads of 0.5% (low
band) and 1.5% (high band), with most pairwise detun-
ings |w; — w;| below the average anharmonicity {a/27)16 =
—196.4 MHz. Operation in this band maintains most pairwise
detunings |w; — w;| below the array-averaged anharmonicity,
placing most pairs in the straddling regime [11].

A. 77 spectroscopy of nearest-neighbor
and long-range interactions

We extract pairwise interaction strengths through Ramsey-
based ZZ spectroscopy [55,56], measuring the frequency shift
of a target qubit when a control qubit is prepared in either |0)
or |1). The resulting static ZZ interaction ¢;; directly reflects
the underlying exchange coupling J;; through the dispersive
relation in Eq. (31). This standard formula assumes spatially
and spectrally uniform coupling—an assumption we will test
and refine based on the first term of Eq. (31).

Constructing a high-confidence crosstalk matrix requires
careful attention to measurement resolution and statistical
significance. To establish the noise floor, we first character-
ized intrinsic frequency stability by performing approximately
400 sequential Ramsey experiments per qubit over a 12-h
period, extracting the standard deviation of each qubit’s idle
frequency. The overall device average fluctuation is 0.88 kHz,
with most individual qubits exhibiting fluctuations below ap-
proximately 1.0 kHz (detailed results in Appendix F, Fig. 8).

This measurement establishes resolvable ZZ shift and ensures
that reported couplings are well above the intrinsic noise floor.

Based on this characterization, we apply additional filter-
ing procedures. First, we retain only ZZ values exceeding
1.0kHz, ensuring adequate signal-to-noise ratio for all
reported interactions. Second, we assess the statistical sig-
nificance of the remaining interactions by choosing 95%
confidence intervals over repeated measurements for each
element of the ZZ coupling matrix. Interactions whose con-
fidence intervals include zero are classified as statistically
insignificant and removed from the data set. The vast major-
ity of non-nearest-neighbor interactions have measured shifts
near or below the 1.0 kHz threshold, confirming the intended
suppression of residual long-range couplings across the lattice
as expected for a device with effective crosstalk suppres-
sion [54].

Finally, two pairs, Q9—Qj¢ and Q14—Q;s, exhibit anoma-
lously large ZZ shifts of 75.8 and 209.1 kHz, respectively.
These outliers arise because both pairs operate near higher-
level transitions and close to the edge of the straddling
regime. Specifically, Qs has frequency 5.04 GHz, signif-
icantly above the nominal 4.9 GHz band, placing several
pair combinations in a regime where the detunings approach
or exceed the anharmonicity. We treat the pairs above as
outliers and exclude them from the subsequent analysis.
The final data set contains high-confidence nearest-neighbor
pairs and statistically significant non-nearest-neighbor pairs,
providing sufficient spatial coverage to extract robust scal-
ing parameters while maintaining high measurement fidelity
throughout.

Figure 5 summarizes the measured crosstalk landscape for
the ZZ rates in panel (a) and NN couplings in panel (b). Across
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FIG. 5. Measured ZZ interactions and extracted J couplings. (a) Measured ZZ interactions between nearest-neighbor qubit pairs were
extracted via Ramsey spectroscopy by preparing each control qubit in either the ground or excited state and observing the resulting state-
dependent frequency shift in the target qubit. To assess temporal frequency stability, repeated Ramsey measurements (~400 per qubit) were
performed over a 12-h window, yielding an average standard deviation of 0.88 kHz across the device—below the smallest measured ZZ value
reported in this work. (b) Estimated J couplings by taking the first term in the analytical expression described in Eq. (31) and applying it to
the results in panel (a). Interaction maps of the measured ZZ interactions in panel (c) and calculated J couplings in panel (d) are shown across

both nearest-neighbor and longer-range qubit pairs in the lattice.

all measured NN pairs, the estimated exchange couplings
[the first term in the analytical expression in Eq. (31)] span
from a minimum of 401 kHz to a maximum of 1.064 MHz.
The mean coupling strength is u = 623kHz with a stan-
dard deviation of ¢ = 173 kHz, corresponding to a relative
spread o /u =~ 0.269. This moderate variation reflects small
but measurable nonuniformities in J across the lattice. Pan-
els (c) and (d) extend the interaction maps to include NNN
pairs. These maps include all considered pairs in our analy-

sis and indicate the increased complexity of the interaction
landscape when long-range couplings are taken into account.
Most long-range ZZ rates lie near the 1.0kHz threshold,
confirming effective crosstalk suppression. However, a few
NNN pairs show measurable ZZ shifts, indicating that higher-
order virtual processes and residual enclosure coupling are not
completely eliminated. The spatial structure of these residual
interactions—with next-nearest neighbors showing systemat-
ically larger shifts than more distant pairs—provides the key
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FIG. 6. Distance dependence for measured and extracted ZZ and J couplings. (a) Measured ZZ interactions (blue markers) between qubit
pairs across the lattice as a function of Manhattan distance up to D = 3. Mean ZZ interactions (purple markers connected by a line) are plotted
against Manhattan distance, with the shaded region indicating the standard deviation. (b) Exchange couplings J extracted by two methods
as a function of Euclidean distance. Yellow markers: Naive extraction using only the leading term of Eq. (31), which treats J as distance-
independent and systematically overestimates long-range interactions by factors of 5-10x compared with avoided-crossing measurements [54].
Blue markers: Theory-corrected values obtained by substituting the unified coupling law J;; = JyKy(xd;;) from Eq. (29) into Eq. (31), with
Jo fitted to NN data and « fixed by the enclosure geometry. The spatial suppression beyond NN is a theoretical prediction. (c) Qualitative
grid diagram of the calculated coupling J after applying a global scaling factor to account for model overestimation. Data include both
nearest-neighbor and diagonal qubit pairs across the lattice. (d) Quantitative spatial distribution of the corrected J values for all nearest-neighbor
qubit pairs.

signature of exponential decay that we next analyze quantita-
tively.

qubit i are defined as

i
position(i) = (ry, ¢;) = ({ZJ i mod 4), 36)
B. Spatial scaling: Exponential decay and bound-state length

We now test the central prediction that crosstalk should
decay exponentially with spatial separation due to capacitance
matrix localization and evanescent electromagnetic fields. For
quantitative analysis, we characterize qubit separations using
both Manhattan distance D (sum of grid steps) and Euclidean
distance d;; (straight-line separation), sometimes referred to
as L' and L? distance, respectively. Lattice coordinates for

with Euclidean distance d;; = a\/ (ri — rj)*+(c; — ¢j)* where
the lattice constant ¢ = 2 mm, and r; and ¢; denote row i and
column i, respectively.

Figure 6(a) shows mean ZZ as a function of Manhattan
distance, averaging over all pairs with the same topologi-
cal separation. A pronounced suppression with distance is
observed in the detectable subset: The mean ZZ coupling
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decreases from ~22kHz (D = 1)—or ~8kHz after remov-
ing outliers as shown in panel (a)—to ~5kHz (D = 2) and
~2.5kHz (D = 3). Since many longer-range couplings fall
below the Ramsey sensitivity, these values should be inter-
preted as conditional on detection, and then more as upper
bounds than mean values; within this subset, the typical ZZ
scale is reduced by approximately a factor of 4 from D =1
to D = 3. Fitting to (¢) ocexp(—D/Dy) yields Dy ~ 0.83
sites (8.3 mm characteristic decay length), indicating that
long-range interactions are heavily suppressed within 1-2
lattice spacings. We emphasize that this fit is not intended
to independently establish the exponential functional form
from the limited number of distance classes; rather, it ver-
ifies that the measured ZZ landscape is consistent with the
exponential suppression predicted by the circuit-localization
and below-cutoff enclosure models developed above. This
rapid falloff directly supports the combined suppression from
circuit localization and enclosure engineering. Figure 6(b)
replots the same data versus Euclidean distance d;;, now
converting ZZ to exchange coupling J by taking the first
term in the analytical expression in Eq. (31) (yellow points).
This naive model—which assumes spatially and spectrally
uniform J—overestimates long-range interactions, predicting
NNN couplings of 0.1-0.4 MHz that are contradicted by di-
rect avoided-crossing measurements [54]. The overestimation
arises because taking the first term in the analytical expression
in Eq. (31) treats J as distance-independent, ignoring the
exponential spatial suppression established theoretically.

To correct this systematic error, we apply the unified scal-
ing model in Eq. (33), which is derived by substituting the
theory-predicted coupling J;; = Jo Ko(kd;;) from Eq. (29) into
the perturbative ZZ formula [Eq. (31)]. The evanescent decay
parameter « is fixed by the inductively-shunted enclosure ge-
ometry (Appendix D), independently validated through HFSS
simulation and cryogenic S,; measurements. The only free
parameter fitted to the ZZ data is Jy, the nearest-neighbor cou-
pling scale, extracted from the measured NN ZZ values alone.
The spatial scaling exhibits the expected combination of ex-
ponential decay (from capacitance localization; Appendix A)
and geometric modulation (from 2D evanescent fields;
Appendix D), while the characteristic frequency scale aligns
with typical qubit detunings in our two-band architecture.
With these fitted parameters, the scaling-corrected J values
[blue points in Fig. 6(b)] collapse onto a physically consistent
picture: NN couplings remain near 0.6 MHz as expected from
capacitance design, while NNN couplings are suppressed,
consistent with avoided-crossing measurements that showed
negligible long-range exchange [54]. The naive model (yel-
low points) systematically overestimates NNN interactions by
factors of 5-10x, while the unified scaling model resolves this
discrepancy across the full lattice.

The extracted exchange couplings agree closely with the
predictions of the unified scaling model, which accurately
reproduces all nearest-neighbor interactions while exponen-
tially suppressing longer-range terms. Diagonal next-nearest
couplings are reduced by approximately 70%. Detailed com-
parisons between measured and modeled J;; values are
provided in Appendix F. Figures 6(c) and 6(d) present the final
adjusted coupling map using Eq. (33). Figure 6(c) shows the
qualitative spatial distribution of corrected J values across the

lattice, revealing the intended NN-dominated structure with
dramatically suppressed long-range interactions. Figure 6(d)
shows the quantitative NN coupling map.

VI. CONCLUSION

We analyzed static crosstalk in a fixed-frequency trans-
mon array and observed that neglecting spatial and spectral
structure can overestimate non-nearest-neighbor interactions.
The measured dependencies of coupling (crosstalk) strength
on distance and detuning are consistent with three comple-
mentary mechanisms: exponential localization in the inverse
capacitance matrix, suppression through virtual intermedi-
ate modes, and evanescent electromagnetic coupling below
the enclosure cutoff. These observations suggest that lattice
geometry and enclosure design act as control parameters
for shaping residual interactions relevant to error-correcting
architectures. The pillar-shunted enclosure represents one
approach to mitigating enclosure-mediated exchange while
maintaining modularity. Taken together, these results provide
a starting point for device-level studies aimed at translating
qualitative trends into quantitative design criteria for suppres-
sion of correlated errors.

From an architectural perspective, error-correcting codes
benefit when spatially separated qubits remain effectively
independent. Residual static couplings can seed correla-
tions during syndrome extraction. The measured suppression
with distance indicates that lattice geometry and enclosure
design may contribute to code-level independence targets;
the specifics are likely application-dependent. In the near
term, crosstalk maps can inform scheduling and compila-
tion to avoid simultaneous operations on strongly interacting
pairs, and motivate targeted decoupling sequences where
appropriate.

Looking ahead, several extensions appear natural. Sys-
tematic sweeps of enclosure dimensions, pillar spacing, and
lattice pitch across multiple devices could clarify how general
the spatial trends are. Incorporating distance-aware penalties
into placement and routing may help assess whether crosstalk-
aware compilation improves two-qubit performance. Extend-
ing the static treatment to include time-dependent effects
during gates would link static couplings to dynamical error ac-
cumulation. Similar combined analytical-experimental meth-
ods could address other correlated mechanisms—drive line
coupling, flux crosstalk in tunable designs, and packaging-
induced interference—balancing model complexity against
predictive utility.

ACKNOWLEDGMENTS

M.B. acknowledges support from EPSRC QT Fellowship
Grants No. EP/W027992/1 and No. EP/Z53318X/1. S.PF.
and A.FK. acknowledge support from the Knut and Alice
Wallenberg Foundation through the Wallenberg Centre for
Quantum Technology (WACQT). A.F.K. was also supported
by the Swedish Foundation for Strategic Research (Grants No.
FFL21-0279 and No. FUS21-0063) and the Horizon Europe
programme HORIZON-CL4-2022-QUANTUM-01-SGA via
the Project No. 101113946 OpenSuperQPlus100. We would
like to acknowledge the Superfab Nanofabrication facility at

033193-12



CROSSTALK DISPERSION AND SPATIAL SCALINGIN ...

PHYSICAL REVIEW RESEARCH 8, 033193 (2026)

Royal Holloway, University of London, and Optoelectron-
ics Research Centre at University of Southampton where
part of device fabrication was performed, and thank Peter
Spring, Vivek Chidambaram, and Anuj Aggarwal for useful
discussions.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

APPENDIX A: DECAY OF THE ENTRIES OF C-1

We now provide mathematical justification for the expo-
nential decay of C~! entries discussed in Sec. II. While the
physical intuition is that inversions of sparse matrices spread
interactions, the precise rate requires mathematical analysis
of the spectral gap and boundary conditions. The following
establishes these bounds using matrix theory and spectral
methods.

1. General result for banded symmetric positive definite
matrices (Demko-type bound)

Consider the capacitance matrix C as a real symmetric
positive-definite matrix that is banded with bandwidth w
(meaning C;; = 0 for |i — j| > w or, more generally, sparse
with finite interaction range and bounded vertex degree). For
such matrices, we can establish bounds on how quickly the
inverse matrix entries decay with distance. Specifically, there
exist constants ¢ > 0 and 0 < p < 1, which depend only on
the bandwidth and the spectral condition number «(C) =
Amax/Mmin, such that

I(C Nl < cp™V forall i, j. (A1)

This bound, known as a Demko-type bound, establishes that
C~! exhibits exponential off-diagonal decay even though C
itself is sparse. In our setting, the capacitance matrix of a
grounded capacitive network on a 1D or 2D grid satisfies
these conditions. When C is strictly diagonally dominant
(which implies a gapped discrete operator), the constants
above guarantee p < 1, ensuring exponential decay. This re-
sult is independent of Toeplitz structure and covers finite grids
with standard boundary conditions.

The same exponential decay holds more generally for
sparse positive-definite matrices with bounded vertex degree,
where |i — j| is replaced by the graph distance dist(i, j)
on the sparsity graph. In this language, the bound be-
comes |(C71);;| < ¢ p®t¢+/) and remains valid for realistic
chip geometries with non-uniform wiring. In our device,
the off-chip inductive shunting and below-cutoff operation
ensure a strictly positive spectral gap (Sec. IIIB), mean-
ing Amin(C) > 0, which places us in this exponentially local
regime.

2. Explicit inversion for a 1D tridiagonal Toeplitz chain

To make the exponential decay concrete, we can explicitly
invert a simple model: a 1D chain of capacitively coupled
nodes. Consider the n x n symmetric tridiagonal Toeplitz

matrix

T, = . a>2bl, b#0.
b a

(A2)
This represents a chain where each node has self-capacitance
a and mutual capacitance b with its neighbors. The condition
a > 2|b| ensures the matrix is positive definite. To character-
ize the decay rate, we define 6 > 0 by cosh 6 = a/(2|b|) and
r e (0,1) by

— Va2 — 4b2

% =, (A3)

With these definitions, we can write the inverse in closed form.

For i < j, the matrix elements are

(— sgn b)™ sinh(if) sinh([n + 1 — j16)
1B sinh 0 sinh([n + 110)

r =

(T, )i = (A4)
The matrix is symmetric, so (7, !);; = (T, !);;. Using the
asymptotic behavior sinh(k8) ~ 1e’ for large k and the defi-
nition of r above, we obtain the uniform bound
](T‘l) ‘ 1 sinh(i6) sinh([n 4+ 1 — j16)
nJijl = |p| sinh 6 sinh([n + 110)
< L
|b| sinh 6 ’
which demonstrates exponential decay with decay factor
r = e’ < 1. This exponential localization is a direct conse-
quence of the spectral gap. For an infinite chain (n — 00), the
formula simplifies to the well-known Green’s function

(A5)

o (Csab) A (Csgby
11m (T’Z )~~ = = r ! ] 9
n— 00 1 |b| 1—1r2 a? — 4b?

(A6)
which makes the exponential character fully explicit.

3. Extension to 2D grids

Our qubit array forms a 2D lattice, so we need to extend the
1D result to two dimensions. On a rectangular m x n lattice
with nearest-neighbor couplings, the capacitance matrix has
a block-tridiagonal Toeplitz structure, with each block itself
being tridiagonal Toeplitz. Both the general Demko bound
from Appendix A1 and a separable spectral decomposition
lead to exponential decay in the Manhattan distance (i.e., the
graph distance on the 2D nearest-neighbor lattice):

|(C71)(x,y)$(x/,y’)| < CO 0 ‘X7X’H"y*y,|’ (A7)

where Cyp > 0 and 0 < p < 1 are determined by the spectral
gap (which in turn depends on shunts to ground, enclosure
loading, etc.). Physically, C~! represents the discrete Green’s
function of a massive (gapped) operator, which naturally ex-
hibits exponential locality. We now make this explicit through
three complementary approaches: (1) a spectral representation
for a separable 2D model; (2) a graph-distance bound that
does not require separability; and (3) a continuum limit that
yields the modified Bessel function K; and explicitly links the
spectral gap to the decay rate.
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a. Spectral approach for separable 2D lattices

We denote by S, the n x n tridiagonal matrix with zeros on
the main diagonal and ones on the first off-diagonals. The 2D
lattice capacitance matrix can be written as a Kronecker sum:

Cp =aly, + b(lm®Sn + Sm®ln)v a > 4’|va (AS)

which is positive definite when a > 4|b| (a sufficient 2D
analog of the 1D condition a > 2|b|). This matrix can be
diagonalized using discrete sine functions

) 2 . pITXx
X) =,/ sin s
r m++1 m+1

2 gqmy
= [— , A9
Ve(y) w1 Sln<n+1) (A9)
which diagonalize S,, and S,, with eigenvalues
S, A A 2 il
mPp = , = 2cos ,
Pp p¥p P mt 1
qr
S, ¥, = , =2 . Al0
Vg =MgVg Mg 008<n+1> (A10)

The 2D eigenfunctions are products of these 1D modes:

D) q(x,y) = @p(x) Yy (y), (AIl)
with corresponding eigenvalues
Ap,q=a+b()‘p+ﬂq)’ I<p<m, 1<qg<n
(A12)
Importantly, all eigenvalues are bounded from below:
Apq = a—4]b] > 0. (A13)

This spectral gap is the key to exponential localization. The
inverse matrix elements can be expressed as a spectral sum

— m n ® (x’ y) 1) (x/’ y/)

! — p.q p.g

(CZD)(x,_v),(x/,y/) = Z Z X . (Al4)
=1 g=1 P

Standard estimates on discrete sine kernels, combined with
the lower bound A, ; > a — 4|b|, yield

~ |y
<C0,0| [+ly y\’

| (CZ_Dl )(x,y),(X’,y’)

p € (0, 1) depending continuously on a — 4|b| ,  (Al5)

which is the 2D version of the exponential decay bound from
Sec. A 1.

b. Graph-walk approach (nonseparable geometries)

Importantly, the exponential locality does not require
the separable lattice structure. For any positive-definite,
finite-range matrix C on a 2D grid with nearest-neighbor
connections (bounded degree), we can establish exponential
decay using a Neumann series expansion. Writing C = al — B
with ||B|| < a for sufficiently large a, we have the convergent

expansion
1 /BY
cl=- -.
> (2)

n=0

(A16)

Each term in this series corresponds to summing over all
paths of length n on the lattice. The entry (C™'); j receives

contributions from all paths connecting sites i and j. Any
walk contributing to (B/ a)f’j must have at least dist(i, j) steps,
where dist denotes the graph distance. The number of distinct
length-n walks is bounded by v", where v is the maximum ver-
tex degree (v = 4 for nearest-neighbor square-grid lattices).
This gives

(il < & i (ﬂ)nw _ L 0IBl/@™)
V=g £~ \ g " a 1—v|Bll/a
n=dist(i, j)

(A17)
which shows exponential decay in graph distance whenever
v||B||/a < 1. For the standard five-point stencil (or modest
nonseparable perturbations), this condition coincides with the
gap requirement a > 4|b| to leading order, recovering the ex-
ponential bound without requiring separability. This approach
is a discrete, constructive version of Combes-Thomas resol-
vent estimates from spectral theory of finite-range operators.

¢. Continuum limit and connection to the modified Bessel function

For translationally invariant lattices, the discrete spectral
sum can be approximated by a continuum integral in the limit
of large system size. Expanding the eigenvalue formula near
its minimum, A(k) ~ (a — 4|b|) + '?(kf + kf,), the double
sum over modes becomes a Brillouin-zone integral that yields
the 2D screened Green’s function

1 2(a — 4|b
G = 5 Kolwlirl), = 2a — 4B
Tt

Al8
] (A1B)

where K is the modified Bessel function of the second kind.
Using the asymptotic form Ky(z) ~ /7 /(2z) e7* for large z,
we find that the decay rate is

—hloml_ o(ﬁ) o y/a—Aalb],

(A19)
which explicitly connects the spectral gap a — 4|b| to the
spatial localization length & = 1/y. This relationship is
crucial for understanding crosstalk: As the spectral gap
decreases (a — 4|b| — O7), the correlation length diverges
and exponential locality is lost. Conversely, engineering a
larger spectral gap—through inductive shunting or enclo-
sure design—tightens the spatial localization and suppresses
long-range coupling. These results establish the mathematical
foundation for the exponential spatial decay discussed in the
main text and connect the circuit-level capacitance matrix
structure to the enclosure-mediated electromagnetic coupling
discussed in Sec. III.

y = liminf

[t —o0 [Ir]|

APPENDIX B: APPROXIMATING THE CIRCUIT
HAMILTONIAN FOR THE TRANSMON LATTICE

While the circuit Hamiltonian in Eq. (2) is well suited
for numerical computations of ZZ couplings, our analyti-
cal treatment requires a different method. As a result, we
approximate each transmon as an anharmonic oscillator. To
simplify the system and enable analytical expressions for the
ZZ couplings, we use the Schrieffer-Wolff transformation to
eliminate all excitation-changing interactions, leading to the
approximate Hamiltonian in Eq. (3). Here, we provide a more
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extensive theoretical basis to further motivate the approximate
Hamiltonian used in the main text.

1. Anharmonic-oscillator approximation

We start by separating the circuit Hamiltonian in Eq. (2) in
terms of the individual transmons Hiypsmon and their capacitive
COUplingS Vcoupling- The Split is Hcircuit = I'Itransmon + Vcouplings
where

N
Htransmon - Z [4EC,i(ni - ng,i)2 - EJ,i Ccos ¢i]7 (Bl)
i=1 Hi
N
Veoupling = Y 4Ec.ij(ni — ng)(nj —ng ). (B2)
i<j

Here, Ec; = ¢*C;' /2 and Ec;j = ezCi;1 are the charging en-
ergies as expressed by the inverse capacitance matrix C~! and
the elementary charge e (from hereone =1and 7 = 1), E;;
is Josephson energy, n, ; is the charge offset, and ¢; and n; are
the (reduced) charge and phase operators, satisfying the com-
mutation relation [e*, n;] = F§;;e*%, with the Kronecker
delta §;;; all quantities for transmons labeled i and j. The off-
diagonal and the diagonal elements of the inverse capacitance
matrix have the approximations Ci;' ~ Cii/(CiCjj) (i # )
and Cfl ~1/(C+ Y ; Cij), respectively, in the limit of weak
mutual capacitances C;; < C; for all i # j. In the transmon
regime Ec;/E;; < 1, the charge offsets ng; are negligible for
the lowest transmon energies given that they are exponentially
suppressed [11]. We highlight that we denote the diagonal
elements with single indices: C; = C;; and E¢; = Ec j;.

To bridge the circuit Hamiltonian and its approximate form
in Eq. (3), we use the observation that the circuit Hamil-
tonian’s action on the low-excitation subspace, e.g., up to
two excitations per transmon, is well approximated by an an-
harmonic oscillator. In particular, we introduce annihilation-
and creationlike operators @; and a? for each transmon via
b = VZi/2(a] +a;) and n; = i1/ (2Z) (@] — a;), where
Z; = /(8Ec;/E;;) is the characteristic impedance. The
impedance is specified from expanding and diagonalizing the
bilinear part of the transmon Hamiltonian H; in Eq. (B1) after
having inserted a; and a,. We refer to the literature (see,
e.g., Refs. [57-59]) for further details about this expansion
and its normal ordering, as well as for its limitations with
respect to the compact phase domain ¢ € [—m, 7). The result
is an anharmonic-oscillator approximation of the transmon
Hamiltonian

i i g ok

H; ~ w;a;a; + Eai a; a;a;, (B3)
applicable within the low-excitation subspace for the trans-
mon regime Ec;;/E;; < 1. Here, w; ~ \/8EcE;; — Ec; is
the transmon O-1 transition frequency, «; ~ —Ec; is the
transmon anharmonicity, and the annihilation and creation
operators satisfy the commutation relation [a;, a;] = §;;. Note
that, if needed, it is possible to compute more precise re-
lations between the circuit parameters Ec; and E;; and the
anharmonic-oscillator parameters w; and «; [57].

Likewise for the capacitive couplings, we rewrite Veoupling
in terms of the annihilation and creation operators:

N
Vcoupling ~ - Zgij (Clj- - ai) (Clj - aj), (B4)

i<j

where g;; = 2Ec;;/\/ZZ; is the coupling strength between
transmon i and j. If the annihilation and creation operators
are expressed in the eigenbasis of the uncoupled transmons,
which are also referred to as bare states, there are higher-order
corrections to Eq. (B4) and g;; [18]. In the main text, we opt
for the simpler model in Eq. (B4) for the analytical calcula-
tions, including only bilinear interactions. The higher-order
corrections are feasible to implement in simulations if we
desire to improve the numerical precision.

2. Eliminating the excitation-changing terms

The capacitive couplings in Eq. (B4) split into
excitation-preserving terms Vgp = Zf\; ; 8ij (afa i+ a;a[) and
excitation-changing terms Vgc = — Zf\i i8i j(aja; + a;a;).
The excitation-preserving (-changing) terms contain products
with the same (different) number of annihilation and creation
operators. These different terms are also commonly referred
to as rotating terms and counterrotating terms, respectively.
The excitation-changing terms couple the low-excitation
states to states with energies approximately w; + w; higher.
In a spirit similar to the treatment of the cavity modes in
the main text, we assume that the higher-excitation states in
the transmons do not excite, resulting in that they primarily
mediate couplings between states of equal excitation numbers.

Using this assumption, the idea is that we can simplify
the Hamiltonian by transforming it to a basis where the low-
excitation energies are unchanged. We use a Schrieffer-Wolff
transformation to eliminate the excitation-changing terms up
to the approximation order O(g?/w). The notation O(g?/w)
refers here to the parameters multiplying the products of an-
nihilation and creation operators, and we regard for simplicity
a and g to be of the same order, i.e., O(g) = O(«). The trans-
formed Hamiltonian is, after a Baker-Campbell-Hausdorff
expansion,

Hcljrcuit = Hircuit + [Sa Hcircuit]"'%[sv [S’ Hcircuit]]+0(g3/w2)v
(BS)

where S is the anti-Hermitian Schrieffer-Wolff generator,
which satisfies the condition [S, Zf’ wialTai] + Vgc = 0. Im-
posing this condition eliminates the excitation-changing terms
Vic at the cost of creating excitation-changing terms at order
O(g*/w) (and higher):

N
o
Héircuit ~ Z <wia3ai + E’d?afqm)
i
N,
+ Vep + |:S, Z ja?aja,-a,- + VEP:|

i

1
+§&%d+0@mﬂ. (B6)
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To compute the above commutators, we note that the imposed
condition is solved by
S=-— 4((1;(1; - a,-aj).

B7
o (B7)

l<j

Thus, the individual terms of the first commutator in Eq. (B6)
are

N N
208ii ,
|:S, Z 7aZaZakaki| = Z a),-a—:—gc;j (a 1 Ta] + al ja;aja )

k i<j

(B8)

[S, Vep] = +a]

ZZMM

i=1 k#i

(s

i<j k#i,j

8ik8 jk i
a.a;+aa;),
wj+wk>(l J l])

(B9)

where we used the fact that g;; = g;; is symmetric in the
indices. Equations (B8) and (B9) give excitation-changing
terms, both of order O(g?/w). As a result, their leading-order
contribution to the eigenenergies, i.e., the dressed energies,
of the low-excitation states is of the order O(g*/w?*), which
follows directly from the second-order energy corrections of
Rayleigh-Schrodinger perturbation theory, or an additional
Schrieffer-Wolff transformation. We note that O(g*/w?) is
small in comparison to the typical energy scales of the system
and is on the order of 10-100 Hz for conventional transmon
parameters. We consequently neglect the excitation-changing
terms in the transformed Hamiltonian in Eq. (B6).
Analogously, the second commutator in Eq. (B6) evaluates

to
1 Jr
E[SaVEC] Zzw,+a)k ia
i=1 k#i
L Z Z ( glkgjk 8ik8jk )(aTa-—i—aT.a-)
wit+wi a)j-i-a)k A
i<j k#i,j

(B10)

In contrast to Egs. (B8) and (B9), these terms are excita-
tion preserving and non-negligible. Inserting this result into
Eq. (B6) gives the approximate Hamiltonian used in Eq. (3):

+
Clrcult ~ E (a) a; a; + a a; a;a;

N
+ Z g’ij (aja_,- + a;ai) + O o), (B11)

i<j
N Zstéi g/ (@i + @), and g;; = gij — (1/2)
isi 1885/ (@5 + @) + gixgj/ (@) + 1)) up to approxi-
mation order O(g®/w?). We emphasize that the approximate

Hamiltonian is excitation preserving after having dropped the
excitation-changing terms of order O(g*/w).

where ! = w;

APPENDIX C: NODAL CIRCUIT ANALYSIS
FOR VIRTUAL COUPLING PROCESSES

Here, we derive the effective coupling between distant
transmons (modeled as linear harmonic oscillators for sim-
plicity) through a chain of intermediate electromagnetic
modes using classical circuit analysis. The derivation reveals
how virtual transitions through off-resonant intermediate
modes lead to exponential suppression of coupling with
increasing chain length. This analysis establishes the product-
over-detunings scaling that contributes to the overall spatial
and spectral suppression observed experimentally.

1. System setup and equations of motion

We consider two end resonators (representing transmon
qubits in their harmonic approximation) connected through a
chain of M intermediate electromagnetic resonators. We label
the end modes as b; and b,, and the intermediate modes as
C1, €2, ..., cy. The system Hamiltonian for nearest-neighbor
inductive coupling takes the form

M
Hey = wlb b + a)zb by + Za}cnc Ch
n=I
+ &by, (b}LC1 + bICD + e s (C;[bz + ch;)
M—1
+ Z 8eucntt (Cicnﬂ + CnCZH),

n=1

(CH

where w;, w, are the end-mode frequencies, w,, is the fre-
quency of the nth intermediate mode, g, , is the strength
of the exchange coupling between b; and ¢y, g, c,,, is the
strength of the exchange coupling between adjacent interme-
diates, and g,,.», couples ¢y to b;.

To connect this quantum Hamiltonian to classical cir-
cuit equations, we work with node-flux variables @ (the
time integral of voltage). For inductive coupling between LC
resonators, mutual inductances M;; enter through the inverse-
inductance matrix in the node-flux equations of motion. With
diagonal capacitance matrix, the equations of motion for the
end resonators read

Cidy + 2 Mg (€2)

et T L,

¥ qu Mc 2
G0 —2 - ¢, =0, C3
2Py, + L, LCNL2 N (C3)
and for the intermediate resonators (1 < n < N):
. (O3 M, M
Ce, o, + - = = P, — D =0, (CH)
Lcn Lcn Lcn_l Lcn Lcu+1

where M;; denotes the mutual inductance between resonators i
and j. These classical equations describe the same physics as
the quantum Hamiltonian in the low-excitation limit, as can
be verified through standard circuit quantization procedures
(see Appendix B).
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2. Normalized harmonic equations

To simplify the algebra, we introduce the dimensionless
mutual-inductive coupling coefficient
M;;

kij , (6]
j LL, (C5)

and the asymmetric ratio

- M; IL;
ki=—L=kj|—=. (C6)

Assuming harmonic time dependence e, defining the nat-
ural frequencies wiz = 1/(L;C;), and normalizing Eqs. (C2)—
(C4) by multiplying through by L;, we obtain

(0 + @7) @y, — @7 kp, ., P, =0, (C7)

(_wz + “)Lzu,) ., — wg,, Keyeo s @e, s — a)gn ECMM P, =0,
(C8)

(0 + @3) By, — @3 kpy 0y Doy = 0. (C9)

These normalized equations make the coupling structure
explicit and prepare us for the systematic elimination of in-
termediate modes.

3. Dispersive elimination of intermediate modes

We now work in the regime where the drive frequency
w is far detuned from all intermediate-mode frequencies
but remains close to the end-mode frequencies: |w — w,, | >
|w — w; 2|. This dispersive regime is central to virtual cou-
pling processes—the intermediate modes remain unexcited,
but mediate an effective interaction between the end modes.
For each intermediate mode, we solve Eq. (C8) to obtain

w? ~

J— Cn T
- wz _ wz [kaCn—l chn—l + kCn,Cn+1 (DCIH-I]'
Cn

(C10)

Cn

In the far-detuned limit, we approximate the denominator
using
2

W, — w = (0, + 0) (W, — ) = 2w, Ay, (C11)
where we define the detuning
Ay = o — o] (C12)
This gives the simplified off-resonant form
W, ~
q)cn = Z_An[kcn,cnqq)cnq + kCl1»Cr1+ch)Cn+l]' (C13)
For the modes directly adjacent to the end points, we have
W, =~ -
Cpcl = 2_A611[kcl,b1 q>b1 + kcl,cz qDL’g]’ (C14)
Wey 17 -
Dy = [key.oys Pey_y + key.b, Py |- (C15)
2AN

To streamline notation, we define the dimensionless dispersive
coefficients
We, =

;- ~
Ueycn = A, emCat Ay cnpr = ﬁ keycons  (C16)
n n
We, ~ (OB ~
acl,bl = Z_Acll kcl,bl ) OQ‘;\/.bz = ﬁ ch,b2~ (C17)

These « coefficients encode both the geometric coupling
strength (through k) and the energetic suppression from detun-
ing (through w/A). In the weak-coupling, far-detuned limit,
all o« < 1, which justifies the perturbative elimination that
follows.

4. Single intermediate mode (M = 1)

To build intuition, we first treat the simplest case: a single
mediator ¢; connecting the two end modes. With one interme-
diate mode, Eq. (C14) becomes

Do = b Op, + 0y b, Doy, (C13)
where
Xy = 2] (m=1,2) (C19)
clbm = 2A, c1,bm =1,2),

and A = |w — w,,|. Substituting this into the normalized
end-mode equations (C7) and (C9) gives

2 2 27 27
[(—0) + wl) - wlkblqclacl»bl]q)bl = wlkblqclaclqbz q>bz7

(C20)

[(_wz + a)g) - a)glzbz,clamqbz]q)bz = w%”gbzﬂlaclvbl cbbl .
(C21)

These coupled equations describe an effective two-mode sys-
tem with a frequency-dependent off-diagonal coupling

2
W7 We,

2A,

To connect this classical result to the quantum Hamiltonian
picture, we use the standard mapping between classical mu-
tual inductances and quantum exchange couplings. As derived
in Appendix B through circuit quantization, the quantum ex-
change rate is related to the dimensionless inductive coupling
by

Ky, e ke, by - (C22)

57
Ap(w) = o] kp, ¢, Qey b, =

T N e
8ij = ) ijs lj_\/[TLj’ ij = Kij L,

Applying this mapping to Eq. (C22) recovers the standard
second-order perturbation result

gb],C] gCl,bz ]
2

For nearly equal end frequencies (wyp, ~ wp, = wy,), this simpli-
fies to

~T

J = 1 C24
eff + . (C24)
1 Wp, — W,

a);,] — We

JD A 8bi.ci 8ci.by
eff ™ A
1

exhibiting the characteristic 1/A scaling of dispersive interac-
tions.

(C25)

s A= oy — o,

5. Two intermediate modes (M = 2)

With two mediating modes, the elimination procedure gen-
erates products of dispersive coefficients. The intermediate-

mode amplitudes satisfy
q)c'l = Ocy by cDbl + ey, qDCz’ cDCz = Ucy,cq CDCI + ey by q>b2 ’

(C26)
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where
Uo o, = 20§ Uoy oy = 22 |
c1,¢2 — A A Pey,e c2,¢c1 — A A Pooe
1,02 2A, 1,629 2,C1 2A, 2,C19
W > We,
Oy by = 2A1 kcl,blv ey by = 2A2 C2,by - (C27)

Solving Eq. (C26) iteratively to first order in the product
O, .c,0, ¢, (Which is small in the weak-coupling, far-detuned
limit) yields

D, X ttey by Poy + ey oy ey by Py
(C28)

Notice the structure: Each intermediate mode amplitude con-
tains a term proportional to the product of two « coefficients.
Substituting into the end-point equations produces the off-
diagonal transfer

<D62 ~ ey by q)bz T Ceyep Uy by q)bl .

2
O] e, Wy » =
After applying the quantum mapping in Eq. (C23), this be-
comes

9=
AIZ((U) = a)] kb],cl acl,czacz,bz =

8by,ci 8ci,cr 8ea,b
J(Z) ~ 1,C1 1,62 2,02 , C3O
eff Al AZ ( )
where we have dropped order-unity geometric factors for clar-
ity. The key observation is that the effective coupling scales as
the product of exchange couplings divided by the product of
detunings—a pattern that generalizes to arbitrary M.

6. General chain length (M intermediate modes)

For an arbitrary number of intermediate modes, we for-
mulate the elimination procedure as a matrix problem.
Collecting the intermediate amplitudes into the vector ®, =

(@, ..., P, )T, the intermediate-mode equations (C8) can
be written compactly as
Alw) @, = v(w), (C31)
where A(w) is the tridiagonal matrix with entries
(Al = @ — @,
[Alnni1 = = @2, Keyypas
(A1 = = @7 kepiycs (C32)

and the drive vector v(w) has only two nonzero components:
v = ke, p, ®p, and vy = wike, 5, Pp,. The physical inter-
pretation is clear: Only the modes directly coupled to the end
points (c; and cy) are driven, while all intermediate modes
respond only through their neighbors.

Formally eliminating the intermediate modes via
&, =A""v and substituting into the end-point equations pro-
duces the exact off-diagonal transfer coefficient

A (@) = &F kpy ¢, [AT (@)1t @3 Kepy - (C33)

The entire chain-mediated coupling is thus encoded in the
(1, M) element of the inverse matrix AL specifically, the
element connecting the first and last intermediate modes.

In the large-detuning regime where A, greatly exceeds all
link coupling strengths, the inverse matrix element can be
approximated using the exponential localization established

in Appendix A. For a tridiagonal matrix with off-resonant
elements, the end-to-end inverse matrix element factors ap-
proximately as

M M—1
_ W, >
A~ @) ~ [T T K- (C34)
n=1 =1

This factorization follows from the same matrix inversion
principles that give exponential decay in Appendix A, applied
here to the frequency-dependent dynamic matrix. Applying
the quantum mapping in Eq. (C23) gives the general product-
over-links-and-detunings formula

M
JM) ano 8n,n+1
eff T M A A
1_[11:1 n

where go.1 = gp,.¢, and gy p+1 = &cyy.b,- For clarity, we have
dropped order-unity prefactors that depend weakly on geom-
etry and frequency asymmetries.

To make the exponential suppression manifest, we intro-
duce geometric means:

I 1/(M+1) W 1M
g = (l_[ gn,nJrl) 5 A = (l_[ An) . (C36)
n=0 n=1

With these definitions, the effective coupling takes the com-

pact form
2\
M) o 5
et —8<Z> )

which exhibits explicit exponential suppression in the number
of intermediate modes M. For g/A « 1 (the dispersive limit),
each additional intermediate mode suppresses the coupling by
another factor of g/A.

The result in Eq. (C37) describes exponential suppression
with the number of mediating modes M. This establishes one
component of the unified scaling law presented in the main
text [Eq. (29)]. However, several important points deserve
clarification. In our device, circuit-mediated coupling occurs
primarily between nearest neighbors through intentional ca-
pacitive links, with longer-range circuit coupling suppressed
by the exponential decay of C~' entries (Appendix A). The
nodal analysis here describes virtual coupling through chains
of intermediate electromagnetic modes (either circuit modes
or cavity modes), which becomes relevant when consider-
ing indirect pathways. The number of intermediate modes
M scales approximately with physical separation in a dense
mode spectrum, but the precise relationship depends on mode
density and frequency allocation. Additionally, the detuning
factors A, in Eq. (C35) describe how far each intermediate
mode is detuned from the operating frequency. In parallel,
Appendix D analyzes a distinct mechanism: direct evanescent
electromagnetic coupling through the inductively shunted en-
closure, which exhibits Ky spatial decay and its own frequency
dependence. In our device, both mechanisms operate simul-
taneously, and the total coupling is Jitj‘-’tal = Jicjircuit + Jenclosure,
The unified scaling formula [Eq. (29)] provides an effec-
tive description that captures the combined effects of both
pathways.

; (C35)

(C37)
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APPENDIX D: CLASSICAL DERIVATION
OF BOUND-STATE COUPLING

We now develop a complementary electromagnetic frame-
work for understanding crosstalk in our inductively shunted
cavity. While Appendix C analyzed coupling through chains
of intermediate circuit modes, here we focus on direct electro-
magnetic coupling through evanescent fields in an enclosure
operating below its plasma cutoff frequency. The Green’s-
function approach reveals how the periodic metallic pillar
structure creates an effective plasma medium that expo-
nentially suppresses long-range electromagnetic interactions,
providing a second mechanism for crosstalk mitigation that
operates alongside the circuit-mediated pathways.

1. Evanescent modes in the plasma medium

In an inductively shunted cavity, the periodic array of
metallic pillars connecting the cavity lid and base modi-
fies the electromagnetic environment, effectively creating a
plasmalike medium. Following the established plasma model
framework developed by Spring et al. [37], we consider the
TM modes relevant to qubit coupling. Below the plasma
cutoff frequency, these modes become evanescent rather
than propagating, leading to exponential spatial localization.
The electromagnetic Green’s function G(r,1’) satisfies the
screened Helmholtz equation:

V2G(r, 1) — k*G(r,r) = =8(r — 1), (D1)

where the screening parameter (evanescent wave number) is
given by

(D2)

Here, w), is the plasma frequency set by the pillar spacing
and geometry, and v is the effective wave velocity in the
medium. The parameter « sets the inverse penetration depth
of evanescent fields—Ilarger « means faster spatial decay. For
our quasi-two-dimensional qubit array with translational in-
variance along the cavity axis, the Green’s function takes a
particularly simple form:

G, 1) = LKo(/c|r —r), (D3)

2

where K| is the modified Bessel function of the second kind of
order zero. This function exhibits exponential decay at large
distances, as we will see explicitly below.

2. Circuit model of the inductively shunted enclosure

To connect the abstract electromagnetic Green’s function
to the physical parameters of our device, we model the
inductively shunted cavity as a two-dimensional array of mag-
netically coupled LC resonators. Following the circuit-model
approach of Spring et al. [37], the impedance matrix Z,p for

an nxm array of resonators satisfies the relation
Zpl=V, (D4)

where I and V are the current and voltage vectors. As demon-
strated by Spring et al., this matrix can be decomposed using

a Kronecker sum:

Z2D = Zl(nD) @D Zl(g) - ZOInmxnmy (DS)

where @ denotes the Kronecker sum operation, Zy = iwLy —
i/(wCy) is the impedance of each uncoupled resonator, and
Z™" is the impedance matrix of a one-dimensional chain of n
coupled resonators:

Z -Z, 0 - 0
~Z, D ~Zy e 0
VAR e e (D6)
0 - —Z, Zn —Z
0o - 0 -Z Z

Here, Z, = iwL, is the coupling impedance between adjacent
resonators (determined by the mutual inductance of neighbor-
ing pillars), Z; = Zy + Z, + Z;, accounts for boundary effects,
and Z, = Zy + 2Z, describes resonators in the bulk of the
array.

The eigenvalue structure of this 2D system reveals how the
discrete resonator array approximates the continuum electro-
magnetic medium. The eigenvalues of Z,p, are related to those
of the 1D chains by

MZp)i; = MZ), + A(zfg))j —Z. (D7)
Resonant mode frequencies occur when A(Zyp);; = 0. For
open boundary conditions (L, = 0), the eigenvalues of the 1D
chain are

MZB), = Zo + 2Z, cos <Z> (DS)
n
which leads to the mode-frequency condition
1
? (D9)

“ = LoCo[1 + 2B(cos (Z) + cos (%))] '

where B = L,/L, is the dimensionless coupling parameter.
This yields the discrete mode frequencies

1
1+ 28005 () + cos ()

where wy = 1/4/LoCy is the natural frequency of an isolated
resonator.

; (D10)

wjj = Wo

3. Continuum limit and dispersion relation

In the continuum limit, where the number of resonators
becomes large (n, m — o0) and the lattice constant a remains
finite, we can replace the discrete mode indices with continu-
ous wave vectors. Substituting iwr /n — kya and jw /m — kya,
the discrete mode frequencies become a continuous dispersion
relation:

1

ky, ky) = '
w(ky, ky) wO\/l+2ﬁ(cos(kxa)+COS(kya))

(D11)

Near the band minimum (small wave vector limit), we can
expand the cosines to quadratic order:

cos(kea) + cos(kya) ~ 2 — 1a* (ki + kyz) (D12)
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This gives the quadratic dispersion relation near the cutoff

frequency w, = wy/+/1+4p:

1 k?
w(k) %a)c(l + ——),

D13
22 (D13)

where k% =1/ (Ba?) sets the characteristic wave vector scale,
and the effective wave velocity is v? = %(1 + 48). For the
TM-like band edge of the shunted enclosure, we identify
w. = w, and subsequently use w. to denote the cutoff. Com-
paring this dispersion relation with the continuum description
in Eq. (D2), we see that the circuit model directly yields the
plasma-like behavior with the same effective velocity v.

4. Coupling through transimpedance

Having established the mode structure, we now turn to
calculating the coupling between qubits. The coupling rate
between two qubits i and j can be expressed through network
theory in terms of the transimpedance Z;;(w) between their
circuit nodes:

J: = _l a)iwjlm Zij(wi) n Z,'j(a)j)
! 4V LiL; w; wj ’

where w; and w; are the qubit frequencies, and L; and L; are
their effective inductances. The transimpedance itself can be
expressed as an overlap integral involving the electromagnetic
Green’s function and the current distributions J;(r) and J;(r)
associated with each qubit:

(D14)

Zii(w) = iwpo f/ Ji(r) - G(r, 7 w) - J;(t)d*rd’. (D15)

By reciprocity in the passive enclosure, Z;; = Z;;. This for-
mula shows that the coupling is determined by how the current
distributions of the two qubits overlap through the intermedi-
ary of the electromagnetic Green’s function essentially, how
well the field from one qubit reaches the other.

For a cavity or waveguide system with discrete modes,
the Green’s function can be expanded using the eigenmode
functions f,, (r) and the density of states p(w):

Gt ) = / P OESE)

o (D16)

For large-area devices, the sum over discrete modes is well
approximated by this continuum integral near the band edge.
In our two-dimensional geometry with dispersion relation
o~ w. + ”;—alf near cutoff [from Eq. (D13)], the density of
states is

() = 22 (D17)
plw) = 2702’

where A is the in-plane area of the device.

5. Resolvent representation and the modified Bessel function

When a qubit with frequency w, < w,. (below cutoff) is in-
troduced into this system, it couples to the continuum of cavity
modes above the cutoff frequency. To evaluate this coupling,
it is convenient to work with the momentum-space resolvent.
Using the dispersion relation a)]% — w? ~ v2(k* 4 «?) near the

band edge, we can write
d2k eik-(r—r’)
Q)2 k2 4+ kX(w)’

G, 1v;w) = (D18)
where k? = (0> — ®?)/v?* is the screening parameter from
Eq. (D2), and v is the effective wave velocity derived from
the dispersion relation. The denominator k> + k2 shows that
the poles of the Green’s function lie off the real axis, corre-
sponding to evanescent rather than propagating modes.

Performing the angular integration in polar coordinates
yields

1
GR,w) = o ey dk = o Ky(kR),
where we have used a standard Bessel-function identity. This
confirms the modified Bessel-function form obtained earlier
in Eq. (D3), now derived from the momentum-space formula-
tion, up to overall normalization absorbed in Z;;.

For completeness, we note that at frequencies above cutoff
(0 > w,), we substitute k — ig, where g(w) = /w? — w2 /v
is now real. Using the identity Ky(igR) = %iHél)(qR), where
Hél) is the Hankel function of the first kind, we obtain

1 /°° k Jo(kR) 1Y)
0

: L)
GR;o 2 ) = 7Ho (q(@)R), (D20)
which exhibits oscillatory behavior |G| ~ 1/+/Rx¢ R char-
acteristic of propagating waves. This confirms that operating
below the cutoff frequency is essential for achieving exponen-
tial spatial localization of electromagnetic fields.

6. Bound-state length and spatial decay

Returning to the below-cutoff regime relevant to our de-
vice, the Green’s function also satisfies the 2D Helmholtz
equation

(V2 — k3G, 1, w) = =8(r — 1), (D21)
whose solution is
1
G, v, w) = —Ky(k|r — 1')). (D22)
2

The characteristic length scale for spatial decay is the bound-
state length, defined as the inverse of the screening parameter:

1 v v
817:_:

K \/sz e V20 (e — wy)

Qubits separated by distances much larger than §, experience
exponentially suppressed enclosure-mediated coupling. From
the circuit model parameters derived earlier, this bound-state
length becomes

(D23)

1448 1

48 ) vV 2(w, — wq)/a)c ,

which shows explicitly how the pillar spacing a and cou-
pling parameter B control the spatial reach of evanescent
electromagnetic fields. This formula provides direct design
guidance: Smaller pillar spacing a or larger coupling param-
eter B (achieved through stronger mutual inductance between
pillars) reduces §, and tightens the spatial localization.

S =a (D24)
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The asymptotic behavior of the modified Bessel function
for large argument,

T
Ko(kR) ~ /ﬁe*“R (KR > 1),

makes the exponential spatial decay explicit. Finite losses
(¢ — & + in) add further suppression and do not alter the Ky
envelope. Any transimpedance built from the overlap integral

(D25)

inherits this e~ scaling at large distances.

7. Coupling for localized qubit distributions

For compact qubit structures, where the current distri-
butions J; and J; are well localized compared to the qubit
separation d;;, we can approximate the current overlap by
localized weights. In this limit, the transimpedance simplifies
to

iw

Zi' ] Gd,"; =
() xiwG(d;j; ) T

Kolk (@) djj], (D27)
where geometric form factors have been absorbed into an
overall prefactor. Using the coupling formula from Eq. (D14)
and noting that Kj is real and positive for real «, while Z;; o

iwx (real), we obtain

Jij = Jo[w] Kok (;)dij) + i Ko(k(w))d;j)],  (D28)
where the prefactor is
1 |GC;
Jo= — | ), D29
0= L, x(1oGij) (D29)

with G;; encoding geometric overlap factors specific to the
qubit geometries.

8. Frequency-dependent coupling

We now address the important case of two qubits with
different frequencies w; # w;. For large qubit separations
where d;; > §,, we can use the asymptotic form of K, from
Eq. (D25):

e*K(wi)dij

+
Ve(pdi;  \Jk(w))d;

e*K(wj)d,-,v

Jij & io[ } (D30)

where Jy absorbs geometry-dependent prefactors. To analyze
how the coupling depends on the frequency difference, we
define the average frequency @ = (w; + ;)/2 and frequency
difference Aw = w; — w;. A first-order Taylor expansion
gives

_, K@) _ _
k(wij) =k x > Aw, k =«k(w),
k(@) = — ;" - (D31)
v/ w? —w

c

Inserting Eq. (D31) into Eq. (D30) and treating the slowly
varying prefactors 1/+/kd as approximately constant yields

]ij o e ki [e—K’(LD)(Aa)/Z)di/ +e+K'(&))(Aw/2)d,-/]
—kd;j /= Aw

= 2¢ % cosh [—K (@) - diji|’ (D32)
which shows that the dependence on the detuning enters
through a hyperbolic cosine function.

For two qubits with different frequencies, the complete
analysis of the impedance integral (accounting for both the
spatial evanescence and the frequency-dependent denomina-
tors in the mode expansion) reveals that the transimpedance
has the form

2_ 2
Vi —o
v

Zij(@) x io Ko(k(@)dij), k(@)= (D33)
For large separations (kd;; > 1),
e*K(w)dij
Zij(w) ~ iw (D34)

,/K((,())d,‘j.

For two frequencies w; and w; with average @ = (w; + w;)/2,
expanding « (w; ;) around & and combining the spatial decay
terms yields

e *di 1,
Jii « ———cosh | = |K (cu)| |(,()l' — wj|dij . (D35)

VK dij 2

For the device parameters relevant to this work—qubit fre-
quencies w, /2w ~ 5GHz, cavity cutoff w./2m ~ 33 GHz,
and typical separations d;; ~ 2 mm—the argument of the hy-
perbolic cosine is small. Consequently, frequency-dependent
variations in the evanescent decay rate « (w) contribute negli-
gibly to the electromagnetic coupling strength in this device
architecture.

9. Unified coupling formula
Collecting these results, we can write a compact expression
that captures both the spatial and spectral suppression:
[ (@)] |w; — w)] dij]
> .

J;e]pclosure = Jo Ko(k d;j)x cosh |:
(D36)

For large separations where d;; > 8 fr, using the asymptotic
form Ky(x) ~ /7 /(2x) e™", this becomes

Jenctosre o € e (D37)
; i

The spatial decay is exponential with characteristic length
3y, modulated by a weak 1 /\/cfj power law arising from
the two-dimensional geometry of the enclosure. In our
device, both circuit-mediated coupling (through the capaci-
tive/inductive network, with exponential decay of C~! entries
established in Appendix A and virtual-process suppression
from Appendix C) and enclosure-mediated coupling (through
evanescent electromagnetic fields analyzed here) operate
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TABLE I. Comprehensive microwave characterization for all 16 qubits. Frequencies , /27 (readout) and w, /27 (qubit), internal quality
factor Q;, external coupling rate .y, dispersive shift y, anharmonicity «, and coherence times 71, Tog, T2 (averaged over 400 measurements).

Parameters w, /27 Wy /27 0O; Kext X /2w o/2m (1) (Trr) (Tre)
Qubits (MHz) (MHz) x10* (MHz) (kHz) (MHz) (us) (us) (us)
0, 9997.4 4888.2 11.7 2.6 —200.0 —196.6 126 £18 107 £12 124 £23
O 9386.0 4795.6 11.8 1.3 —225.0 —197.2 89113 56+ 15 86+ 12
0; 9299.2 4807.5 6.5 1.8 —200.0 —196.2 6116 44+5 102+ 18
[on 8649.5 4809.8 53 2.8 —200.0 —198.6 54+9 39+ 14 97+20
0Os 8755.6 4855.3 3.1 0.8 —225.0 —196.4 68+ 10 38+4 45+£10
Os 9220.6 4824.8 6.4 0.5 —225.0 —194.0 63+7 49+4 68+ 10
0, 9474.2 4928.5 10.8 1.7 —175.0 —195.6 77+£12 45+ 12 82415
Os 9908.6 4829.5 5.8 2.0 —175.0 —197.2 63+8 3247 718
Q9 9802.3 4963.4 7.8 44 —250.0 —195.0 24+7 2445 3349
Qo 9535.4 4817.2 7.3 32 —200.0 —196.9 51+£10 35+9 63+ 17
On 9112.8 4835.4 16.5 1.4 —-175.0 —196.1 74+7 49+3 78+ 13
On 8851.8 4777.3 114 0.9 —250.0 —196.4 92+24 57+11 76+ 15
03 8943.2 4884.0 16.7 1.6 —175.0 —195.3 102+ 13 63+7 107 £22
(o 9025.3 4855.2 9.3 1.4 —-175.0 —197.0 56+12 56+10 60+ 15
0Ois 9645.5 5040.2 73 1.7 —225.0 —196.1 55+7 58+9 6519
O 9728.7 4792.8 24.6 2.7 —175.0 —197.5 6016 46+ 4 65+9
Summary statistics
Max 9997.4 5040.2 24.6 44 —175.0 —194.0 126 107 124
Min 8649.5 4777.3 3.1 0.5 —250.0 —198.6 24 24 33
Mean (1) 9333.5 4856.5 10.1 1.9 —203.1 —196.4 71 51 78
Std. Dev. (o) 407.1 73.0 53 1.0 26.3 1.1 21 17 20
o /N (N = 16) 101.8 18.3 1.3 0.2 6.6 0.3 5 4 5
. . ) )
simultaneously. The total coupling is N [2 (AAI 5 +[O(la;(_£ ) /z] )(al t o)
J;;)tdl — Ji(}lrcmt + Jiejpclosure' (D38) 12 1 12 2

Both mechanisms predict exponential spatial decay through
distinct physical pathways. The circuit-mediated contribu-
tion exhibits frequency-dependent suppression through virtual
processes when intermediate modes are off resonant (Ap-
pendix C), while the enclosure-mediated contribution shows
weak frequency dependence within the parameter regime of
this device.

APPENDIX E: SPECTATOR EFFECTS ON ZZ COUPLINGS
FOR NEAREST-NEIGHBOR TRANSMONS

In this Appendix, we estimate the error of neglecting

spectator effects in Eq. (31), which gives the ZZ coupling
spectator . .

{1 for a pair of nearest-neighbor transmons. Here, spec-
tator effects refer to the fact that the pair of transmons is
capacitively coupled to additional transmons. We suppose that
the additional transmons are in their ground state. We label
the transmons in the pair with 1 and 2, and the spectator qubit

with 3. Then, by relabeling 2 <> 3 in Eq. (32), the ZZ coupling

¢ 2" including the spectator effect of transmon 3 directly
follows:
é_spectator _ 2(Oll + Ol2) <J{2 _ A/al + a2>2
2 (A + o)A — ) 2

+ 4(a) — az)
(A +a))(App —az)

+
(Alz + o ) 062>A,-]1/2

(A13 + AZS) ” 4 3

At A a3a3}A +OJ"/A%), (El)
where J{, = Ji2 + %113123(A+3 + A%z) =Jip + A (Az+Az)
and A = Ji3J23/(2A13A23). We remark that O(J4/A3)
denotes terms proportional to, e.g., J},/A}, and
JHJ3 /(A1nA3,). Assuming Jia & Jp3, these terms are
negligible in comparison to the leading-order contribution ¢},
in Eq. (31).

To estimate the spectator error Aljy = {12 — ¢ho o, we
draw attention to the facts that /13| < |[J12], [J23] and |J;;] <
|A;j| for all i # j (see Table I). Thus, |A’| <« 1, which war-
rants an expansion of Eq. (El) to first order in A’. We also
note that |o; — an| K |1 4+ a2|. With these observations, we
find that the second and third terms in Eq. (E1) are negligible,
and that the spectator error is

2(ay + o)
(Ap +a))(Ap —az)
— (a1 + o)A+ O(aA?, T}, [ AY).

AVSTIES Jia[2(A12 + Azz)
(E2)

Further comparing the spectator error with ¢, in Eq. (31)
reveals

Al | 'Z(An + Ag3) — (o +062)A/
t12 Jin
A Arz — 20 J
%' 12+ Axz — (o) + )/ Hi’ (E3)
AV] Agz
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FIG. 7. Spatial and spectral scaling of static ZZ interactions. (a) Detected ZZ couplings as a function of Manhattan distance D across
the 4 x4 lattice. An increasing fraction of qubit pairs fall below the Ramsey sensitivity at larger separations, indicating strong suppression
beyond nearest neighbours; averages at D > 2 should therefore be interpreted as conditional on detection. (b) The same data replotted as
a function of Euclidean distance, showing consistency with a short-range interaction length scale comparable to the enclosure bound-state
prediction (8, ~ 2 mm), although the functional form of the decay is not uniquely determined by the detectable subset. (c) Measured ZZ
couplings as a function of qubit—qubit detuning |w; — w;| for representative pairs, illustrating the role of spectral separation in suppressing
virtual exchange. (d) Effective exchange couplings J extracted from the ZZ measurements using the standard dispersive relation. Neglecting
spatial and spectral scaling leads to systematic overestimation of long-range couplings, while incorporating both dependencies yields a nearest-
neighbour-dominated interaction picture. All panels use frequency units after division by 2.

where we in the last approximate equality have assumed
Ji2 & Jp3. Viewing Table I, we note that A3 is on a similar
scale as A and (o) + «2)/2, implying that the first factor in
Eq. (D11) is of scale ~1. Therefore, we conclude that

‘Aflz
t12

< 1, (E4)

and that the spectator effects are negligible for the nearest-
neighbor ZZ couplings.

APPENDIX F: ADDITIONAL DEVICE PARAMETERS
AND MEASUREMENTS

This Appendix provides comprehensive device characteri-
zation supporting the crosstalk analysis in Sec. V. We present
three key validation results: (1) exponential spatial decay of
ZZ couplings consistent with the bound-state length §, pre-
dicted in Appendix D, (2) frequency-dependent suppression
following dispersive scaling, demonstrating that naive extrac-
tion of J from ZZ measurements overestimates long-range
interactions, and (3) frequency stability below 1 kHz across all
qubits, confirming that slow drift does not limit our crosstalk
characterization. Together with fabrication details and enclo-
sure transmission measurements, these results establish the

experimental foundation for the crosstalk model presented in
the main text.

1. Spatial and spectral scaling of ZZ interactions

Figure 7 summarizes statistical trends in the measured
static ZZ interactions across the 4x4 lattice. Figure 7(a)
shows ZZ couplings as a function of Manhattan distance
D for all qubit pairs, where values indistinguishable from
the independently characterized Ramsey frequency fluctua-
tions (Appendix F2) are treated as nondetections. While the
number of detectable couplings decreases rapidly with in-
creasing separation, the remaining detected values indicate
strong suppression beyond nearest neighbours. Because an
increasing fraction of couplings at D > 2 fall below the ex-
perimental sensitivity, averages at larger distances should be
interpreted as conditional on detection and primarily pro-
vide upper bounds on typical ZZ magnitudes rather than
defining a unique decay law. Figure 7(b) replots the same
data as a function of Euclidean distance, showing that the
detectable couplings are consistent with a short-range in-
teraction length scale, in agreement with expectations from
capacitance-matrix localization (Appendix A) and evanescent
enclosure-mediated fields (Appendix D). Given the limited
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dynamic range set by measurement resolution, the data do not
uniquely distinguish between functional forms of decay.

Figures 7(c) and 7(d) address the role of qubit frequency
detuning. Figure 7(c) shows measured ZZ couplings as a
function of detuning |w; — ;| for representative qubit pairs.
Significant scatter is observed, and no simple monotonic de-
pendence on detuning is expected for ZZ interactions, which
can become enhanced near the edges of the straddling regime.
In Fig. 7(d), the same data are converted to effective exchange
couplings J using the standard dispersive relation [53]. In this
representation, an overall suppression of J with increasing de-
tuning is observed, consistent with virtual-exchange-mediated
coupling. If spatial and spectral dependencies are neglected,
the extracted J values substantially overestimate long-range
interactions. Only after incorporating both spatial separa-
tion d;; and detuning |w; — w;| via Egs. (29) and (33) do
the inferred couplings collapse onto a consistent, nearest-
neighbour-dominated picture. This demonstrates that joint
spatial and spectral scaling is essential for quantitatively ac-
curate crosstalk modeling in multiqubit architectures. A direct
comparison between scaled and unscaled extraction of J from
measured ZZ shifts is shown in Fig. 6(b), where neglecting
spatial and spectral scaling is seen to systematically overesti-
mate long-range couplings.

2. Frequency-stability validation

Extracting static ZZ couplings from spectroscopy requires
that qubit frequency fluctuations remain small compared to
the measured interaction strengths. Figure 8 demonstrates that
our device satisfies this criterion. Figure 8(a) shows continu-
ous Ramsey monitoring of Q; over approximately 12 h (~400
sequential measurements). The extracted frequency fluctuates
slowly with a standard deviation of 0.88 kHz. Figure 8(d)
extends this analysis across the full 4x4 lattice. Frequency
fluctuation levels for each qubit appear as numbers inside
the circles (lattice positions), while nearest-neighbor ZZ in-
teraction strengths are shown as colored connecting lines.
The device-wide average fluctuation is 0.88 kHz, which lies
below even the weakest ZZ coupling included in our analysis
(~3kHz for the most detuned nearest-neighbor pair). This
margin ensures that slow frequency drift introduces negligible
systematic error in the extracted ZZ rates. The lack of spatial
correlation between fluctuation levels and lattice position fur-
ther confirms that environmental noise rather than crosstalk
drives the observed frequency instability.

3. Comprehensive qubit characterization

Table I provides full microwave characterization for all
16 qubits. Several trends emerge from the statistics. First,
qubit frequencies span 4.78-5.04 GHz and are arranged into
two interleaved bands near 4.8 and 4.9 GHz, confirming suc-
cessful implementation of the two-band frequency allocation.
This ~250 MHz frequency range provides sufficient detun-
ing to suppress nearest-neighbor exchange couplings while
maintaining addressability. Anharmonicities cluster tightly
around o/2mr = —196.4 + 1.1 MHz, indicating highly uni-
form Josephson junction fabrication across the chip. The small

0.6% variation in « validates our assumption of identical qubit
nonlinearity in the theoretical model.

Coherence times, however, show significant device-to-
device variation. 7 ranges from 24 to 126 us (mean 71 ps),
while Tyg spans 33—124 us (mean 78 us). This ~5x spread is
typical for fixed-frequency transmon arrays and arises primar-
ily from variation in two-level systems defect density rather
than crosstalk, as evidenced by the lack of spatial correlation
between coherence and lattice position. Qubits with short T}
do not cluster near high-connectivity regions, nor do they
correlate with large ZZ rates. The readout resonator inter-
nal quality factors Q; vary by nearly an order of magnitude
(3.1-24.6x10%), likely reflecting variations in surface par-
ticipation ratio and material loss. Dispersive shifts y range
from 175 to 250 kHz, chosen to provide fast high-fidelity
readout while maintaining | x| < « for the rotating-wave ap-
proximation. All parameters fall within the ranges expected
for state-of-the-art fixed-frequency transmon devices.

4. Effect of scaling corrections on nearest-neighbor couplings

Figure 6 summarizes the comparison of nearest-neighbor
exchange couplings in the 4x4 lattice obtained from two
different treatments of the same experimental data by taking
the first term in the analytical expression described in Eq. (31),
and by using the scaling model in Eq. (33) incorporating
exponential scaling as a function of Euclidean distance. For
each of the 24 nearest-neighbor pairs (D = 1), the J values
extracted from measured ZZ shifts are compared against the
corresponding values obtained after applying the distance—
frequency scaling model. The corrections for D = 1 pairs are
effectively zero, as expected, confirming that the scaling func-
tion correctly preserves nearest-neighbor couplings. The large
base coupling strengths (J/2mw ~ 0.4-1.1 MHz) and small
relative detunings (Jo; — w;|/2m ~ 30-100 MHz, well below
the characteristic suppression scale Ag/2m ~ 200 MHz) en-
sure that the exponential frequency term remains perturbative.

Table II extends this comparison to the first non-nearest
pairs (D = +/2), corresponding to diagonal couplings across
unit cells. In this regime, the scaling corrections become
significant: Exchange couplings extracted from the measured
ZZ shifts span 5-316kHz, while the corresponding values
obtained after applying the distance-scaling model decrease to
2-97 kHz, yielding an average reduction of roughly 70%. The
mean difference (136 kHz) indicates that diagonal interactions
are strongly suppressed by the exponential distance factor,
consistent with the measured spatial decay trend in Fig. 6(b).
This validates that the unified scaling model effectively atten-
uates long-range and diagonal interactions while maintaining
the designed nearest-neighbor network connectivity.

5. Device fabrication and pillar architecture

Figure 9 presents the fabricated 4 x4 superconducting qubit
array and its engineered enclosure. Figure 9(a) shows an
optical micrograph of the device. Each transmon consists
of a single Josephson junction (fabricated via double-angle
shadow evaporation) shunted by a capacitor. The readout
resonators are patterned on the opposite chip face, physi-
cally isolating the resonator structures from the qubit plane
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FIG. 8. Frequency-stability characterization. (a) Continuous Ramsey monitoring of qubit Q; over 12 h shows slow frequency fluctuations
with 0.88 kHz standard deviation. (b) Distribution of frequency fluctuations across the monitoring period, yielding Af — (Af) = 0kHz £+
0.27 kHz. (c) Representative Ramsey data for Q; with sinusoidal fit used to extract the instantaneous qubit frequency. (d) Frequency fluctuation
levels across the lattice (numbers inside circles) compared to nearest-neighbour ZZ rates (colored links). The average fluctuation of ~0.88 kHz
lies below the weakest measured ZZ coupling, validating the effective resolution of the Ramsey-based ZZ measurements.
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FIG. 9. Fabricated device and inductive shunt architecture. (a) Optical image showing 16 transmon qubits with through-silicon-via readout
resonators. The total device footprint is 10 mm?. (b) Pillar-array schematic: Aluminum posts connect lid and base, creating inductive shunts
with cutoff w. ~ 1/a, independent of enclosure size L. (c) Cross section showing pillars interleaved between qubits. This off-chip approach

requires no additional lithography and maintains tileability for scaling.

to minimize parasitic capacitive crosstalk between circuit el-
ements. Figures 9(b) and 9(c) illustrate the inductive shunt
pillar strategy developed to suppress enclosure-mediated cou-
pling. A periodic array of cylindrical aluminum pillars directly
connects the enclosure base and lid, with each pillar press
fit into precision-machined holes and bonded using indium
for both mechanical stability and low-resistance electrical
contact. These pillars act as distributed inductive shunts that
modify the cavity electromagnetic mode structure, raising the

TABLE II. Pairs at first next-nearest neighbors (D = 1.414)
comparing measured and distance-scaled calculated couplings using
the exponential suppression model in Eq. (33).

Unscaled J/27 Scaled J /27 Difference
Pair (MHz) (MHz) (MHz)
01-0s 0.0853 0.0261 0.0592
0,05 0.2298 0.0704 0.1594
0,-0 0.2107 0.0645 0.1462
05-0s 0.2744 0.0840 0.1904
05—0s 0.3160 0.0968 0.2192
04-0 0.2837 0.0869 0.1968
0s5—0o 0.2974 0.0911 0.2063
Q6—0Q9 0.1320 0.0404 0.0916
Q6—011 0.1305 0.0399 0.0905
0,00 0.1828 0.0560 0.1268
0:-01n 0.0801 0.0245 0.0556
0s—0n 0.2399 0.0735 0.1664
Qo014 0.2024 0.0620 0.1404
Q10—013 0.3066 0.0939 0.2127
010015 0.1127 0.0345 0.0782
011—014 0.0055 0.0017 0.0038
011-0i6 0.1669 0.0511 0.1158
012015 0.2619 0.0802 0.1817
Summary statistics
Mean (u) 0.1955 0.0599 0.1356
Std. Dev. (o) 0.0872 0.0267 0.0605
Min 0.0055 0.0017 0.0038
Max 0.3160 0.0968 0.2192

fundamental mode frequency from w?¢/27 ~ 11 GHz (bare
rectangular cavity) to @ /2z ~ 34 GHz (shunted cavity),
as validated by simulation in Appendix E.

The key design principle is that the cutoff frequency
scales as w./2m o« 1/a, where a is the pillar spacing, in-
dependent of the total enclosure size L. This decoupling
enables suppression of long-wavelength cavity modes with-
out constraining the device footprint-essential for scaling
to larger arrays. In our implementation, a = 2mm pillar
spacing yields w./2m ~ 34 GHz, placing the 4.8-5.0 GHz
qubit operating band firmly in the evanescent regime where
wy < w.. Fields at qubit frequencies cannot propagate across
the enclosure and instead decay exponentially with character-
istic bound-state length §, ~ 2 mm [Eq. (D24)], suppressing
enclosure-mediated crosstalk by factors of e=%i/% ~ 0.5-0.01
for qubit separations spanning 1-2 mm.

Practically, the pillar architecture requires precision-
aligned through-wafer holes (500 um diameter) in the silicon
substrate, but critically involves no additional chip-level
lithography or metallization. The pillars are entirely off-chip
components, maintaining fabrication simplicity while achiev-
ing dramatic crosstalk reduction. The interleaved positioning
between qubits preserves tileability: The same pillar lattice
can be extended to arbitrarily large arrays without redesigning
the qubit layout, making this approach directly scalable to
surface-code-scale devices.

6. Enclosure transmission measurements

Figure 10 validates the pillar-induced mode engineering
through both electromagnetic simulation and cryogenic Sy
measurements. Figure 10(a) defines the geometry: A square
enclosure of total size L contains a periodic pillar array with
spacing a, yielding cutoff frequency w, ~ 1/a from the circuit
model (Appendix D). Figures 10(b)-10(e) show HFSS finite-
element simulations of transmission between coaxial ports
placed at representative qubit positions on the chip.

The simulations reveal a dramatic transformation of the
mode structure. In the bare enclosure [Figs. 10(b) and 10(d)],
transmission exhibits strong resonances starting near
11 GHz. These near-resonant cavity modes provide efficient
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FIG. 10. Enclosure transmission measurements validate mode engineering. (a) Geometry: Pillar spacing a sets cutoff w, ~ 1/a, indepen-
dent of size L. (b)—(e) HFSS simulations show mode shift from ~6 GHz (bare) to >13 GHz (shunted). (f), (g) Experimental S,; at subkelvin
temperature confirms 15-25 dB isolation improvement with pillars, placing qubits firmly in the evanescent regime where o, < w..

pathways for enclosure-mediated qubit—qubit coupling,
limiting crosstalk suppression. With pillars inserted, the mode
spectrum shifts entirely: The lowest resonances now appear
above 35 GHz, and the 4-10 GHz range shows significantly
reduced transmission. This frequency shift directly confirms

the plasma-model prediction [Egs. (D11)-(D13)]: The
inductive shunts create an effective high-pass filter that
suppresses long-wavelength electromagnetic modes.

Figures 10(f) and 10(g) present experimental validation
through S;; transmission measurements performed at sub-
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FIG. 11. Simulated electric field distributions of the first six modes of the shunted enclosure. The panels have been arranged with two modes
per row to improve readability of the color-coded field labels and mode annotations. All mode frequencies lie well above the qubit operating
band (4.8-5.0 GHz), confirming that the device operates in the evanescent regime where enclosure-mediated coupling is exponentially
suppressed with distance. The enclosure geometry is omitted for clarity. Degenerate mode pairs (2-3 and 5-6) reflect the fourfold symmetry
of the structure.
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kelvin temperature. We compare multiple port pairs in
enclosures with and without the pillar array, spanning the
frequency range relevant to device operation. While indi-
vidual cavity resonances are not sharply resolved—due to
mode overlap, finite port coupling, and residual loss—the
broadband suppression is unmistakable. Across all port pairs
measured, the pillar-equipped enclosure shows 15-25dB
higher isolation over the 4-10 GHz range compared to the
bare enclosure. This isolation improvement directly translates
to exponentially suppressed qubit-qubit coupling mediated by
cavity fields. This engineered electromagnetic environment,
combined with the naturally localized capacitance matrix
structure (Appendix A), achieves the exponential spatial
suppression of crosstalk observed in Sec. V—without sacrific-
ing nearest-neighbor coupling strength or requiring complex
mode-matching structures.

APPENDIX G: NUMERICAL SIMULATION: FIELD
DISTRIBUTIONS AND CUTOFF ENGINEERING

To validate the electromagnetic model developed in
Appendix D and quantify the effect of inductive shunting
on the enclosure mode structure, we performed full-wave
finite-element simulations of the cavity enclosure with and
without the periodic pillar array. These simulations demon-
strate how the inductive shunts raise the electromagnetic
cutoff frequency, pushing propagating modes above the qubit
operating band and creating the evanescent regime essential
for crosstalk suppression.

1. Effect of inductive shunting on mode spectrum

The key observation is that the fundamental mode fre-
quency increases from 11 GHz (bare enclosure) to 34 GHz
(shunted enclosure). This directly validates the plasma-model
prediction from Appendix D: The periodic inductive shunts
create an effective plasma medium with raised cutoff fre-
quency w.. We recall that our qubits operate at 4.8-5.0 GHz,
which is below the shunted-enclosure cutoff of 34 GHz. In
the bare enclosure, the fundamental mode at 11 GHz is only
2x above the qubit band, allowing near-resonant enclosure-

mediated coupling. The inductive shunts move the device
firmly into the evanescent regime where w,; < ., as required
by Eq. (D2).

In addition, the shunted enclosure exhibits a higher density
of modes above cutoff, with many closely spaced resonances.
This is consistent with the formation of a dense photonic
band structure above the plasma frequency, as predicted by
the circuit model in Egs. (D11)—(D13). From the circuit pa-
rameters extracted in Appendix D, the predicted cutoff is
w. = wy/+/1+ 4B, where B = L,/Ly is the coupling param-
eter. The observed cutoff shift implies 8 ~ 0.35, consistent
with the pillar geometry and spacing used in the device.

2. Spatial field distributions

Figure 11 shows the numerically simulated electric field
distributions for the first six enclosure modes in the presence
of inductive shunt pillars. The eigenmodes are plotted without
the enclosing geometry for clarity, emphasizing the spatial
field patterns. The simulated frequencies are 34.08, 35.28,
35.28, 36.43, 36.99, and 35.99 GHz, corresponding to the
lowest resonances of the modified enclosure—all well above
the 4.8-5.0 GHz qubit band.

Several features are evident from the field patterns. Modes
2-3 and 5-6 exhibit near degeneracy, reflecting the fourfold
rotational symmetry of the square enclosure and the peri-
odic unit-cell structure of the via array. The small frequency
splitting arises from weak symmetry breaking due to port
locations. Further, all modes show clear standing-wave pat-
terns with nodes and antinodes, characteristic of resonances
in a bounded cavity. The wavelengths are short compared to
the enclosure size (A ~ 1-2 cm for modes at 34-36 GHz).
Importantly, at the qubit operating frequencies (4.8-5.0 GHz),
which lie far below the fundamental mode at 34 GHz, no prop-
agating modes exist. Fields at qubit frequencies are purely
evanescent, decaying exponentially from any source with the
characteristic length scale 6, = v/,/2w.(w. — wy) ~ 2.1cm
(using the parameters from Appendix D). This evanescent
nature is the key to crosstalk suppression: Qubits separated
by distances d;; > §; experience exponentially suppressed
enclosure-mediated coupling, as observed experimentally in
Sec. V.
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