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Abstract

The extent to which the geometry of an object is determined by some associated spec-
tral data is a longstanding problem. We investigate this problem in the context of the
Steklov spectrum, focusing on convex polygons. We prove that almost all triangles
are uniquely determined by their Steklov spectra within the class of all triangles; fur-
ther results depending on the types of angles in the triangles are given. We examine
three special classes of convex quadrilaterals—rectangles, parallelograms, and kites—
and obtain results ranging from unique spectral determination to determination up to
three possibilities. For regular n-gons, we are again able to prove spectral determi-
nation within certain classes of polygons. More generally, we investigate the extent
to which the Steklov spectrum distinguishes convex polygons from simply-connected
domains with smooth boundary; that is, does the Steklov spectrum detect corners? We
prove that triangles and quadrilaterals are spectrally distinguished from such smoothly
bounded domains; moreover, we show that having the same Steklov spectrum as such
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a domain imposes substantial restrictions on the edge lengths of higher-order n-gons.
Throughout, our main tool is the characteristic polynomial developed in [20, 22].

Keywords Steklov eigenvalues - Dirichlet-to-Neumann map - Inverse spectral
problem - Polygon - Characteristic polynomial - Isospectral

Mathematics Subject Classification 58C40 - 47A75 - 35R30 - 58J50 - 58753

1 Introduction

Inverse spectral problems on simply-connected bounded planar domains ask the extent
to which spectral data determine the geometry of the domain. For example, in the case
of the Dirichlet Laplacian, the spectrum determines the area, the perimeter, and the total
boundary curvature. Moreover, this spectrum distinguishes domains with corners from
those with smooth boundary [23, 27], although it’s not known whether it recognizes the
number of corners. Within the class of domains with smooth boundary, the Dirichlet
Laplacian distinguishes ellipses of small eccentricity [15]. In the case of polygons,
the Dirichlet Laplacian distinguishes triangles within the class of triangles [6, 14],
regular polygons among all convex piecewise smooth planar domains [7], and non-
obtuse trapezoids within the class of such trapezoids [17]. It’s not known whether the
Dirichlet Laplacian distinguishes among all quadrilaterals; even in seemingly simple
geometric contexts, inverse spectral problems can resist solution.

We focus here on the Steklov eigenvalue problem on simply connected planar
domains Q with piecewise C! boundary, and especially on convex polygons. The
Steklov eigenvalue problem consists of finding all real numbers o for which a non-
trivial function u satisfies

. ou
Au=0inQ, — =ou onadf2,
on

where A is the Laplacian and % is the exterior normal derivative. The spectrum of
the Steklov problem is discrete with

0=01(R) <02() =+ Zop() <--- /7 +o0.
Equivalently, the Steklov eigenvalues are those of the Dirichlet-to-Neumann map, Zq,

dHa f
o |yo

P H'?0Q) > H'20Q), Zof =

Here H* denotes the Sobolev space W*2, and Hg, f is the harmonic extension of f
to Q. For compact Riemannian manifolds with smooth boundary, the Dirichlet-to-
Neumann operator is an elliptic pseudodifferential operator. However, for manifolds
with only piecewise smooth or less regular boundary, the Dirichlet-to-Neumann oper-
ator fails to be pseudodifferential. Nonetheless, Weyl asymptotics have been obtained
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for all compact Riemannian surfaces with Lipschitz boundary [19, Theorem 1.1] and
for bounded Euclidean domains of any dimension with Lipschitz boundary [28, The-
orem 1.2]. Consequently, as in the case of the Dirichlet Laplacian, Weyl asymptotics
show that the perimeter is a Steklov spectral invariant; however, they say nothing
about the area. Area is not expected to be a Steklov spectral invariant, although no
counterexamples are known in the case of planar domains.! For much more extensive
background on the Steklov problem, we refer interested readers to survey articles on
the Steklov problem by Girouard and Polterovich [10] and by Colbois et. al [4]. For
historical background and physical implications, we refer to Kuznetsov et. al [21].

Two bounded planar domains (or, more generally, compact Riemannian surfaces)
Q and Q" with smooth boundary have the same Steklov asymptotics to infinite order,
ie.,0/()—0;(Q) = 0(j~*),if and only if they have exactly the same number and
lengths of boundary components [9]. However, the situation is much more complicated
when one allows corners. The article of Levitin, Parnovski, Polterovich and Sher [22]
and subsequent article [20], joint also with Krymski, yield powerful results in the
case of curvilinear polygons with all interior angles in (0, ). They associate to each
such €2 a trigonometric polynomial Pg, referred to as the characteristic polynomial
of Q. The polynomial depends only on the edge lengths and angles of €2. In the
former paper, they show that the roots of Pg, yield the (lower-order) Steklov spectral
asymptotics of £2. In the latter, they show that the characteristic polynomial is a Steklov
spectral invariant. By applying this invariant, they show that the Steklov spectrum
determines the edge lengths for generic curvilinear n-gons with angles in (0, ), and
it moreover determines the angles up to countably many explicit possibilities. The
genericity conditions, referred to as admissibility, consist of an incommensurability
condition on the edge lengths together with exclusion of angles of the form #4—1 with
meZt.

The current article and its predecessor [5] address the inverse Steklov problem
for convex Euclidean polygons. Our primary tool is the characteristic polynomial
described above. In [5], we showed that if €2 is a convex n-gon satisfying the generic
conditions of admissibility, then there are at most finitely many convex n-gons that are
Steklov isospectral to 2. Moreover, if all the angles of €2 are obtuse, then €2 is uniquely
determined by its Steklov spectrum among all convex n-gons. We also obtained lower
bounds, depending only on the minimal interior angle and the perimeter, on the Steklov
eigenvalues of any convex n-gon. Consequently, there is a uniform lower bound on the
angles of any collection of mutually Steklov isospectral convex n-gons. This, together
with the characteristic polynomial, enabled us to obtain Steklov spectral finiteness
results for n-gons under weaker genericity conditions than admissibility.

The current article focuses on the following:

e Many interesting classes of polygons, such as isosceles triangles, rectangles, kites,
regular polygons, etc., fail the genericity conditions. In such cases, we use the
characteristic polynomial along with Euclidean geometric considerations to obtain

! The Dirichlet-to-Neumann operator, and thus the Steklov spectrum of a compact Riemannian surface,
are invariant under conformal changes of metrics with conformal factor one on the boundary. This yields
“trivial” examples of surfaces of different area with the same Steklov spectrum.
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Steklov finiteness results and, more often, explicit bounds on the size of Steklov
isospectral sets. We also obtain some Steklov spectral uniqueness results.

e In contrast to the case of the Dirichlet spectrum, it is not known whether the
Steklov spectrum distinguishes simply-connected planar domains from those with
corners. We investigate this question in the context of convex polygons versus
smoothly-bounded, simply-connected domains.

We note that while there are many examples known of Steklov isospectral non-
isometric manifolds in all dimensions greater than or equal to two (e.g., [12]), the
question of existence of Steklov isospectral non-isometric plane domains has been
elusive.” The condition that two (possibly curvilinear) polygons share the same charac-
teristic polynomial is necessary but not sufficient for Steklov isospectrality. Examples
of convex polygons (families of parallelograms and also a pair of triangles) with the
same characteristic polynomial are given in [20, Examples 3.5-3.6; Remark 3.9],
where it is noted that numerical computations indicated that they were not isospectral.
We will give many more examples of convex polygons with the same characteristic
polynomial. It seems unlikely that any of these are actually Steklov isospectral. The
primary motivation for including these examples is to address questions of optimality
of some of the positive results.

1.1 Overview of Our Results

In these introductory comments, we will frame our positive results in terms of Steklov
isospectrality. However, in the proofs of all the affirmative results establishing Steklov
spectral uniqueness or finiteness, we do not use the full strength of the Steklov spec-
trum. We only use the characteristic polynomial, which as noted above is a Steklov
spectral invariant. The actual statements of the results in the remainder of the paper
will be stated with the weaker hypothesis. In all cases, uniqueness or finiteness will
mean up to congruence.

1.1.1 Triangles. A Sampling of Our Results on Triangles

e Any Steklov isospectral set of triangles is finite. Moreover, almost all triangles are
uniquely determined by their Steklov spectra within the class of all triangles. (See
Theorem 3.2 for a more complete statement.)

o Within the class of all non-obtuse triangles, each triangle is uniquely determined
by its Steklov spectrum. Moreover, right triangles and almost all acute triangles can
be distinguished from obtuse triangles by their Steklov spectra. (See Theorem 3.7
and Proposition 3.10.)

e Isosceles triangles are mutually distinguishable by their Steklov spectra. (See The-
orem 3.5.) However, as noted above, our results do not use the full strength of the
Steklov spectrum but only the characteristic polynomial; this polynomial does not

2 Just as we were completing revisions of this article, a very exciting preprint [18] by Tao Hu, Jiachen
Shi and Quanyu Tang appeared on the arXiv asserting the existence of non-congruent Steklov isospectral
analytic plane domains.
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always distinguish isosceles triangles from scalene triangles. (See Remark 3.6.) It
is still open whether the Steklov spectrum distinguishes them.

1.1.2 Convex Quadrilaterals. A Sampling of Our Results on Three Special Classes of
Convex Quadrilaterals

e Rectangles: Within the class of convex quadrilaterals and triangles, each rectangle
is uniquely determined by its Steklov spectrum. (See Theorem 4.1.) Note that [8,
Cor. 1.8] shows that each rectangle is uniquely determined within the class of all
rectangles.

e Parallelograms: Depending on the angles that appear in a parallelogram, either
the edge lengths or angles of the parallelogram are uniquely determined by the
Steklov spectrum. (See Theorem 4.2 for more precise statements.)

o Kites: Within the class of kites, almost all kites are determined up to three possi-
bilities by their Steklov spectra, and a substantial collection of kites are uniquely
determined. (See Sect. 4.3 for more precise statements.)

1.1.3 Regular Polygons. A Sampling of Our Results on Regular Polygons

e Within the class of regular n-gons, each element is uniquely determined by its
Steklov spectrum. (See Theorem 5.3.)

e Regular n-gons are distinguished by their Steklov spectrum from all m-gons, m >
n, with all angles greater than %, and from all non-equilateral n-gons with all
angles greater than %. (These results follow from Example 5.2.)

e We have additional results for small values of n. As one example, no convex
quadrilateral can have the same Steklov spectrum as an equilateral triangle. (See

Theorem 5.5 and Remark 5.6.)

1.1.4 Convex Polygons and Smooth Domains

In exploring whether the Steklov spectrum distinguishes convex polygons from
simply-connected domains with smooth boundary, we obtained results including the
following:

e The Steklov spectrum distinguishes triangles and quadrilaterals from smoothly
bounded simply-connected plane domains. (See Theorem 6.1.)

e For higher-order n-gons, we show that the possibility of Steklov isospectrality to a
smoothly-bounded simply-connected plane domain entails substantial restrictions
on the edge lengths.

1.2 Plan of the Paper

Section 2 contains the necessary background, focusing primarily on the characteristic
polynomial and results of [20]. Sections 3, 4, and 5 address triangles, quadrilaterals,
and regular polygons, respectively. In Sect. 6 we explore the question of distinguishing
convex polygons from smoothly-bounded, simply-connected plane domains via the
characteristic polynomial.
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Fig.1 A triangle with angles 6%
and edges labeled as in [20]

82 63

2]

2 Preliminaries

Although we focus on convex polygons, we will use results developed in [20] for
simply-connected curvilinear n-gons in R?; we assume these n-gons have piecewise
smooth edges and all angles at the vertices lie in the interval (0, 7). We follow the
same labeling convention for the edge lengths and interior angles at the vertices as
[20] and as described in Notational Conventions 2.1 of [5].

Notational Conventions 2.1 [5, Nota. Conv. 2.1] We use €1, ..., £, to denote edge
lengths and a1, . . . , o, to denote the interior angles at the vertices. We will usually
abuse notation and use the same notation £ j, respectively o, to denote the jth edge,
respectively vertex. We always number the edges and vertices cyclically with vertex
aj occurring between edges € and £ j 1 (see Fig. 1); £, 11 is understood to be £1. The
data associated with a curvilinear n-gon <2 consists of its vectors of edge lengths and
angles
L=(1,....¢0) and a = (ay, ..., ay).

The cyclic labeling is unique only up to 2n possible permutations, corresponding to a
choice of orientation of 92 and a choice of initial edge.

Every curvilinear n-gon 2 has an associated characteristic polynomial Pg, first
introduced in [22, Equation (2.20)] (see also [20]). This will be our main tool for
obtaining inverse spectral results.

Definition 2.2 Let Q2 be a curvilinear n-gon with data £ and a as in Notational
Conventions 2.1. Define

w2 Es
c(aj) = cos (2—> and s(erj) = sin <2—) . M

&j &

For & € {£1}", we set

ag = 1_[ c(aj),

(j:&j#Ej+1})

where ag equals 1 if the product is over the empty set. The subscripts in & are cyclically
ordered, so &, is understood to be &;. (In the definition of ag, the product is either
empty or contains an even number of factors, since there is always an even number of
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sign changes as one moves cyclically through the entries of £ in order to return to the
starting value.) Define an equivalence relation on {4-1}" by

E~E = §=4f

Denote the equivalence class of & by [£], and define ajg| := ag. The characteristic
polynomial Pg : R — R is a trigonometric polynomial given by

Po(t):= Y agcos(l§-€lt) — [ [ s@)).
[Ele(E 1)/~ j=1

The definition of curvilinear n-gon is understood to include the case n = 0, with a
0-gon being a simply-connected smoothly bounded plane domain. The characteristic
polynomial in this case is given by

Pa(t) = cos(€t) — 1. 2)

where £ is the perimeter.

Convention 2.3 Observe that the maximal cosine frequency occurring in Pg is €1 +
-+« + £, and the term cos(|€1 + - -+ + €,|t), corresponding to &€ = £(1,1,...,1),
necessarily has coefficient equal to one and frequency equal to the perimeter. Thus the
perimeter is an invariant of the characteristic polynomial. Moreover, rescaling all the
edge lengths by a constant c results in rescaling all the cosine frequencies by the factor
¢ and does not otherwise affect the characteristic polynomial. Thus we will always
assume that all (possibly curvilinear) n-gons under consideration have perimeter one.

The characteristic polynomial Pg depends only on the geometry of €2, more specif-
ically only on a(£2) and £(£2). Details about the relationship between the roots of Pg
and the Steklov eigenvalues can be found in [22] and [20]; for our present purposes,
the key result is the following.

Theorem 2.4 [20, Theorem 1.16] The characteristic polynomial Pg of a curvilin-
ear n-gon 2 with all angles in (0, w) can be constructed algorithmically from the
Steklov spectrum of Q2. In particular, the characteristic polynomial is a Steklov spectral
invariant of Q2.

Theorem 2.4 shows that if two curvilinear polygons share a common Steklov spec-
trum, then they also share the same characteristic polynomial. A more precise statement
is that two curvilinear polygons 2 and Q have the same characteristic polynomial if
and only if their Steklov eigenvalues satisfy o (£2) — crj(Q’) =o(l)as j — oo.(See
[20, Theorem 1.13 and Remark 1.15].) The question of whether higher-order Steklov
asymptotics of curvilinear domains might yield additional Steklov spectral invariants
in terms of edge lengths and angles is both interesting and very challenging. To explore
the geometric features encoded in the characteristic polynomial, which we shall see is
a very rich spectral invariant, we recall the following two definitions that respectively
match Definitions 2.8 and 2.9 of [5].
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Definition 2.5 We will say that an angle is rational if it is a rational multiple of .
Among the rational angles, those of the form I, where k € Z, will play an especially
important role in what follows. Angles of this form will be called odd, respectively
even, angles if k is an odd, respectively even, positive integer. (These angles are referred
to as “special,” respectively “exceptional,” in [20].) Observe that an angle « is odd if
and only if c(«) = 0, while even angles ¢ = lm satisfy c(o) = (—1)". Following
[20], we will refer to (—1)™ as the parity of the even angle % Similarly, we will refer
to (—1)7 as the parity of the odd angle ﬁ

Definition 2.6 [20, Definition 1.8] A curvilinear n-gon with all interior angles in
(0, ) is said to be admissible if the following two conditions hold: (1) the side
lengths £1, ..., £, are incommensurable over {—1, 0, +1} (that is, no non-trivial linear
combination of £1, ..., £, with coefficients taken from {—1, 0, 1} vanishes); and (2)
none of the interior angles oy, . . ., &, are odd (see Definition 2.5). Observe that 0-gons,
i.e., simply-connected smoothly bounded domains, always satisfy the admissibility
conditions. Admissible 1-gons have a single vertex with interior angle that is not odd,
and necessarily have a curved edge.

The following result shows that the characteristic polynomial distinguishes between
admissible and non-admissible curvilinear n-gons.

Proposition 2.7 [20, p. 22] For n > 1, a curvilinear n-gon 2 with all interior angles
in (0, ) is admissible if and only if its characteristic polynomial Pg contains exactly
2"~V linearly independent terms of the form a cos(ct) with ¢ # 0. Moreover, within the
class of all admissible curvilinear polygons, the characteristic polynomial determines
the number of vertices.

Remark 2.8 From private communication, we know that the authors of [20] interpreted
the notion of “curvilinear n-gons” to include the case n = 0, where Theorem 2.4
follows immediately from the well-known Steklov asymptotics (see e.g., [10]) of
smoothly bounded simply-connected plane domains. In particular, O-gons can be
included in the final statement of Proposition 2.7. Indeed, when comparing the case
n = 0 and n = 1, note that the characteristic polynomials of 1-gons and 0-gons
both have only one cosine frequency; however, the constant term in the characteristic
polynomial distinguishes admissible 1-gons from 0-gons.

As a straightforward consequence of this proposition (see Cor. 2.11 of [5]), we
deduce that the characteristic polynomial distinguishes admissible curvilinear n-gons
from all non-admissible curvilinear polygons that have at most n vertices and have all
interior angles in (0, 7). However, an admissible curvilinear n-gon may have the same
characteristic polynomial as a non-admissible curvilinear polygon with more than n
vertices; see Lemma 6.4.

The following result of [20] shows that one can recover considerable geometric
information from the characteristic polynomial of an admissible curvilinear n-gon.

Theorem 2.9 [20, Theorem 1.17] We use the notation and terminology of 2.1, 2.2,
2.5, and 2.6. Suppose that Q and Q' are admissible curvilinear n-gons that have the
same characteristic polynomial. Then
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(a) Q and Q' have the same number of even angles.
(b) If they have no even angles, then the boundary orientations and cyclical labeling
of the edges and vertices can be chosen so that

0Q) = L(Q)

and
(c(ar), ..., clan)) = £(c(a)), ..., clay))

for some choice of +.
(¢) If Q and Q' have one or more even angles, then we have

(C1s e ) = Loy L)

and
(le(anl, ..., letan)) = eyl - - leleg )
where o is one of a few explicitly given permutations.

Their result in the presence of even angles is actually considerably stronger than
what we have stated in part (c) of the theorem above. For a more complete statement,
see [20, Theorem 1.17], also recalled in [5, Theorem 2.13].

Remark 2.10 (A practical guide to the characteristic polynomial) Assume that two
curvilinear n-gons with interior angles in (0, 7r) have the same characteristic polyno-
mial. In each polynomial, collect the cosine terms that have the same frequency. By
the linear independence of cosines with different frequencies, these frequencies must
be the same for both n-gons. Odd angles delete cosine terms from the characteristic
polynomial, whereas even angles delete the product of sines. Since a convex n-gon
has angle sum (n — 2)7r we deduce that, unless it is the equilateral triangle, it has at
most two odd angles. Moreover, with the exception of rectangles, a convex n-gon can
have at most three even angles. There are two ways that information can be lost if the
edge lengths fail to satisfy the condition of incommensurability over {—1, 0, 1}:

o If there is a commensurability relationship with all coefficients in {—1, 1}, then
& . £ = 0 for some &, and thus the term aggjcos(|§ - £]¢) in the characteristic
polynomial is absorbed into the constant term.

e Other commensurability relationships result in having two or more terms of the
form ajg) cos(|§ - £t) with the same cosine frequency. In this case, cancellation
may occur.

We note the following elementary properties of |c(c)|:
Lemma 2.11 [5, Lemma 2.16] Define |c| : (0, w) — [0, 1] by |c|() := |c()| where
c(a) = cos (%) as in Definition 2.2. Then:
(@) |e|~1({0}) consists of all odd angles o ket
() |c|~Y({1}) consists of all even angles g—k keZ".
(¢) |c| maps each interval (mL_H, o) m e 7+, bijectively onto (0, 1). In particular,
the restriction of |c| to the set of all obtuse angles is injective.
(d) Fors € [0, 11, the inverse image |c|~' ({s}) is discrete and accumulates only at 0.
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3 Triangles

We will see that at most finitely many triangles can share the same characteristic
polynomial and that having the same characteristic polynomial implies congruence for
large classes of triangles. We remind the reader that determination by the characteristic
polynomial will always mean determination up to congruence, and that all triangles
will be assumed to be normalized to have perimeter one.

The characteristic polynomial of a triangle T of perimeter one with angles 1, a2, o3
and edge lengths ¢1, €5, £3 can be expressed as

Pr (1) = cos(t) + c(ar)c(az) cos(|1 — 241 r) 3)
+c(ar)e(an) cos(|1 — 262 1) + c(an)e(as) cos(|1 — 2¢3]1)

—s(a1)s(az)s(a3).

Here we are using, for example, that £; — > + ¢3 = 1 —2¢>. From Pr, we can recover
information about the lengths and angles of 7.

Remark 3.1 If a triangle has one odd angle, say o, then by (3), its characteristic poly-
nomial determines £3, and thus £ + £;. Using the coefficient c(x2)c(«3) together with
the term —s(oq)s(2)s(a3) = £s(az)s(x3) and angle addition/subtraction identities
for the cosine, one can also recover the unordered set {|c(a2)], |c(e3)|}. Alternatively,
this follows immediately from [5, Lemma 5.3], restated as Lemma 6.4 in Sect. 6.

Theorem 3.2 Let T be a triangle.

(a) The characteristic polynomial of T determines the number of odd angles in T.

(b) If T has no odd angles, then it is determined by its characteristic polynomial
within the set of all triangles. In particular, every admissible triangle is uniquely
determined by its characteristic polynomial.

(¢) If T has precisely one odd angle, then there are at most four triangles with the same
characteristic polynomial. Moreover, the characteristic polynomial together with
the measure of any one angle uniquely determine T within the set of all triangles.

(d) If T has two odd angles, the characteristic polynomial uniquely determines (and is
uniquely determined by) the third angle. Moreover, the characteristic polynomial
determines T up to finitely many possibilities within the set of all triangles.

(e) If T has three odd angles, then it is equilateral and is uniquely determined among
all triangles by its characteristic polynomial.

Thus any Steklov isospectral set of triangles contains at most finitely many elements.

Proof (a) Consider the three terms on the second line of Eq. (3). The triangle inequal-
ity implies that the cosine frequences 1 — 2¢;, j = 1,2, 3 are never zero. If T' has
no odd angles, then all the coefficients are non-zero and the three cosine frequencies
are either all different (scalene case) or exactly two coincide (isosceles case). Here we
are using the symmetry of isosceles triangles, which guarantees that the coefficients
of the two like terms can’t cancel. Thus in either case, the three terms yield at least
two independent cosine functions. If 7 has exactly one odd angle, then two of the

@ Springer



Steklov Spectral Determination of Convex Polygons Page 110f42 346

Fig.2 Since the sum of the
distances from the vertex o to
the other two vertices is fixed
and equal to £1 + ¢7, the vertex
a1 must lie on the ellipse with
foci at the vertices «p and a3 as
depicted here

three terms vanish, leaving exactly one cosine function. If 7' has two or more odd
angles, then all three terms vanish. Thus the number of independent cosine functions
in Pr determines whether T has zero, one, or more than one odd angle. To distin-
guish between two versus three odd angles, it’s enough to look at the constant term
s(aq)s(a2)s(a3). This term has magnitude one if and only if 7" has three odd angles.
Hence the characteristic polynomial determines the number of odd angles.

(b) Assume T has no odd angles. If T is a scalene triangle, the distinct cosine
frequencies 1 —2¢;, j = 1, 2, 3 in the characteristic polynomial immediately give us
the three edge lengths. If T is isosceles, we can read off the two distinct edge lengths.
Using the fact that the perimeter is one, we can determine which of the two lengths
occurs twice. Thus in either case, the characteristic polynomial determines all three
edge lengths and thus determines 7.

(c) Let T have exactly one odd angle «1. As observed in Remark 3.1, Pr(¢) deter-
mines £3 and £1 + £;. Let E be the ellipse given by all points p such that the sum of
the distance from p to the foci oy and «3 is equal to £1 + €>. Then oy must lie on E as
illustrated in Fig. 2. This information together with knowledge of the angle at a single
vertex is enough to determine the triangle. More precisely, if we can either determine
the odd angle o or if we can determine one of oy or o3 (unlabeled as long as we know
it corresponds to one of oy or «3), then we know 7. This proves the second statement
of (c).

Since the odd angle is at most % and T is not equilateral, at least one of the other
two angles—call it o—is strictly greater than % By Remark 3.1, Pr(¢) determines
the set {|c(a2)], |c(a3)|}, so we know |c(c)| up to two possibilities. By Lemma 2.11,
we then know « up to at most four possibilities. The first statement of (c) thus follows
from the second.

(d) and (e) The only triangle with three odd angles is the equilateral triangle, so
(e) follows from (a). Now assume 7" has exactly two odd angles «; and op. We first
prove that Pr(¢) determines «3. Since T is not equilateral, we have o] + ap < 27”,
SO a3 > % Moreover, a3 is obtuse unless T is the triangle with angles % % 71—’57
Since |s(«)| = 1 when « is odd, the constant term in the characteristic polynomial
has magnitude |s(«3)|. Thus Pr(¢) determines |s(«3)|; equivalently, it determines
|c(a3)|. By Lemma 2.11, |c| is injective on the set of obtuse angles. Also (£, ) N
le| ! (|c| (71—’; ) = {71—’57, 71—’37 }. One can easily check that no triangle with two odd angles
can have a3 = 71—7; Thus within the set of all triangles with two odd angles, the third
angle is determined by the characteristic polynomial. To show that, conversely, o3
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uniquely determines the characteristic polynomial cos(?) & s(«3), we need to show
the + sign is determined by «3. This sign is positive, respectively negative, depending
on whether the two odd angles 7= and - have the opposite, respectively same, parity.
We have
T (m+n)m am
T—3=—+—=—=—
n mn b
where the final term is the expression in lowest terms. Since m and n are both odd, a
is always even, but it is divisible by 4 if and only if the two odd angles have opposite
parity. Thus o3 determines the sign.
For the final statement of (d), observe that given «3, there can be at most finitely
many pairs (a1, op) of odd angles with o1 + a2 = 7 — «3. O

Theorem 3.2 yields upper bounds on the number of triangles that can share the
same characteristic polynomial except in the case of triangles with two odd angles, in
which case the theorem only yields finiteness. We now show that there exist arbitrarily
large finite sets of non-congruent triangles (each with two odd angles) that have the
same characteristic polynomial.

Example 3.3 For each odd integer n > 5, let T, be the isosceles triangle of perimeter

n o (=2m

one with angles (n s

), and let Isopoly (75,) denote the set of all triangles with
the same characteristic polynomial as 7,,. We show by construction that:

(a) If n is a prime congruent to 3 mod 4, then Isopoly (7)) = {7,}. For all other n,
| Isopoty (Tn)| = 2.
(b) supn |Isopoly(Tn)| = Q0.

To prove these statements, we apply Theorem 3.2(a) and (d), which imply that
Isopoly (7)) consists of all triangles of perimeter one that have two odd angles a1 = %
and ap = % satisfying

T wT 2m
— - =
X y n
This equation is equivalent to
(2x —n)(2y —n) = n. 4)

Thus | Isopoly (75,)]| is the number of solutions of Eq. (4) for which x and y are both
odd and (to avoid duplication) x < y.

Each positive integer divisor d < n of n? (including d = 1) yields a solution (x, y)
to Eq. (4) given by

_ n+d
T )
n+d’
y =",

whered’ = "72. Since n and d are both odd, all these solutions lie in N? and, moreover,
every solution in N? with x < y is necessarily of this form. We now examine which
of these solutions (x, y) are pairs of odd numbers. For k € N, denote by [k]4 the
congruence class of k mod 4. Then x and y are odd if and only if n + d and n + d’
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lie in [2]4. Since each of n, d, and d’ is odd, this condition holds precisely when
[n]4 = [d]4 = [d']4. Note that [1]4, respectively [3]4, consists precisely of the odd
natural numbers for which the number of prime factors, counting multiplicity, that lie
in [3]4 is even, respectively odd. Since all prime factors of n> have even multiplicity
andd’ = %, we have [d]4 = [d']4 for each choice of divisor d of nZ. Consequently, to
find all solutions with x and y both odd, we need only find all divisors d of n> which
satisfy the single condition [n]4 = [d]4, since this guarantees that [n]4 = [d']4 is also
satisfied.

If n is a prime with n € [3]4, then the only divisors of n? are 1, n, n?, and among
these only n € [3]4. Thus we only have the solution x = y = n, yielding the isosceles
triangle. In every other case, there exist divisors of n? distinct from n satisfying [d]4 =
[n]4, and thus | Isopoly (T,)| > 2. We emphasize that this is the case even if n is a prime
number with n € [1]4. In this special case, we have |Isop01%(Tn)| is exactly 2; the
second element corresponds to the improper divisor 1 of n*, yielding the element

2 2 _ :
(m, m) For example, when n = 5, we obtain

b4 N T 7 n w27
5°5 3 15 57
Statement (a) follows. Next, by choosing n with sufficiently many prime divisors
(counting multiplicities), we can make | Isopoly (7)) | arbitrarily large.

Remark 3.4 Although there is no universal finite bound on the number of triangles with
two odd angles that share the same characteristic polynomial (equivalently, that have
their remaining angle a3 in common), we can give bounds in terms of the parameter
a3. Indeed, the two odd angles must sum to 7 — o3, so the larger % of the two odd

angles must lie in the interval [” ;"‘3 , T — 013). Thus the number of triangles is bounded

T _2n
T—a3’ T—o3
will typically be much smaller since we have not taken into account here the very
demanding requirement that 7 — &3 — 7 must be of the form 7 for some odd k. Note
in particular, in the case of very large sets of triangles with the same characteristic
polynomial, o3 must be very close to = and thus the triangles are very thin.

above by the number of odd integers in the interval ( ] The actual number

If we restrict to the class of isosceles triangles, the characteristic polynomial suffices
to uniquely determine each triangle.

Theorem 3.5 Within the class of isosceles triangles, each element is uniquely
determined by its characteristic polynomial.

Proof Let T be an isosceles triangle. By Theorem 3.2, the number of odd angles in T
is known; moreover, if there are three odd angles, then T is the equilateral triangle of
perimeter one.

Assume that T has precisely two odd angles. Theorem 3.2(d) shows that the third
angle is uniquely determined by the characteristic polynomial. Thus the remaining
two equal angles are also known, and since we know that the triangle has perimeter
one, T is determined.
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If T has precisely one odd angle, then it is the vertex angle at which the two equal
sides meet. Denoting this angle by o, Remark 3.1 implies that Pr(¢) determines
L1+ €5 and £3. But £1 = €5, so all three edge lengths are determined and thus sois 7T'.

Finally, if there are no odd angles, Theorem 3.2 implies that 7' is determined. O

Remark 3.6 Example 3.3 shows that the characteristic polynomial generally does not
distinguish isosceles triangles with two odd angles from scalene triangles. On the other
hand, by Theorem 3.2, any isosceles triangle with the same characteristic polynomial
as a scalene triangle must have at least one odd angle and consequently all its angles are
rational. Thus by Theorem 3.5, every isosceles triangle that has at least one irrational
angle is uniquely determined by its characteristic polynomial within the space of all
triangles.

In the broad class of all non-obtuse triangles, each triangle is uniquely determined
by its characteristic polynomial.

Theorem 3.7 Within the class of all non-obtuse triangular domains, each domain is
uniquely determined by its characteristic polynomial.

Proof By Theorem 3.2, the characteristic polynomial Pr(¢) determines the number of
odd angles in a triangular domain 7' ; moreover, T is uniquely determined if it contains
no or three odd angles. If a non-obtuse triangle 7' contains exactly two odd angles,
they are 5 and %, and 7 is uniquely determined.

It remains to show that if two non-obtuse triangles T and T’ each have precisely
one odd angle, then 7 = T". Denote the angles of 7 and 7’ by «; and «/, respectively.
Let ay, respectively «}, be the odd angle in T, respectively 7'. We make three key
observations:

1. If oy = o}, then T = T’ by Theorem 3.2(c). Thus we may assume a1 # o).
2. Both triangles must have at least one angle in (5, 7]. We relabel the angles, so
/ T T
w0 € (5. 5]
3. If at least one of a3 or o also lies in %, 5], then T = T’. Indeed, suppose
a3 € (%, 7]. By Remark 3.1, Pr(t) determines the set {|c(a2)l, [c(@3)]}. By
Lemma 2.11, |c| maps % %] bijectively onto (0, 1], so aé equals one of o or o3.

We can again conclude by Theorem 3.2(c) that T = T’. Hence we assume that
3, oy < %

We conclude that ay 4+ a3 < 7 + 5 and hence the odd angle o is one of % or %.
The same holds for o/]. After possibly interchanging the roles of 7 and T if needed,
we have o) = % and ] = 5.

Consider the angles of T'. Since

b4 T 3r
—>Q3=7T — - — 02 >

3 5 =10’

3n w 7?2 3r Sm

we have a3 € [W’ §), and thus a0y € (5, 5]. Consequently, c((zx3) > 0 and
8 in n big 157

S(Ol3) < 0. We also have a) a3z < 15° SO o € (E’ 7], and thus 20y € [7'[, W)

Consequently, c(a2) < 0 and s(a2) < 0. So c(o3)c(a2) < 0 and s(op)s(a3) > 0.
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2For T’, a priori we just have of = %, a5 € (5,%] and o € [%,%). Thus
;7 € [, 3Z). Hence c(ah) < 0 and s(ab) < 0. By the equality of the characteristic
2
polynomials for 7 and T’, we see thatc(az)c(%) = c(a2)c(a3) < 0. Sincec(ay) < 0,
we must have ¢(ej) > 0. Thus - 2] must lie in the right half plane. Since the odd angles

o and o} have opposite parity, we must have
s(ap)s(a3) = —s(a2)s(3) < 0.

There are two mutually exclusive possibilities:

1. These products of sines are zero and both triangles have an even angle.
2. Neither triangle has an even angle. Since s (aé) < 0, we must have s(ag) > 0, so

2 ..
-7 must lie in the first quadrant and thus 2 e (271, 5; )
o3 2013

We first consider the case that neither triangle has an even angle. If [c(a2)| = ()],

then oy = o due to Lemma 2.11(c) applied to the interval (%, %). In this case,
T = T’ by Theorem 3.2(c). Otherwise, we must have that |c(a2)| = [c(a})], so
T

g € (271, 2%’). Since c(ah) = —c(a3), we have a2 € [4—” 3—”) This yields

2a) 302
(3. %] sndaf € (. F). Thu

AV, 7r+37r+71 237
ajtar o< -+ —+-—-—=— <,

PP2rm3 8 T4 24

a contradiction.

Next suppose that both 7 and T’ have an even angle. Since o = % and T is
non-obtuse, the even angle in 7 must be a right angle, so T has angles o] = %, o) =
7,03 = 31—76. By Theorem 3.2(c), we may assume that 7" is not a right triangle. Since
ai = ’37 and T’ is an acute triangle the even angle in 7" must be 7, so 7" has angles
0‘1 = 3,a2 = 4,a3 = 12 We have c(az) —c(ap). However, |c(aé)| # |c(a3)],
which contradicts the fact that T and T’ have the same characteristic polynomial. O

Theorem 3.7 states that non-obtuse triangles are mutually distinguishable by their
characteristic polynomials. In Proposition 3.10 we will show that, with the possible
exception of acute triangles that have an angle of measure r/j for j = 3,5, 7, every
non-obtuse triangle is in fact uniquely determined by its characteristic polynomial
within the set of all triangles. For this proof, we require the following two lemmas.

Lemma 3.8 If T has exactly one odd angle, say o1, then the characteristic polynomial

of T determines the quantity
sin(ap) + sin(o3)

sin(o)

Proof By the Law of Sines together with the convention for the order of enumerating
angles and side lengths,

sin(ap) _ sin(ay) _ sin(a3) sin(ap) + sin(a3) E] +€2
0 sin(a) 0
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Fig.3 The angle of T'(v) at
vertex v is o1 and it determines
T (v) uniquely

By Remark 3.1, P7(¢) determines ¢3 and £1 + £5. |

Lemma3.9 Let T and T’ be triangles each having exactly one odd angle aj,
respectively o, and with the same characteristic polynomial. Assume that

max{aj, oy} > max{a, a3}
Then
minf{a), @4} < min{on, a3} and o) < aj. (6)

Proof As observed in the proof of Theorem 3.2, there exists an ellipse E such that the
vertices o1 and a/l of T and 7’ lie on E, and the other two vertices of each of these
triangles are at the foci of £. We may assume that E is centered at the origin with foci
on the x-axis, so E is given by ;“—j + z—; = 1 witha, b > 0. Let (£c, 0) denote the
foci, where ¢ > 0.

Consider all triangles that have one vertex on E and the other vertices at the foci.
Since we only care about the congruence classes of the triangles, we can assume that
the vertex v on FE lies in the first quadrant or at (0, b). Let v move continuously along E
starting at (0, b) and heading towards (a, 0). As observed in the proof of Theorem 3.2,
the knowledge of a single angle uniquely determines the triangle up to congruence.
Consequently, as v moves within a quadrant, each of the angles is a monotone function.
Denote by T (v) the triangle formed by v and the foci as depicted in Fig.3. Without
loss of generality, let oy be the angle at (—c, 0) and o3 be the angle at (c, 0). Then,
when v is at (0, b), the triangle is isosceles, and oy = «3.

As v moves towards (a,0), both @7 and a, decrease monotonically while
a3 increases monotonically. Consequently, max{ao, @3} = 3, and similarly
max{a), a3} = aj. If o} > a3, this means that the vertex v’ is closer to (a, 0) than the
vertex v as shown in Fig. 3. It therefore follows from the monotonicity of the angles
that ) < 2 and &} < «ty. O

Proposition 3.10 Suppose T satisfies either of the following conditions:

o T is an acute triangle with no angle in {%, %, T}.
o T is aright triangle.

Then any triangle that has the same characteristic polynomial as T is congruentto T.
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Proof Under either of these assumptions, T is not obtuse. So, any non-obtuse triangle
that has the same characteristic polynomial as T is congruent to 7' by Theorem 3.7.
Thus, we only need to analyze the possibility that an obtuse triangle has the same
characteristic polynomial as 7. Moreover, if 7 does not have any odd angles, then by
Theorem 3.2, any triangle that has the same characteristic polynomial as T is congruent
to 7. In both cases of the proposition, T cannot have two odd angles. To see this, in the
first case, the third angle would necessarily be at least 77”, a contradiction, while in the
case of a right triangle the sum of 7 and two odd angles cannot equal 7. So, as in the
proof of Theorem 3.7, we may suppose T has precisely one odd angle. We therefore
assume that o/ is odd. By Theorem 3.2, the characteristic polynomial determines the
number of odd angles, so we assume that 7’ is obtuse, has the same characteristic
polynomial as 7', and has one odd angle denoted o] .
To prove the proposition, it thus suffices to consider two cases:

(a) T is a non-obtuse triangle (either an acute triangle or a right triangle) with odd

angle o) ¢ {g’; ’;

(b) T is aright triangle with oy € {5, %, 7).
Consider case (a). We must have o % Since T has no obtuse angles, and since
T—5= 71—7§, we must have
7—T[ <op,03 < z
18 — -2

Thus 5 € [, 2% fori =2, 3. Let o be the obtuse angle of 7’. Then we immediately

obtain % € (%, ). However, by Remark 3.1, we know that |c(oz3) | must equal one of
3

|c(ap)| or |c(ae3)|, which implies that % € [2Z, ). We therefore have oy € (5, 10]
3
so that
3

/ /
> —.
T

Since a2, 3 < 7 < a3, Lemma 3.9 implies &) < o) < 7, and hence o < {§. Thus

, _3r 0w m 2 5m
oy > — — — > — sothat 7 < - < —,
10 11 5 20, 2

N

where we used that o), < 7 since o is obtuse. Observe that c(a2), c(a3) and c(a3) are
all negative. Since the sign of ¢(ar2)c(r3) equals that of c () c(ary), we have c(ary) < 0.
Combining this sign information with Remark 3.1 yields that c(ozé) = c(a j) < 0 for

some choice of j € {2, 3}. For either choice of j, we have % € [r, 2 ] and thus

> € (rr ] Hence a2 € [71—’§, ’2T) But |c]| is bijective on ) by Lemma 2.11,

SO ozz equals one of a or a3. By Theorem 3.2(c), T = T'.

We now show that the proposition holds in case (b). Continuing to let oy and o]
denote the odd angle in T and T’, respectively, there exist k, k' € Z such that

g
2k +1°

T !/
a) = ——anda| =

2k +1
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where k € {1,2,3}. Letay = % and a3 = ii;in Since the characteristic polynomial

will have no constant term, we know that 7’ has at least one even angle. If this angle is
Z.then T = T',soweseta; = 5 for some positive integerm > 2. The characteristic
polynomials are

Pr(t) = cos(t) — c(az) cos(|1 — 2¢3]t) = cos(t) + (—l)mc(aé) cos(|1 — 26/3|t) = Pp/(1).

Thus £3 = ¢4, and, since &} is obtuse and ” 2] € (%, m), we have

2k +1
cos 7).
2k — 1
Since |c| is injective on the set of obtuse angles by Lemma 2.11, we may compute o/}

foreachcase k =1, 2, 3.
Case k=1. In this case we have that

c(e3) = —lc(@3)| = —lc(e3)| = —

c(ay) = —|cos(3m)| = —1,

so that & T = and a3 % = ap. By Theorem 3.2(c), T = T'.
Case k 2. In this case we have that

Sm 1
cos| — )| =—=,
3 2

clay) = —

2
so that & = 2% and o 3” . Thus,
2013 3 3=

, 37 T (m — 2w T
al = — — — = = s
4 2m 4dm 2k +1
so (m — 2)(2k' + 1) = 4m, and 4 divides m — 2. Thus m > 6, and consequently
o) =5 < {5. Hence

o) =T —ah—of >z
1 oy — 6

So « is an odd angle between % and 7, which implies o) = T =ay;.ThenT = T'.
Case k=3. In this case we have that

I 3
cos| — )| =cos| — ),
5 5

S and o) = 5” . This implies that

clay) = —

so that 2”— 3
3

T T 5w

“ w1 tam T e
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Thus
1 1 1

X1 2m 6
At least one of the two summands must be greater than or equal to é while each is

less than %. Thus either m € {4, 5, 6} or k' € {3, 4, 5}, and one easily checks that the
only possibilities for 7’ are

. (FF S (T S and T/ — n 7w 5w
"\ 774226 ) 27\ 9718 6 37\ 157100 6 )
S5t

To complete the proof, we use Lemma 3.8. We have o} = 7,00 = F,and a3 = 37,
SO

sinay +sinaz  sin 5 + sin 51—71
Lt := - = — ~ 4.38.
sin o sin 7
On the other hand,
sin 75 +sin5{ sinl’r—g-i-sin%’ sinl’r—o—&-sin%
Lypey———5—~132, —————— =197, —————— ~=3.89¢.
sin 7 sin 9 sin 13

Since we have assumed T and T’ each have precisely one odd angle and have the same
characteristic polynomial, this is a contradiction to Lemma 3.8. O
4 Special Classes of Quadrilaterals

We consider three special classes of convex quadrilaterals: rectangles, parallelograms,
and kites. Our strongest results are for rectangles: we find that every rectangle is
uniquely distinguished by its characteristic polynomial within the set of all convex

quadrilaterals. We then address whether parallelograms are mutually distinguishable
and similarly for kites.

4.1 Rectangles

The characteristic polynomial of a rectangle R of perimeter equal to one and with
edge lengths £ and ¢/, with £ < ¢/, is given by

Pr(t) = cos(t) + 2 cos(2€t) + 2 cos(2€'t) + cos(2(¢' — £)t) + 2. (8)

In the special case of a square, so £ = £/, the characteristic polynomial simplifies to

Pr(t) = cos(t) +4cos(t/2) + 3. 9

Theorem 4.1 Let R be a rectangle. Then R is uniquely determined within the class of
all convex quadrilaterals and triangles by its characteristic polynomial.
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The fact that any two rectangles are mutually distinguishable by their Steklov
spectrum was proven by other methods in [8, Corollary 1.8].

Proof Let R be a rectangle of perimeter one, and let 2 be a triangle or quadrilateral
with P = Pg. The sum of the coefficients of all the cosine terms together with the
constant term in the characteristic polynomial is equal to 8. This is strictly larger than
that of any triangle. Thus 2 is a quadrilateral.

Denote the angles of 2 by «q, ..., a4 and the vector of edge lengths of Q2 by £,.
To show that €2 is a rectangle, it suffices to show that |c(a;)| = 1 for all j, i.e.,
that all angles are even. Indeed, rectangles are the only quadrilaterals with all angles
even since the angle sum of a quadrilateral is 2. Recall from Definition 2.2 that the
coefficient aj¢) is equal to 1 when [§] = [(1, 1, 1, 1)] and a[g) is a product of some of
the c(aj)’s otherwise.

Let A := {[£] € {£1}*/ ~: £ -£, =0} and B = {[£] € {£1}*/ ~: &£ - £, # O}
For simplicity, first assume that the comparison rectangle R is not a square. Then the
constant term in Pg satisfies

4 4

2= )" apgjcos(§ Lult) = [ [s@p) = Y agy—[]s)).

[E]leA Jj=l1 [EleA J=1

Since at most two angles of €2 can be odd, we have ‘]_[‘]‘-:1 s(o j)’ < 1 and thus

|Z[€]EA agg)l > 1. The fact that |ag)| < 1 for all & implies that |A] > 2. Since
there are eight equivalence classes [£], we have |B| < 6. The sum of the coefficients
of the cosine terms in Pg = Pq is six, so we must have |B| = 6 and aj¢g) = 1 for
each [£] € B. One can check that for each choice of j, c(«;) occurs as a factor in
exactly half of the a¢)’s. In particular, c(« ;) must appear in terms corresponding to B.
Thus |c(aj)| = 1 for all j. As noted above, it follows that €2 is a rectangle. A similar
argument goes through when the comparison rectangle R is a square.

Now that we know €2 is a rectangle, it is straightforward to read off the edge lengths
from the cosine frequencies occurring in Pg — cos(): the largest frequency yields ¢/
and then ¢ = % -7, O

4.2 Parallelograms

Let 2 be a parallelogram of perimeter one with angles «j (= «3) and a2 (= a4) and
edge lengths £ and ¢/, where £ < ¢’. The characteristic polynomial is given by

Pq(t) = cos(t) + 2c(a)c(a) cos(2€t) + 2c(a)c(orn) cos(2¢'t)
+e(ar)e(a)? cos (2/¢ — €|t) + C (10)

where C is given by

C = c(@1)? + c(@)? — s(@1)?s(@2)? = 2c(@1)? + 2¢(@2)? — clar)*c(@2)? — 1.
(11)
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In case Q2 is a rhombus, so £ = ¢/ = 4—1‘, Eq. (10) simplifies to

Po(t) = cos(t) + 4c(a)c(an) cos (%) + 2¢c(ay)? + 2c(an)® — 1. (12)

If Q is any parallelogram (possibly a thombus) with a pair of odd angles, say o>,
then Eq. (10) reduces to

2
Po(t) = cos(t) + c(a1)? — s(ar)? = cos(r) + cos (Z-) (13)
1

Theorem 4.2 Let 2 be a parallelogram.

(a) If 2 has no odd angles, then there is at most one other parallelogram with the
same characteristic polynomial as 2. Moreover, the characteristic polynomial
determines the edge lengths.

() If Q has a pair of odd angles, then the characteristic polynomial uniquely
determines the angles of 2 but gives no information about the edge lengths.

Proof (a) Since 2 has no odd angles, Egs. (10) and (12) enable us to read off the
longer edge length £’ (or the unique edge length 4—1‘ in the case of a rhombus) from the
maximal cosine frequency occurring in P () — cos(t), and then £ = % .

It remains to show that the angles are determined up to two possibilities. Write
x = c(o1) and y = c(arp), and observe that A := xy and B := x2 +y2 are determined
by the characteristic polynomial. The intersection of the hyperbola xy = A and the
circle x> + y?> = B is of the form {(a, b), (—a, —b), (b, a), (—b, —a)} for some
a, b. Thus we can read off (c(a1), c(«2)) up to order and global change of sign. By
Theorem 4.1, we may assume that €2 is not a rectangle and thus that one angle of Q2
is obtuse. Obtuse angles « are uniquely determined by |c(«)|, so the obtuse angle is
determined up to two possibilities and thus €2 is too.

(b) Without loss of generality, suppose a is odd so that Pqg(¢) is given by (13).

2

Observe that the map o — cos (Z—l) is injective on the interval (%, JT). Since a7 is

necessarily obtuse, we can thus read off oy from Pq(¢) and then oy = 7 — 1. O

4.3 Kites

We now consider convex quadrilaterals known as kites; see Fig.4. We will denote the
edge lengths by ¢ and ¢’ and denote the angles by «, ¥, and y’. Rhombi are precisely
the equilateral Kkites, i.e., Kites satisfying £ = ¢’ and then necessarily y = y’. We
choose our labeling so that

£ <{ andtheny >y’ (14)

We assume all kites under consideration have perimeter one. Following Definition
2.2, the characteristic polynomial of a kite K simplifies to

Pk (t) = cos(t) + 2c(@)c(y) cos(2€'t) + 2¢(@)e(y’) cos(2et) + c(er)® cos (21 = ¢lr)
et + c@Zemer) = s@s@iseh]. (15)
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Fig.4 A convex kite is a
quadrilateral that has two pairs
of adjacent sides that are of
equal lengths. Consequently,
splitting the kite along the
dashed segment, one obtains two
congruent triangles

We will see that for almost all kites K, the characteristic polynomial of K determines
K up to at most three possibilities within the set of all kites, and a substantial collection
of kites are uniquely determined. There are precisely two cases in which two of the
values £, £/, and ¢/ — £ coincide: when K is a thombus and therefore £ = ¢ = }‘, or
when £ = ¢/ — £, in which case (¢, ¢') = (%, %). Also note that a kite can have at most
two odd angles and, in that case, the two odd angles must be opposite each other. We
will be interested in the minimal amount of geometric data needed to determine a kite;
the elementary proof of the following lemma is left to the reader.

Lemma 4.3 Iftwo kites have the same edge lengths and at least one angle in common,
then they are congruent.

We first consider kites with no odd angles and no length coincidences; almost all
kites are in this class.

Proposition 4.4 Let K be a kite with no odd angles and suppose that ' # £,2£. Then
there is at most one other kite with the same characteristic polynomial. Moreover,
if K has only one acute angle, then K is uniquely determined by its characteristic
polynomial.

Proof Since K has no odd angles and we have excluded coincidences among ¢, £/,
and ¢’ — ¢, there are three distinct cosine terms in Pg (t) — cos(t) as given by (15).
The largest cosine frequency is 2¢’. Thus the characteristic polynomial determines ¢’
and hence also £ = % -,

The coefficients of the cosine terms enable us to read off first |c(«)| and then |c(y)|
and |c(y’)|. Every quadrilateral that is not a rectangle (in particular, every Kite that is
not a square) has at least one angle greater than 7. Thus since y’ < y, at least one
of y or a exceeds % From the fact that the map 8 +— |c(B)] is injective on (%, ),
we can therefore determine one of « or y from the characteristic polynomial. The
first statement now follows from Lemma 4.3. If o and y both exceed 5 then the two
resulting possibilities must coincide, so the kite is uniquely determined. O

Next we consider kites with one odd angle. Since angles in a rhombus come in
pairs, such a kite cannot be a rhombus.

Proposition 4.5 Let K be a kite of perimeter one with exactly one odd angle and
supposethat (£, £') # (%, %). Then at most two other kites have the same characteristic
polynomial as K. Moreover:
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(a) If the odd angle of K is the larger of the two opposite non-congruent angles and
£, ) # (10 5) then K is uniquely determined within the set of all kites by its
characteristic polynomial.

(b) If the odd angle is the smaller of the two opposite non-congruent angles and
o, ) # ( , 130) then at most one other kite has the same characteristic
polynomial as K.

Proof The odd angle in K is either y or y’. In both cases, Pk () — cost has exactly
two distinct cosine terms:

Px (1) — cos(t) = 2c(a)c(y’) cos(2€r) + c(a)? cos (21¢ — €|t) + constant (16)
if the odd angle is y, and
Px (1) — cos(t) = 2c(a)c(y) cos(2€'t) + c(a)? cos (21¢' — £|t) + constant. (17)

if the odd angle is y'.

The requirement that Pk (t) — cos(z) has exactly two distinct cosine frequencies,
together with our exclusion of the case (¢, ¢') = (%, %), means that any kite with
the same characteristic polynomial as K must also have exactly one odd angle. We
consider the two possibilities in turn. First, suppose the odd angle is the larger of the
two non-congruent angles. Then summing the cosine frequencies on the right side of
Equation (16), we obtain 2¢’. We determine ¢" and then £ = % —{'. Since the odd angle
is the larger of the two non-congruent angles, the repeated angle o must be obtuse and
hence is determined by |c(c«)|. Lemma 4.3 then shows that within the class of kites
with one odd angle that is the larger of the two non-congruent angles, each kite is
uniquely determined by its characteristic polynomial.

Next, suppose the odd angle is the smaller of the two non-congruent angles. Then
summing the cosine frequencies on the right side of Equation (17), we obtain 4¢’ — 2¢.
We add 2¢' + 2¢ = 1 and again determine ¢’ and hence £. We have a > % and the
coefficient of the final cosine term yields o up to two possibilities. We can then apply
Lemma 4.3 to conclude that within the class of kites with one odd angle that is the
smaller of the two non-congruent angles, each kite is determined up to two possibilities
by its characteristic polynomial. A priori, a kite with the same characteristic polynomial
as K may not have the same type of odd angle as K, meaning that there could be at
most three kites with exactly one odd angle and the same characteristic polynomial.

To prove (a) and (b), it remains only to show that, with the exception of the kites
excluded by the given hypotheses, the characteristic polynomial of a kite with one odd
angle determines whether the odd angle is the larger or smaller of the two opposite
non-congruent angles. Let K1, respectively K>, be kites with odd angle that is larger,
respectively smaller, than its opposite angle, and denote the edge lengths of K; by
£, 6/.) for j = 1,2.Then Pk, (t)—cos t is given by Eq. (16) and Pk, (1) —cos t is given
by Eq. (17). In order for these to be equal and taking into account that 2¢; < 5 < 245,
we must have £ = Ez £> and Z’ = Z’ — £1. Since both kites have perlmeter one, it

follows that (€1, £}) = (10 5) and ({2, ) = ( , 130) completing the proof. ]
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The case of kites with two odd angles is more subtle. If a kite K has two equal
odd angles, then these are necessarily the angles o and the only cosine term in Pg (¢)
is cos(¢). Thus Pk (¢) provides very little information about the geometry of K, and
we will not study such kites further. If K is a kite with two unequal odd angles y
and y’, then Pk () — cos(t) retains one cosine term and hence more information; in
particular,

Pk (1) — cos(t) = c(a)* cos (21¢' = £|r) + constant. (18)

However, there are certain length pairs that cause the cosine frequency 2[¢' — £| to
match those of certain kites with no or exactly one odd angle:

(a) If K satisfies (¢, £) = (é, %), then it could have the same cosine frequencies as a
kite K’ in which y is the unique odd angle, (¢, ¢') = (3, 3) and c(y") # —Lc(o):

Py (t) — cos(t) = [2c(a)c(y’) + c(oz)z] cos(t/3) + constant.

(b) If K satisfies (£, £') = (11—2, 15—2), then it could have the same cosine frequencies as
akite K’ in which there are no odd angles, (¢, £') = (%, %) and c(y') = —%c(a):

Pg/(t) — cos(t) = 2c(a)c(y) cos(2t/3) + constant.

(c) If K satisfies (¢, £') = (%, %), then it could have the same cosine frequencies as
arthombus K’ with no odd angles:

Py (t) — cos(t) = 2c(a)[c(y) + c(y)] cos(t/2) + constant.

We will exclude these possibilities from our consideration of kites with unequal odd
angles.

Proposition 4.6 Let K be a kite of perimeter one with two unequal odd angles. Suppose
its lengths satisfy (£, ') ¢ {(%, %), (%, %), (é, %)}. Then K is uniquely determined
amongst all kites by its characteristic polynomial.

Proof The characteristic polynomial of K as given in (18) determines ¢’ — ¢ and hence
the pair (¢, £). We can also read off |c()|. Since y and y’ are both odd, & must be
obtuse and hence « is uniquely determined from |c(«)|. We can thus apply Lemma 4.3
to complete the proof. O

We conclude our discussion of kites by considering some of the equilateral ones.

Theorem 4.7 Let K be a rhombus with no odd angles. Then there are at most two
other kites with the same characteristic polynomial.

Proof In Theorem 4.1, we proved that squares are uniquely determined by their char-
acteristic polynomial among all convex quadrilaterals and triangles. So, assume that
K is not a square. From the preceding discussion, the only kites that might have the
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same characteristic polynomial as K are other rhombi with no odd angles, and kites
with unequal odd angles y and y’ and (¢, ¢') = (%, %). We have already shown in
Theorem 4.2(a) that there is at most one other thombus with no odd angles with the
same characteristic polynomial as K.

The constant term for a kite with unequal odd angles y and y’ and (¢, £) = (é, %)
is —s(a)2s(y)s(y’) = £s()?. The coefficient of the cos(z /2) term is c(«)?. Thus the
quantities c(a)? % s () are determined by the characteristic polynomial: for one sign
choice the value is one, and for the other sign choice the value is cos(%z). Since « is
necessarily obtuse, we have %2 € (m, 2m), and cos 6 is injective on (7, 27). Hence we
recover o and there is one possible non-equilateral kite with the same characteristic
polynomial as K. O

5 Regular Polygons

We now focus on regular polygons. The following notation will be useful.

Notation 5.1 We define the following subsets of (0, 7):

—{ae(0,7):c@) <0} = |j (4]” 1,4j71_3>:<§,71)u<%,%)u

]_

e¢]

— o€ 0.7): cla) > 0) = |_|<4j+14j_1) E5uE Do

and
={a € (0, 7) : c(a) = 0} = {0odd angles}.

‘We have
0,7)=A"uAt 1A

We emphasize that A~ is the largest of these three sets; indeed, (%,7) C A~.
Moreover, for any convex polygon €2 other than an equilateral triangle, at most two
interior angles of Q can lie outside of \A~. As noted in Definition 2.2, every ajg
is either an empty product (so equals one) or else is a product of an even number of
factors c(a ;). Thus in the case of convex polygons all of whose angles lie in A™, every
ajg) > 0 and cancellation cannot occur in the second bulleted item of Remark 2.10.

Example 5.2 Let P, denote the set of all convex n-gons that have all angles in A~ For
any convex n-gon €2 (whether or not in P, ), the maximum possible cosine frequency
occurring in Pq(#) — cos(?) is 1 — 2€min(£2), where €in(€2) is the smallest edge
length of Q. For Q € P, this cosine frequency necessarily occurs. Thus within P,
the characteristic polynomial of €2 determines £min (€2). In particular, the characteristic
polynomial determines which elements of P, are equilateral, since for any n-gon of
perimeter one, we have £, (2) < % with equality only if €2 is equilateral. Moreover,
equilateral elements of PP, are distinguishable by their characteristic polynomials

from all elements of ( J,r_, | P,
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We can apply Example 5.2 to the class of regular n-gons.

Theorem 5.3 Within the class of regular n-gons, each element is uniquely determined
by its characteristic polynomial.

Proof Forn # 3, the regular n-gon lies in P, . Thus by Example 5.2, the characteristic
polynomial distinguishes the regular n-gon from the regular m-gon when n # m with
both n, m > 4. The equilateral triangle 7' can be distinguished from the higher order
regular polygons by the absence of cosine terms in Py () — cos(?). O

By Example 5.2, regular n-gons are also distinguishable from those m-gons, m > n
that have all angles in A~ (including in particular all m-gons that have all angles > %).
We next compare regular n-gons to other n-gons. Applying Example 5.2 again, we
see that they are distinguishable from non-equilateral n-gons that have all angles in
A~ . For small n, we can say more:

Theorem 5.4 For n € {3, 4} the regular n-gon is uniquely determined within the set
of all convex n-gons by its characteristic polynomial. For n = 5, any convex 5-gon
with the same characteristic polynomial as a regular pentagon must be equilateral.

Proof For n = 3, this is Theorem 3.2(e) and for n = 4, it is a special case of Theo-

rem 4.1. So, let R be the regular pentagon, and let Q be another convex 5-gon. The
characteristic polynomial for a regular pentagon of perimeter equal to one is

- 2(3% 3 2 (3% 4 (3 ‘
PR(t) := cos(t) + 5cos ( 5 )cos<5>+[5003 ( 6 >+5cos < 5 )]cos<5>
— sind <5i>
6

cost 4+ Zos (3 4 105 oo (1) - !
= Cos 4 cos 3 6 Ccos 3 3"

Assume that Q, a pentagon with angles @« = (o, o2, ..., «s) and lengths £ =
(1,42, ...,25), has the same characteristic polynomial. Since % > 6, at least 7

choices of [£] must contribute non-trivially to the cos (%) term. Similarly, at least 4

choices of & must contribute non-trivially to the cos (%) term. Thus at least eleven
choices of £ must contribute non-trivially to the cosine terms. In particular, since the
presence of a single odd angle would result in the vanishing of ajg¢) for eight distinct

€],
Q cannot have any odd angles, and all except at most four [£§] must satisfy
31
|E-£|e{1,§,§}. (19)
Let [£(i)] be the equivalence class that distinguishes edge ¢;, so for example
@] ==+, -1 1,11,
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i.e., £(i) has the i’ component with a sign different from all other components.
Similarly, let £(i, j) denote the element that distinguishes ¢; + £ ;. For example,

£§2,49=(1,-1,1,-1,1).

Suppose that Q has at least one edge length that is not a multiple of % Let
_ . . 1
A :={j : £; is not a multiple of 5[
. . 1
B:={1,2,3,4,5}\ A= qk: ¥ 1samu1t1pleof§ .

Leta :=#A > 0and b := #B = 5 — a. For j € A and k € B, neither |£(j) - £|
nor |E(j, k) - £] lies in {1, % %} Since a + ab = a(6 — a) > 4, this contradicts (19).
Therefore, all the edge lengths of Q are multiples of % Since

5
dogp=1,
j=1

Wehaveﬁj=%f0rj=1,2,3,4,5- o

Next we investigate convex quadrilaterals that have the same characteristic
polynomial as an equilateral triangle.

Theorem 5.5 Assume that a convex quadrilateral has the same characteristic poly-
nomial as an equilateral triangle of perimeter one. Then it must satisfy the following
conditions:

1. the quadrilateral’s side lengths satisfy: £1 + € = €3 + {4 = %;
2. the quadrilateral has precisely two non-adjacent odd angles; and
3. the odd angles are of the form

b4 T
2k+1" 2j4+1°

for positive integers j and k of different parities, and the other two angles are
equal to each other. Hence all four angles are rational.

If, moreover, a convex quadrilateral is Steklov isospectral to an equilateral triangle,
then there are only finitely many values the angles may assume. For each such value
of a, there is a continuous family of quadrilaterals with this data that satisfy (1) and
have the same characteristic polynomial as the equilateral triangle.

Remark 5.6 While we were in the process of preparing these results for publication, the
first named author supervised an undergraduate research project by Dante Mancino at
Bucknell University. Mancino proved that no convex quadrilateral can simultaneously
satisfy all three conditions in Theorem 5.5 [25]. Thus no convex quadrilateral can have
the same characteristic polynomial as an equilateral triangle.
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Proof of Theorem 5.5 The characteristic polynomial of an equilateral triangle with
perimeter equal to one is
cos(t) + 1.

Assume that Q, a quadrilateral with angles @ = (o1, o2, @3, @4) and side lengths
£ = (€1, s, €3, L4), has the same characteristic polynomial. We consider three cases,
depending on the number of odd angles of Q, which is necessarily 0, 1, or 2 since Q
is convex.

In case Q has no odd angles, we postpone the proof to the next section; see
Remark 6.2.

Now assume that one of the angles of Q is odd; without loss of generality, let this
angle be «1. Then the characteristic polynomial of Q is given by

Po(t) = cos(t) + c(az)c(ag) cos(|€1 + £o + €3 — £4]t) (20)
+c(az)c(as) cos(|€y + £n — £3 + £4]1)
+ c(@2)c(ag) cos(|€y + €o — L3 — L4]t) — s(ap)s(a2)s(a3)s(aq).

Since the frequencies in the second and third cosine terms cannot vanish, in order for
the constant term in Py to be equal to one, we must have [£1 + £ — £3 — £4] = 0 and
c(a2)c(ag) > 0. Moreover, the frequencies in the second and third cosine terms must
be identical, and the coefficients must cause these terms to cancel. We therefore have

c(az)clas) + c(az)c(as) =0,

so that c(a3) = 0 or c(og) = —c(a2). The latter option contradicts c(«z)c(aq) > 0,
and the former option implies that «e3 is also odd. Thus, if O has exactly one odd angle,
it cannot have the same characteristic polynomial as an equilateral triangle.

Finally, we consider the case when Q has two odd angles. We saw above that
labeling one of the odd angles as o leads to the other odd angle being «3, so that
condition (2) of the theorem holds. The characteristic polynomial becomes

Po(t) = cos(t) + cl(az)c(ag) cos(|€y + €y — €3 — L4]t) £ s(az)s(as).

Again, we must have c(ap)c(aq) > 0 and |£1 + € — €3 — £4] = 0, so that condition
(1) of the theorem holds. Setting

a] = and a3 = .n
2k + 1 2j+1
for some j and k, we must have that
72 2
I = c(a)c(og) £ s(ap)s(og) =cos| — F — ),
20 204

where the upper sign is used if «; and a3 have opposite parity, and the lower sign is
used otherwise.
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If o1 and o3 have the same parity, then cos (% + 2”724) = 1 and thus

n? n?

T ) 21
200 + 2004 " D

for some n € ZT. Since o + a3 < ZT” we have ap, oy € (%,n) and ag > %” — o).

Consider the function

[
a)=—+ —F.
20 2(% —0)

It is straightforward to check that the maximum of f on the closed interval [5, 7] is

27 and is attained only at the endpoints. Thus 27 > f(a2) > % + %, contradicting

210).

Thus o1 and o3 must have opposite parity, we have cos (% — 2”724) =1, and

n? n?
— — — =2mn (22)
200 204

for some m € Z. We again have ap, ag € (%, ), so that % % € (%, 37”). Thus
m = 0, ap = a4, and condition (3) of the theorem holds.

By [5, Corollary 3.12], convex quadrilaterals that are Steklov isospectral to a given
equilateral triangle have interior angles that are uniformly bounded from below by a
positive constant. Consequently, there are at most finitely many possible values of j
and k and therewith at most finitely many values for the angles. By [5, Lemma 5.8], for
each choice of angle values, there is a continuous family of quadrilaterals that have this
same angle and length data, and thus necessarily the same characteristic polynomial
as the equilateral triangle. O

6 Smoothly Bounded Domains

We now turn to the question of whether a convex polygonal domain can have the
same characteristic polynomial as a simply-connected smoothly bounded domain. By
Proposition 2.7, admissible curvilinear n-gons with n > 1 are always distinguishable
from simply-connected smoothly bounded domains by their characteristic polynomi-
als. For convex n-gons that are not necessarily admissible, we will begin by showing
that triangles and quadrilaterals are distinguishable from simply-connected smoothly
bounded domains. We will then address the case of n-gons with n > 5.

6.1 Triangles and Quadrilaterals
We showed in Theorem 3.2 that the equilateral triangle is uniquely determined among

all triangles by its characteristic polynomial, and showed in Theorem 5.5 that at most
finitely many convex quadrilaterals have the same characteristic polynomial as the
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equilateral triangle. The quadrilaterals necessarily satisfied certain conditions, but
by Remark 5.6 no quadrilateral can simultaneously satisfy these conditions, so the
equilateral triangle is uniquely determined among all triangles and quadrilaterals by
its characteristic polynomial. We now show that the characteristic polynomial of a
triangle or a quadrilateral is never equal to that of a smoothly bounded domain.

Theorem 6.1 No triangle or quadrilateral has the same characteristic polynomial as
a smoothly bounded domain.

Proof By (3), only triangles with two or three odd angles have a single cosine term
cos(t) in their characteristic polynomial. The constant term s (c¢1)s (a2)s (3) has mag-
nitude one if and only if 7 has three odd angles and is necessarily equilateral. In that
case, the sign of the constant term distinguishes the characteristic polynomial of the
equilateral triangle from that of the smoothly bounded domains. Thus, no triangle has
the same characteristic polynomial as a smoothly bounded domain.

Let Q be a quadrilateral of perimeter one. We need to show that Py (¢) # cos(f)—1.
We suppose the contrary. Denote the angles of Q by «q, ..., «s. We will consider
separately the three cases that the number of odd angles is zero, one or two. We first
observe that in all cases, |s(o1)s(o2)s(@3)s(aq)| < 1; consequently in the notation of
Definition 2.2,

3¢ € (+1}* such that & - £ = 0 and ag < 0. (23)

Necessarily, £ will have two positive entries and two negative ones.
We first consider the case that Q has no odd angles, so ag # 0 for every £. Denote
the edge lengths in increasing (not necessarily cyclic) order as

0 < K/ < E” < f”/.
By the observation in the previous paragraph, we must have
e+ =040 24)

Moreover, our assumption that Py (¢) = cos(t) — 1, which does not include a cosine
term of frequency —¢ + €' + £” + ¢", implies that at least two edges must realize the
minimal length ¢, i.e., £ = ¢'. Equation (24) then yields £ = £, so Q has two pairs
of equal edge lengths. Thus Q is either a parallelogram or a kite with no odd angles.
A glance at Eqgs. (10) and (15) then shows that the characteristic polynomial cannot
equal cos(t) — 1, completing this case.

Next suppose that Q has exactly one odd angle, say «. Using our usual cyclic
notation for edge lengths, we have

Pg(t) = cos(t) + c(az)c(asz) cos(|€y + €o — €3 + £4]1)
+c(az)c(ayg) cos(|€y + Lo + €3 — £4]1)
+c(az)c(oy) cos(|€y + £y — €3 — La]t) £ s(an)s(az)s(aq), (25)
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where the sign in the last term depends on the odd angle «;. Comparing this with
Eq. (23), we must have

1
b+l =43+ 4y <= 5) (26)

and c(a2)c(aq) < 0. The other two cosine frequencies must cancel, so

1
U3 =Ly = 7 27

and c(a3)[c(a2)+c(aa)] = 0. Note that c(a3) # 0 since we assumed that o is the only
odd angle. Thus c(a4) = —c(op). This implies that s(«s) = £s(o2). Equation (25)
thus simplifies to

Po(1) = cos(1) — c(2)” + s(e2)’s(e3)
= cos(t) — 1 + s(@2)?[1 £ s(3)]. (28)

Since a3 is not odd, 1 & s(«3) # 0. Thus our assumption that Py (f) = cos(?) — 1
implies that s(«p) = 0, i.e., a2 is even. a4 is even as well but distinct from o since
c(aq) = —c(an). Given that 1 is odd and that necessarily o1 + a2 + o4 > 7, the only
possibility is that @) = % and {az, a4} = {7, 7} and then a3 = “” . This together
with Eq. (27) shows that the line segment s joining vertices az and a4 divides Q 1nto
two triangles: (i) an 1sosceles triangle with angles 77, 1112 » 57> two edges of length >
and edge s of length 1 5 cos(n/24) (i) a triangle T with angles %, 522 and “” and
sides of length £1, {7 and s = 2 cos(m/24). The Law of Sines gives that either E] oréy,
whichever is opposite the angle measuring lzlf , measures é% > %,
contradicting Eq. (26). This completes the proof in the case that Q has exactly one
odd angle.

Finally suppose that Q has two odd angles. If the odd angles are adjacent, say o1 and
oz, then we have Pg (t) = cos(t) +c(az)c(ag) cos(|€) + €2 4-£3 — £4]t) s (a3)s(0a),
which does not coincide with cos(z) — 1. Thus we may assume that the odd angles are
non-adjacent, say o] and «3. We then have Py (1) = cos(t)+c(oz)c(aa) cos(|€1+£2—
03 — L4]t) £ s(a2)s(ag). Since o) + a3 < =7, both a; and a4 must lie in (%, 71) and
thus c(a2)c(aq) > 0. Consequently, Condition (23) fails to hold. This contradiction
completes the proof. O

Remark 6.2 The proof that a quadrilateral Q with no odd angles cannot have the same
characteristic polynomial as a smooth domain is easily modified to show that Q cannot
have the same characteristic polynomial as an equilateral triangle. The characteristic
polynomial of the equilateral triangle agrees with that of a smooth domain except for
the sign of the constant term. Thus in Eq. (23), we need to replace ag < 0 by ag > 0.
The rest of the argument in the case that Q has no odd angles does not use the constant
term and thus goes through without change.
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6.2 Higher n-gons

In this subsection, we address the question of whether an n-gon 2 with n > 5 can have
the same characteristic polynomial as a simply-connected smoothly bounded domain.
We will not resolve the question but will obtain strong necessary conditions. When
a polygon Q has odd interior angles, we introduce a curvilinear polygon, Q™4 (
reduced), obtained by removing the odd vertices of 2.

Definition 6.3 [5, Defn. 5.1; Notation & Remarks 2.12] Let 2 be a convex n-gon.

(a) Letk be the number of odd interior angles in 2. If k = 0, set Qred .= Q Ifk=1or
2, let 2™ be a curvilinear (n — k)-gon obtained by “removing” the vertices where
the odd angles occur. More precisely, if ¢ is an odd angle and £; and £ are
the lengths of the two edges that meet at the vertex with angle «;, then replace the
two edges by a single smooth curve of length £ ; + £ 1, being careful not to affect
the adjacent vertex angles «j_1 and o ;1. If there are two odd angles, repeat the
process. In particular, if odd angles o;_1 and o; occur at adjacent vertices of €2,
then the three edges incident to these two vertices are replaced by a single smooth
curve of length £; 1 + £; + £ 1. The only convex polygons with more than two
odd angles are equilateral triangles. In this case, 29 is a smooth simply-connected
domain, and the characteristic polynomial of ¢ is defined as in Equation (2).
We refer to 2™ as the reduced curvilinear (n — k)-gon associated with €2.

(b) We say that a convex n-gon is weakly edge-admissible if the edge lengths of Q"
are incommensurable over {—1, 0, 1}. Observe that incommensurability of the
edge lengths of €2 over {—1, 0, 1} implies that 2 is weakly edge-admissible.

(c) For a curvilinear n-gon Q2 with interior angles «y, ..., a,, we write Cap(2) =
(Je(ap)], - . -, |c(ay)]) with c(«) defined in Equation (1).

Since there is a choice of the smooth curves that replace the edges that meet at an
odd angle, Qred s not well-defined; this will not matter in our use of Q9. We use
only the lengths of the smooth curves and the fact that, by virtue of not being straight
line segments, we can distinguish them among the edges of Q™. The utility of Q'ed
lies in the relationship between the characteristic polynomials of €2 and €.

Lemma 6.4 [5, Lemma 5.3] We use the notation of Definition 6.3. Let Q2 be a weakly
edge-admissible convex n-gon. Let k be the number of odd interior angles in Q2. Then:

(a) Q™ is either an admissible curvilinear (n — k)-gon or a domain with smooth
boundary ifn = k = 3;

(b) The characteristic polynomials of Q and Q'Y are identical except possibly for a
change in the sign of the constant term. The sign will depend on the parity of the
odd angles in the sense of Definition 2.5.

(c) If Q is not an equilateral triangle, the characteristic polynomial of Q2 determines
C (2% and £(Q2™Y) up to possible permutations of the entries. Moreover, unless
Q has more than one even angle, the characteristic polynomial of Q2 determines
Cap (7YY and £(2Y) uniquely (modulo the choice of boundary orientation and
cyclic labelling).
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Equilateral triangles are excluded in part (c) only because we have not defined
C.ap(2%) when Q™ has smooth boundary. As we investigate the possibility that a
polygonal domain €2 has the same characteristic polynomial as a smoothly bounded
domain, itis convenient to keep track of those side lengths of €2 that cannot be expressed
as the sum of two or more smaller side lengths. For this we define £(€2) and £*(£2)
below.

Notation 6.5 Given a curvilinear n-gon €2, let £(2) denote the collection of all edge
lengths of €2 repeated with multiplicity. We will generally write the entries of £(£2)
in the order of increasing size as opposed to their cyclical order of occurrence in €2.
Let £*(€2) denote the set of elements—without multiplicity—of £(£2) that cannot be
expressed as the sum of two or more smaller elements of £(€2). For example, if Q2 is
a 6-gon with £(Q) = (15, §. 3. 15+ 5- 1)- then £*(Q) = { &, &}

To obtain our first collection of necessary conditions that an n-gon 2 of perimeter
one must satisfy in order that Pq(#) = cos(¢) — 1, we use the fact that no cosine terms
appear in Pg other than cos(?).

Lemma 6.6 Let 2 be a convex n-gon of perimeter one with the same characteristic
polynomial as a smoothly bounded simply-connected domain. Then at least one angle
of Q lies in AT (see Notation 5.1), and Q has at most one odd angle.

Proof By Theorem 6.1, n > 5, so at most two angles of  are odd. It follows that
there exist choices of [§] such that 0 < & - £ < 1 and afg; # 0. The fact that there
is no cosine term of frequency & - £ in Py means that cancellation occurs. Thus there
exist & such that ajg) and agg/) have opposite signs. Since each of ajg) and apg/) is a
product of an even number of factors c(«;), the first statement of the lemma follows.
Next, since at most two angles of €2 can lie in (0, %] and at least one is in AT, there
can be at most one odd angle. O

Proposition 6.7 Let 2 be a convex n-gon of perimeter one with the same characteristic
polynomial as a smoothly bounded simply-connected domain. First suppose that
has no odd angles. Then:

(a) Every £ € L*(2) occurs with multiplicity at least two in L(S2), in particular,
cannot have a unique shortest edge. Moreover, there exist edges E and E’ of Q
of length £ such that the angle at exactly one endpoint of E lies in AT, whereas
either both or neither of the angles at the endpoints of E’ lies in A™.

(b) Let £ € L*(R2). Then either £ occurs with multiplicity m(£) = n in L(2) (so Q is
equilateral), or else there exists k with2 < k < m(£) such that k£ is a sum of one
or more elements of L(S2) distinct from L.

Next suppose that 2 has one odd angle. Then (a) and (b) hold with L(S2), L*(R2)
replaced by L(2"%), £*(Q"Y) and n by n — 1.

Proof By Theorem 6.1,n > 5. (a) Suppose that £ has no odd angles, so aj¢] # 0 for all
[E].Let£ € L£L*(2). Eachedge E of length £ contributes a term c(a)c(a’) cos(|1—2£]1)
to Pq where o and o’ are the angles at the endpoints of E. Moreover, the definition
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of £* implies that the only terms of this form arise from edges of length £. Note that
l < % by the triangle inequality, so 1 — 2¢ # 0. The hypothesis that €2 has the same
characteristic polynomial as a smooth domain implies that all the terms of this form
must cancel, and statement (a) follows.

(b) Suppose the multiplicity m := m(£) is less than n. We need to show that there
exists k < m such that k£ is a sum of one or more elements of £ distinct from £. Let
E;, ..., E;, be the edges of length ¢. Define § = (§;,...,§,) so that§; = —1 for
J € i1, ..., in} while all other £; equal 1. Then cos(|§ - £|t) = cos(|1 — 2mL|t). If
ml = %, then the sum of all the edge lengths distinct from ¢ must equal 3, so the
desired conclusion holds with k = m. Otherwise, cancellation of the terms of form
cos(|1 — 2m{|t) in the characteristic polynomial requires that there exists some other
subset S of edges of €2 for which the sum of the edge lengths is also m£. Let g be the
number of edges in S that have length £. Necessarily g < m, and the conclusion of
(b) holds with k = m — q.

Next suppose that €2 has one odd angle. By Lemma 6.4(b), the characteristic poly-
nomial of ¢ agrees with that of Q except possibly for the sign of the constant
term. The argument above does not use the constant term and thus goes through for
Q replaced by ¢ once we observe the following: In the proof of (a) we used the
fact that no edge of 2 can have length % This is no longer true for Q™Y since the
two edges of € adjacent to the odd angle are combined to form a single edge of 4.
However, if this edge, denoted E, has length l, then the sum of the remaining edges

of 4 also equals % Thus the edge length % does not belong to £*("e4). O
Remark 6.8 Suppose that 2 satisfies the hypotheses of Proposition 6.7. If €2 has no odd
angles, statement (a) implies that the shortest edge length £y occurs with multiplicity
at least two. Moreover, using (b), the multiplicity will be at least three unless some
edge of Q2 has length 2¢. Indeed, minimality of the length £ implies that the only way
to express 2£p as a sum of edge lengths is as £o + £¢. Consequently, the integer k in
(b) must be at least 3 and thus m(£p) > 3. If 2 has an odd angle, the same conclusion
holds with €2 replaced by Q4.

Corollary 6.9 Let Q2 be a convex n-gon with the same characteristic polynomial as a
smoothly bounded simply-connected domain. In the notation of Proposition 6.7, we

have
IL*(Q)] < 4.

Moreover, we have a smaller bound in the following cases:

|L*(R)] <2 if n =5, 6 and 2 hasno odd angles,
|£*(R2)] <3 if n =7, 8 and 2 has no odd angles,
|£*(R2)] <3 if n =5 and 2 has 1 odd angle.

When 2 has an odd angle, we also have bounds on |L£*(S2%)|:

[£*(Qed)| = 1if n =5,
|£*(Qd)| <2 if n > 6.
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Proof By Theorem 6.1, n > 5. First suppose that €2 has no odd angles. At most two
interior angles lie in AT, since such angles are less than % Thus at most four edges
are adjacent to a vertex with angle in AT, so the bound |£*(Q)| < 4 follows from
Proposition 6.7(a).

To obtain the smaller bounds when 5 < n < 8§, the shortest edge length £y accounts
for one element of £*, and Remark 6.8 tells us that there are at most #n — 3 additional
elements. Applying Proposition 6.7(b), we thus obtain the bound |£*(2)| < 1+ ”—53,
which outperforms the bound |£*(2)| < 4 whenn < 8.

Next suppose that  has one odd angle. We first bound |£*(27)|. Since Q has
an odd angle, at most one interior angle of 2—and thus at most one interior angle of
Qrd__can lie in A™. Also, since ¢ has only 7 — 1 edges, by an argument analogous
to the one above, we obtain

1£*(2°Y)| < min {2, 14+ ;4} .

In particular | £*(2"4)| = 1 when n = 5 and |£*(Q2"%)| < 2 for larger n.

Finally, the collections of edge lengths £(£2) and £(2"*%) differ only in that the
lengths of the two edges of 2 adjacent to the odd angle are not included in £(2"%),
only their sum. It follows easily that [£*(2)| < |£*(2"9)| + 2. This completes the
proof. O

We next use the fact that the constant term in Pg must equal —1.

Proposition 6.10 Let Q2 be a convex n-gon of perimeter one. Suppose that 2 has the
same characteristic polynomial as a smoothly bounded simply-connected domain.
Then either:

(1) 2 has two even angles of opposite parity that separate 052 into two components
of length %

(ii) or there exist at least two equivalence classes [E], [€'] of elements of {+1}" such
that§ - £ = 0 =&’ - £ and such that aig), ajery are both negative.

We note that the two possibilities are not mutually exclusive.

Proof In view of Theorem 6.1, we may assume that n > 5. Comparing the constant
term in the characteristic polynomial of a smoothly bounded simply-connected domain
with that of 2, we see that

n
— 1= Z agg —l_[s(ai). (29)
{[£]:£-£=0) i=1

We consider three cases depending on the value of H?:l s(o). If H?:l s(ej) < 0,
then we must have
Z ag) < —1.

{1§1:&-¢=0}
Since a single ajg) term has magnitude at most 1, statement (ii) must hold.
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If ]_[:7:1 s(a;) = 0, i.e., if Q has at least one even angle, then(29) becomes

> ag=-1

{1§]:§-£=0}

Consequently, either there exists & such that £ - £ = 0 and ag; = —1, or at least
two [£] contribute to this sum and we are in case (ii). In the former case, each of the
cosine factors c(a;) that occur in afg) have magnitude one and thus correspond to
even angles «;. Since €2 can’t have four even angles, there must be exactly two even
angles contributing to ajg) and they must have opposite parity. The condition & - £ = 0
implies that these two even angles separate €2 into two components of length %

We are left with the case [[/_; s(e;) > 0. Suppose there is only one equivalence
class [] such that & - £ = 0 and afg; < 0. Writing

ag] = c(a;,) ... c(ay)

forsome 1 < ij--- < i with k > 2, we have

|a[E]| =< |C(ai1 )C(ai2)|’

Since €2 has at most one odd angle by Lemma 6.6, all except at most one of the factors
s(a;) satisfy |s(aj)| < 1. Thus

n

[ st

i=1

< Is(aip)s (@)

Consequently, Eq. (29) yields

n

1 =lag) — HS(Oli)| < |e(ag)elapn)| + [s(a))s (@)l
i=1

Thus for a suitable choice of 4+, we have

(2 22)
cos| — =+
Zail 2ai2

a contradiction. O

1 <

’

Remark 6.11 Proposition 6.10 implies that one can divide the edge lengths £(2) into
two disjoint subcollections, £(€2) = L£(£21) U £L(£2;) in such a way that the sum of
the lengths in each subcollection £(£2;) is exactly %

Corollary 6.12 Convex equilateral polygons with an odd number of sides never have
the same characteristic polynomial as a simply-connected smoothly bounded domain.
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Corollary 6.13 If a convex n-gon Q2 of perimeter one with one odd angle has the same
characteristic polynomial as a smoothly bounded simply-connected domain, then the
sum of the lengths of the two edges that meet at the odd angle is strictly less than %

Proof By Theorem 6.1, such an n-gon has n > 5. Assume 2 satisfies the hypotheses.
Denote the odd angle by «; and the corresponding vertex by vy, so the lengths of
the adjacent edges are denoted ¢ and £,. With our usual cyclic notation, edge ¢1 has
endpoints v; and v,, and £, has endpoints v; and v,. The fact that o1 is odd implies
that

& = & for every& € {£1}" such that ajg; # 0.

Ife) + £, > % it follows that there does not exist & that simultaneously satisfies
ajg] 7 0and & - £ = 0, contradicting Proposition 6.10. Next suppose that £1 +£> = 5
Then [(—=1, -1, 1, 1,..., )] is the unique equivalence class [§] satisfying ag] # O
and&-£ =0. Proposition 6.10 thus implies that o, and a, are even angles of opposite
parity, say &, = 7.~ and oy = 4 5 for somem, p € 7. The line segment from v, to
vy decomposes 2 into a tnangle T with vertices v, v, v2 and a convex (n — 1)-gon
' with vertices vy, v3, ... v,. Let s denote the length of this line segment, so T has
edge lengths £1, £, and s. Denote the interior angles of T by f1 (= «1), 2 and B,.
We have pr < az < 5, and B, < &, < 7. Since o is odd and 7' has angle sum 7,
we must have @y = 5, a2 = 5 and , = 7. The fact that 8, < 7 also implies that
Bn > %

We find an upper bound on s using that 8, € (g, 7). 2 € (51—’5, 7),and £1+€p = %
Given our labeling conventions and these angle restrictions, we know that £; > {5,

so we have £, € (0, 41'1) The Law of Sines gives s = zﬁ% Defining s = f(¢, B) =

2‘5/1}/3 , we find that 2L 37 Z >0 and < 0 on the interior of our domain, so there are no

interior critical points for s. Checkmg the boundary, we see that the maximum value

of s = ‘[ ~ 0.43 occurs when ¢ = 4 and B = %. Although this combination of

values does not correspond to an actual triangle satisfying our constraints, we have
found a sufficient upper bound on s.

Now consider the (n — 1)-gon €'. The length of its “base” joining vertices v, and
vy iss. Leta, = a, — B, and ) = oz — B> denote its interior angles at these vertices.
Since B, + fo =1 — ] = ZT”, and o + o, = 3T”, we have

, , 3m 2n b4
MTRET I T
In particular, €’ is an extremely thin (n — 1)-gon. The sum of the remaining n — 3
angles is (n — 3)m — {5. On the other hand, the lengths of the edges other than the
“base” edge sumto €3 + s+ -+ £, =1 — (€1 +4{p) = % The base s must then
satisfy s > % cos(rr/12), which is larger than 0.43. This completes the proof. O

Example 6.14 Let Q be a pentagon of perimeter one with the same characteristic
polynomial as a simply-connected domain with smooth boundary. Assume that €2 has
no odd angles. Using Proposition 6.7, Corollary 6.9, and Remarks 6.8 and 6.11, along
with the fact that no individual edge can have length %, one verifies that the list below
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exhausts all the possibilities for £(€2). We leave the case that |£*(2)| = 1 to the
reader and give a brief explanation for the case |L*(2)| = 2.

Possibilities for which |£*(€2)| = 1 in the notation of the corollary:

e o
—_~

| —

|

|

1N
([N
N—

(%’E’@E’E
2 2

e o o o o
o~~~

|._.

|.—

|

|

(IS

SN—

12'12° 12 12> 12
L1 12 3)
414777

Possibilities for which |£*(€2)| = 2 in the notation of the corollary:

11 3 3 2)
707014 140 7
To see that this lists exhausts all possibilities, write £*(2) = {a, b} with a < b.
If a has multiplicity 3, then £(2) = {a, a, a, b, b}. By Proposition 6.7, 2b must be
a sum of entries other than b. The only possibility is that 3¢ = 2b = %, yielding
the first item. If @ has multiplicity 2, then again applying Proposition 6.7, we have
L(RQ) = {a, a,2a, b, b} (not necessarily in increasing order). We have 4a + 2b = 1,
so2a+b = % Moreover, 2b must be a sum of some of the entries not equal to b.
Since b is not a multiple of a, the only possibility is that 2b = 3a, resulting in item 2.

We next consider pentagons with an odd angle.

Proposition 6.15 Assume that Q2 is a pentagon of perimeter one with the same charac-
teristic polynomial as a simply-connected smoothly bounded domain. Assume 2 has
an odd angle. Choosing the cyclic labelling so that a1 is odd, then one of the following
assertions holds:

53—54=€5=% and £1+52=%,
€3=€5=% and€4=£1+€2=%,
Z:3_ES_§ andﬁ4=£1+£2=6,

Proof Applying Propositions 6.7 and 6.10, along with Corollary 6.13, we find that
the only possibilities for L:(Qred) are (4—11, %, 4—1‘, 41—1) and (é %, %, %) To complete the
proof, it suffices to show in the latter case that the edge lengths é and % must occur in
alternating order in Q.

Suppose to the contrary that the edges of equal length are adjacent. For simplicity,
we choose a new cyclic labelling, yi, .. ., y4, of the vertices of Qred g0 that the two
edges of length é have endpoints y1, y» and y», y3, respectively. Consequently, y4

is the common endpoint of the two edges of length % Recall that the characteristic
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polynomials of € and of "¢ are identical except possibly for the sign of the constant
term. Thus comparing the coefficient of cos (%7) in Pg, equivalently in Pgred, with
that of a smoothly bounded simply-connected domain, we obtain

c(y)le(y) +c(y3)] = 0. (30)

Similarly comparing the coefficients of cos (%t), we obtain

c(yile(yr) +c(y3)] + c(yeys) = 0. €19

All of the ¢(y;) are non-zero since Q'ed has no odd angles. Thus Eq. (30) implies that
c(y1) + c(y3) = 0. But then Eq. (31) implies that one of c¢(y1) or c(y3) must vanish,
yielding a contradiction. This completes the proof. O

Remark 6.16 We have seen that no quadrilateral can have the same characteristic poly-
nomial as a simply-connected smoothly bounded domain. In attempting a similar result
for pentagons, we have reduced the problem to those pentagons whose edge lengths lie
in a short list of candidates. The characteristic polynomial of each pentagon contains
much additional information. It is natural to ask whether the characteristic polyno-
mials along with geometric techniques can be used to on a case-by-case basis to rule
out each candidate. We have seen a small example already in the proof of Proposi-
tion 6.15 in ruling out one possible ordering of edges of length (l) and % Pentagons
are less geometrically rigid than quadrilaterals, and the additional angle also makes
the information in the characteristic polynomial more difficult to parse. However, it
may be possible to use a combination of the characteristic polynomial, geometric
techniques, and a numerically-based approach to rule out at least some if not all of the
possibilities.

Remark 6.17 Since the characteristic polynomial of an equilateral triangle agrees with
that of a simply-connected smoothly bounded domain except for the sign of the con-
stant term, the results in this subsection can be adapted to obtain necessary conditions
for a convex n-gon,n > 5, of perimeter one to have the same characteristic polynomial
as an equilateral triangle. First note that Proposition 2.7 shows that the cosine terms in
the characteristic polynomial distinguish all admissible curvilinear n-gons withn > 2
from the equilateral triangle. Admissible 1-gons are distinguished from the equilateral
triangle by their constant term. Next, replacing “simply-connected smoothly bounded
domain” by “equilateral triangle” throughout, Lemma 6.6, Proposition 6.7, Remark
6.8, and Corollary 6.9 all go through without change since they only rely on the cosine
terms. In the case of Proposition 6.10, we need to replace “opposite parity” by “same
parity” in part (i) and replace “negative” by “positive” in part (ii). The proof then
goes through with minor modifications, and then Corollary 6.12 goes through without
change.

Corollary 6.13 also goes through with some changes in the proof as follows: Define
T*, ', B2, Bn, o), a;, and s as before. Since o and «, must now be even angles of the

same parity, we find that o = o, = 5 and thus, a priori, &y can be any odd angle. We
have B, + B, > ZT” and thus o) + o), <7 — 27” = %. A geometric argument shows
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that among all convex polygons P with one edge of length s and adjacent angles o}
and «),, the sum S of the lengths of the remaining edges is maximized when P is the
triangle T’ determined by this data. Moreover, S is at most the sum of the two equal
edge lengths of the isosceles triangle with base s and adjacent angles y := % I
our case y < ¢, so we have

S 2s

cos(m/6) - ﬁ

b3+la+---+0,=8< < 1.2s.

The supremum s* of s is the same as before, obtained when the odd angle «; is
maximal, i.e., «; = 5 and T is a right triangle; thus s < 0.3, giving the desired
contradiction £3 + €4 +--- + ¢, < %

Example 6.14 and Proposition 6.15 then go through without change.

We have shown in Theorem 6.1 that no triangle or quadrilateral has the same char-
acteristic polynomial as a smoothly bounded domain. In this section, we have shown
that generically, no polygonal domain will have the same characteristic polynomial
as a smoothly bounded domain; indeed, such a polygonal domain must satisfy sev-
eral geometric constraints, which would violate genericity. It seems unlikely that any
polygonal domain can in fact satisfy all of the constraints, and perhaps further analysis
will reveal that it is impossible. From a purely analytical point of view, recent work
has shown that the Steklov spectrum detects, in a certain sense, the regularity of the
boundary of a domain [3, 19]. With all of these considerations in mind, we conclude
this work with the following bold conjecture:

Conjecture 6.18 A convex polygonal domain cannot be Steklov isospectral to a simply-
connected smoothly bounded domain.
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