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Abstract—We consider the problem of type estimation
over unsourced multiple access fading channels in distributed
multiple-input multiple-output (D-MIMO) systems. Unlike clas-
sical unsourced multiple access, type-based unsourced multiple
access (TUMA) aims to estimate the type, i.e., the empirical dis-
tribution of transmitted messages. We extend our prior work on
TUMA over additive white Gaussian channels to fading scenarios
in which neither the transmitters nor the receiver have channel
state information. To mitigate the impact of path-loss variability,
we employ location-based codebook partitioning: users with
similar large-scale fading coefficients use the same codebook.
The decoder is built on the multisource approximate message
passing algorithm proposed by Cakmak et al., and supports both
centralized and distributed implementations. As an application,
we demonstrate how TUMA enables efficient communication in a
multi-target localization setting, where distributed sensors report
to a D-MIMO receiver quantized target positions. We propose
a performance cost function that combines localization errors
with a misdetection penalty, and use it to characterize how
performance depends on the fraction of resources assigned to
sensing vs. communication, as well as on the number of bits
used to quantize the positions of the targets.

Index Terms—Type-based unsourced multiple access, massive
random access, distributed MIMO, approximate message passing,
multi-target localization.

I. INTRODUCTION

ASSIVE machine-type communication (mMTC) is a
key enabler for emerging 6G applications: it supports
simultaneous transmissions from a large number of devices
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over a shared wireless medium. These devices typically trans-
mit short packets in a sporadic and uncoordinated manner and
operate under strict energy constraints [3], [4], [5]. With the
need to support massive device connectivity, any scheme that
assigns dedicated resources such as time, frequency, or codes
to each device is not scalable. To address this challenge, the
unsourced multiple access (UMA) framework was introduced
[6]. In UMA, all users share a common codebook and the
receiver is tasked with recovering the list of transmitted
messages without identifying their sources. Recent significant
theoretical and algorithmic advances in this area include the
analysis of fundamental limits [7], [8], [9], [10], [11] on
progressively more realistic channel models, and the design of
coding schemes approaching these limits [11], [12], [13], [14],
[15], [16], [17], [18], [19]. A key assumption in UMA is that
the event where multiple devices transmit the same message
simultaneously, known as message collision, is treated as a
decoding error. This is justified because, when each device
selects its message independently and uniformly at random
from a large message set, the probability of message collisions
is negligible. However, this assumption is often violated in
practical sensing and learning applications, where multiple
users may observe the same phenomenon and generate identi-
cal messages. Examples include multi-target localization [20],
[21], [22], where sensors may report the same target position;
federated learning [23], [24], where clients may transmit the
same quantized model updates due to similarities in their
local data; and point-cloud transmission [25], where devices
observing the same surface may produce identical descriptors.
In such cases, message collisions occur naturally and can no
longer be neglected. Conventional UMA decoders can identify
only whether a message is present or absent. Consequently,
when multiple users transmit the same message, their con-
tributions are merged into a single detected message. As a
result, valuable information about the underlying phenomenon
may be lost. In the abovementioned applications, however,
it is critical that the decoder provides an estimate of the
multiplicity of each message. This motivates the need for a
generalized UMA framework, in which the multiplicity of
each message is reliably estimated. This paper addresses this
gap by proposing type-based UMA (TUMA), which handles
the estimation of message multiplicities over fading channels
in a distributed multiple-input multiple-output (D-MIMO)
architecture.

© 2026 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see https://creativecommons.org/licenses/by/4.0/
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TABLE I
COMPARISON BETWEEN THIS WORK AND CLOSELY RELATED PRIOR WORKS

Ref. H Fading | CSI required | D-MIMO | Collision-aware (TUMA) ‘ Decoder Application

[6] no — no no maximum likelihood —

[26] yes no yes no multisource AMP -

[23] yes yes no yes AMP-DA federated learning

[17* no - no yes AMP multi-target localization

[2]* yes no yes yes multisource AMP -

[24] yes no yes yes multisource AMP federated learning
this work H yes no yes yes multisource AMP multi-target localization

* conference papers that make up parts of this paper

— indicates that the feature is not supported or not considered

A. Related Works

Estimating the multiplicity of each message is equivalent
to characterizing the empirical distribution (also known as
“type”) of the messages. An early formulation of type-based
estimation appeared in the context of distributed detection
in wireless sensor networks [27], where sensors transmit
local type summaries to a fusion center. This idea was later
formalized under the name of type-based multiple access in
[28], where message multiplicities are estimated via the use
of orthogonal codebooks. This approach, however, suffers
from limited scalability, due to the high spectral efficiency
cost of orthogonality. To overcome this limitation, recent
works extended type-based multiple access to nonorthogonal
codebooks [29], [30], [31]. However, these works consider
only a small message set and do not address the massive
and sporadic device activity that is typical in massive ran-
dom access. A type estimation scheme with nonorthogonal
codebooks has also been presented in [23] in the context
of over-the-air computation for federated learning, but the
proposed approximate message passing (AMP)-based digital
aggregation (AMP-DA) decoder requires perfect channel state
information (CSI) at the transmitter side to perform channel
pre-equalization. A general type-based access framework sup-
porting nonorthogonal transmissions, a large message space
and a massive number of sporadically activated devices, and
operating under practical constraints, such as the lack of CSI,
is not available in the literature.

To address these limitations, in our previous work [1], we
introduced the TUMA framework—a general communication-
theoretic solution for estimating message types under col-
lisions. TUMA supports massive uncoordinated access with
nonorthogonal codewords and enables type estimation via
Bayesian inference. In [1], three decoder architectures were
considered: two based on expectation propagation techniques
adopted from [32], and one based on the AMP decoder
from [12]. We showed that the AMP-based decoder achieves
superior performance in terms of complexity and estimation
accuracy. In [33], we also derived an achievability bound for
TUMA and showed a good agreement between the bound
and the performance achievable using a practical coded com-
pressed sensing (CCS)-AMP scheme [34], adapted for TUMA.
The analysis in [1] and [33] is, however, conducted for
a simplified Gaussian channel model, in which small-scale
fading is absent and all users are received at the same power.

Such limitations have recently been overcome in [26], [35],
and [36], where the authors analyze UMA over D-MIMO
network architectures. The analysis in [26], [35], and [36]
relies on two key ideas: i) the assumption that an accurate
model for the large-scale fading coefficients (LSFCs) at each
point in the coverage area is available at the receiver; ii) the
use of location-based codebook partitioning, where each user
selects its codebook based on its LSFC profile. For this setup,
in [26], [35], and [36], a decoding algorithm, referred to as
multisource AMP, is proposed, which allows for the estimation
of the transmitted messages, the channel statistics, and the user
location without requiring any knowledge of the instantenous
CSI. The use of a location-based codebook partitioning is
advantageous, because it allows one to use a more concen-
trated prior for the path-loss vector at the denoiser, which is
beneficial in terms of performance. However, the analysis in
[26], [35], and [36] does not address type estimation. Indeed,
in [26], [35], and [36], the Bayesian denoisers are designed
for joint message detection and channel estimation, under
the assumption that each transmitted codeword is associated
with a single user. In contrast, TUMA requires estimating the
combined contribution of multiple users transmitting the same
codeword, which necessitates a different prior model, denoiser
design, and multiplicity estimation procedure.

B. Contributions

In this work, we extend our preliminary conference works
[1], [2] on TUMA framework to support a more realistic
system model and evaluate it in a multi-target localization
application. Table I provides a high-level overview of the key
differences between this work and the most closely related
prior works. Our specific contributions are as follows:

1) TUMA Over Fading Channels in D-MIMO With Random
User Activity: We generalize the TUMA framework in [2] by
including both small- and large- scale fading and by assuming
that the number of active users is random and unknown to the
receiver. As in [26], we assume perfect knowledge of LSFC
at each point in the coverage area and employ location-based
codebook partitioning. We adapt the multisource AMP algo-
rithm proposed in [26] to TUMA by modifying the Bayesian
denoiser to account for message multiplicities. In multisource
AMP, the denoiser estimates, for each codeword, the combined
fading coefficients of all users who transmitted that code-
word. Under message collisions, this requires integrating over



OKUMUS et al.: TYPE-BASED UMA OVER FADING CHANNELS IN DISTRIBUTED MIMO

multiple unknown user positions, which leads to high
complexity. We employ Monte Carlo (MC) sampling to
approximate these integrals. We also modify the Onsager cor-
rection term, which compensates for correlation across AMP
iterations, to ensure consistency with the modified denoiser.
Based on the AMP outputs, we perform Bayesian estimation
of the message multiplicities and normalize them to obtain the
estimated type. We additionally introduce a distributed variant
of our decoder, inspired by the distributed AMP (dAMP)
algorithm [37], originally proposed in the context of activ-
ity detection under perfect per user LSFC information. The
distributed variant leads to a lower computational complexity,
which makes it suitable for large-scale D-MIMO systems.

2) Application to Multi-Target Localization and End-to-
End Tradeoff Evaluation: We demonstrate how TUMA can
be applied to multi-target localization, where distributed sen-
sors detect targets and transmit their quantized positions
via unsourced access. Localization problems in D-MIMO
networks have also been studied via integrated sensing
and communication approaches, where targets are localized
through the reflected communication paths they induce [38].
In contrast, we adopt a sensor-assisted architecture in which
sensing and communication are performed separately, and
we focus on providing reliable communication of sensed
target information under message collisions. This architectural
choice is consistent with the transparent sensing paradigm
defined and studied in [39, Sec. 5.4], in which sensing
measurements are first acquired by distributed sensors and
subsequently communicated through digital links. Specifically,
the sensing model used in our system is based on a practi-
cal millimeter-wave (mmWave) 5G simultaneous localization
and mapping (SLAM) scenario, with detection probabilities
depending on the path-loss [40]. Communication instead is
performed over a lower frequency narrowband channel. For
this setting, we introduce a prior on the message multiplici-
ties that reflects the sensing model. To assess performance,
we fix a total transmission blocklength and split it into a
phase devoted to target sensing and one devoted to commu-
nication of the estimated target positions. A larger sensing
blocklength improves detection but reduces the blocklength
available for communication, which degrades type estimation.
A large communication blocklength has the opposite effect.
The quantization resolution adds a third component to this
tradeoff: using more bits reduces localization error but enlarges
the message space, making type estimation more challenging.

To evaluate these effects, we employ complementary
metrics. We use total variation (TV) distance to measure
communication errors, and Wasserstein distance to measure
localization errors, reflecting both quantization and com-
munication effects. We further use empirical misdetection
probability to quantify sensing performance. We combine
Wasserstein distance and empirical misdetection probability
into a novel cost function, which is inspired by the generalized
optimal sub-pattern assignment (GOSPA) metric [22]. We use
the proposed GOSPA-like metric to investigate, via numer-
ical simulations, how multi-target localization performance
depends on the fraction of blocklength devoted to sensing vs.
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communication, as well as on the resolution of the quantizer
used to describe the positions of the targets.

C. Paper Outline

The remainder of the paper is organized as follows. In
Section II, we introduce the proposed TUMA framework,
including the encoder, the channel model, and the type-based
decoder. In Section III, we describe in detail the decoding
algorithm, covering the multisource AMP formulation and the
modified Bayesian denoiser. We also present an efficient MC
approximation of the high-dimensional integrals appearing in
the decoding algorithm and a distributed implementation. In
Section IV, we discuss how to use TUMA in a multi-target
localization scenario, introduce the sensing model and prior,
and define the relevant performance metrics. In Section V,
we provide simulation results, unveiling the tradeoff between
sensing, quantization, and communication. We conclude the
paper in Section VI.

D. Notation

We denote system parameters by nonitalic uppercase letters
(e.g., A), sets by calligraphic letters (e.g., S), scalar variables
by italic lowercase letters (e.g., ), vectors by boldface italic
lowercase letters (e.g., x), and matrices by boldface nonitalic
uppercase letters (e.g., X). We write the (a,b)th element of
X as [X]up, and the bth element of x as [x],. We denote
the n x n identity matrix by I,,, and the all-zero vector by
0. Transposition and Hermitian transposition are indicated
by the superscripts T and M, respectively. We denote the
complex proper Gaussian vector distribution with mean 0
and covariance A by CA(0,A), and its probability density
function by CA/(-;0,A). The Binomial distribution with n
trials and success probability p is denoted by Bin(n, p), and
its probability mass function by Bin(-;n,p). The uniform
distribution over the interval [a,b] is denoted by Unif(a,b)
and the £,-norm by ||-||,; [n] stands for {1,...,n}. We denote
the Kronecker delta function by 4(-), the indicator function
by 1{-}, the Kronecker product by ®, and elementwise mul-
tiplication by ®; diag(z1,- - ,%,) is a diagonal matrix with
z1,..., Ty as its diagonal entries. The notation ~;; 4. indicates
that the elements of a matrix are drawn independently from
the specified distribution. Finally, we denote the probability
simplex over the set [M] by P([M]).

II. SYSTEM MODEL

We consider a D-MIMO network in which B access points
(APs) are connected to a central processing unit (CPU) via
fronthaul links. The APs collaboratively serve single-antenna
users, randomly located in a two-dimensional coverage area
D. The area is partitioned into U nonoverlapping zones
{Du}ueru), such that D = (J,c(y) Pu and Dy N Dy = 0,
Vu # u'. Each zone contains locations with similar LSFCs, so
that users within the same zone experience approximately the
same path-loss towards the APs. This partitioning mitigates
the effect of path-loss variability [26].! Each AP b is located

'In practice, one can divide D into U zones by quantizing the LSFC vector
at each position in D using a codebook of size U. Each UE then estimates its
LSFC coefficients using control signals transmitted by each AP, and selects its
zone, and, hence, the corresponding codebook, on the basis of its quantized
estimated LSFC vector.
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access point
e zone centroid

X user device

Fig. 1. An example of the proposed zone partitioning. In the example, we
have U = 9 zones. This partitioning is compatible with the distance-dependent
path-loss model described in Section V-A.

From zone 1

VE

From active user K, , in zone u

From zone U

=N Y
t Decoder dec

Fig. 2. Block diagram of the proposed TUMA framework with fading channel
in a D-MIMO system.

at position v, € D and equipped with A antennas, yielding
F = A x B antennas in total. Fig. 1 illustrates an example
of the network topology, where the area is divided into a
3 x 3 grid of square zones, with APs evenly placed along the
zone boundaries. While our model and design are applicable to
general topologies as long as users with similar path-loss are
grouped within the same zone, we use this specific topology
in the simulations in Section V.

We assume that K users are present in the system, with
K fixed and known by the receiver. In each communication
round, a subset of the users becomes active. The number
of active users, denoted by K,, is random and unknown
to the receiver. Within each zone wu, the number of active
users, denoted by K, ,, is also random and unknown, with
K, = 23:1 K, . Each active user j in zone u selects a
message W, ; from the message set [M], where M is the
total number of possible messages. These messages might be
quantized representations of application-specific information,
such as target positions in multi-target localization or local
model updates in federated learning. In Section IV, we will
focus on multi-target localization and provide a specific mech-
anism for user activation and message generation in such a
setup.

The overall TUMA framework, including message encod-
ing, transmission over the fading channel, and decoding at the
receiver, is summarized in Fig. 2. Next, we provide a detailed
description of each block in the figure.

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 25, 2026

A. Encoder

The system employs a UMA codebook C & CNexM,
where N, is the blocklength and M = U - M is the total
number of codewords. The codebook is evenly partitioned
into zone-specific subcodebooks: C = [Cy,...,Cy], where
Cu = [Cu1,-- - cunm] € CN*M The set of column vectors
of C,, forms the set of codewords for zone u, denoted as C,, =
{cui,--eum}, where |le, |3 = 1, Yu € [U], m € [M].
The encoder enc,, [M] — C, maps each message W, ;
to the codeword enc, (W, ;) = cuw, . Note that all users
within the same zone use the same encoder.

B. Multiplicity and Type

We denote the number of users transmitting message m in
zone u by ky ., € {0,1,..., KML}. These form the multiplic-
ity vector ky, = [ky1,..., kun]T with ||ky|l1 = Kau. The
global multiplicity vector is defined as k = [ky,..., ka7t
with k,, = 25:1 ku,m. The type is then obtained as the
vector of normalized multiplicities, i.e., t = [t1,...,ty| T with
tym = km /K,. This vector represents the empirical distribution
of transmitted messages across all active users.

C. Channel Model

We index by (u,j) the jth active user in zone w. The
channel between active user (u,j) and AP b is modeled as a
quasi-static Rayleigh fading channel. Specifically, the channel
coefficients are assumed to be independent across antennas,
APs, and users, and to stay constant over the duration of a
codeword. The channel vector h,, ; € CF between active user
(u, j) and all receive antennas is distributed as CN'(0, (p,, ;)),
where p, ; denotes the position of active user (u,j) and
(Pu,;) = diag(vi(puj),--»78(Puy)) ® Ia with w(p, ;)
being the position-specific LSFC. When multiple users trans-
mit the same codeword, their contributions are superimposed
at the receiver. For a codeword ¢, ., the effective channel

vector is given by
> hyj; if kym >0,
jE[Ka,u]:Wu,j:m (1)

0 if Ky = 0.

Ly,m —

Collecting the effective channel vectors for all codewords in
zone u, we define the effective channel matrix as X, =

[@u1,--xum]T € CM*F. The aggregated received signal
across all APs is then given by
U
Y = Ec )Y CuX,+WeCNxF, 2)
u=1

where W ~;;4 CN(0,02) is the AWGN. The per-codeword
average transmit energy is denoted by E., and the transmit
signal to noise ratio (SNR) is defined as SNRx = E./(N.c2).

D. Decoder

The decoder estimates the message type by using a decoding
function defined as dec : CN<*¥ — P([M]). Given Y
and C, the decoder first estimates the per-zone multiplicities,

ky =lkun,.. .,E%M]T, u=1,...,U, and then computes the
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global multiplicity vector, k= 23:1 Eu Finally, the type is
estimated as £ = E/ ||E||1 The performance of type estimation
is evaluated using the average TV distance between the type
of the transmitted messages and its estimate, defined as

1 M
TV=5E | ltm —ml| (3)

m=1

where the expectation is over the randomness of messages,
user positions, small-scale fading, and additive noise.

III. PROPOSED TUMA DECODER

For the TUMA framework just introduced, we propose a
decoder that employs the multisource AMP algorithm devel-
oped in [26]. AMP is an iterative algorithm for estimating
unknown vectors in large linear systems. In each AMP iter-
ation, a linear residual update is performed, followed by
a nonlinear Bayesian denoising operation, together with an
Onsager correction that mitigates the correlations created
across iterations. This ensures that the effective noise remains
Gaussian, which enables accurate asymptotic performance pre-
diction through state evolution [41]. In the multisource AMP
framework, the term multisource refers to the partitioning
of the global codebook into multiple subcodebooks, each
treated as a separate signal source. Users are assigned to
these sources by selecting the subcodebook corresponding to
their LSFCs. The multisource AMP algorithm then processes
these sources in parallel within the same iterative procedure.
This differs from classical AMP, which operates on a single
unpartitioned codebook. The analysis in [26] establishes that,
under Gaussian codebooks, the behavior of multisource AMP
in a D-MIMO architecture is accurately predicted by state
evolution in the limit N, — co with M/N, fixed.

In the TUMA setting, message collisions introduce addi-
tional uncertainty: the number of users contributing to each
codeword, and their positions within the zone, are both
unknown. We account for this by modifying the Bayesian
prior so that each unknown effective channel vector &, ,, is
modeled as a weighted mixture over all possible multiplicities
and user positions within zone u. Based on this prior, we derive
a multiplicity-aware denoiser that computes the posterior mean
of the effective channel x,, ., for each message m. We also
modify the Onsager correction term to ensure consistency with
the new denoiser. After the AMP iterations, we estimate the
message multiplicities by using their posterior probabilities,
computed in the denoising step. The details are provided
below.

Throughout, we assume that the receiver has access to the
received signal Y, the codebook C, the transmit energy E., the
LSFC model v,(-), and the total number of users K. However,
the decoder treats the number of active users in each zone
{Ka,utuepu)» as well as their positions, as unknown random
variables. Furthermore, no instantaneous CSI is available
anywhere in the network. In the following, we introduce a
centralized decoder and discuss approximations for its efficient
implementation. We then propose a distributed version of
this decoder, which is inspired by dAMP [37], which was
originally designed for activity detection with perfect per-user
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LSFC information. Its adaptation to our setting, which involves
unknown user positions and message multiplicities, requires
nontrivial modifications.

A. Centralized Decoder

The centralized decoder employs the multisource AMP
algorithm [26] to iteratively process the received signal and
extract necessary information for multiplicity estimation.

1) Multisource AMP: We recap the multisource AMP algo-
rithm from [26] and refer the reader to that work for additional
details including its high-dimensional analysis. The algorithm
performs Tapmp iterations, where at iteration ¢, ng ) denotes
the estimate of the effective channel matrix for zone u, and
Z) denotes the residual noise. These matrices are initialized
as XS}” =0and Z© =Y, and updated as follows

R =Cz07Y + VEXIV eCV ()

X =, (RP) € CMXF (4b)
M

r =c,x® — N—z“—l)Qgﬁ e CN>F (4o)
U

Z" =Y - E. Y T e CNxF, (4d)
u=1

Here, QS) is the so-called Onsager term [26], which will
be described in Section ITI-A4. The denoiser 7),¢(-) acts
row-wise on Rgf). The following theorem establishes that
the multisource AMP state-evolution characterization in [26]
remains valid under the message-collision model considered
in TUMA.

Theorem 1 (State evolution of multisource AMP under
message collision): Consider the TUMA model in (2) and
the AMP recursion in (4). Assume that C, € CNe*M has
iid. CN(0,1/N.) entries,> that « = M/N,, U, F, and E,
remain fixed as No,M — oo, and that the denoisers 7, (+)
are differentiable and Lipschitz continuous for all w and t.

Let o, denote a generic row of X,. Assume further that
the message multiplicities satisfy ky m € {0,..., Knax} for
all (u,m) and that, conditioned on the multiplicities and user
positions, the channel vectors appearing in (1) are independent
zero-mean Gaussian vectors with uniformly bounded covari-
ance matrices.

Then, for every fixed AMP iteration ¢, each row of Rq(f )
converges, in the high-dimensional sense as described in
[26, Thm. 1], to

r) = VE .z, + o, (5)

where the effective noise @) ~ CA’(0, T(®) is independent
of x,. Moreover, its covariance matrix is given by T(*) =
T®Y | where

U
s — o2Ip + Z TSf’S)v (6)

u=1

2This assumption does not satisfy the deterministic power constraint
llcu,m||2 = 1 imposed in Section II-C. However, in our simulations, we
have not observed performance differences between Gaussian and normalized
Gaussian codebooks under the simulation settings of Section V-A. Therefore,
in the numerical results, we employ a normalized Gaussian codebook,
obtained by normalizing each Gaussian codeword to unit norm.
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with

T = aB E| (2, — ) (z, — x(s))H} e C™F. ()

Here, =) 2 Nut(VEe Ty + gagf)).

Proof: The result follows by specializing the multisource
AMP high-dimensional analysis in [26, Def. 1, Assumption
1,Thm. 1] to the distribution of a generic row of X,, induced
by the TUMA multiplicity model.

We start by noting that the AMP recursion in (4) has the
same multisource AMP structure as the recursion analyzed
in [26], up to the deterministic signal scaling by +/E.. This
scaling is absorbed into the the distribution of x, and the
state-evolution covariance recursion through the factor E. in
().

Second, the distribution of x,, satisfies the bounded-moment
condition required in [26, Assumption 1]. Indeed, it follows
from (1) that conditioned on a realization of the multiplicity
kw,m and the corresponding user positions, a generic Tow &,
is a finite sum of independent Gaussian channel vectors and is
therefore Gaussian. Since k, ,, < Kiax, the row distribution
is a finite Gaussian mixture with bounded moments of all
orders.

Finally, the denoisers are assumed to be differentiable and
Lipschitz continuous, as required by [26, Thm. 1]. Therefore,
all assumptions of the multisource AMP state-evolution theo-
rem [26, Thm. 1] are satisfied. This implies that the Gaussian
decoupling in (5) and the covariance recursion in (7)—(6) hold
also in our TUMA setup. |

Theorem 1 implies that each row of Rg) behaves asymp-
totically as an observation from the Gaussian model (5) with
effective noise covariance T = T(:%) Accordingly, we pick
the denoiser 7, +(-) as the Bayesian posterior mean estimator
(PME) associated with the decoupled model in (5).

Combining the state evolution equations (7)—(6) with the
high-dimensional representation of the AMP residual in
[26, Eq. (18)], one can show that, in the large-system limit,
using the high-dimensional equivalence introduced in [26]

together with the Borel-Cantelli lemma [42, Sec. 4],
L gu-nyuge-n 2s g, )

C

i.e., the empirical covariance of the residual Z(*~1) converges
almost surely to the effective noise covariance T(*). Because
the block diagonal structure in the covariance matrix is pre-
served by the state evolution recursion [26, Sec. III], we have
that T = diag(Tl(t)7 . (t)) ® I, where TZE ) denotes the
effective noise variance assomated with AP b at iteration ¢. In
practice, we estimate these variances from the residual as

(t— 1) Hrz(t—1)
{ Z s ](b—l)A+a,(b—1)A+a}’

©))

which is a sample-average estimate of the diagonal entries of

T® over the antennas of AP b. The real-part operator R{-}

is included as a practical implementation detail to compensate
for numerical errors.

2) Prior Selection: To derive the PME for the model in

(5), we need a prior on x, ,,. This in turn requires one to

7 AN
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specify a prior on the message multiplicities, i.e., a probability
distribution p(ky ., = k), for k = ., K. This prior is
application-dependent, as it is influenced by factors such as the
underlying user activity and message selection mechanisms.
We provide one such prior for a multi-target localization
application in Section IV.

We assume that the active users in each zone u are inde-
pendently and uniformly distributed over the zone. Given
kw,m = k, the positions of users transmitting the mth message
in zone u are denoted by Py, 1.k = [Pamir- - Poamil
where each p,, ,, ; is a point in D,..> These positions follow
the distribution p(p,, ,, 1.k, ,. | kum = k) = 1/|Dy|*, where
|D.| denotes the area of the region D,,.

3) Denoiser: The Bayesian PME of x, ,, given Rgf) is
derived using the large-system approximation (5). For simplic-
ity, the iteration index (¢) is omitted in the following equations.
We can express the PME denoiser as

bl

ZE wumlruma :k]p(kuym:k|ru7m)

(10
We next compute both terms on the right-hand side (RHS) of
(10). For notational simplicity, we omit the subscript m and
use Ky, Py 1:k,» Tu> a0d Ty to denote by, Py m 10k, o
and T, respectlvely Using Bayes’ theorem, we can express
the second factor on the RHS of (10) as

p(ry | ky = k) p(k, = k)

Tum

ums

plky =k |ry) = . (1D
Sieop(ra | ku =€) p(ky = 0)
The likelihood p(r, | k, = k) is given by
= /Dk p(?‘u | pu,l:ka ku = k) p(pu,lzk ‘ ku = k) dpu,l:k
’ (12a)
1
= W D p(ru ‘ pu,l:k) dpu,l:k'7 (12b)
where DF = D, x --- x D,. In (12a), we used the law of

total probability, and in (12b), we used the Markov property
ku <> Pyik, € Tu <> 7y and the assumption that p(p,, 1.5, |
k. = k) = 1/|D,|¥. 1t follows from (1) and (5) that, in the
large-system limit and for the case k, = k, the likelihood
P(Tu | py,1.5) is given by

p(ru | i) =CN (ri;0, T+ E L ()

Next, the conditional mean E[x,, | 7., k., = k] in (10) can be
expressed as

E[wu | Tu7ku = k]

13)

= /k E[wu | 7”‘u?pu,l:k]p(pu,l:k | T‘u) dpu,l:k' (14)
D’(l

Note now that (5), together with the Gaussianity of x,,, imply
that [43, Sec. 12.5]

]E[mu ‘ T, pu,l:k]

=(\EZ?:1 (Pu,i)) (T+ECE?:1 (pu,i)) Py (15)

3We treat all positions as 2D coordinates for simplicity. An extension to
3D coordinates is straightforward.
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Finally, we evaluate the posterior of the user positions in (14)
as

p(pu,lzk | ’I”u) = p(pu,lzku ‘ T, ku )

_ p(ry | Pu1:k,> k. =k)p (pu 1iky | ky = k) (16a)
p(ru | by = k)
_ P(Tu | Pugie)P(Purik) (16b)
fDﬁ p(ry | p;,l:k)p(p;,lzk | by = k) dp;,l:k
bl eI 60
f'Dﬁ (p(ry | P;,1;k)/|Du|k) dp;,l:k
P | pur) 60

B fD}; p(ry | p;,l:k)dp;,lzk'

Here, (16a) follows from the Bayes’ theorem, (16b) from
the law of total probability and the Markov property k, <>
Puik, € Tu <> Ty, and (16c) from the assumption of a
uniform prior.

4) Onsager Correction: In multisource AMP [26], the
Onsager term ng ) € CFxF in (4c) is given by

o nut Tum ]b
[ a, M Z YO

Orumla

a7)

A numerically computable expression for this term is provided
in Appendix A.

5) Multiplicity Estimation: We perform maximum a poste-
riori decoding as

kum = argmax plkym =k | rum)-
ke{0,1,...K}

(18)
Then, we estimate the type t as outlined in Section II-D.

B. Approximations for Efficient Implementation

The PME denoiser involves multi-dimensional integrals in
(12b), (14), and (16d) whose evaluation becomes compu-
tationally prohibitive for large values of multiplicities. One
could discretize the coverage area using a uniform discrete
grid. However, the complexity of this approach still grows
exponentially with the multiplicity. Instead, we adopt MC
sampling. Specifically, we draw user positions independently
from the uniform prior over D,,. Let {p}, ;. L 1M denote the
MC samples of the positions of k users. Using these samples,
we approximate (11) as

Z?Mlc p(ru | Pi 1: k) (ky =k)

St Yo p(ra | Py )plke =€)
19)

plky =k | 7y) ~

and (14) as
ZNMC E[z. | ru’Pu 1uP(ru | pi,hk)
N .
Zz M1C p(ru | pu,l:k')
(20)

To further reduce complexity, we limit the computation to a
maximum multiplicity K., i.e., we replace K in equations
(10), (11), (18), and (20) by K ax. The choice of K ,,x can
be guided by the prior p(k, ., = k), to ensure that only statis-
tically significant multiplicities are considered. We summarize
the proposed centralized decoder with MC sampling-based
approximation in Algorithm 1.

E[wu | ru7ku = k] ~
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Algorithm 1 Centralized Decoder With Monte Carlo Sampling
Hyperparameters: Number of MC samples Ny;c, number of
AMP iterations T zpp, maximum multiplicity K ax
Inputs: Received signal Y, codebook C, transmit energy E,

sampled positions {p?, 1., 12 for all k € [Kopax), u € [U]
Output: Estimated type vector T
Initialization: Z(© =Y, X{”) = 0, for all u € [U]
1. AMP for Channel Estmﬁ}lon
1: Precompute {Zle (pu’j)} for k € [Kmax), u € [U]
2: for t < 1 to Tamp do h
3: for u < 1to U do
Effective observation:

% R « cizt-) 4 yEX{Y
Bayesian denoising:
5: Compute covariance matrix T® as in (9)

X n,(RY) using (10)=(16), (19) and (20)
Onsager correction:
Compute Q& as in (17) and Appendix A
. ) CuXSf) MZ (t— 1)Q g)
9: end for
Residual update:
10 Z0«Y - yE YT T®
11: end for
2. Type Estimation:
12: Estimate message multiplicities {ku}ue[U] as in (18)
using p(ky,m = k | 4.m) computed in line 6 with (19)

—~ U = u 7.
130ty ku/1D g kullt

C. Distributed Decoder

To improve scalability in D-MIMO systems [44], we pro-
pose a distributed decoder inspired by dAMP [37]. Rather
than assuming that the received signal is entirely processed at
the CPU, we consider a scenario in which each AP locally
processes its received signal and transmits the likelihoods
of each codeword to the CPU. Then, the likelihoods are
aggregated as (see Appendix B)

B

= Hpb(rb,u;m | pu,l:k)a
b=1

P(Pum | Puik) (1)

where py(Thum | Py 1.) 18 the local likelihood computed at

AP b with MC sampling as in (19). The posterior probability
is then computed as

p(ku,m =k | ru,m)
B
p(ku,m = k) Hb:l pb(rb,%m | pu,l:k)

~ K B :
Ze:op(kuﬂm =) Hb:1 Po(Tbum | puﬂlzé)

as detailed in Appendix B. This design improves scalability
by reducing the CPU’s workload through local processing at
APs. As before, we can replace K with K,,,x in (22). The

CPU then performs posterior computation and type estimation
following the steps already detailed in Section III-A.

(22)

D. Complexity Analysis

The per-iteration complexity of the centralized decoder is
dominated by two operations: (i) the linear AMP updates
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involve multiplications by C,, and CI across all zones, which
scale as O(M- N,); (ii) the PME denoising operation, which
involves, for each of the M codewords, Nyc MC samples for
each of the at most K multiplicity hypotheses and F receive
antennas. Because the posterior covariances are diagonal, each
likelihood evaluation is O(F), leading to O(M- Nyc - K - F)
operations. Combining these terms, we obtain a complexity of
order O(M- (N¢ 4+ Nyc - K - F)). By limiting the analysis to
a maximum multiplicity K,,.x, we can reduce the complexity
to 0(1\7[ (NC + Numce - Knax - F))

In the distributed decoder, each AP operates on a sub-
set of the data, reducing the per-device computational load.
Specifically, the per-AP complexity is of order 0(1\7[~ (N¢ +
Nmce - Kiax - A)) After local processing, the CPU aggregates
the likelihoods and performs type estimation with complexity
O(M- B). Since A < F in typical D-MIMO systems, the
distributed approach reduces significantly the computational
cost.

IV. MULTI-TARGET LOCALIZATION WITH TUMA

We apply the TUMA framework proposed in Sections II
and III to a multi-target localization scenario with K sensors
and T targets in the coverage area D. The sensors, which act
as users, aim to detect the targets and report their positions
to the APs using TUMA. The target positions are denoted as
T = {p1,...pr} € DT, and the sensor positions as S =
{s1,...,8x} € DX. Each sensor detects the targets using a
probabilistic sensing model and quantizes the positions of the
detected targets before transmission. Throughout, we assume
that each sensor may report at most a single target position:
if more than one target is detected, the sensor reports only
the closest detected target. We now detail each step of the
multi-target localization framework.

A. Sensor Activation and Message Generation

We define the sensing function for sensor j in zone u as
sens, j : DT — DU {0}. It operates as follows:

e sens, ;(7) = 0 indicates that the sensor (u,j) does not
detect any target and therefore remains inactive.

e sens, ;(7T) = po, , means that the sensor (u,;j) detects
a target at position py,, . € D, where O, ; € [T] denotes
the index of the detected target.

We denote by K, ,, the number of active sensors in zone u,
i.e., the number of sensors that detect a target. Without loss of
generality, we assume that active sensors in zone u occupy the
first K, , indices. That is, we reorder sensor indices so that
sensy, ;(T) # 0, Vj < Ka, and sens, ;(T) =0, Vj > K, .
This simplifies notation and allows us to directly index the
active sensors in zone u as (u, j) with j € [K, ,].

Each active sensor then quantizes the detected target
position using a predefined quantization codebook Q =
{q1,---,qyn} C D. The quantization function is defined as
quant : D — [M] with quant(po, ;) = Wy,;. The index
W, ; is the message transmitted by the active sensor (u, j)
in the TUMA communication framework. A block diagram
illustrating this message generation process is shown in Fig. 3.
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Fig. 3. Block diagram for message generation process in multi-target
localization with TUMA.

B. Sensing Model

We adopt a probabilistic sensing model based on mmWave
5G SLAM to capture realistic sensing dynamics. Sensing and
communication are performed over two different physical links
operating over different frequency bands. Specifically, sensing
is performed at mmWave, whereas communication occurs over
a lower frequency narrowband channel. We assume that the
sensors transmit orthogonal frequency division multiplexing
(OFDM) pilot signals to detect targets via reflected signals.
Using the sensing formulation in [40], we model the proba-
bility that a sensor at position s detects a target at position p
as

2N PS\2
pa(s,p) = %@mmes—pW’¢§

Here, Q1(-,-) is the Marcum-Q function of order 1, Ny is
the number of OFDM symbols used for sensing, referred to
as sensing blocklength, and Py is the per-symbol transmit
power allocated for sensing. In addition, S corresponds to
the radar cross-section of the target, while A\ denotes the
signal wavelength, computed as the speed of light divided
by the carrier frequency f.. The parameter P, represents the
thermal noise power. The threshold v determines the false
alarm probability according to pr, = e~ /2 [40, Eq. (8)].
Finally, to simplify the analysis, we assume that, while targets
can be misdetected, sensors can perfectly localize the detected
targets, leveraging the high-resolution capabilities of mmWave
sensing [45], [46], [47].4

(23)

C. Quantization Model

We employ a fixed uniform quantization over the region D,
without optimizing the quantization points. Specifically, we
assume that the quantized positions define a regular grid within
D. Each active sensor (u, j) maps the detected target position
Po, , to the nearest point in the quantization codebook Q in
Euclidean distance:

W,,; = quant (pOw) = arg gi[l]nnqm —Po,, Il
me

(24)

4The perfect-localization assumption can be relaxed to requiring that the
localization error be much smaller than the quantization resolution. Such an
error changes the quantized position, and thus the transmitted message, only
for targets whose distance from a quantization-region boundary is smaller
than the localization error. For uniformly distributed targets, this occurs with
probability proportional to the localization error divided by the quantization
resolution, which is negligible in this regime. Hence, localization errors have
a negligible impact on the reported performance.
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Fig. 4. An example of multi-target position localization in a square with
T = 6 targets, of which Ty = 3 are detected, K = 9 sensors, of which
K, = T are active, and M = 16 quantized positions. Circles around sensors
depict their detection range.

In Fig. 4, we illustrate an example of the sensing and quan-
tization process, showing target locations, sensor detections
along with their corresponding detection regions, and uniform
quantization grids. Note that this figure complements Fig. 1,
which shows zone partitioning and AP placements.

D. Prior Computation

We next describe the prior that will be used in the Bayesian
PME (see Section III-A2).

1) Sensor Activation Probability: A sensor becomes active
if it detects at least one target. For a sensor at position s, the
activation probability is given by

1 T
“ DT /DT 110 = pa(s,p:) dprr,  (25)
i=1

where p;.v = {p;,...,pp} denote the target positions and
pa(-,-) is the detection probability in (23). Averaging over all
possible sensor locations under the assumed uniform sensor
location distribution, we conclude that the sensor activation

probability is
1
Pactive = ﬁ /D pactive(s) ds.

To obtain a tractable prior model, we approximate the number
of active sensors as K, ~ Bin(K, pacive). This approxima-
tion assumes independent sensor activations and neglects the
correlation induced by multiple sensors observing the same
targets.

2) Distribution of Active Sensors in Zones: Assuming a
uniform sensor placement and equal-area zones, we conclude
that the number of active sensors in zone u, denoted by
K, v, follows a binomial distribution Bin(X,, 1/U) given K,.
Marginalizing over K,, we obtain

K
> Bin(k; Ka, 1/U) Bin(Ka; K, pactive)-
Ka=0

Dactive (3) =

(26)

p(Kau=k)=

(27

3) Message Selection Probability: Each active sensor

reports the closest detected target. For a sensor at position s,

the probability that a target at position p is the closest among
the detected ones is

pclosest(s P |D|T 1 / H ]-_pd S pz)

- I{||s = pill < ||:S *p\l})dplzT_l- (28)
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Let Ry = {p € D : llg,, — Pl < llg, — pll, vm' €
[M], m' # m} denote the Voronoi region associated with
the center point g,,. The probability that an active sensor at
position s in zone u selects the message index m is given by

p(m | sensor in zone )

1 1
= @W/ / pd(57p)pclosest(37p) dpds. (29)
ul JDy JRm

4) Prior for Local Multiplicities: Given K,, active
users in zone wu, the local multiplicities k., follow a
Bin(K, ., p(m | sensor in zonew)) distribution. By marginal-
izing over K, and K, ,, we obtain the prior as

p(kum = k)
K K.
= Z Z Bin(k; K, y, p(m | sensor in zone u))
Ka=0 Kn,=0

: Bin(Ka,u; Kaa ]-/U) Bin(Ka; Kvpactive)~ (30)

E. Performance Metrics

We evaluate the performance of the proposed TUMA-based
multi-target localization system using metrics that capture the
impact of sensing, quantization, and communication. To this
end, we consider four complementary metrics:

1) TV Distance: The TV distance, introduced in (3), mea-
sures the error in estimating the type. This metric characterizes
only communication performance, and does not account for
sensing misdetections and quantization distortion. Note that
when message collisions are absent, the TV distance reduces
to the per-user probability of error [6, Def. 1] commonly used
in the UMA literature [6], [10], [12].

2) Wasserstein Distance: Let £ = [{y,...,01], where {; =
Zu 1 Z 1 1{O.,; = i} is the number of sensors that detect
target i € [ ] and define the corresponding type as w = £/ K.
We can then define the empirical distribution associated with
the true target positions as S 1= Zz 1 wi0(p;) and its estimate
at the receiver as i = Z tjé(qj).

To capture both quantlzatlon and communication errors, we
consider the metric

Wy, = E[W,(u, 2)], (1)

where the expectation is over the random target and sensor

positions, small-scale fading, and additive noise. Here, Wp(-, 9
is the p-Wasserstein distance [48, Chap. 2] defined as

1/p
Z Z eijllps — q;llp

=15=1
M
Zj:l 61"]' = W;.
(32)

W, (1, 1) = f
(1t f1) 6”116101]

subject to Z;—T:l €ij = t]',

This metric captures the mismatch between true and estimated
types through an optimal transport formulation. This distance
and its generalizations have been widely used in multi-target
localization [20], [21], [22].
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3) Empirical Misdetection Probability: Let Tq = {p, € T :
w; > 0} denote the set of detected targets and let Ty = |74].
The empirical misdetection probability is defined as

[T\ Td E [T4]
=E|— | =1- .
=2 |y T
This metric isolates the sensing errors by quantifying the
average fraction of undetected targets.

4) GOSPA-Like Cost: To capture in a single metric the
impact of sensing and communication errors, as well as
quantization effects, we define the following cost function

d(c,p) —F (WP(M7 I&)I) + cl)(l _ Td/T))l/P , (34)

(33)

which extends the GOSPA metric [22] by replacing its
assignment-based localization term in [22] with a Wasserstein
distance and incorporating misdetection cost via the 1 — T4/ T
term. The parameter ¢ governs the tradeoff between localiza-
tion errors for detected targets and misdetection probability,
while p determines how strongly large localization errors
influence the overall cost.

V. SIMULATION RESULTS AND DISCUSSION
A. Simulation Setup

We consider a D-MIMO system in which B = 40 APs are
deployed to form a 3 x 3 square grid layout over a square
coverage area, as illustrated in Fig. 1. Each AP is equipped
with A = 4 antennas, leading to F = 160 receive antennas
in total. Following the setup in [26], we model the LSFC
as ,(p) = 1/(1 + (|lp — vo||/do)?), where v}, denotes the
position of AP b, the path-loss exponent is § = 3.67 and
the 3 dB cutoff distance is dy = 13.57 m. The side length
of each zone is set to 100 m. The AP placement together
with the LSFC model induce a partition of the coverage
area into 3 X 3 nonoverlapping square zones, resulting in
U = 9 zones. As in [26], we define the received SNR as
SNR;x = SNRy/(1 + (s/do)*), where ¢ = 50 ms<denotes
the distance between a zone centroid (green dot in Fig. 1)
and its closest AP. The codewords {c,, .} are independently
generated by first sampling each entry independently from a
Gaussian distribution CA/(0, 1/N..), and then normalizing each
codeword such that ||¢,, ,[|3 = 1. The number of MC samples
used in the multisource AMP decoder is set to Nyc = 300.
This value was selected empirically by increasing the number
of MC samples until no noticeable improvement in the type
estimation performance was observed. The maximum multi-
plicity considered by the Bayesian denoiser is set to K, .x =
15. This value is chosen such that the probability mass beyond
the truncation level is negligible under the adopted multiplicity
prior. We run the decoder for Tamp = 10 iterations. This
value was selected based on the observed convergence of the
channel estimates. We obtain all reported performance metrics
by averaging over 100 independent MC simulation runs, with
independent realizations of user positions, target positions,
small-scale fading, and additive noise.’

We evaluate the performance of the proposed TUMA
framework in the multi-target localization setting. A total of

5The simulation code is available at https:/github.com/okumuskaan/
tuma_mtl to support reproducible research.
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TABLE I
SIMULATION PARAMETERS

Parameter Value
Number of zones, U 9
Topology Number of APs, B 40
parameters Antennas per AP, A 4
Coverage area 300 x 300 m?
Number of sensors, K 200
Number of targets, T 50
Sensing blocklength, Ny 1000
Sensing Sensing power, P 1073 W
parameters Carrier frequency, fc 28 GHz
Radar cross section, S 10 m?
Thermal noise power, P, 1078 W
Detection threshold, v 36.84
Quantization Quantization resolution, J 10 bits
parameters Number of messages, M 2J
Communication blocklength, N 1000
c icati Communication power, P¢ 1073 W
ommunication
parameters Pathloss exponent, 3 3.67
Reference distance, dg 13.57 m
Received SNR, SNRx 10 dB
Decod Maximum multiplicity, Kmax 15
ecoder
parameters Monte Carlo samples, Nyic 300
AMP iterations, T anp 10
GOSPA-like cost | Exponent, p 2
parameters Weight parameter, ¢ 37.5 m

T = 50 targets and K = 200 sensors are independently
and uniformly placed over the coverage area D in each
simulation run. All performance results are averaged over
100 independent simulations. For simulations involving the
Wasserstein distance (32) and the GOSPA-like cost function
(34), we set the exponent p = 2, which corresponds to the
commonly used Euclidean metric. The weight parameter c is
chosen to ensure that a single misdetection is equivalent in
terms of cost to a localization error where the distance between
true and estimated positions coincides the distance between
adjacent quantization points under a 6-bit resolution. For our
300 m x 300 m area, this results in ¢ = 300/v/26 = 37.5 m.

The sensing parameters in the target detection probability
in (23) are set as follows: the radar cross-section area is
S = 10 m2, the carrier frequency is f. = 28 GHz, and
thermal noise power is P, = 1078 Watts.® The per-symbol
sensing power is set equal to the communication power Py =
E./N. =1 mW. The detection threshold is set to v = 36.84,
corresponding to a false alarm probability pr, = 1078, In the
simulations, false alarms are ignored.

The total blocklength N is shared between sensing and
communication as N = Ng 4 N, according to a time-division
resource allocation strategy. Similar time-sharing models have
been widely adopted in the literature to characterize trade-
offs under limited resources [49], [50], [51]. Unless stated

5These parameter values are chosen to reflect a typical mmWave setting.
The noise power Py, = 108 W corresponds to a 200 MHz bandwidth and
a noise power spectral density of —174 dBm/Hz. A radar cross-section of
10 m? models medium-sized targets, and fo = 28 GHz is a commonly
chosen carrier frequency in mmWave sensing applications.
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Fig. 5. Empirical distribution of nonzero local multiplicities conditioned

on message activity (ky,m > 0) for the multi-target localization scenario
described in Section V-A. Here, we consider T = 50 targets, K = 200
sensors, log, M = 10 bits, and a sensing blocklength Ng = 1000.
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Fig. 7. Channel estimation error E Zgzl E[HXEP —Xy||2] vs. multisource
AMP iteration for centralized decoder with N = Ng = 1000, and M = 210,

otherwise, we assume N = 2000, with an equal allocation of
resources for sensing and communication, i.e., Ny = N, =
1000.

The simulation parameters used throughout this section are
summarized in Table II.

B. Results

We start by verifying that, for the scenario described in
Section V-A, it is likely that sensors within the same zone
transmit the same codewords, resulting in local multiplicities
ku,m > 1, which, in turn, justifies the need for the proposed
TUMA framework. Notably, as shown in Fig. 5, more than
70% of the transmitted codewords are involved in collisions,
i.e., they are transmitted by multiple sensors.

To validate the modified multisource AMP decoder, we
analyze the convergence behavior of the estimated effective
channel matrix X. As shown in Fig. 6, both centralized and
distributed AMP decoders exhibit fast convergence, typically
within ¢ = 6 iterations. This aligns with the state evolution
result in [26, Eq. (79)], which predicts that the estimation
error B 3V XY — X,||2 converges to tr(T® — 21)
in the large-system limit, where N, — oo with M /N, fixed.

In Fig. 7, we evaluate the sensitivity of the proposed central-
ized decoder to imperfect LSFC information. Following [35],
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Fig. 8. The average total variation TV vs. received signal to noise ratio SNRx
for Ny = N¢ = 1000, and M = 210,

we use the centroid of the zone enclosing the sensor rather
than its true position to compute the LSFCs and multiplicity
priors used by the decoder algorithm. This setup is practically
relevant since exact sensor positions and LSFC information
are generally unavailable in practice. We observe that LSFC
mismatch results in a negligible performance loss, indicating
that the proposed decoder is robust. Moreover, Fig. 7 illus-
trates the impact of SNR,x on the convergence behavior of
multisource AMP. As expected, lower SNR,; values lead to
higher channel estimation error floors, whereas larger SNR«
values yield more accurate estimates.

In Fig. 8, we evaluate the type estimation performance
in terms of TV defined in (3) as a function of SNRy.
As expected, higher SNRyx results in lower TV values, and
hence, higher estimation accuracy, which is consistent with the
channel estimation results in Fig. 7. The centralized decoder
performs slightly better, whereas the distributed decoder offers
competitive accuracy with better scalability. We further com-
pare our decoders with AMP-DA [23], which let the users
pre-equalize the channel to obtain an effective AWGN channel
model, and then apply scalar AMP [32, Sec. IV-C] for type
estimation. We emphasize that the pre-equalization step relies
on the availability of CSI at the users. Our decoders instead
do not require CSI, neither at the users nor the receiver. In our
AMP-DA simulations, we normalize the transmitted signal so
that the transmit communication power is | mW. As shown in
Fig. 8, for the received SNR values considered in the figure,
AMP-DA results in much higher TV than the two TUMA
decoders.

In Fig. 9, we explore the tradeoff between sensing and
communication under a total blocklength of N = 2000, with
logo M = 10 bits and SNR,x = 10 dB. We vary the sensing
blocklength Ng from 10 to 1900 and observe the resulting per-
formance trends. As shown in Fig. 9(a), increasing the number
of sensing symbols Ng improves detection reliability, leading
to a lower empirical misdetection probability. However, this
comes at the cost of fewer symbols available for communica-
tion, which limits the decoder’s ability to distinguish between
messages. This degradation is evident in the rising total
variation distance TV in Fig. 9(b). The Wasserstein distance
W, in Fig. 9(c), which captures average localization error over
detected targets, exhibits a similar trend: improved detection
at small Ny is offset by rising communication errors at large
values. The GOSPA-like cost in Fig. 9(d) integrates all three
aspects: sensing, quantization, and communication, to provide
a unified performance measure. It reveals a clear tradeoff with
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a minimum in the range 1000 < Ny < 1500, where the balance
between detection accuracy and communication reliability is
optimal. This highlights the importance of jointly optimizing
sensing and communication resources in practical integrated
systems.

Finally, in Fig. 10, we analyze the impact of the quan-
tization resolution log, M on communication performance
and overall estimation accuracy. As seen in Fig. 10(a), the
average total variation TV increases with the number of
quantization bits due to the expanded message space, which
makes decoding more challenging. In contrast, Fig. 10(b)
shows that the GOSPA-like cost exhibits a non-monotonic
trend, achieving a minimum at an intermediate quantization
level around 10 bits. This reflects a fundamental tradeoff:
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higher resolution improves target localization but increases
communication errors. Note that the performance peak at
around 10 bits cannot be achieved with orthogonal codebooks.
Indeed, the total number of codewords M = 9216 far exceeds
the blocklength N, = 1000.

VI. CONCLUSION

We have proposed TUMA for D-MIMO systems—a novel
framework that allows estimation of message multiplicities
under fading channels without requiring CSI at the users or the
receiver. A key element of our design is location-based code-
book partitioning, where users with similar large-scale fading
coefficients select the same codebook. This grouping reduces
path-loss variability across users. To decode the transmitted
message set and their multiplicities, we developed a Bayesian
decoder based on multisource approximate message passing.
Centralized and distributed implementations were developed,
offering a tradeoff between computational complexity (scal-
ability) and performance in large-scale D-MIMO systems.
We further demonstrated the use of TUMA in a practical
application involving multi-target localization. Our framework
includes a probabilistic sensing model, position quantization,
and an unsourced communication layer built on the proposed
TUMA scheme. We demonstrated through simulations that
message collisions are highly prevalent in realistic localization
scenarios, reinforcing the need for multiplicity-aware decod-
ing. Our simulation results shed light on the fundamental
tradeoffs between sensing, quantization, and communication
that arise in the considered multi-target localization scenario.

The quantization resolutions in the simulations were limited
to 12 bits, since the exponential growth of the message
space makes AMP-based decoding computationally infeasible
at higher resolutions. Larger information payloads can be
accommodated using, for example, the CCS-AMP approach
[34], in which larger payloads are split in small sub-blocks,
each sub-block is decoded using AMP, and the sub-blocks are
stitched together via an outer code. See [33] for an application
of this approach to TUMA.

APPENDIX
A. Derivations for the Onsager Correction

For notational simplicity, as in Section III-A3, we omit the
AMP iteration index (t) and use p,, ;. and 7, to denote
Pumik, ,, and Ty, respectively. The Onsager correction
term Q, ‘€ CF*F is defined in (17) as the average Jacobian
matrix of the denoiser function 7(:). Here, for a complex
number r = r; + jry, the Wirtinger derivative is defined
as (-)/0r = (0(+)/Ory—jo(-)/Ory) /2. Using (11)—~(15), we
decompose the denoiser component [1(r.,)]5 as

K
Ap(ry, k) Clry, k)
u = Tu : s 35
rb = e 2 B | Dy 0
=l
Fy(ry,k) G(ry,k)
Hy (1)
where
Ab(’f'u,k) = /k Cob,u,k p('l"u ‘ pu,l:k) dpu,l:Iw (363)
Dy
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VE¢ [E?:l (pu,i)} -
Couk = ; ’ ) (36b)
[T]p,» + Ec [Zi:1 (pu,i):| b
Brk) = [ 9] puss) dpui (360
C(ry, k) = /Dk p(ru | Poy.1: k) p(ky = k) dpu 1k (36d)
o
D(r,) =Y C(ry,0) (36e)

Note that in (36b) we used that T and Zle (P, ;) are both
diagonal matrices. Then, the derivative of the denoiser is
computed as

on(ra)ly 0
Ilrula "= rula ([ruloHe(ru)) (37a)
=0(a—b)Hy(ry) + [ru]bﬁHb(r“) (37b)

Orula

where we note that Hy(r,) € R. Since Hp(r,)
25:1 Fy(ry, k) - G(ry, k), we have

OH,(ry)
Orula

< OFy (T, k) 0G (1, k)

:é(G(ru,k) ol + Fy(ry, k) Dl )

(38)

The derivatives of Fy(ry, k) Ap(ry, k)/B(ry, k) and
G(ry, k) = C(ry,k)/D(r,) are given by

OA (1o k) OB (ru,k)
an(ruv k) _ ab["'u]a B Fb(ru’ k) Olrula (39&)
Alrula B(ry, k) ’
OC (1y,k) dD(ry)
0G(ry, k) _ Oruda G(ry, k) Olrula (39b)
a[ru]a D(’l"u>

The derivatives on the RHS of (39a) and (39b) can be
evaluated as follows

8Ab(’l‘u, k’)

= 8]?(’]”u | pu,l:k)
a[ru]a N /;Z Cb’u’kW dpu,l:k7 (40a)
OB(ry, k) Op(ry | Pu1k)
a[Tu]a /Dfi a[ru}a w,1:k> ( Ob)
aC(’l‘u,k‘) . B ap(ru | puﬁl:k)
a["ﬂu}a N /DZ p(ku B k) W dpu,l:lm
(40c)
9D(r.) = / Op(ru | Pute)
B plhy =£) ——r=——d u,1:0>
O[rula 22:;) Dk ( Orula Pu1:0
(40d)

where we have exchanged the derivative and the integral. This
is justified by the Leibniz integral rule, since p(r,, | p,, 1.1) =

CN (ru; 0, T+E. Zle (puz)) is a smooth function of r,
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and the integration domain DF is fixed and bounded. The
derivative of p(r | p,1.;) is then

8}?(”'u ‘ pu,l:k)

ru)a
P F
- p(’f‘u | pu,l:k)a[,r ] Z

uale[

_([ru]?fx + [ru]?y)
Ty s + Ec [Zf:l (Pm)}

i)
(41)

To evaluate the Wirtinger derivative on the RHS of (41), note
that

"'u]f x+[ru]f y

8Zf 1 [T+E S ()]

5o —2[ru)a.

a[ru]a,x |:T + Ec Zf:l (pu,z):| aa 7
(42)
and
7([7%]2 4 +[7'u]2 )
8 _ f.x £y
251 [T+Ee S8 (pui)] _ —2[rula,y
Olrulay {T + Ec Zf:l (pu,i)]
43)
Hence,
—([rul} o tlral}y)
(9 . f.x f.y .
2=t R S (), [rul
Alrula T+EYL, (b))
(44)
Substituting (44) in (41), we have
8])(1"“ | pu,l:k) _ _[TU]:p(Tu ‘ pu,l:k) (45)
Ol [T+EXL (b))
Substituting (45) into (40), we obtain
OAp(Tu, k)
Orula
« Cb,u,kP(""u | Pu,1: )
_[ru]a/ k Lk dpu71:k7 (468.)
Dy [T +Ec> iy (pu,i)] .
OB(ry, k)
Arula
« P\Tu | Puy,1:
= —[ru]a/ ( |k 1) dpy 1.5 (46b)
Dy [T +Ec >y (pu,i)] .
OC (ry, k)
Orula
= _[ru]a/ k L dpuq,l:lw (46C)
Df [T + Ec Zi:l (pu,i)] va
0D(r,)
Orula
Pk = 0)p(To | Py1.0)
—rr Z/DZ APy 1y (46d)

[T+EXE (o)),

a,

We obtain the desired result by combining (37)—(39) and (46).
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B. Distributed Multisource AMP

In the distributed AMP setup, each AP b processes its local
effective received signal ry, , ,, € CA for each codeword Cu,m.-
The local likelihood py(75,u,m | Py 1) iS given by

Po(Toum | Putk) = CN (T um; 0, Covy), 47)
where Cov, = Ty + E. Zleb(pu,i) is the local A x A
covariance matrix. Here, T is the covariance matrix of the
local residual noise computed at AP b and ,(p) = Y5(p)Ia
is the LSFC between the user in position p and AP b. Let
Cov =T+E, Zle (P, ;) denote the global F' x I covariance
matrix. The key observation is that, since both (p, ;) and T
have a block diagonal structure, with the {4(p,, ;)} and the
{Ts} as blocks, then

B
p(ru7m ‘ pu,l:k) - ]:[pb(rb,u,m | pu,l:k)'

(48)

b=1
The Onsager correction term in distributed AMP
is computed locally at each AP b as [Quplae =
(1/M) Zx:1 Ou(To,u,m)]e/O0[Pbu,mlas and  aggregated

at the CPU as [Qu]a,c = ZE:l[Qu,b]a,o
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