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1 Introduction and summary

The Batalin-Vilkovisky (BV) formalism [2] plays a pivotal réle for the perturbative quanti-
sation of gauge theories, especially when the gauge algebra does not close unless the field
equations are used. A field theory with action functional Sy is cast in the classical BV
setup when a new functional S, which is defined on an extended space of fields that in-
cludes the original gauge fields and resolves the quotient by gauge symmetries, and which
satisfies the classical master equation, is found. That means that the latter functional is a
Hamiltonian function for the degree —1 symplectic structure, or else that it has vanishing
(BV) bracket (-,-) with itself.

The concept of a BV action functional, thus associated with a resolution of the constraints
and the field equations, evolved throughout the ‘80s and became textbook material in
the renowned Henneaux-Teitelboim [3, Ch. 17-18]. The question whether the procedure
developed by Batalin and Vilkovisky, which depends on several choices, could be unique,
was systematically answered in Felder and Kazhdan [4]. Revisiting Henneaux-Teitelboim,
they suggested a list of axioms, defining a BV wariety, to prove that a solution to the
classical master equation exists and the corresponding BV variety is unique up to stable
equivalences (quasi-isomorphisms).

The axioms are:!

(i) The restriction of S to variables of ghost number 0 is Sy, the classical action in terms
of physical variables;

(i) S solves the classical master equation (S,.5) = 0;

'The mathematical framework of ref. [4] is more refined than this sketch, and deals with sheaves of Poisson
algebras; we will not make use of the full machinery.



(iii) The cohomology in of /.F, where o is the full BV complex and .¥ is the ideal generated
by variables with positive ghost number, vanishes in negative ghost number.

They proceed to show, by a spectral sequence argument, that the axioms imply that also
the cohomology in ¢ vanishes in negative ghost number.

The property (iii) is a natural requirement for any meaningful physical theory — non-
zero cohomology except for solutions of the classical field equations and ghost zero-modes
(representing global symmetries) is pathological. (The absence of pathological negative ghost
number cohomology in the framework of ref. [4], following from axiom (iii), is the mathematical
formalisation of the request to resolve all quotients, as in refs. [2, 3].) Therefore it is surprising
that a possible counterexample was found in a reasonably simple model, the spinning particle
with N =1 worldline supersymmetry [1]. Pathological cohomology at negative ghost number
was explicitly constructed, which has been causing concern — is this behaviour an isolated
incident, or a property of more general models involving supergravity? The main purpose of
the present paper is to show that the observed negative ghost number cohomology of the
classical spinning particle is trivialised if the constraints are properly resolved in a Koszul-Tate
(KT) resolution [5, 6]. Axiom (iii) of Felder and Kazhdan is then restored.

We will work in the phase space formulation of the spinning particle. This makes the
comparison with [1] straightforward. It also gives a clear structure to the set of fields
appearing in the BV action. There will be:

e One tower of ghosts (beginning with the Lagrange multipliers/gauge connections of
ghost number 0) encoding the KT resolution of the constrained phase space, as a graded

ring; and

e One tower of ghosts encoding the L., algebra of transformations generated by this
resolution.

The doubling is related to the AKSZ formulation.

We work entirely in the setting of classical BV theory. The conclusions drawn about the
resolution, and thus about the set of fields, cease to apply in the “first-quantised” model.
“First quantisation” involves a choice of Lagrangian submanifold (polarisation) and a Hilbert
space of states/wave functions there, that replaces the algebra of functions on the classical
phase space. Half of the variables (and in particular of the Grassmann odd ones) become
creation operators, while the other half become annihilation operators. It was shown in [7]
that the operator BRST cohomology of the spinning particle vanishes at negative ghost
degrees. See also e.g. [8] for a comprehensive review. Simply put, there is no commutative
ring structure on the constrained quantum phase space, no reducibility and no need for a
(non-trivial) resolution. It can also be seen very concretely, e.g. with Moyal brackets [9], that
quantisation trivialises the cohomology of ref. [1]. Another related exploration, irrespective
of reducibility, is in the context of “second quantisation”, where one considers wave functions
— fields over the target spacetime — and inspects their BRST cohomology. This approach
was taken by one of the authors in reference [10] and [11] for extended supersymmetry, to
study target space fields, in that case differential forms.



In section 2, we demonstrate concretely why and how the constraints of the classical
spinning particle are reducible [3] due to the presence of fermionic variables, through “satu-
ration reducibility”, and give the beginning of the KT resolution. Section 3 complements
and illustrates this picture with partition function arguments. Finally, in section 4, the KT
resolution is implemented in the BV framework for a class of 1-dimensional sigma models
gauged by a superalgebra, including the spinning particle, and we identify the stage in the
resolution where the cohomology of ref. [1] is trivialised. We also demonstrate and comment
on the formulation of the theory as an AKSZ model.

2 The phase space of the IN = 1 spinning particle and its resolution

The N = 1 spinning particle is a toy model of the RNS superstring, that sweeps a worldline
rather than a worldsheet when propagating [12]. Its phase space is parametrised by 2d
coordinates =", p,, and d Grassmann odd coordinates 6™. The particle propagates in
Minkowski space, so there is an invariant metric 7.

Let T = p?, U = p- 0. These are the constraints of the N = 1 spinning particle, obtained
by variation of the worldline metric and gravitino field, respectively. We are interested in
the phase space modulo the constraints 7'= 0 = U. The coordinates x are not involved in
the constraints,? so we consider the (graded commutative) ring

R = Sym*(p,0)/(T,U) (2.1)

of polynomials in p and # modulo the ideal generated by T and U. The symmetric algebra
for the parity odd 6’s of course corresponds to an exterior algebra of parity even coordinates,
since ™0™ + 0™"0™ = 0 holds. For later purposes, it is important to resolve this quotient by
enlarging the space with ghosts, in a cohomologically trivial way. Which are the appropriate
ghosts? That is,® what is the KT resolution of R? (One can imagine various ways to deal
with the ring R. It is the coordinate ring of the parity-shifted tangent sheaf of the light-cone.)

First, introduce ghosts b (of odd parity) and § (of even parity) for the constraints 7" and
U, and the differential (vector field acting on Sym®(p,8,b,5))

d():Taab-i-U;, (2.2)

which trivialises T and U. However, the constraints are reducible.

Let Q = gemy.mg 0™ .. 0™ and 4,Q = (p- )2 = Ghyemymp™ O™ .. 0™ =
P, Tt is straightforward to see that the constraints obey the reducibility

UQ =0, (2.3)
T — U, Q =0,

from antisymmetrisation in d 4+ 1 indices. This kind of “saturation reducibility” is generic
for constraints involving odd variables. The reducibility (2.3) shows that dyp has cohomology

22™ will of course transform under the local symmetries generated by the constraints; here we are just

resolving the constraint surface, whereas transformations are dealt with in section 4.
3This step is justified in section 4.



represented by SQ and b2 — 51,€2 (these cochains are obviously not exact). It is trivialised
by the introduction of ghosts for ghosts ', 3’ and an additional part of the differential,

0 0
dy = (b2 — ﬁsz)% + 69876/ . (2.4)
This is not the end. dg + d; has cohomology represented by
w1 = emB/’
/ 1 2
w2 = pmfB — 55 1S,
1
w3 = b — 5&%9, (2.5)
1
Wy = pmb + 0B + iﬁ%mzpﬁ,
which can be observed using the identities
0,2 =0,
Pl = U1 €2,
0rm1pSt = Uy, Q2 (2.6)

Pmtp§l = T8 4 Uyp2,80 .

These cohomologies are then trivialised by the introduction of four vector ghosts 3/ and
a term in the differential dy = 2% w; 6514/. Part of the ensuing higher ghosts come from
multiplication again with 6 or p and graded antisymmetrisation in the free indices.

In summary, we have been building up a few stages of the KT resolution, whose end goal
is to form an acyclic complex (but in the first non-zero slot from the right)

...Sym*(p,0,b, 8,8, ) 2 Sym*(p, 6,b, 8) <% Sym®(p,6) — Sym*(p, 6)/(T,U) = 0.

Acyclicity is argued from the fact that the complex should continue ad infinitum, setting
kerd; = imd;_; at every 1.

More detailed information on the full resolution is presented in the following section 3,
where partition functions are used to (partially) deduce the ghost spectrum of the resolution.
Comparing partition functions shows that the KT resolution continues (infinitely), in powers
of both the variables used. In fact, new powers of {2 enter at some point. We have constructed
the corresponding cohomologies/ghosts only for the first few stages. We are not aware
of an explicit form of the full resolution, except in the somewhat degenerate case d = 1,
presented in 3.2.1. All the above holds true there, but since in this case the constraints set
all quadratic expression in the generators p,0 to 0, the resolution is dual to the free Lie
algebra on one odd and one even generator.

3 Partition functions

3.1 Generalities

Besides by direct computation, information about the cohomology can be extracted also via
partition functions or Hilbert-Poincaré series, which compute the dimensions of cohomology



groups. We use the terminology interchangeably, but prefer “partition function” when
coefficients are refined to take values in some representation ring (see below).

To obtain a partition function, it is necessary to assign weights to the involved coordi-
nates/fields in a way that the differential of the complex has weight zero. This fact ensures
that the partition function of the complex and that of the cohomology are equal. One can
also consider a refined partition function (see e.g. refs. [13-15]), formal power series with
coeflicients in the representation ring of some structure algebra, in the case of a d-dimensional
spinning particle 3o(d).

The Hilbert-Poincaré series of an even generator of degree n is (1 — t")~!, and that
of an odd one is 1 — t". The series is trivially extended to more than one fugacity. For
example, consider a set of generators at degrees n; € Z with multiplicities p; (taken negative
for odd variables), then the partition function of the generating set is F'(t) = >, p;it™, and
the Hilbert-Poincaré series is P(t) = [[;(1 — ¢")7Pi. The plethystic logarithm (Log) and
exponential (Exp) conveniently relate partition functions and Hilbert-Poincaré series as
P(t) = ExpF(t), F(t) = LogP(t). The logarithm satisfies Log(fg) = Logf + Logg.

When a ring has a non-trivial degree 0 automorphism group A, it is convenient to replace
the number n; of generators at degree n; by A-representations R; (this is equivalent to working
with characters). We then write the refined partition* for the generators G(t) = @, R;t" and
for the ring Z(t) = &, (1 — ")~ fi. Here, the notation (1 —¢)~# is shorthand for ® , VFR k.
Odd variables are treated as even ones in — R, which is consistent with (1—t)% = @UmE AFR ¢k,
Again,® Z(t) = ExpG(t), G(t) = LogZ(t), and Log(f ® g) = Logf @ Logg.

In the following, we will use the thus refined partition functions with structure group
SO(d). We use Young tableaux notation for the representation, with [] being the vector
representation. A tilde on a Young tableau (e.g. []]) denotes complete tracelessness.

What happens when there are constraints on Grassmann odd variables? Graded rings
are generically less well behaved than even ones. This is due to the simple observation that
multiplying enough odd variables gives 0. We may call reducibility arising for this reason
a “saturation reducibility”. The example below provides an illustration.

As an example, take the simplest possible ring where some ideal is divided out. Let it
be generated by two odd generators 6%, i = 1,2, and let T = 0'0? generate the ideal. The
partition function is obviously P(t) = 1 — 2¢; everything above degree (of homogeneity) one
is in the ideal. Now, we ask instead for the KT resolution (or Hilbert-Poincaré series) of
this ring. The generators #° and the (odd) ghost for the generator T of the ideal contribute
(1 — )2(1 — t?), which does not equal 1 — 2¢t. Higher ghosts are needed. This is where
the saturation reducibility, #'T = 0, comes into play. The factorisation of the partition
function yields an infinite product:

1-2t=(1-t)21 -1 -3)?Q —t12Q -5 x ... (3.1)

All ghosts (in this particular case) are odd. Their number matches the number of generators
in a free Lie algebra F[C?] on 2 (even) degree one elements. Namely, take generators in

4Here, we have used explicit @ for direct sum of modules and ® for tensor products in order to emphasise
the coefficients taking values in the representation ring. Sometimes, the latter will be omitted in the following.

5This follows from the same properties of the functions of unrefined partitions by thinking of characters in
terms of the exponents of fundamental weights as fugacities.



a vector space V' with partition function (a polynomial without constant term) V'(¢). The
partition function of the Lie algebra F[V] freely generated on V (the Log of eq. (3.1)) is
complicated. However, the universal enveloping algebra of F'[V] is the tensor algebra T[V],
with partition function (1 — V/(¢))~!. In our example, (1 — 2¢t)~! is the partition function for
T[C? = U[F[C?], the universal enveloping algebra of the free algebra over 2 elements at
degree 1. This is the Lie algebra which is Koszul dual to the KT resolution, in the sense [13, 14]
that the complex of the resolution is C*(F[C?]), Z(t) ® Z(¢2(t) = 1. Free algebras only have
cohomology H? (1) and H' (the dual generators), reflected in the left hand side of eq. (3.1).

In the simple example just shown, Hilbert’s syzygy theorem [16] does not hold. The
theorem states that the additive resolution of a ring over the ring freely generated by the
generators is finite. The example above illustrates that this is not true for odd generators.
The form (3.1) of the partition function can not be written as a polynomial times (1 — ¢).
On the contrary, an even ring with two generators, completely constrained at quadratic level,

has the Hilbert-Poincaré series 1 + 2¢, which equals %

3.2 The spinning particle

Consider the ring R for the N = 1 spinning particle. We define partition functions with
the fugacities s and ¢ associated to degree of homogeneity in 6 and p, respectively. The
partition function of Sym®(p,0) is Zy(s,t) = (1 — s)7(1 — t)™™ (we omit denoting obvious
tensor products). We shall construct the partition function for the case with constraints
T,U step-by-step. After including ghosts for the constraints, we obtain for the first stage
of the resolution,

Zi(s,t) = (1= s)2(1 =) (1 —st) "' (1 = %), (3.2)
or, equivalently,
LogZi(s,t) = —[s + [t + st —t*> = (t — s) (01— t) (3.3)

which agrees with the actual partition function of R at degrees where the latter is non-

vanishing (see figure 1), but not at higher powers of 6. All higher ghosts contribute with

powers of s,t that the partition function of R does not reach. Restricting eq. (3.2) to powers

5™t where m < d for n =0 and m < d—1 for n > 0, gives an explicit form for the complete

partition function, which however is not of the product form required for reading off the
plethystic logarithm and deducing the KT resolution:
d—1 m

Z(s, ) =(1—s)P+(1-t))(1—-t) ™ (=) AT (3.4)

m=0n=1

Some precise statements can be made: at t' (the next-to-lowest row in figure 1), we

find ghosts in totally symmetric products of a vector, all with parity d + 1. Let o = (—1).
The partition of that row becomes t times

(1-s) @ (Doso (—0)s™(1-5)™)

=(1-9)"@0os) o (-s)", (3.5)



Figure 1. A picture of the ring S. Powers of § and p are on the horizontal and vertical axis,
respectively. Solid dots denote non-vanishing 80(d) modules. The constraints (generators of the ideal)
T and U are drawn as black rings, reducibility ghosts as red rings, and ghosts of the following stage
as blue rings.

which is a polynomial in s of degree d — 1. The leftmost column in figure 1 is a subring, the
coordinate ring of the light-cone. All other columns are representations of this ring, the first
one consisting of (odd) tangent vectors. The whole ring can be seen as the ring of differential
forms on the light-cone, which is the coordinate ring of the parity-shifted tangent sheaf.

The next stage involves the two “scalar” (supersymmetry adjoint) reducibilities. Note
that the parity of these ghosts depend on whether the space-time dimension is even or odd,
giving even or odd parity to 2. At this second stage of the resolution, the reducibility ghosts
that compensate for (2.3) are taken into account, producing:

LogZs(s,t) = —[s + [t + st — t? — o5t + osit?
=(t—s)(O—t+os%). (3.6)

The following stage contains the four vectors of eq. (2.5). This can of course also be
verified in the partition function. After this stage, the partition function is

LogZs(s,t) = —[Js + [t + st — 12 — 058 + os¥t?
— o182t 4+ 207 s 2 — o7 153 (3.7)
=(t—s) (D —t + o5t — o Is%t(t — s)) .

This is the step that we have reached with the concrete construction of the differential
for the resolution in section 2. We are not aware of a closed expression for the full resolution,
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Table 1. Coefficients of (—1)%s™¢" in LogZ(s,t) for stages 2 to 7 of the KT resolution. These
modules are always present, but further ghosts appear at m > 2d, n > 2. The ghosts at stage 2 + j,
j > 0, appear at m +n = d + j, and are in modules contained in the j-fold tensor product of a
vector with some multiplicities, of course forming some modules of the 1-dimensional super-translation
algebra. Tilde means traceless. Note the “duality” under reflection in the diagonal m —n =d — 1 and
reflection of tilded Young tableaux.

except for the particular case d = 1, see section 3.2.1. Still, more information can be obtained
by sequential factorisation of the exact partition function (3.4). We have used LiE [17] to
perform this calculation up to some bidegrees for various choices of d.

One subset of ghosts, listed in table 1, that may be identified is obtained as the tensor
product of the module of the first reducibility ghosts (partition function o(t — s)s%) with
graded antisymmetric tensor products of the coordinate module (partition function (¢ — s)[J).
New cohomologies arise due to graded antisymmetrisation in & = (p,#). By induction,
suppose there are ghosts b, . 1,), and that the differential contains {;, by, Ikﬁ- Then,
the next cohomology to eliminate is {1,by,..1, ;) + - -, since ;§;) = 0. This alone would
give a partition of the reducibility ghosts

(—1)%(s%? — st1e) é.é VR(Os — Ot)
k=0

= (—1)%s(t — 8)(1 — 5)"7(1 — t)7. (3.8)

One obtains lists of Young tableaux of a simple hook structure (no fsub-tableaux). However,
this does not account for the smaller modules appearing together with the antisymmetric
one, e.g. in the first column of table 1. They are due to the fact that traces are also allowed



5 O 5 ]
4 =30 4 -1 -30
3 1 30 3 1 30
n=2 -1 -0 n=2 -0
m=2d |2d+1|2d+2|2d+3 m=2d |2d+1|2d+2|2d+3

Table 2. The beginning of further ghosts (beyond those in table 1), due to a second appearance of §2.
The left table is for odd d, the right one for even d.

when multiplying with p, leading to 7". The result is an infinite number of copies of eq. (3.8),
shifted an even number of steps upwards:

280t (t = s)

(1) - 1P, (3.9)

(1)
This leads to the contribution to the logarithm of the partition function

dt(t — )

LogZ W (s, t) :—Ds—i—Dt—l—st—tQ—l—(—l)dsl_tz (1—-s) 71—t +.... (3.10)

It is interesting that the reducibility part already looks like a Hilbert space: terms such as
(1 — s)~" look like a partition function of something simple (not Log of it). We have checked
in a number of examples (specific values of d) that the plethystic exponentiation of eq. (3.10),

20 (s,1) = ( RENERE)

1—1¢ 1—st.®

 cdtifjr2kte
igk=o \ 1757

1-— s)D 1-t? 3 (1 — 3d+i+1tj+2k+1>(—1)d+j(ViD)®(/\jD)
has support on the black dots of figure 1 and on m > 2d, n > 2.

Comparison of eq. (3.11) with the exact partition function (in some examples) reveals
that yet more ghosts appear at m > 2d, which indicates further appearances of ). The first
few contributions to the series of these ghosts differ depending on the dimension d being
even or odd, and are depicted in table 2. These are again followed by diagonals containing
modules in the tensor product of increasing numbers of vectors. It is likely that the full
structure carries a filtration on the number of Q’s, the “sheet”, needed to sequentially reach a
ghost, so that the coordinates are in sheet 0, the ghosts of table 1 in sheet 1 (the superscript
in eq. (3.10) refers to this number), and the ones in table 2 in sheet 2, etc.

Although we are not aware of a closed multiplicative form for the partition function, in
section 4.1 we will present the classical BV formulation of a physical theory with reducible
constraints (such as a particle with world-line supersymmetry) and in section 4.2 we will
demonstrate explicitly how the cohomologies observed in ref. [1], which violate Felder-
Kazhdan, are trivialised by the reducibility ghosts. Before that, we wish to discuss the simple,
1-dimensional situation, where the resolution can be computed explicitly at all stages.



10 -1

9 1 5

8 -1 | —-4|-15

7 1 4 12 30

6 -1 -4 =9 | =22 | —42

S 1 3 7 14 25 42

4 -1 -2 -5 | =8 | —-14| =20 | =30

3 1 2 3 5) 7 9 12 | 15

m=1| 0 1 2 3 4 ) 6 7 8 9 |10

Table 3. The beginning of the complete resolution (dual to a free Lie superalgebra) for d = 1.

3.2.1 Reducibility of the 1-dimensional model

The only case when we know the complete resolution is when d = 1. Then Z(s,t) =1 —s+t.
The ring is completely constrained at quadratic level, and the resolution is the complex C*(}),
where Jj is the freely generated Lie superalgebra on one even and one odd generator (by the
same argument as in the example in section 3.1). Even then, the list of generators in LogZ
becomes quite intricate, see table 3. It is intriguing to note that the numbers on the diagonals
at m+n=1,3,4,5,7,8,9,11, ... are reflection symmetric around m = n, but the ones at
m-+n=2,6,10,... are not. d =1 is the only case when the ring is Koszul, i.e., when the
resolution is dual to (the universal enveloping algebra of) a Lie superalgebra. For higher d,
the Lo, algebra “Koszul dual” to the resolution, (in the sense that the cochain complex of the
L algebra is the complex of the resolution) has at least a (d+ 1)-bracket, as seen in eq. (2.4).

,10,



4 Koszul-Tate resolution and BV

4.1 The resolution

After having completed an extensive classical analysis in phase space, in this part we address
the BV formulation, show the equivalence between KT and the BV-BRST complex and
discuss how axiom (iii) of Felder-Kazhdan is fulfilled by the spinning particle example.
Our starting point will be a generic mechanical phase space/first order formalism action
S(0) with graded phase space coordinates 2, constraints Ty (z) and Lagrange multipliers A%,

|
Sy = [ wji — H(z) + Ao (). (4.1)

Applied to the spinning particle, our variables x! label the phase space variables (x,p, #) of
section 2, while A refers to the Lagrange multipliers e, ¢ (the vielbein and its superpartner).
All variables depend on the world-line coordinate t, and integration is denoted [ = [ dt, just
to remember when total derivatives may be dropped.

Note that ordering is important when objects are graded. Our conventions are explained
in detail in appendix A; most importantly, all index contractions are performed NW-SE and
with nearby indices. Note that we are treating the full target phase space as a graded variety
with the action of a superalgebra, while the worldline is not extended with odd variables. We
are thus not using a worldline superfield formalism. We work with w;; in a Darboux chart.
The non-degenerate symplectic form w is graded antisymmetric, w;; = (—1)%wj; = (—1)'w;;.
In the spinning particle case, H = 0, which is used in the following.

For quadratic constraints in the coordinates, which we assume, it is convenient to think
of the Lagrange multiplier term as a minimal coupling to a gauge connection A% valued
in a superalgebra® g, so that

1. .
Sy = fiszwaji , (4.2)

where Dzt = ¢ 4 27 Ao‘taji. Consequently (see appendix A), fields in arbitrary g modules
have D¢ = ¢ — A - ¢, in particular for the coadjoint Do = ¢g — Aﬁtg(ﬂ(m = o — Aﬁfa[ﬂqx,.
The model is a gauged 1-dimensional o-model. By moving A to the left, we extract

1 o
T, = 5(—1)°‘x1x3taikwk]~ . (43)

The action functional S(g) is degenerate because of gauge symmetries. To remove this
degeneracy, we can crank the same machinery as in section 2, with the difference that now
instead of ghosts and their differentials we deploy BV conjugate pairs of coordinates.” After
the ghosts ¢* and ¢, are introduced, the BV action is Sy + S(1) + S(2), where

Say = [c* ((—1)iaxitaijx§ + DAZ) = ["D,,

1 *
Seoy=/- 5(—1)0‘00‘05@30{707. (4.4)

SFor the spinning particle model at hand, g is the N = 1 supertranslation algebra in one dimension.
"Due to the (—1)-shifted symplectic structure of BV, the degrees — both ghost number and parity — of a
coordinate y and its conjugated y* obey |y| + |y*| = —1.
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For the odd BV bracket we take the convention:®

R )

Note that the odd symplectic form could be taken as either a superform or an integral form-a
distributionally valued form in supergeometry [18, 19]. See [20, 21] for a modern revival and
applications to supersymmetric actions and supergravity. We will stick to superforms in our
investigation. The contraction in the second term is opposite to our superalgebra ordering
conventions, but this fact does not give a sign error since ! and X7 have opposite parity. Then,

using F’ % = (—1)"”|(|F |+1)8%F , one can appreciate the graded antisymmetry of the bracket:
(F,G) = ~(~)IFF00e (G, 7). (16)

It is then straightforward, although a bit tedious due to signs, to show that S = S(g) +
Sy + S(2) has null BV bracket with itself. The main observation is that ®, represents
cohomology of dy) = (-, S(g)), resolved on & /.F by the introduction of ¢,c* and S ™) and
that they generate g:

([ Dy, [PBg) = [(=1)%cPts, ., . (4.7)

Had the constraints/gauge transformations been irreducible, Sy + Sy + S(2) would have
been the complete BV action. Instead, we know that they are reducible, which should be
properly taken into account. We now set out to demonstrate:

(1) that the elimination of negative ghost number cohomology in of /.F by the introduction
of ghosts (and their antifields) in the BV framework agrees with the KT resolution of section 2;

(2) that the negative ghost number cohomology encountered in ref. [1] derives from
omission of higher ghosts (reducibility) and is trivialised by the resolution.

We will rely on the theorem of ref. [4] that absence of negative ghost number cohomology
in o /. implies the same in 9. The terms o and o /.F will be used not only for the final
(full) complex, but also for the complexes obtained after some stage in the resolution.

The procedure [4] is to construct the resolution by compensating for cohomology of
negative ghost number in the ring of /., where o consists of polynomials (or similar) in all
BV coordinates and ¥ is the ideal generated by those of positive ghost number, so that the
result is vanishing cohomology H®(s/.f) in non-zero (i.e., negative) ghost number.? It is
shown in ref. [4] that this implies also that H®(sf) vanishes in negative ghost number. Passing
to the ideal makes the (sequential) resolution possible: without taking the ideal, terms that
appear at a later stage in a KT resolution may play a role at an earlier one if ghost number is
unbounded in both directions. If we are able to do so, then the axioms [4] hold and therefore
So admits a unique (up to quasi-isomorphism) BV extension S, (S,S) = 0.

Suppose that there are relations

he“(x)To(xz) =0 (4.8)

8F, G are any functions of the phase space coordinates enriched by the ghosts and their conjugates. x'
collectively labels all coordinates and ghosts, so for the moment x = (z, A, ¢), but the space will be extended

by the resolution.
9The differential on o is (-, S); the differential on of /.F is (-, S) mod 7.
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in some g-module labeled by the index '. Let us investigate the consequences of eq. (4.8).
Naively, one expects expressions h, A%, to represent cohomology. Let us calculate

(hat® A}, S) = hot™(Ta + (—1))* PtV A%) + (—1) 2’ toi? 05" A} . (4.9)

The first term vanishes, and the terms with ¢A* vanish in o /7.

So one needs to introduce reducibility ghosts A’® and their antifields Al% of ghost numbers
1 and —2, respectively, to trivialise the cohomology [ho*A%]. To be explicit, the new BV
differential (-, S’) is made up with

S' =8+ [AY hoy AL+ (—1)Y A Pt AL (4.10)

Note that only S() was used to find the reducibility killed by the introduction of A
(since the other terms in the differential on « and A* belong to .7, see eq. (4.9)). We want
to compare the procedure here to the KT resolution of section 2. A* carries ghost number
—1, just like the anti-ghosts b, 8 in section 2. The trivialisation of the cohomology (on
d/F) ho™A}, by the introduction of A” (ghost number —2) precisely corresponds to the
trivialisation of cohomology by introducing ¥’, 8’ (ghost number —2) in eq. (2.4). Similarly,
by sequentially eliminating remaining cohomology on of /.F we observe that we get a sequence
of anti-fields A*, A™*, A”* ... with ghost numbers —1,—2, —3, ..., precisely corresponding to
higher anti-ghosts in the KT resolution. We are in fact performing the KT resolution of the
algebraic constraint surface in phase space, in the BV framework.

Above, we have focused on the sequence of ghosts and ghosts antifields responsible for
the resolution of the constraint surface. There will of course be a parallell tower of ghosts for
the transformations, i.e., accompanying c,. Next is the introduction of ghosts ¢®. When
A" is introduced, a new cohomology arises. The differential d’ = (-,.5") on o /.¥ is, so far,

d'zf = Drlw;;,
d'AL =1T,, (4.11)
d/A/* _ aA*
o — T’
d'cs, = (—1)"“a'toiia} + DA} .

A short calculation now finds a cohomology at ghost number —2:
Qo = har®cly — DAL — (=1)" 07250, " AL, . (4.12)

The last term is due to the transformation of h,/%. & is the super-inverse of w, wikwkj =
(—1)%6*;. This is straightforwardly checked using eq. (4.11). One needs the g-transformation
of hoy®, encoded in Dhy® = Dz'0;hy®, as well as the identity

0= &'(ha/aTa) = 8Z‘ha/aTa + (—1)a+i(al+a)ha/axktakjwj'i . (4.13)

The cohomology Qs is then killed by the introduction of ¢'®, ¢/%, and §” = S'+ [¢/* Qo +. . .,
(c%,8") = Qj + ..., the ellipsis denoting terms in .¥. This of course has to be lifted to
o, introducing the beginning of the brackets of the (graded) Lo, algebra generated by the

resolved constraints.
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4.2 Comparison with ref. [1]

When we specialise to the spinning particle, the Lie superalgebra ¢ is the N = 1 supertrans-
lation algebra in 1 dimension. The only non-vanishing bracket is [U,U] = T'. The adjoint
module, as well as the coadjoint, is spanned by one odd and one even generator, of which one
transforms into the other under U, and both map to 0 under 7. Therefore, the coadjoint
is isomorphic to the parity-shifted adjoint, ¢* = g[1]. This is also seen from the invariance
of the bilinear form T®@ U — U ® T.

The pair (€2,2,) is also in the adjoint of g (with parity depending on whether d is even
or odd, since €2 is even for even d and odd for odd d). It is straightforward to see that
the tensor product of the (co-)adjoint with itself contains the adjoint, not only using the
structure constants, but also using another invariant tensor leading to the expressions 52 and
b — 51,82 of section 2. In the BV framework, the ghosts b, 3 are replaced by the antifields of
the Lagrange multipliers A%. For the spinning particle, they are then the antifields e*, ¥* of
the world-line einbein e and its superpartner 1. We thus have the (degree —1) cohomologies
in o /F to be killed represented by *Q and e*Q2 — ¢*1,Q2. The latter one agrees with a
cohomology found in ref. [1] as “(1(1)” on p.11, while the first one is not present there. Let
us go into some detail why this happens.

The cohomology observed in ref. [1] is constructed as the differential (in our setting (-, S))
acting on some singular function on the BV variety (more precisely, containing the inverse
of the super-translation ghost 7), but in such a way that the resulting function is regular.'’
A set of cohomologies found in ref. [1], there represented by (j(f), take the form, when
restricted to of /F and adapted to our conventions,

Ge(f) = k(@) et fQ — () frp02. (4.14)

Here, 1 < k € Z and f is a function of the coordinates'! 2™, which becomes a mere spectator
on o /F. Setting k =1, f =1 gives (1(1) = e*Q — *1,Q2, a cohomology trivialised by the
introduction of reducibility ghosts. Then clearly, any of the cohomologies (i (f) can be written
as a linear combination of *2 and e*Q2 — 1*2,Q2, and will be trivialised by the introduction
of the reducibility ghosts. Thus they cannot represent cohomology when the resolution of
section 2 is performed — quite trivially, since that resolution removes all cohomology in
d/F at negative ghost number.!?

The cohomology 1)*2 is not observed in ref. [1]. The reason is the following: a cohomology
encoding reducibility on of /.F persists in o (without the introduction of new terms in the
differential) if it is a g-scalar, given the construction in section 4.1. Then toa” =0 for the
corresponding value of ', and the last term in S', eq. (4.10), does not contribute to d'A%,
which remains in ¢ /.. This holds for e*Q — 1*2,Q, being in the “T" part of the adjoint of
the supersymmetry algebra, but not for *Q), which needs to wait for the introduction of the
reducibility ghosts. Since these are not present in ref. [1], the cohomology does not persist.

10This is independent of the prescription for such functions: C'*°, polynomial, formal power series.

1Not to confuse with the phase space coordinates z* of section 4.1.

2 An explicit construction of the function & (f) such that ¢x(f) = déx(f) will involve higher reducibility
ghosts. For example, (2(1) = ¢*de* + e*dyp* ~ Ue'* — Ty'™*. Forming &2(1) involves the four vectors in the
following stage of the resolution.
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; ! 1
XA AL Ay AL o e Y
* 1% I * * a 1o e’
XA ... ey oy cy zp A A A

Table 4. The BV fields of the model, organised to display the symplectic structure.

Note that the cohomology killed by ¢, ¢* is not observed in ref. [1], since they already
require the introduction of A’, A™.

Ref. [1] also finds cohomologies denoted by ay(f) with £ > 1. They are constructed in a
way analogous to (x(f). However, they lie in the ideal .¥. For example,

ar(1) = (W) (W Q + c(e*Q — ¥*1,Q)) . (4.15)

Linear combinations of ¢*Q and e*Q — 1*4,Q2 again appear. Since they belong to .7, ref. [4]
guarantees that we need not eliminate them by the introduction of new ghosts, they will
trivialise when the differential is extended to .

4.3 AKSZ formulation

The Alexandrov-Kontsevich-Schwarz-Zaboronsky (AKSZ) construction [22] is a celebrated
algorithm that allows to obtain a BV theory on the maps between a dg manifold and a QP
manifold (dg with a compatible homological vector field).

The target QP manifold & in the present setting of an N = 1 spinning particle, has
coordinates X4 at the first line in table 4. The source dg manifold ¥ is T[1]RR, with coordinates
(t,n) and differential d = n%. It is clear from the list of coordinates that there is a degree 0
symplectic structure €2 on N, extending the one of phase space with coordinates z°.

A map Y : ¥ — N is given by

YA(t,n) = XA(1) + n QP X)), (4.16)

with Q being the super-inverse of Q (used for example in eq. (4.12)). The ghost number is
the sum of degree of 7 and the degree of the element of the QP manifold. QABXE provide
coordinates on N [—1] (see table 4).

The AKSZ construction uses the differentials on the target as well as on the source. Let
the former be ¢, generated from a BRST charge'® Q as ¢ = {-, @} by the Poisson bracket
on N. The BV action is constructed as

1
S = / dt dn (YAdYBQBA 1 Q) , (4.17)
TR 2

which then produces the BV differential as the sum of the source differential and the pullback
of the target one. Hamiltonian mechanics as AKSZ, however without reducibility, has been
considered in refs. [23, 24].

We want to verify that the system at hand has an AKSZ formulation. The kinetic terms
(containing time derivatives) in section 4.1 are directly seen to reflect the symplectic structure

13The BRST charge naturally combines with the Hamiltonian in a superfield Q +nH. In our setting, H = 0.
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on N, and are obtained as the first term in eq. (4.17). In order to verify that all other terms
in our BV action correspond to a BRST operator on N, the only necessary check is that
(+,8) maps C®°(N) — C°(N). This is equivalent to all non-kinetic terms in S being linear in
X7 (the coordinates on the second line in table 4). This is indeed the case for the terms we
have written. It is also straightforward to realise that this property will persist to all orders
of reducibility, from the way new ghosts are introduced to kill cohomology. Recall that the
coordinates A* (at some level of reducibility) replace the anti-ghosts b of section 2 and all
terms in the differential of the resolution are linear in derivatives %. For the coordinates ¢
(at some level of reducibility), they are coalgebra 1-forms in the cochain complex of an Lo,
algebra (also acting on the other coordinates). Both these statements imply linearity in X*.

Finally, it was shown in ref. [25] by Barnich and Grigoriev, building on previous work
of Barnich and Henneaux [26], that a kind of Poincaré lemma holds, so the cohomology of
s = (+,S) on the maps ¥ — W is the local cohomology of the differential ¢ on W. This is
equivalent to say that there is a quasi-isomorphism between C°°(/) and functionals over
Maps(X, /). Hence in the present case, after finding the appropriate resolution of the
constraints, we could have alternatively used Barnich-Grigoriev’s theorem to infer that there
is cohomology only in the physical ghost number 0 phase space (apart from possible ghost
zero-modes). The extension to N of the algebraic resolution to include the ghosts ¢ at positive
ghost numbers is appealing. In the sequence

o AN A s e d — (4.18)

(which should not be seen as linear maps, but maps to functions of the corresponding degree,
polynomial in any coordinate of non-zero degree) while A* — x implements the algebraic
constraints, z — ¢ takes care of the gauge symmetry, and outer arrows account for reducibility,
both of the algebraic constraints and of the transformations.

5 Conclusions

The axioms in ref. [4] are natural (and so is the presence of a proper Koszul-Tate resolution [3,
Ch. 8-10]) and therefore this should apply to any meaningful physical model, including the
N =1 spinning particle. We have demonstrated how the pathological cohomology observed
in ref. [1] is trivialised by a proper resolution of the classical phase space, and revealed some
aspects of this resolution. We have also been made aware of [9], where replacement of the
Poisson brackets by Moyal brackets eliminates the cohomology.

We do not expect the results to have any direct applications — the main uses of particle
actions are in the quantum setting, providing free fields (“first” and “second quantisation”).
However, we note that any classical model with constraints involving odd (fermionic) variables
will exhibit analogous behaviour, involving saturation reducibility. This includes, for example,
RNS strings, superstrings and classical supergravities. Caution must be observed when
calculating classical cohomologies in such models.

Acknowledgments

First and foremost, we are indebted to Ezra Getzler for his bright insights and inputs.
We are also grateful to Chris Hull and Ivo Sachs for informative discussions. Part of the

,16,



research presented was conducted during the program “Cohomological Aspects of Quantum
Field Theory” at the Mittag-Leffler Institute, Djursholm, Sweden, supported by the Swedish
Research Council under grant no. 2021-06594. E.B. is supported by GACR grant PIF-OUT
24-106340.

A Tensor conventions for superalgebras and their modules

A Lie superalgebra g has generators of even and odd parity (Zs grading). We use a notation
where for brevity, in sign factors, the parity (0 for even, 1 for odd) of a generator T, € g
is denoted by the index « itself.!* The Lie bracket [-,-] is graded antisymmetric, i.e.,
[T, Tp) = —(—1)*P[T},Ty,]. The Jacobi identities read [[T},, T, T5j] = 0, [afy] denoting
total graded antisymmetrisation. Structure constants are defined by [Ty, T3] = fog"T5.

Representation matrices in some representation (and its dual) labeled by indices i, 7, . ..
are denoted t,;/, and fulfill

ta, ts] = tats — (—1)*Ptate = fop't, . (A1)

Representation matrices in the adjoint representation are t,3" = fg,”, which is verified
using the graded Jacobi identity:

[tastoly” = foa“fes” = (1) fr5 fea® = =(=1) T o5 fe
= (_1)(a+5+6)7faﬂef’ye5 _ fa,BEtefyé . (AQ)

To maintain a tensor formalism, multiplying objects (tensors in graded modules), one needs
to keep track of the order in which they are multiplied. We use the Munich conventions, where
index contractions are always done on nearby indices in the NW-SE direction, so an expression
U'V; becomes a scalar. The action of A = AT, € g is defined as (4 - U)" = —U’ A%,;",
(A-V); = A%y Vj. For covariant derivatives, we use DX = X—A-X.

In order for matrices to be multiplied with each other, an index structure M;’ is necessary.
Such matrices, when non-singular, have inverses. For tensors with index structure m;; one must
use a super-inverse m, defined by mikmkj = (—1)i5ij, which is a tensor since transposition
moves the two indices past each other. This applies e.g. to the symplectic structure w used
in section 4, and is the same sign responsible for super-trace StrM = (—1)*M;'.

Objects, for example ghosts, may appear in parity-shifted modules. We then have, for
adjoint ghosts, |c®| = |a| 4+ 1, so ¢*c® = (=1)@+DE+Dege,. One might worry that there
is a clash between this parity-shifted graded symmetry and the graded antisymmetry of the
structure constants. They differ in that the former implies “even x odd = odd x even”,
while the latter gives “even X odd = —odd x even”. The two different symmetrisations are
equivalent (for example as modules of a general linear superalgebra), see e.g. ref. [27], and
can be translated into each other. This translation is taken care of “automatically”. BRST,
or BV, variations of various objects typically contain ¢“t,;/. Matrix multiplication of this
object with itself would implement parity-shifted graded symmetry on ¢,t3, which is not

4Other common conventions is to write p(a) or |a|. Since the only place they appear are in exponents of
—1, there should be no risk of ambiguity.
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good. Instead, a sign twist must appear (and indeed always does) so the object appearing is
Cil = o, where 147 = (—1)tai? = (=1)*tty7. The s obey

(fatp + (=1 DG = (1) fagTtai (A.3)

so they are naturally not graded commuted, but multiplied with parity-shifted graded
symmetry. Another way to observe the necessity of this sign is to note that

UCY = (=1)' Uty = (—1)H )0t 0 = (—1) Uty (A.4)

is a tensor: the sign (—1)* compensates for the ¢; contraction skipping an a. Alternatively,
the sign (—1)° is attributed to U* skipping an odd contraction ¢*t,. Thus, also C;7 is a tensor.

One may note that the structure constants f,3” are less natural than the representation
matrices (and it would indeed have been better to define them with lower indices in the opposite
order). Namely, eq. (A.1) is not explicitly tensorial. Define the tensor Y,z = (—1)*t,; 547,
where the sign factor comes from taking § past k and i ((—1)(+tF8 = (—=1)*F). Then
eq. (A.1) becomes

_2Yv[ozﬁ]ij = f,Ba’Yt’yij = toz,B,Yt'yij , (A5)

which is manifestly tensorial, relating the first and last expressions with the same index
structure. Many similar sign manipulations are behind the calculations in section 4.
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