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Magnetization dynamics is commonly described by the stochastic Landau-Lifshitz-Gilbert (LLG)
equation. However, on picosecond timescales, inertial and open-system extensions of the LLG
equation are necessary to interpret recent experiments. While it has been anticipated that these
extensions make the magnetization dynamics non-Markovian, to date, the question of the extent of
non-Markovianity has remained unanswered. Here, we provide a systematic quantification of the
degree of non-Markovianity in thesemagnetizationmodels using establishedmeasures.We find that,
while the standard LLG equation exhibits strictly positive entropy production rates, inertial and open-
system LLG dynamics display temporarily negative entropy production rates, which signal non-
Markoviandynamics, aswedemonstrateboth analytically andnumerically. Our numerical calculations
show that experiments requiring the open-system LLG equation are more non-Markovian than those
described by classical or inertial LLG equations.

Translational Brownian motion is one of the core concepts to describe
fluids1, gases2,3, and a wide range of processes in statistical physics4, e.g., the
random motion of micro-sized particles5,6 and molecules7 dispersed in
aqueous solutions. Generally speaking, translational Brownian motion is
modeled via a generalized Langevin equation, which includes memory
effects, i.e., time-dependent friction, and colored noise fluctuations. These
memory effects and fluctuations are linked by the fluctuation-dissipation
theorem and lead to non-Markovian dynamics8. However, if the bath
relaxes significantly faster than the system, τB≪ τS, where τB and τS are the
bath and system relaxation times, respectively, the assumption of time-
independent friction is sufficient9,10, and the dynamics becomes memory-
less, i.e., Markovian. When time-scale separation is broken, τB ~ τS, and
energy from the bath may flow back into the system, the dynamics is non-
Markovian9,11,12. This is the case for systems that (strongly) interact with a
structured or small thermal heat bath13–15.

Here we consider a different kind of Brownian motion, namely rota-
tional Brownianmotion. In this case, themotion is constrained to the surface
of a sphere rather than occurring in unconstrained Euclidean space as in
translational Brownian motion16–18. The rotational generalized Langevin
equation 16 is non-linear19 and the noise enters in a multiplicative way,
making its analytical treatmentmore challenging20–22. Such rotational motion
occurs in nature, e.g. in the magnetization dynamics in ferromagnets.

For magnetization dynamics, the most commonly used stochastic
equation is the Landau-Lifshitz-Gilbert (LLG) equation23,24. It describes

damped precessionalmotion in an effectivemagnetic field25 and has formed
the theoretical basis for modeling experiments on spin dynamics for many
decades.

Theoretical studies have proposed to extend the LLG equation by an
inertial term26–35 to the so-called inertial LLG (iLLG) equation36, which leads
to an additional fast nutation oscillation on top of precessional motion.
Time-resolvedpump-probe experiments have started to detect andmeasure
this nutation frequency on ultrafast timescales37,38.

Further experiments on crystalline cobalt thin films have, however,
measured dynamic properties that go beyond the theoretical description
provided even by the iLLG equation39,40. Specifically, ref. 40 shows that the
frequency spectrum of crystalline cobalt thin films is well captured by a
generalized (here referred to as “general” in the sense of the generalized
Langevin equation for translational Brownian motion) magnetization
dynamics equation, which takes the coupling between the magnetic system
and the phononic bath explicitly into account. Here, a full memory kernel
governs the dissipation of the magnetic system. As the equation has been
derived from an open-quantum system approach41, we refer to it as the
open-system LLG equation (os-LLG).

The experimental signatures in ref. 40 arise from a broken time-scale
separation between system and bath degrees of freedom on the measured
ultrashort timescales, whichmakes a non-Markovian description necessary.
What remains an open question is the quantification of the amount of non-
Markovianity in the differentmagnetization dynamics, i.e., if an experiment

1University of Potsdam, Institute of Physics and Astronomy, Potsdam, Germany. 2Department of Physics, Chalmers University of Technology, Göteborg, Sweden.
3Department of Physics and Astronomy, University of Exeter, Stocker Road, UK. e-mail: janet.anders@uni-potsdam.de

Communications Physics |           (2026) 9:292 1

12
34

56
78

90
():
,;

12
34

56
78

90
():
,;

https://doi.org/10.1038/s42005-026-02844-9
http://crossmark.crossref.org/dialog/?doi=10.1038/s42005-026-02844-9&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s42005-026-02844-9&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s42005-026-02844-9&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s42005-026-02844-9&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s42005-026-02844-9&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s42005-026-02844-9&domain=pdf
http://orcid.org/0009-0006-6048-175X
http://orcid.org/0009-0006-6048-175X
http://orcid.org/0009-0006-6048-175X
http://orcid.org/0009-0006-6048-175X
http://orcid.org/0009-0006-6048-175X
http://orcid.org/0000-0001-9285-0165
http://orcid.org/0000-0001-9285-0165
http://orcid.org/0000-0001-9285-0165
http://orcid.org/0000-0001-9285-0165
http://orcid.org/0000-0001-9285-0165
http://orcid.org/0000-0002-9791-0363
http://orcid.org/0000-0002-9791-0363
http://orcid.org/0000-0002-9791-0363
http://orcid.org/0000-0002-9791-0363
http://orcid.org/0000-0002-9791-0363
mailto:janet.anders@uni-potsdam.de
www.nature.com/commsphys


shows signatures consistent with the iLLG equation, will it be more or less
non-Markovian than an experiment consistent with the os-LLG equation?

Thermodynamic entropy production rates (EPR) are a tool to inves-
tigate and quantify non-Markovianity in ultrafast magnetization
dynamics42–44. In quantum systems, the entropy production rate _ΣðtÞ can be
negative due to quantum fluctuations, entanglement and correlations
between system and bath, and backflow of energy45–48. In classical systems,
negative entropyproduction rates indicate anon-Markovian evolution if the
system is undriven and local detailed balance holds49. The entropy pro-
duction rate can be defined via the relative entropyD (often also referred to
as Kullback-Leibler divergence)

D½pαðtÞjjπβ� ¼
X
α

pαðtÞ ln
pαðtÞ
πβ

; ð1Þ

where kB is the Boltzmann constant. It is ameasure of the distinguishability
between two probability distributions pα and here the thermal equilibrium
state πβ, which is the fixed point of the dynamics and necessary for the
calculation of the entropy production rate49. It is defined as πβ ¼ e�βEα=Z,
where β and Z ¼Pαe

�βEα are the inverse temperature and the partition
function, respectively49. The energy of the system in state α is denoted by Eα.
The negative time derivative of the relative entropy defines then the entropy
production rate _Σ49,50

_ΣðtÞ ¼ �kB ∂tD½pαðtÞjjπβ�: ð2Þ

The following theorem linking entropy production rates and non-
Markovianity was proven by Strasberg and Esposito49: If a classical system is
undriven, local detailed balance holds, and the total system is initialized
within the set of conditional steady states, then the occurrence of negative
entropy production rates indicates that the system undergoes a non-
Markovian evolution. Note that positive entropy production rates do not
necessarily imply purely Markovian dynamics.

In this work, we determine the entropy production rates45,49,51,52 of the
LLG, iLLG, and os-LLG equations and use them to detect and quantify the
non-Markovianity of each magnetization dynamics, thereby establishing a
direct link between magnetism and concepts from stochastic thermo-
dynamics and statistical physics.We analytically and numerically show that
the LLG equation only leads to positive entropy production rates53. In
contrast, we show that the entropy production rates of the iLLGand os-LLG
equations can be negative, signaling a non-Markovian evolution49. By
employing two different non-Markovianity measures, “negative EPR
window”54 and “relative EPR window”, we quantitatively compare the dif-
ferences in the LLG, iLLG, and os-LLG equation dynamics.

We consistentlyfind that themagnitude of non-Markovianity is largest
for the os-LLG equation, which indicates that it is the most non-Markovian
of the magnetization dynamics compared here. While the LLG equation
exhibits zeronon-Markovianity regardless of the initial conditions, the iLLG
equation exhibits non-Markovianity for a canted orientation between the
external field and initial magnetization. This indicates a dependence of the
non-Markovianity on the initial conditions.

Results
Ultrafast magnetization dynamics
Stochastic magnetization dynamics on ultrafast timescales is commonly
described by the LLG equation

_m ¼ �γm× Beff þ bthðtÞ þ α _m
� � ð3Þ

wherem is the unit-free, normalizedmagnetization vector, which precesses
because the torque interactionwith the effectivemagneticfieldBeff, scaledby
the electronic gyromagnetic ratio γ. This field can consist of any combi-
nation of a constant external bias field, a possibly time-dependent external
field, and any anisotropy field arising from the material and magnetization
itself. The damping in the third term is scaled by the Gilbert damping

parameter α. The thermal noise is denoted by bth and is Gaussian white
noise with

hbthðtÞi ¼ 0

hbth;iðtÞ bth;jðt0Þi ¼ η δij δðt � t0Þ;

where the correlation factor is η = αkBT.
The stochastic LLG Eq. (3) can be extended by an inertial term26–33

which is scaledby the angularmomentumrelaxation time τ anddescribes an
additional nutation motion

_m ¼ �γm× Beff þ bthðtÞ þ α _mþ ατ €m
� �

: ð4Þ

Bothof these stochasticmagnetizationEqs. (3) and (4) are contained in
the os-LLG equation41, which has been shown to successfully describe
higher-order oscillations in ultrafast dynamics40 and to produce the correct
equilibriummagnetization55. Theos-LLGequationarising froman isotropic
coupling of the magnetic system with a thermal bath is given by

_m ¼ �γm× Beff þ ~bthðtÞ þ
Z t

�1
dt0 Kðt � t0Þmðt0Þ

� �
; ð5Þ

where ~bth describes again the thermal fluctuations of the bath. However,
thesefluctuations are now colored (for better clarity, denoted by a tilde), and
Kðt � t0Þ encodes thememory of themagnetization dynamics. The thermal
fluctuations and the dissipative memory kernel are linked by the
fluctuation-dissipation theorem, where the memory kernel is given by
KðτÞ ¼ 2πΘðτÞ R10 dν IðνÞ sinð2πντÞ with the spectral density I(ν).

It is insightful to understand that the LLG (3) and inertial LLG (4) can
be obtained from the open-systemLLG (5) by expanding the kernel integral
in powers of magnetization and its time derivatives41. The first expansion
term then gives the Gilbert damping� m × _m, while the second expansion
term yields the inertial correction � m × €m33–35. We remark that such an
expansion needs to be treated carefully56 and is only a good approximation
for very short memory times. In the absence of a clear separation between
spin and phonon timescales, as encountered inmagnetic insulators56,57, such
an expansion is expected to fail.Whereas thememorykernel associatedwith
electronic baths generally admits a time-local expansion because a sufficient
separation of timescales is common58,59. In this manuscript, simulations of
Eq. (5) include the full memory kernel as parameterized below.

We note that all three LLG equations preserve the magnitude of
magnetization based on their structure. Without loss of generality, we
choose ∣m∣ = 1 for all equations.

Analytical bounds for entropy production rates
We now analyze contractivity49 for the entropy production rates of the
different magnetization dynamics analytically. Contractivity states that two
probability distributions will monotonically come closer in time for all
times, implying

_ΣðtÞ≥ 0; ð6Þ

with _ΣðtÞ ¼ 0 in thermal equilibrium. Contractivity is therefore directly
linked to the theorem formulated by Strasberg and Esposito49, when con-
tractivity is broken, the dynamics is non-Markovian.

For theLLGEq. (3),weprove that the entropyproduction rate is always
positive, i.e., the magnetization dynamics is contractive. To show this,
consider the definition of the Fokker-Planck equation for the stochastic LLG
equation17

∂pðm;tÞ
∂t ¼ �∇S2 � AðmÞpðm; tÞ� �

þ 1
2∇S2 � DðmÞ∇S2 pðm; tÞ� �

;
ð7Þ

whereA(m) =− γm×Beff− γαm× (m×Beff) is the drift vector field of the
deterministic part of the dynamics and DðmÞ ¼ 2αkBTð1�mmTÞ=γ is
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the diffusion tensor (for details see Supplementary Note 1). The operator
∇S2 denotes differentiation with respect to the surface of the unit sphere S

2,
and p(m, t) is the probability distribution for magnetizationm at time t.

The entropy production rate Eq. (2) in its continuous version with
integration over the full phase-space S2 reads

_ΣðtÞ
kB

¼ � ∂DðtÞ
∂t

¼ �
Z
S2

ln
pðm; tÞ
πβðmÞ

 !
∂pðm; tÞ

∂t
dΩ: ð8Þ

Plugging the Fokker-Planck equation (7) of the LLG equation into Eq. (8)
yields a quadratic form, such that _ΣðtÞ≥ 0 for all times t. Details of this proof
are given in Supplementary Note 1.

The iLLG Eq. (4), on the other hand, does not always lead to a con-
tractive dynamics as defined in Eq. (6). This is because the full process is no
longer described by the (marginal) probability density p(m, t) but by a
probability density P(m, v, t), which arises from the second-order time
derivative in Eq. (4). By integrating over the “velocity” variable v, using the
Mori-Zwanzig formalism9,60 as done in SupplementaryNote 2, the complete
parameter space is reduced and information about the dynamics is lost.
Therefore, the evolution of the marginal probability density p(m, t) is no
longer time-local, and memory effects are introduced. Hence, the iLLG Eq.
(4) describes a non-Markovian evolution of the magnetization vector m
and, in general, _ΣðtÞ≥ 0 no longer holds.

Similar to the iLLG case, for the os-LLG Eq. (5), the full probability
density is a higher-dimensional function P(m, v, w, t). Thus, a similar
argument can be constructed to show that the os-LLGEq. (5) leads to a non-
Markovian evolution for the magnetization m alone (see Supplementary
Note 2). Having established that both iLLG and os-LLG can break con-
tractivity, we will quantify their degree of non-Markovianity below.

Non-Markovianity measures
Todo so, we need non-Markovianitymeasures.Here, we choose to quantify
the degree of non-Markovianity using the entropy production rate. We
employ the following, previously characterized and used measure54, which
we refer to as “negative EPR window”

N A ¼ �
Z
_ΣðtÞ < 0

_ΣðtÞ dt ; ð9Þ

where the time integration is over all intervals in which _ΣðtÞ < 0. Conse-
quently, for a Markovian process, where _ΣðtÞ≥ 0 for all times, we have

N A ¼ 0. This measure also reflects the absolute strength of the relative
entropy, which can be of interest but makes comparison between different
setups difficult. Therefore, we also introduce the normalized version as a
non-Markovian measure, here called “relative EPR window”,

N A ¼ �
R
_ΣðtÞ < 0 _ΣðtÞ dtR j _ΣðtÞj dt ; ð10Þ

where we have normalized by the total time integral of the absolute value of
the entropy production rate, which is equal to the absolute area of the entire
entropy production rate curve. This leads to a measure that is independent
of the absolute scale of the relative entropy. By definition,N A takes values
between [0, 1] withN A > 0 indicating non-Markovian dynamics.

There are other Markovianity measures61, which we leave as tools for
future work. Two examples, counting timesteps with negative entropy
production rate and counting the number of sign switches of the entropy
production rate, are briefly discussed in Supplementary Note 5.

Entropy production rates and non-Markovianity for different
magnetization dynamics
In what follows, we numerically investigate the relative entropy and the
entropy production rate as defined in Eqs. (1) and (2) and quantify non-
Markovianity via the negative and relative EPR windows. We simulate
Ntraj = 50000 trajectories of the LLG (3), iLLG (4) and os-LLG (5) equations
with realistic parameter sets for cobalt thin films measured in ultrafast
magnetization dynamics experiments39,40. For the simulations, wemake use
of the SPIDY package62.

To specify the dynamics of the os-LLG equation, we need to choose a
spectral density I(ν), which details the coupling of the system to the bath and
relates to thememory kernel as detailed above.As in previous works, we use
a Lorentzian spectral density40,63, IðνÞ ¼ AΓν=ððν20 � ν2Þ2 þ ν2Γ2Þ, where
ν0 denotes the central frequency and Γ the width of the Lorentzian. The
amplitudeA is proportional to the strength of the system-bath interaction
and the dissipation. The Lorentzian spectral density describes, e.g., the
couplingof themagnetization tomodesof thephononbath.The response in
an ultrafast experiment40 showed a Fourier spectrum with multiple peaks,
which is matched by the os-LLG equation (5) with a specific set of Lor-
entzian parameters.Wehere use the sameparameters to quantify the degree
of non-Markovianity that occurred in the experiment. The experimentally
requiredLorentzianparameters forEq. (5) areA ¼ 242 THz3, ν0 =4.2THz,
and Γ=0.2THz, see ref. 40. They relate to the parameters of the LLG (3) and
iLLG (4) via α ¼ AΓ=ν40 and τ ¼ ðν20 � Γ2Þ=ð2πν20ΓÞ, which follows from

Fig. 1 | Probability distributions of the magnetization vector in spherical coor-
dinates for LLG, iLLG, and os-LLG. a For all three equations, the magnetization is
initialized in the parallel configuration. bThe steady-state distribution is obtained by
time-averaging the distribution once the system has equilibrated, here exemplarily
shown for the LLG equation. c Analytically calculated Gibbs state πβ (m), which

matches the numerically obtained steady-state of each of the magnetization equa-
tions. d–f show the magnetization distributions after t = 100 ps for the LLG, iLLG,
and os-LLG equations, respectively, evidencing differences in the temporal evolu-
tion. All six panels show the distribution of the magnetization in spherical coordi-
nates (φ, ϑ) for a fixed magnetization magnitude of ∣m∣ ¼ 1:0.
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the first and second order expansion of Eq (5). Hence, we have a damping
parameter of α = 0.15 and an inertial parameter of τ = 0.8 ps39.

In the following, we will characterize the dynamics starting from two
initial configurations, which capture two different geometries and field

strengths:

� parallel : m0 ¼ ð0; 1:0; 0Þ; Beff ¼ �0:35T ŷ;

� canted : m0 ¼ ð ffiffiffiffiffiffi
0:5

p
;� ffiffiffiffiffiffi

0:5
p

; 0Þ; Beff ¼ �1:5T ŷ:

The first configuration starts with anti-parallel alignment between Beff and
m0, while the canted configuration has a 45∘ angle between field and
magnetization, as well as a stronger Beff. In all simulations, we choose a
unitless temperature of Tsim ¼ 0:1.

In order to be able to use the negative EPR to non-Markovianity link
establishedby the theoremof ref. 49 (see Introduction), the initial conditions
of the simulations need to be in the class of conditional steady states. We
therefore selected initial conditions accordingly for the numerical results
discussed below. A detailed discussion of how the initial conditions are
obtained is given in Methods.

We obtain the probability distribution of the magnetization p(m, t) by
transformation of the normalized magnetization vector into spherical
coordinates m ¼ ðr ¼ ∣m∣;φ; ϑÞ with φ ∈ [0, 2π) and ϑ ∈ [0, π], and
∣m∣ ¼ 1 remains unchangedby thedynamics.Next,wediscretise thephase-
space (φ, ϑ) by φ/30 and ϑ/15 to obtain 450 bins (seeMethods) and count at
each time step tn how oftenm lies within a certain bin. The total number of
trajectories normalizes the counts to get a properly normalized probability
distribution p(m, t), as shown in Fig. 1.

We start with a fixed initial magnetization (Fig. 1a) and let the system
evolve until it reaches equilibrium. Regardless of the equation that governs
the dynamics, Fig. 1b, c illustrate that the numerically obtained steady state
(after 600 ps) is the Gibbs state, i.e., the expected magnetization config-
uration in thermal equilibrium (for further details see Methods). To cal-
culate the relative entropy, we therefore use the Gibbs state πβ(m), which is
known analytically and whose numerically binned version we can obtain
directly. The intermediate magnetization configurations (after 100 ps) for
the LLG, iLLG and os-LLG equations are shown in Fig. 1d, e and f,
respectively. They differ and therefore confirm that the three equations
describe different dynamics. Knowing p(m, t) at each time step tn, we cal-
culate the relative entropy D(p(m, t)∣∣πβ(m)) and the entropy production
rate _ΣðtÞ for all three simulated equations of motion.

The calculated relative entropy for the parallel configurationduring the
first 15 ps is shown in Fig. 2. As expected from the analytical discussion
above, we observe very different behavior of the relative entropy during the
first≈15ps of the threedifferentmagnetization equations.While the relative
entropy for the LLG equation decreases monotonously, the relative entropy
for the iLLG equation shows small variations, and the relative entropy for
the os-LLGequations is clearlynon-monotonous,where thehigh-frequency
oscillations stem from thememory kernel in Eq. (5). All three cases become
strictly monotonously declining for larger times, t > 15 ps (see Methods),
indicating that the non-Markovian dynamics is present only on short,
“ultrafast” timescales. As we show in theMethods, the overall magnitude of
the numerically obtained relative entropy depends on the binning we
choose. Therefore, whatmatters here are the relative differences between the
three LLG-type dynamics Eqs. (3)–(5).

In Fig. 3, we compare the calculated entropy production rates _ΣðtÞ for
all three magnetization dynamics equations and both parameter config-
urations. Since the distribution p(m, t) is made up of a finite sample of
Ntraj = 50,000 trajectories, the numerically obtained entropy production rate
shows visible fluctuations. To reduce the noise, we apply a moving time
average on the entropy production rate over five data points. While some
sampling noise remains, one can see that the entropy production rate of the
LLG equation stays strictly positive for both configurations (staying above
the black dashed line in Fig. 3a), while the entropy production rate of the
iLLG temporarily becomes negative for the canted configuration, but stays
strictly positive for the parallel one (see Fig. 3b). This is mainly attributed to
the torque in the magnetic field that the magnetization vector initially
experiences, which is larger for the canted configuration than the parallel
one26,37. For the os-LLG Eq. (5), the entropy production rate becomes
temporarily negative in both configurations and changes sign frequently

Fig. 2 | Relative entropy of the LLG, iLLG, and os-LLG equations. The three
equations of motion are initialized in the parallel configuration. The damping
parameter is always α = 0.15 and the inertial parameter is τ = 0.8 ps for the simu-
lations of iLLG and os-LLG (with Lorentzian parameters fixed as ν0 = 4.2 THz,
Γ = 0.2 THz and A ¼ 242 THz3, see ref. 40). For all Ntraj = 20000 trajectories the
temperature is T sim ¼ 0:1.

Fig. 3 | Entropy production rate of the LLG, iLLG, and os-LLG equation.
a Entropy production rates of the LLG equation for parallel (orange) and canted (red)
configurations stay positive for all times, while b for the iLLG equation, the canted
(purple) configuration leads to temporarily negative entropy production rates. c The
entropy production rates of the os-LLG equation oscillate quickly between positive and
negative for both (parallel (dark blue) and canted (light blue)) configurations. The grey
region highlights violations of contractivity. Traces shown are after taking a moving
average over five data points that suppresses the fluctuations of the limited statistics
(50,000 trajectories). The remaining parameters correspond to those in Fig. 2.
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(Fig. 3c). Themagnitude of the entropy production rate is larger than that of
the LLG and iLLG equations, which is due to the dynamics of the total
system-bath setup.

To further quantify the differences in the entropy production rate, we
employ the discrete versions of Eq. (9) and Eq. (10) to calculate the negative
EPR window N A and the relative EPR window N A from the entropy
production rates presented inFig. 3.The resultingvalues are plotted inFig. 4.
For the parallel configuration, we find that both EPR windows are zero for
the LLG and iLLG equations, while it is non-zero for the os-LLG equation.
For the canted configuration, only the LLG equation has a zero measure,
while iLLG and os-LLG have finite values. The negative EPRwindow of the
os-LLG equation has a value ofN A � 30, which is one order of magnitude
larger than for the iLLG equationN A � 2.

We remark that we have introduced a small threshold of ϵ =− 0.001,
such that we only counted the regions in which _ΣðtÞ < ϵ holds. This is again
to reduce fluctuations stemming from the finite number of simulated
trajectories.

The relative EPR window N A additionally reveals that the non-
Markovianity in the iLLG is significantly stronger for the canted config-
uration than for the parallel one. The results forN A also show that the non-
Markovianity of the os-LLG does not differ as much between parallel and
canted configurations as it does for the iLLG case. This underlines the non-
Markovianity of the os-LLG beyond the inertial term, because the stronger
excitation of the inertial term in the canted configuration does not lead to
significant changes in the non-Markovianity.

The numerical results exemplify and complete the analytical results
discussed above and in SupplementaryNote 1 and SupplementaryNote 2. If
the magnetic system of interest is assumed to evolve via the standard LLG
Eq. (3), it must show a strictly positive entropy production rate. In contrast,
if the magnetic system of interest exhibits a negative entropy production
rate, the system undergoes non-Markovian evolution, and memory effects
must be accounted for, e.g., using the os-LLG equation.

Discussion
In summary, our manuscript uses the thermodynamic concept of negative
entropy production rates to quantify non-Markovianity in magnetization
dynamics on ultrashort timescales. We use three different equations of
motion, i.e., LLGEq. (3), iLLGEq. (4), and os-LLGEq. (5), to compare their
non-Markovianity. Analytical arguments show that the LLG equation
always has a positive entropy production rate, whereas the entropy pro-
duction rates of the iLLG and os-LLG equations may temporarily become
negative, depending on the initial conditions and magnetic field strengths.

The numerically calculated relative entropy of all three equations
directly shows that they differ on short timescales (up to approximately 10
ps), while they converge in the long-time limit. Using two non-
Markovianity measures Eqs. (9) and (10), which are based on the negativ-
ityof the entropy production rates, confirmed that the os-LLGEq. (5) shows
the largest magnitude of non-Markovianity. This evidences that by
including a memory kernel in the os-LLG equation, the magnetization
dynamics can become non-Markovian40,41,64. Similarly, the iLLG Eq. (4) has
a finite non-Markovianity measure under specific initial conditions. The
quantitative results, therefore, agree with the analytical results and provide a
platform for relative comparison of non-Markovianity in different
dynamics. Since the calculations are based on experimental parameters, the
quantification allows to compare independent experiments.

We note again that the details of the relative entropy and entropy pro-
duction rate depend on the material parameters, the initial condition, the
temperature and the statistics of the thermostat55, and the different internal
and externalmagnetic fields. However, whenever themagnetization dynamics
is found to yield a negative entropy production rate (given the dynamics is
undriven, detailed balance holds, and the fixed point of the dynamics is
known), the correct theoretical framework cannot be the LLG equation.

While non-Markovianity in magnetic systems has been studied
at least to some extent theoretically16,34,64–67, only recently has this
been connected to an experiment on ultrafast timescales40. Further
ultrafast experiments in (magnetic) solid-state materials may probe
and detect non-Markovian evolution of magnetic or non-magnetic
degrees of freedom in the future. Timescale separation is broken, for
example, in experiments with strong magnon-phonon coupling68 and
(nonlinear) phonon-phonon interactions69–71. One promising direc-
tion to experimentally access the entropy production is to use hot-
electron bolometers72. Another is based on ultrafast thermodynamics,
which links available measurements of magnetization or lattice
dynamics directly to entropy production42,43. This could reveal new
physics as well as lead to new technological applications.

Future theoretical work is needed to address additive noise43,73 instead of
multiplicative noise16,41,74, extending the fluctuations by a longitudinal com-
ponent, and to extend this classical analysis to the quantum regime49,75,76.

Methods
Conditional steady states
For the theorem in ref. 49 to hold, we need to make sure that the initial
conditions of the LLG, iLLG, and os-LLG equations are in the set of con-
ditional steady states, which is defined as

πBjS ¼
e�βðHBþVÞR
dxB e�βðHBþVÞ ¼

1
ZB

e�βðHtot�HSÞ: ð11Þ

wheretheclassicalsystem-bathHamiltonianisgivenbyHtot=HS+HB+Vint.
For the os-LLGequation the system, bath, and interactionHamiltonians are
given as41

HS ¼ �ωLm � Beff ;

HB ¼ 1
2

Z 1

0
dω P2

ω þ ω2X2
ω

� �
;

V int ¼ m �
Z 1

0
dω

ffiffiffiffiffiffiffiffiffiffiffiffi
IðωÞω

p
Xω:

Fig. 4 | Magnitude of non-Markovianity. For the three different magnetization
dynamics equations and the parallel (triangles) and canted (squares) configurations,
we calculate (a) the non-Markovianity measuresN A Eq. (9) (filled symbols) (b) and
N A Eq. (10) (empty symbols). For both measures, they are zero for both config-
urations in the LLG case (orange, red). In the iLLG case, they are zero for the parallel
(pink) configuration but non-zero for the canted (purple) configuration. In the os-
LLG case (dark blue, light blue), both non-Markovianity measures are non-zero for
both configurations and significantly larger than in the iLLG case. The difference
between the configurations is larger in the iLLG case, but smaller in the os-LLG case.
The measuresN A andN A are evaluated over the first 12 ps of the dynamics for the
trajectories shown in Fig. 3, to which the colors of the markers are matched
accordingly.
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After completing the square, the conditional steady state is given by

πBjS ¼
1
ZB

exp �β
1
2

Z 1

0
dω P2

ω þ ω2 Xω þ
ffiffiffiffiffiffiffiffiffi
IðωÞ

p
m

ω3=2

 !2

� IðωÞm2

2ω

 ! !
;

ð12Þ

where in equilibrium the bath oscillators are displaced by
Xeq ¼ �

ffiffiffiffiffiffiffiffiffi
IðωÞ

p
ω�3=2 m, due to the interaction with the magnetization

vectorm. The last term can be absorbed into the bath partition functionZB.
This is translated into the equations ofmotions (Eqs. (S41)-(S42)),whichwe
solve numerically, by noticing that v is an effective bath position, defined as

v ¼
Z 1

0
dω

ffiffiffiffiffiffiffiffiffiffiffiffi
IðωÞω

p
Xω: ð13Þ

For a bath in equilibriumwe haveXω ! Xeq ¼
ffiffiffiffiffiffiffiffiffi
IðωÞ

p
ω�3=2 m, such that

veq ¼ m
Z 1

0
dω

IðωÞ
ω

¼ Am
ω2
0
; ð14Þ

for the Lorentzian spectral density introduced in the main text. Therefore,
we find that the initial conditions in Eqs. (S41)-(S42) have to be chosen as
v0 ¼ Am=ω2

0 and w0 = (0, 0, 0). Alternatively, one can deduce this by
requiring that _v ¼ _w ¼ 0 in the conditional steady state, which leads to the
same initial conditions.

In other words, we need to hold themagnetization fixed atm0 until the
bathhas equilibrated (adapted) itself to this newmagnetizationdirection.At
finite temperature, T sim > 0, the initial conditions are drawn from a Gaus-
sian distribution around v0 and w0 with variance σv ¼ Tsim=ω

2
0 and

σw ¼ Tsim, respectively.
For the inertial LLG equation, the initial spin velocity v0 needs to be

fixed, which can not be explicitly written in the open-system framework as
above. By keeping the initial magnetization m0 fixed, one finds that the
conditional steady state is given by a Gaussian distribution of the tangent
plane atm0,

πvjm0
/ exp �βατv2

� �
: ð15Þ

Therefore, the initial spin velocity v0 is given by a Gaussian in the tangent
plane atm0 with variance σv ¼ T sim=ðατÞ.

For the LLG equation, no additional degrees of freedom are needed to
simulate the dynamics; hence,m0 is enough to initialize the system. In other
words, for the LLG and inertial LLG equations, the bath equilibrates
instantaneously. With the choice of these initial conditions, we satisfy the
requirement of being in the set of conditional steady states from ref. 49, and

we can directly deduce that negative entropy production rates indicate non-
Markovian dynamics.

Mean force Gibbs state
Knowing the steady state of the system is important because it is the fixed
point of its dynamics and therefore necessary for the calculation of the
relative entropy49. Generally speaking, in strong-coupling
thermodynamics77–79, the steady state is not always the Gibbs state
πβ ¼ e�βEα=Z, with β and Z ¼Pαe

�βEα being the inverse temperature
and the partition function, respectively, and mean force corrections to the
Gibbs state are relevant80. However, for a classical three-dimensional iso-
tropic spin-boson system, i.e., the underlying open systemmodel for the os-
LLGEq. (5), the steady state is always given by theGibbs state πβ. This holds
for any coupling strength81. Therefore, we do not need to further specify the
coupling strength here (see Fig. (1)).

Influence of coarse-graining on the relative entropy
Here, the influence of the coarse-graining on the numerically calculated
relative entropy is discussed. The relative entropy D[p(m, t)∣∣πβ(m)] of
the LLG, iLLG, and os-LLG equations for a coarse-graining of 50
(orange solid line), 200 (blue dashed line), and 450 (green dash-
dotted line) bins (see Fig. 5) is compared. The finer the graining, the
larger the initial relative entropy. Further, finer coarse-graining is
helpful to resolve the inertial motion of the magnetization; however, at
the same time, it increases the statistical noise (middle and right panel
in Fig. 5).

Data availability
The numerically generated and analyzed datasets of the current study are
available in the Zenodo Repository, https://doi.org/10.5281/zenodo.
2135328982.

Code availability
The code developed for this study is openly available in Zenodo, https://doi.
org/10.5281/zenodo.2135328982. The SPIDY software is available online62.
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