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 A B S T R A C T

Analyzed in the paper are data obtained in unsteady two-dimensional complex-chemistry Direct Numerical 
Simulations of (i) unstable lean (the equivalence ratio is equal to 0.35, 0.5, or 0.7) H2-air flames expanding 
in initially quiescent gas and (ii) counterflow twin laminar flames of the same mixtures. In the latter case, 
both natural development of instabilities without any imposed perturbation and flame response to large 
perturbations in the flow velocity or initial flame shape are explored. Time-dependent strain rates are also 
addressed. Results show that diffusional-thermal instability of lean hydrogen-air flames is suppressed by quite 
moderate (or higher) stretch rates (critical stretch rate normalized using flame time scale is substantially 
smaller than unity in all studied laminar flames). A higher stretch rate is required to stabilize a leaner flame. 
Computed values of critical strain rates that suppress instabilities of twin counterflow laminar flames (i) are 
weakly sensitive to time-oscillations of strain rate, (ii) are increased with increasing magnitude of inlet velocity 
perturbations, and (iii) are higher in the case of perturbation of flame shape when compared to perturbation 
of flow velocity. However, these variations in the critical strain rates are quite moderate even if perturbation 
magnitude is large.

Novelty and significance statement: Results of new unsteady two-dimensional complex-chemistry Direct 
Numerical Simulations of (i) unstable flame kernels expanding in initially quiescent lean H2-air mixtures and 
(ii) counterflow twin laminar flames of the same mixtures are reported. Diffusional-thermal instability is shown 
to be suppressed by quite moderate stretch rates. Computed values of critical strain rates that suppress flame 
instabilities remain low independently of perturbation type (upstream flow velocity or initial flame shape) 
and magnitude even if the perturbation magnitudes are high. The reported numerical results generate new 
fundamental knowledge about development of diffusional-thermal instability of stretched laminar premixed 
flames. These results and generated knowledge are significant for developing predictive models of turbulent 
combustion of mixtures susceptible to diffusional-thermal instability.
1. Introduction

Rapidly growing interest in sustainable transition to carbon-free 
fuels such as H2 [1] strongly motivates research into diffusional-
thermal instability of lean hydrogen-air laminar flames [2]. Direct 
Numerical Simulation (DNS) studies of such flames were performed 
by several research groups over the past decade, as reviewed else-
where [3]. While those studies significantly advanced understanding 
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of diffusional-thermal instability of laminar flames in spatially uniform 
flows of unburned reactants, instability of stretched laminar flames 
has received less attention despite this problem is highly relevant to 
modeling turbulent combustion.

Indeed, first, positive stretch rates are known to statistically pre-
dominate in turbulent flows [4]. Second, theoretical studies of single-
step-chemistry laminar flames characterized by asymptotically high 
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activation energy have shown that instabilities of such flames are 
suppressed by strain rates in spatially non-uniform flows [5–7]. Third, 
suppression of laminar flame instabilities by turbulent stretch rates was 
recently hypothesized [8,9]. Accordingly, the issue of the influence of 
stretch rates on diffusional-thermal instability of a laminar premixed 
complex-chemistry flame is of great fundamental interest and of impor-
tance for developing high-fidelity models of turbulent burning of lean 
mixtures containing H2.

To the best of the authors’ knowledge, numerical research into this 
issue was started quite recently [10] by running two-dimensional (2D) 
complex-chemistry simulations of lean H2-air strained laminar flames. 
The reported results showed that high strain rates stabilized laminar 
flames, but those simulations were restricted to a single mixture, a sin-
gle flame configuration (reactant-to-product planar counterflow flame), 
and four strain rates. To lay a solid foundation for modeling interactions 
between flame instabilities and stretch rates in turbulent flows, research 
into instabilities of stretched laminar flames should be significantly 
extended. The present work responds to this call by reporting new 
numerical results obtained from two different configurations of lean 
H2-air laminar flames subject to various stretch rates and characterized 
by different equivalence ratios 𝜙.

2. DNS databases

Unsteady 2D simulations of lean H2-air laminar flames were per-
formed using solver PeleLMeX [11,12]. It employs the finite-volume 
method combined with the block-structured adaptive mesh refinement 
approach [13] to solve the reacting flow Navier–Stokes equations un-
der low-Mach-number conditions. Since this well-established solver 
has been adopted extensively to simulate unstable laminar [14–18] 
or turbulent [15,17,19,20] flames propagating in boxes and lab-scale 
burners [21–24], detailed descriptions of the governing equations, 
numerical methodologies, and solver validation are not repeated here. 
The interested reader is referred to the cited papers.

The present simulations adopted a chemical mechanism by Kérom-
nès et al. [25] and a mixture-averaged transport model without Soret 
effect. It is worth noting that multi-component transport and Soret 
diffusion are known to quantitatively affect major characteristics of 
lean H2-air flames. For instance, Soret effect promotes laminar flame 
instability [26] and results in increasing burning rate [27]. However, 
the magnitude of such effects is moderate, and they do not change 
‘‘qualitative observations’’ [27]. Since the focus of the present work is 
placed on qualitative trends and estimates, the aforementioned simpli-
fications are invoked to reduce computational costs and explore more 
cases. These simplifications are not expected to alter major conclusions, 
especially conclusions drawn by comparing results obtained using the 
same model from different flame configurations.

Mixture characteristics, computed using open-source library Can-
tera [28] with the adopted transport model and chemical mecha-
nism [25], are reported in Table  1, where 𝑆𝐿, 𝛿𝐿 = (𝑇𝑏 − 𝑇𝑢)∕max{𝑑𝑇 ∕
𝑑𝑥}, and 𝜏𝑓 = 𝛿𝐿∕𝑆𝐿 are unstretched laminar flame speed, thickness, 
and time scale, respectively; 𝜙 is the equivalence ratio; 𝜎 = 𝜌𝑢∕𝜌𝑏
is the density ratio; 𝑇  is the temperature; subscripts 𝑢 and 𝑏 refer to 
unburned and burned gases, respectively. These three mixtures were 
explored because our previous DNS studies of turbulent flames [29–31] 
dealt with them. Critical stretched rates reported in the three rightmost 
columns in Table  1 will be explained in Section 3.

To explore the influence of different kinds of flame stretching on 
its instability, two canonical configurations were simulated, i.e., planar 
counterflow twin (reactant-to-reactant) flames and cylindrical kernels 
expanding in initially quiescent gas. The expanding flames are stretched 
not only by flow non-uniformities but also due to the flame curvature. 
In both configurations, the same grid size 𝛥𝑥 = 23.4 μm was adopted, 
e.g., about 𝛿𝐿∕40 in case F035.

Simulations of the expanding flames were run in squares, with 
outflow boundary conditions, i.e., zero normal derivatives 𝜕𝑞∕𝜕𝑛 = 0
2 
Table 1
Characteristics of studied mixtures.
 Case 𝜙 𝑆𝐿, 𝛿𝐿, 𝜏𝑓 , 𝜎 Expanding Twin  
 m/s mm ms 𝜏𝑓𝐾𝑐𝑟

𝑆 𝜏𝑓𝐾∗
𝑆 𝜏𝑓𝐾𝑐𝑟

𝑔  
 F035 0.35 0.12 0.92 7.67 4.16 0.17 1.78 0.35  
 F050 0.50 0.58 0.41 0.71 4.95 0.09 0.55 0.17  
 F070 0.70 1.42 0.34 0.24 5.81 0.08 0.31 0.13  

for various quantities 𝑞, being set on all sides of the computational 
domains. Three domain widths 𝛬 were probed, i.e., 𝛬 = 4.8, 9.6, or 
19.2 cm. Since results computed at 𝛬 = 9.6 and 19.2 cm are almost 
identical, the former results will be presented in the following. Initially, 
gas was uniform and quiescent, the pressure was equal to 1 atm, but the 
temperature was set equal to 2000 K in a centrally located circular hot 
spot and to 300 K outside of it. Flame instabilities developed naturally, 
i.e., without any initially imposed perturbation.

Radii 𝑟𝑓 (𝜃, 𝑡) of expanding flames were computed for an iso-surface 
of 𝑐(𝐱, 𝑡) = 𝑐∗, where 𝑐∗ was linked with the peak fuel consumption rate 
𝜔̇∗
𝐹  in the unstretched flame. Here, 𝜃 is azimuthal angle. The effective 
flame radius is equal to 𝑅𝑓 =

√

𝐴𝑓∕𝜋, where 𝐴𝑓  is the area enveloped 
by the flame circle. The flame speed 𝑆𝑏 = 𝑑𝑅𝑓∕𝑑𝑡 and time 𝑡 or stretch 
rate 𝐾𝑆 = 𝑅−1

𝑓 𝑑𝑅𝑓∕𝑑𝑡 [32], reported in the following, are normalized 
using 𝜎𝑆𝐿 and 𝜏𝑓 , respectively.

Unsteady 2D simulations of the twin counterflow flames were run 
in a rectangular of 𝛬 ×𝛬∕2. Here, 𝛬 = 9.6 cm is distance between two 
identical nozzles, with the symmetry boundary condition being set at 
𝑦 = 𝛬∕2. At the inlet (𝑦 = 0), the flow velocity was equal to 𝑢𝑖𝑛 =
𝑈+𝑈 ′sin(𝑘𝑥), where 𝑈 ′ = 𝑏𝑆𝐿 and 𝑏 = 0, 0.4, 1, 2, or 4. Thus, this study 
addresses not only natural development of flame instabilities triggered 
by infinitesimal perturbations (𝑏 = 0), but also response of strained lean 
H2-air laminar flames to significant velocity perturbations. At other 
boundaries, outflow conditions were used. In most simulations, initial 
conditions were set adopting steady one-dimensional (1D) strained 
laminar flame solution pre-computed using Cantera [28]. In some cases, 
the inlet velocity depended neither on 𝑥 nor on time, i.e., 𝑢𝑖𝑛 = 𝑈 , but 
the initial 1D flame was wrinkled, i.e., 𝑦𝑓 (𝑥, 0) = 𝑌𝑓+𝛽𝛿𝐿sin(𝑘0𝑥), where 
𝛽 = 0.01, 0.08, 0.1, or 0.5. In all cases, the perturbation wavelength 
𝑘0 ≈ 𝛿−1𝐿 , as the perturbation growth rates are highest at 𝑘𝛿𝐿 ≈ 1 for 
the studied mixtures [3,10,30].

When simulating planar strained flames (1D or 2D), consumption 
velocity was evaluated as follows 

𝑆𝑐 (𝑡) =
1

𝜌𝑢𝑌𝐹 ,𝑢𝛬𝑛−1 ∫ 𝜔̇𝐹 (𝐱, 𝑡) d𝐱, (1)

where 𝑛 = 1 or 2 in 1D or 2D case, respectively; 𝑌𝐹  is fuel mass fraction; 
and 𝜔̇𝐹 (𝐱, 𝑡) is Fuel Consumption Rate (FCR). In the following, the 2D 
consumption velocity 𝑆𝑐 (𝑡, 𝐾𝑔) computed at the bulk flame strain rate 
𝐾𝑔 = 4𝑈∕𝛬 [33] will be normalized using the consumption velocity 
𝑆1𝐷
𝑐 (𝐾𝑔) obtained from the stationary 1D strained flame subject to the 
same 𝐾𝑔 . This rate and time 𝑡 will be normalized using 𝜏𝑓 .

3. Results and discussion

3.1. Expanding flames

Fig.  1 shows evolution of the observed speeds 𝑆𝑏 of expanding 
flames (the right end of a curve corresponds to the initial stage). In 
all cases, there is a local minimum of 𝑆𝑏(𝐾𝑆 ), followed by an increase 
in the flame speed with increasing 𝑅𝑓  (decreasing 𝐾𝑆 ) for sufficiently 
small stretch rates (large flame kernels). The initial decrease in 𝑆𝑏 at 
large 𝜏𝑓𝐾𝑆 results from decreasing stretch rate of a growing flame 
kernel, as stretching is well known to increase speed of a lean H2-
air flame [32,34]. The subsequent increase in 𝑆𝑏 is caused by the 
flame instabilities. For expanding hydrocarbon-air laminar flames, such 
a phenomenon is well known to occur due to Darrieus-Landau (DL) 
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Fig. 1. Evolution of observed flame speeds 𝑆𝑏∕(𝜎𝑆𝐿) with decreasing normal-
ized stretch rate 𝜏𝑓𝐾𝑆 .

instability [35]. In the present study, diffusional-thermal instability 
plays the major role, at least at 𝜙 = 0.35 or 0.5. Normalized stretch 
rates 𝜏𝑓𝐾𝑐𝑟

𝑆  corresponding to the minimum flame speeds are reported 
in the third-to-right column in Table  1.

While flame instabilities weakly affect its speed at 𝐾𝑆 > 𝐾𝑐𝑟
𝑆  the 

expanding flames become unstable earlier, i.e., at 𝐾𝑆 larger than 𝐾𝑐𝑟
𝑆 . 

Indeed, Fig.  2(a) shows that harmonic perturbations of flame-circle 
radius 𝑟𝑓 (𝜃, 𝑡) appear well before instabilities begin notably affecting 
𝑆𝑏 (results obtained in other cases are similar and not reported for 
brevity). Thus, there is an initial stage of instability development, 
associated with growth of its amplitude, e.g., cf. ordinate axes in Fig. 
2(a) and (c), but weak effect on the flame speed. The point is that 
instabilities of expanding spherical (or cylindrical) flames weakly affect 
their speeds until the rate of growth of the flame surface perturbations 
becomes substantially larger than the rate of growth of the flame radius 
𝑅𝑓 (𝑡) [2].

Such an intermediate stage of instability development is illustrated 
in Fig.  3, which shows dependence of 𝑑ln𝐴∕𝑑ln𝑃𝑒 on the inverse Peclet 
number 1∕𝑃𝑒 = 𝛿𝐿∕𝑅𝑓 . Here, the perturbation amplitude 𝐴(𝑡) is ob-
tained by performing a Fourier transform on 𝑟𝑓 (𝜃, 𝑡) and such a form of 
presentation of numerical results is taken following activation-energy-
asymptotic theory of DL instability of single-step-chemistry spherical 
flames [35]. Fig.  3 clearly shows two phases on instability development; 
(i) 𝐴 ∝ 𝑅𝑓  at moderately large 𝑃𝑒 and (ii) more rapid growth of the 
amplitude 𝐴(𝑡) when compared to the flame radius 𝑅𝑓 (𝑡) at large Peclet 
numbers. Fig.  2(a) and (c) correspond to beginning of these two stages.

Competition between an increase in flame surface area due to (i) 
instabilities and (ii) growth of the flame itself is an important feature 
of expanding flames. This competition affects values of the normalized 
stretch rates 𝜏𝑓𝐾𝑐𝑟

𝑆  reported in Table  1. Moreover, the influence of 
stretching of an expanding flame on its instability is subject to other 
transient effects. For instance, when a flame kernel grows, the range of 
perturbation wavenumbers 𝑘 that can affect the kernel expands from 
large 𝑘 associated with short wavelengths to smaller 𝑘. Due to such 
an increase in 𝑘, the instability growth rate 𝜔(𝑘) increases also (if 𝑘
remains moderately large). As a result, (i) a balance between 𝜔𝐴 and 
𝑑𝑅𝑓∕𝑑𝑡 can be established before 𝜔(𝑘) reaching its peak value (due to 
the increase in 𝑘 with 𝑅𝑓 ) and (ii) stretch rate associated with such a 
balance can be smaller than the stretch rate required to overwhelm the 
peak 𝜔(𝑘). Due to such transient effects, the reported values of 𝜏𝑓𝐾𝑐𝑟

𝑆
may be insufficient to characterize flame stabilization by stretch rates.

Accordingly, the next-to-right column in Table  1 reports signifi-
cantly higher normalized stretch rates 𝜏𝑓𝐾∗

𝑆 associated with occurrence 
of instability, e.g., see Fig.  2(a). Both 𝜏𝑓𝐾𝑐𝑟

𝑆  and 𝜏𝑓𝐾∗
𝑆 are increased 

with decreasing 𝜙, i.e., diffusional-thermal instability is more pro-
nounced in leaner H2-air mixtures, as expected. Indeed, first, when the 
equivalence ratio is decreased in lean H2-air mixtures, Lewis number 
𝐿𝑒 < 1 decreases further but Zel’dovich number 𝑍𝑒 increases (under 
atmospheric pressure), e.g., see Ref. [36, Fig. 2(b)]. Second, accord-
ing to activation-energy-asymptotic theories of single-step-chemistry 
3 
flames, e.g., Ref. [37], the growth rate of diffusional-thermal instability 
involves a term of (1 − 𝐿𝑒)𝑍𝑒, i.e., is higher at lower 𝐿𝑒 or larger 𝑍𝑒. 
As stabilization of more unstable leaner flames is expected to be more 
difficult, the simulated increase in 𝜏𝑓𝐾∗

𝑆 or 𝜏𝑓𝐾𝑐𝑟
𝑆  with decreasing 𝜙 is 

consistent with the theory.
Fig.  4 shows evolution of the following conditioned contributions 

⟨𝜅𝑆𝑑 |𝜅 > 0, 𝑆𝑑 > 0⟩𝑆 and ⟨𝜅𝑆𝑑 |𝜅 < 0, 𝑆𝑑 > 0⟩𝑆 to the curvature term 
in the well-known expression for flame stretch rate [32,38]. Two other 
contributions to ⟨𝜅𝑆𝑑⟩𝑆 , i.e., ⟨𝜅𝑆𝑑 |𝜅 > 0, 𝑆𝑑 < 0⟩𝑆 and ⟨𝜅𝑆𝑑 |𝜅 < 0, 𝑆𝑑 <
0⟩𝑆 vanish in expanding cylindrical laminar flames. Here, 𝜅 = ∇ ⋅ 𝐧 is 
flame curvature; 𝐧 = −∇𝑐∕|∇𝑐| is unit vector normal to flame contour 
(in the simulated 2D case); 

𝑆𝑑 = 1
𝜌|∇𝑐|

[

𝜕
𝜕𝑥𝑖

(

𝜌𝐷𝐹
𝜕𝑐
𝜕𝑥𝑖

)

+
𝜔̇𝐹
𝑌𝐹 ,𝑢

]

(2)

is displacement speed; 𝑐 = 1− 𝑌𝐹 ∕𝑌𝐹 ,𝑢 is combustion progress variable; 
𝐷𝐹  is molecular diffusivity of fuel; and subscript 𝑆 refers to quantities 
averaged over the flame contour 𝑐(𝐱, 𝑡) = 0.94 associated with the peak 
FCR in the unstretched laminar flame.

These contributions are analyzed following Berger et al. [39,40], 
who emphasized an important role played by the term ⟨𝜅𝑆𝑑 |𝜅 > 0, 𝑆𝑑 >
0⟩𝑆 in lean H2-air turbulent flames and considered a large magnitude 
of this term to be ‘‘a distinct marker of’’ diffusional-thermal instability 
[39, p. 11]. However, in the expanding cylindrical laminar flames 
studied, this term is largest at small 𝑡∕𝜏𝑓 , i.e., well before appearance 
of any sign of that instability, see the left circle on black curve. 
Subsequently, at 3 < 𝑡∕𝜏𝑓 < 4, this term remains roughly constant 
despite development of the instability, see Fig.  2(a)–(c). Therefore, 
while a large magnitude of the term ⟨𝜅𝑆𝑑 |𝜅 > 0, 𝑆𝑑 > 0⟩𝑆 may be a 
consequence of diffusional-thermal instability, this large magnitude is 
not a sufficient condition for claiming importance of this instability.

3.2. Twin counterflow flames

3.2.1. Lack of initial perturbations
Figs.  5 and 6 indicate mitigation of flame instabilities by strain rates. 

Specifically, first, comparison of curves plotted in black solid and red 
dashed lines in Fig.  5 shows that a small increase in 𝜏𝑓𝐾𝑔 results in 
suppression of (i) an increase in 𝑆𝑐 (𝑡) with time and (ii) oscillations in 
𝑆𝑐 (𝑡). At larger 𝜏𝑓𝐾𝑔 , the normalized consumption velocity is always 
close to unity. Small differences between 𝑆𝑐 (𝑡, 𝐾𝑔) and consumption 
velocity 𝑆1𝐷

𝑐 (𝑡, 𝐾𝑔) in stationary 1D strained flame subject to the same 
𝐾𝑔 could be attributed to using different codes for simulations of the 
steady 1D and unsteady 2D strained flames, i.e., Cantera [28] and 
PeleLMeX [11], respectively. Second, Fig.  6 shows that flame contour 
is smooth if 𝐾𝑔 is larger than a critical value 𝐾𝑐𝑟

𝑔 .
The computed values of the normalized critical strain rate 𝜏𝑓𝐾𝑐𝑟

𝑔
are reported in the right column in Table  1. Similar to 𝜏𝑓𝐾𝑐𝑟

𝑆  or 𝜏𝑓𝐾∗
𝑆 , 

𝜏𝑓𝐾𝑐𝑟
𝑔  is increased with decreasing 𝜙. Moreover, Table  1 shows that 

𝜏𝑓𝐾𝑐𝑟
𝑆  is smaller than 𝜏𝑓𝐾𝑐𝑟

𝑔 , whereas 𝐾∗
𝑆 > 𝐾𝑐𝑟

𝑔 , i.e., the cylindrical 
flame becomes unstable at larger stretch rates when compared to 
planar counterflow twin flames. The difference in 𝜏𝑓𝐾𝑐𝑟

𝑔  and smaller 
𝜏𝑓𝐾𝑐𝑟

𝑆  is associated with transient effects discussed in the previous 
subsection. The difference in 𝜏𝑓𝐾𝑐𝑟

𝑔  and larger 𝜏𝑓𝐾∗
𝑆 could be attributed 

to enhancement of flame instability due to flame curvature.
Table  1 also shows that both 𝜏𝑓𝐾𝑐𝑟

𝑆  and 𝜏𝑓𝐾𝑐𝑟
𝑔  are well below unity 

in all cases studied here, whereas DNS data obtained from turbulent 
flames imply a higher 𝜏𝑓𝐾𝑐𝑟, e.g., about 4 if 𝜙 = 0.5 [30,31]. This 
value is significantly larger than 𝜏𝑓𝐾∗

𝑆 (𝜙 = 0.5) = 0.55 also. Thus, the 
present numerical results obtained from stretched laminar flames not 
only support but even strengthen a hypothesis regarding suppression 
of flame instability by turbulent stretching. Accordingly, the present re-
sults and an earlier study [9] call for developing alternative approaches 
to modeling diffusional-thermal effects in lean H2-air turbulent flames, 
i.e., approaches that do not highlight diffusional-thermal instability, 
e.g., see a review article [8] or Refs. [41,42] as recent examples.
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Fig. 2. Flame-contour perturbation 𝑟𝑓 (𝜃, 𝑡)∕𝑅𝑓 (𝑡) at different stages of instability development. Case F035. (a) 𝜏𝑓𝐾𝑆 = 1.78, 𝑡∕𝜏𝑓 = 0.39, (b) 𝜏𝑓𝐾𝑆 = 0.56, 
𝑡∕𝜏𝑓 = 1.30, (c) 𝜏𝑓𝐾𝑆 = 0.17, 𝑡∕𝜏𝑓 = 4.68 (𝑆𝑏 begins growing due to instability).
Fig. 3. Relative growth of perturbation amplitude in three flames specified in 
legends.

Fig. 4. Evolution of two normalized contributions, 𝜏𝑓 ⟨𝜅𝑆𝑑 |𝜅 > 0, 𝑆𝑑 > 0⟩𝑆
(black solid line) and 𝜏𝑓 ⟨𝜅𝑆𝑑 |𝜅 < 0, 𝑆𝑑 > 0⟩𝑆 (red dashed line), to the 
normalized curvature term 𝜏𝑓 ⟨𝜅𝑆𝑑⟩𝑆 in expanding cylindrical flame. Left and 
right circles show instants associated with 𝜏𝑓𝐾∗

𝑆 and 𝜏𝑓𝐾𝑐𝑟
𝑆 , respectively. 𝜙 =

0.35.

Nevertheless, it is worth noting the following three substantial dif-
ferences between turbulent flames and simple laminar flames simulated 
here: (i) turbulent strain rates are highly unsteady, (ii) perturbations 
can be much stronger in turbulent flows, and (iii) the highest stretch 
rates are created by the smallest turbulent eddies, whereas the present 
study of twin flames deals with large-scale externally imposed strain 
rates. Accordingly, addressed in the next two subsections is the in-
fluence of transit effects and magnitude of velocity perturbations on 
𝜏𝑓𝐾𝑐𝑟

𝑔 .

3.2.2. Unsteady velocity perturbations
To explore point (i), extra simulations of the twin flames were run 

adopting 𝑢𝑖𝑛 = 𝑈 [1 + sin(2𝜋𝑓𝑡)]. Results obtained at 𝜙 = 0.35, 𝜏𝑓𝐾𝑔 =
0.35, and 𝑓 = 𝐾𝑔 , 4𝐾𝑔 , or 8𝐾𝑔 do not reveal appearance of flame 
instabilities. Fig.  7 shows that the computed curves 𝑆𝑐 (𝑡)∕𝑆1𝐷

𝑐  exhibit 
very weak oscillations in the vicinity of unity, with the oscillation 
amplitude being decreased with increasing 𝑓 .
4 
Fig. 5. Evolution of naturally developing instabilities of twin counterflow 
laminar flames under the influence of different strain rates, specified in 
legends. Burning velocity is normalized using its value 𝑆1𝐷

𝑐 (𝐾𝑔) in 1D strained 
flame subject to the same 𝐾𝑔 . (a) 𝜙 = 0.35, (b) 𝜙 = 0.5.

Fig. 6. Representative instantaneous flame contours at different strain rates 
𝐾𝑔 specified in legends. 𝜙 = 0.35.

3.2.3. Large perturbations of inlet velocity
To explore point (ii), simulations of the twin flames were run by 

setting 𝑢𝑖𝑛 = 𝑈 + 𝑈 ′sin(𝑘𝑥) and increasing 𝑈 ′. Results plotted in Fig. 
8(a) show that oscillations in 𝑆𝑐 (𝑡) appear and are more pronounced at 
a higher 𝑈 ′. However, after a transition phase, a statistically stationary 
stage is reached and 𝑆𝑐 (𝑡) weakly oscillates around a mean value. For 
the largest 𝑈 ′ = 4𝑆𝐿 and the critical strain rate 𝜏𝑓𝐾𝑔= 0.35, see curve 
plotted in blue dotted-dashed line in Fig.  8(a), this mean value is about 
1.4𝑆1𝐷 or 2𝑆 . For comparison, our recent 2D simulations of unstable 
𝑐 𝐿
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Fig. 7. Variations of the normalized consumption velocity 𝑆𝑐 (𝑡)∕𝑆1𝐷
𝑐  computed 

for different perturbation frequencies specified in legends. Time is normalized 
using 𝜏𝑓 .

Fig. 8. Evolution of burning velocity normalized using 𝑆1𝐷
𝑐 (𝐾𝑔) under the 

influence of significant inlet velocity perturbations 𝑢𝑖𝑛 = 𝑈 + 𝑈 ′sin(𝑘𝑥), whose 
magnitudes 𝑈 ′ are specified in legends. (a) 𝜏𝑓𝐾𝑔 = 0.35, (b) 𝜏𝑓𝐾𝑔 = 0.77. 𝜙 =
0.35. Time is normalized using 𝜏𝑓 .

laminar flames in a box have shown that a ratio of 𝑆𝑐 (𝑡)∕𝑆𝐿 can be as 
large as 2.8 if 𝜙 = 0.35 [30, Fig. 1(a)]. Even the peak 𝑆𝑐 (𝑡) = 1.7𝑆1𝐷

𝑐 =
2.65𝑆𝐿 in Fig.  8(a) is smaller. The difference between the two flame 
configurations is larger at a higher strain rate, e.g., curve plotted in 
yellow dotted line in Fig.  8(b) indicates that 𝑆𝑐 (𝑡) < 1.15𝑆1𝐷

𝑐 = 2𝑆𝐿. 
Note that Fig.  8(a) and (b) report results computed at different 𝜏𝑓𝐾𝑔
and, accordingly, normalized using different 𝑆1𝐷

𝑐 (both 𝜏𝑓𝐾𝑔 and 𝑆1𝐷
𝑐

are larger in Fig.  8(b)).
Fig.  9 indicates that large velocity perturbations upstream of twin 

laminar flames result in formation of a weakly perturbed curved flame 
front under the influence of the critical (for the infinitesimal perturba-
tions) strain rate. While the overall flame shapes are broadly consistent 
with those observed in simulations of equidiffusive twin laminar flames 
subjected to similar inlet velocity perturbations, cf. curves plotted in 
black solid and red dashed lines, distinct small-scale structures are still 
present in the case of a low Lewis number. Due to such small-scale 
structures, 𝑆𝑐 (𝑡)∕𝑆1𝐷

𝑐 > 1, see curve plotted in blue dotted-dashed line 
in Fig.  8(a).

3.2.4. Perturbations of initial flame shape
Fig.  10 shows response of twin counterflow laminar flames to 

harmonic perturbations 𝑦 (𝑥, 0) = 𝑌 + 𝛽𝛿 sin(𝑘 𝑥) of the initial flame 
𝑓 𝑓 𝐿 0

5 
Fig. 9. Shape of quasi-stationary twin counterflow laminar flame at 𝜏𝑓𝐾𝑔 =
0.35 and 𝑈 ′ = 4𝑆𝐿. 𝜙 = 0.35.

Fig. 10. Response of twin counterflow laminar flames to harmonic perturba-
tions 𝑦𝑓 (𝑥, 0) = 𝑌𝑓 + 𝛽𝛿𝐿sin(𝑘0𝑥) of the initial flame shape at different strain 
rates, specified in legends. 𝜙 = 0.35, 𝛿𝐿𝑘0 ≈ 1. (a) 𝛽 = 0.01. (b) 𝛽 = 0.5. 
Consumption velocity is normalized using its value 𝑆1𝐷

𝑐  in stationary 1D flame 
subject to the same 𝐾𝑔 .

shape under the influence of different bulk strain rates 𝐾𝑔 , specified in 
legends. Three findings are of interest.

First, while the flame is stabilized by strain rate, see curve plot-
ted in red dashed line in Fig.  10(a), the normalized critical value 
𝜏𝑓𝐾𝑐𝑟

𝑔 = 0.77 is larger when compared to the case of an initially 
planar flame. This difference holds even if flame-shape perturbations 
are weak, e.g., 𝛽 = 0.01 in Fig.  10(a). Nevertheless, 𝜏𝑓𝐾𝑐𝑟

𝑔 = 0.77 is still 
significantly smaller than the normalized critical stretch rate associated 
with turbulent flames propagating in a box, e.g., about 7.0 [30].

Second, the phenomena emphasized in Ref. [10], i.e., (i) growth of 
perturbation wavelength, see Fig.  11(a), due to transverse velocity gra-
dient, which stretches out the perturbation, and (ii) an initial increase 
in the perturbation amplitude, see Fig.  11(b), are also observed in the 
present study. However, in the case of 𝜏𝑓𝐾𝑔 = 0.77 and 𝛽 = 0.01, these 
local phenomena weakly affect 𝑆𝑐 (𝑡)∕𝑆1𝐷

𝑐 , which is close to unity, see 
curve plotted in red dashed line in Fig.  10(a). In the case of 𝜏𝑓𝐾𝑔 =
0.77 and larger 𝛽 = 0.5, the initial perturbation still disappears, but 
this takes time, see Fig.  10(b).

Third, the discussed local phenomena do play a role in the case of 
large perturbations (𝛽 = 0.5, see Fig.  10(b)). They result in a significant 
increase in the peak value of 𝑆𝑐 (𝑡) up to 1.7𝑆1𝐷

𝑐 = 3𝑆𝐿, which is larger 
than max{𝑆 (𝑡)} = 2.8𝑆 , computed by us for the unstable laminar 2D 
𝑐 𝐿
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Fig. 11. (a) Decrease in instability wavenumber 𝑘 and (b) increase in insta-
bility amplitude 𝐴 at two different 𝜏𝑓𝐾𝑔 , specified in legends. 𝜙 = 0.35, time 
is normalized with 𝜏𝑓 .

Fig. 12. Normalized conditioned profiles ⟨𝜔̇𝐹 |𝑐⟩(𝑐) of FCR, computed at vari-
ous strain rates specified in legends. 𝑦𝑓 (𝑥, 0) = 𝑌𝑓 + 𝛽𝛿𝐿sin(𝑘0𝑥), 𝜙 = 0.35.

flame in a box [30, Fig. 1(a)]. Nevertheless, this large perturbation 
vanishes with time and the flame evolves to a stable stage.

While strain rates mitigate flame instability, an increase in 𝐾𝑔
weakly affects local flame structure during the non-linear quasi-steady 
stage of instability development, i.e., when 𝑆𝑐 (𝑡) > 𝑆1𝐷

𝑐  does not grow 
monotonously, but oscillates around a mean value. Indeed, Fig.  12 
reports profiles ⟨𝜔̇𝐹 |𝑐⟩(𝑐), conditioned to the local combustion progress 
variable 𝑐 and averaged over the non-linear stage of instability develop-
ment at various 𝐾𝑔 . These results are normalized point-wise using the 
FCR 𝜔̇𝐹 (𝑐) obtained from the unperturbed 1D laminar flame. Curves 
plotted in color lines show that profiles computed at three different 
strain rates are indistinguishable with the naked eye, with the results 
obtained from initially unperturbed flame (black line) being also close.

A similar trend is observed in Fig.  13, which reports dependencies 
of the local equivalence ratio and fuel consumption rate, conditioned 
to either local tangential strain rate 𝐾𝑡 = ∇ ⋅ 𝐮 − 𝐧 ⋅ ∇𝐮 ⋅ 𝐧 or local 
flame curvature, on the conditioning variable. These results were (i) 
sampled along the flame contour 𝑐(𝐱, 𝑡) = 𝑐∗, where 𝑐∗ corresponded to 
the peak fuel consumption rate in the unperturbed 1D laminar flame, 
and (ii) normalized using characteristics of that unperturbed flame. Fig. 
13 shows that any of the four dependencies considered, i.e., ⟨𝜙|𝐾𝑡⟩(𝐾𝑡), 
⟨𝜙|𝜅⟩(𝜅), ⟨𝜔̇𝐹 |𝐾𝑡⟩(𝐾𝑡), or ⟨𝜔̇𝐹 |𝜅⟩(𝜅), is weakly sensitive to variations in 
the bulk strain rate.
6 
Thus, results presented in Figs.  12 and 13 indicate universality 
(i.e., independence of an externally imposed strain rate) of mean lo-
cal flame structure during the non-linear stage of development of 
diffusional-thermal instability. Such results imply that mean local char-
acteristics of laminar flames, computed during the non-linear stage 
of instability development, could be useful for modeling turbulent 
combustion, if turbulence is sufficiently weak and turbulent stretching 
does not suppress diffusional-thermal instability.

All in all, the reported results of simulations of cases of (i) time-
dependent strain rate, (ii) large stationary perturbations of velocity 
upstream of a strained flame, and (iii) large perturbations of initial 
flame shape do not indicate a significant increase in 𝜏𝑓𝐾𝑐𝑟

𝑔  when 
compared to the canonical case of a constant strain rate and infinites-
imal perturbations. Thus, these results do not explain why diffusional-
thermal instability of laminar flames could survive in turbulent flows 
characterized by significantly higher mean stretch rates, e.g., 4𝜏−1𝑓  if 
𝜙 = 0.5 [30,31]. A wider range of frequencies of strain rate oscillations, 
types of perturbations, their length scales and magnitudes should be 
explored to clarify the issue. Moreover, in a turbulent flow, a flame is 
affected by a wide spectrum of stretch rates and this feature of turbulent 
combustion should also be addressed in future studies of the influence 
of stretch rates on flame instabilities.

4. Concluding remarks

Newly obtained results of unsteady 2D complex-chemistry simu-
lations of lean H2-air laminar flames either expanding in initially 
quiescent gas or stabilized in counterflow (reactant-to-reactant) config-
uration show that diffusional-thermal instability of such flames is sup-
pressed by quite moderate (or higher) stretch rates. These findings sup-
port a hypothesis that diffusional-thermal instability is suppressed by 
turbulent stretching [9] and call for developing alternative approaches 
to modeling diffusional-thermal effects in lean H2-air turbulent flames, 
i.e., approaches that do not highlight flame instabilities.

Computed values of critical stretch rates associated with suppression 
of diffusional-thermal instability are substantially different in expand-
ing cylindrical and twin counterflow flames. These differences may 
stem from the cylindrical flame curvature and transient effects dis-
cussed is Section 3.1. There is another important difference between the 
two canonical flame configurations. Specifically, an expanding flame 
kernel is subject to a stretch rate created by the kernel itself, with the 
perturbation length scale being comparable with the flame thickness in 
a highly curved kernel. On the contrary, the twin flames are subject 
to an externally imposed strain rate whose length scale is much larger 
than 𝛿𝐿. Both configurations have features associated with turbulent 
combustion, e.g., curvature and transient effects in expanding flames or 
large-scale externally imposed strain rate in twin counterflow flames. 
Further studies are required to reveal a model flame configuration that 
is best suited for developing models of turbulent combustion.

Under conditions of the present study, computed values of critical 
strain rates that suppress instabilities of twin counterflow laminar 
flames (i) are weakly sensitive to time-oscillations of strain rate, (ii) 
are increased with increasing magnitude of inlet velocity perturbations, 
and (iii) are higher in the case of perturbation of flame shape when 
compared to perturbation of flow velocity. However, these variations 
in the critical strain rates are quite moderate.

During the non-linear stage of development of diffusional-thermal 
instability of twin counterflow laminar flames, the mean local flame 
structure is weakly sensitive to the magnitude of externally imposed 
bulk strain rate if this strain rate is insufficient to suppress the instabil-
ity.
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Fig. 13. Conditioned dependencies of (a)–(b) normalized fuel consumption rate and (c)–(d) equivalence ratio, computed at various bulk strain rates specified in 
legends, on normalized (a), (c) tangential strain rate or (b), (d) curvature. 𝑦𝑓 (𝑥, 0) = 𝑌𝑓 + 𝛽𝛿𝐿sin(𝑘0𝑥), 𝜙 = 0.35.
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