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Abstract

We present a simple cracked elastic model that can be used for the analysis of slender masonry arches
where elastic deformation and cracking significantly reduce the load capacity. The aim of this work is to
produce results that can be compared with those obtained from more sophisticated numerical methods
such as the finite element method and the discrete element method. The proposed formulation uses
Euler-Bernoulli beam theory and considers only the compressed part of the cross-section. The arch is
discretised using three-node quadratic B-spline beam elements and solved using dynamic relaxation.
Using displacement control, we investigate how Young’s modulus and cracking affect the peak load
under a point load. The results of our formulation are compared with the collapse loads predicted by the
rigid circular arch and by a discrete element analysis, as well as the stiffness of the linear elastic circular
arch in the case when there are no cracks. The preliminary results of a relatively slender arch show
that the collapse load is affected by elastic deformation when the Young’s modulus is below 10 GPa.
However, further work is needed to investigate why the stiffest arches with a Young’s modulus above 80
GPa had a collapse load slightly higher than that of the rigid arch, which should not be possible.

Keywords: Masonry arches, no-tension model, cracked elastic analysis, thrust line analysis, dynamic relaxation

1. Introduction

Masonry structures are compression-dominated assemblies that are highly sensitive to tension, and
their structural behaviour is inherently non-linear. The structural response depends on the mechanical
properties of the blocks and mortar, the behaviour of the joints that include bonding, sliding, and opening,
the construction quality, geometric imperfections, long-term effects such as creep, and other uncertain
factors. Consequently, accurate prediction of masonry behaviour may require sophisticated non-linear
analysis methods involving numerous modelling assumptions and uncertain or calibrated parameters.

Despite, or perhaps because of, the complex structural behaviour of masonry, two simplified idealisations
have long been used for the analysis of arches. The first is the classic rigid arch model, treating it
as a stability problem, formalised by Heyman [1] assuming infinite compressive strength, no tensile
strength and no sliding between blocks. Safety is assessed by verifying that the thrust line remains
within the arch thickness or by estimating failure mechanisms. The second is the elastic arch model
most famously used by Pippard, whose work was later incorporated into the Military Engineering
Experimental Establishment (MEXE) method for rapid bridge assessment [2]. The elastic arch allows
estimates of stresses and displacements, but without inherently enforcing the no-tension condition or
accounting for cracking.

However, for slender masonry arches, elastic deformation and cracking significantly reduce the capacity
and influence the potential path of the thrust line, rendering both the classical rigid and linear elastic
idealisations insufficient. The aim of this preliminary study is therefore to develop a non-linear analysis
method that is a cracked elastic arch with no tensile strength, that retains the simplicity of the traditional
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arch analysis while providing a framework suitable for assessing and complementing more sophisticated
non-linear modelling strategies.

2. Modelling strategies for masonry and no-tension material models

Masonry structures may be analysed using a range of modelling strategies, often classified as
micro-models, in which units and joints are represented explicitly, and macro-models, in which the
masonry assemblage is idealised at a larger structural scale as a continuum [3]. A broader review by
D’Altri et al. [4] further distinguishes block-based, continuum, macroelement, and geometry-based
approaches. Block-based methods, including the discrete element method [5], are suitable for
representing discontinuities in displacement fields at joints, allowing opening and sliding, and capturing
complex collapse mechanisms, while continuum approaches model masonry as an equivalent material
with smeared mechanical properties capable of capturing cracking and plastic deformation in the
masonry. Geometry-based methods based on Heyman’s rigid model provide a straightforward collapse
assessment through admissible equilibrium solutions such as a thrust line or a thrust network [6], or
mechanism analysis, while macroelement approaches describe the structure through interacting structural
components.

No-tension constitutive models for masonry have been studied using simplified uniaxial models in
which masonry is assumed unable to sustain tensile stresses. Following the classification of Angelillo
et al. [7], these include rigid no-tension models (Heyman assumption), elastic no-tension models
with finite compressive stiffness, and more refined masonry-like models with limited compressive
strength. Many of these behaviours have been formulated within two- and three-dimensional continuum
frameworks. Elastic no-tension models were rigorously investigated particularly in Italy from the late
1970s and throughout the 1980s (see Angelillo et al. [8] for further reading) and were comprehensively
compiled by Del Piero [9], although Castigliano had already carried out iterative no-tension analyses of
masonry arches a century earlier [10]. Later studies by, for instance, Lucchesi et al. [11], Cuomo and
Ventura [12], Angelillo et al. [8] and Bruggi [13] developed finite-element, complementary-energy, and
optimisation-based numerical approaches for masonry-like material models.

A reduced-order one-dimensional arch model, incorporating axial, bending, and shear resultants together
with a masonry-like material of limited compressive strength, was used by Marfia et al. [14]. By
representing the arch as a structural member rather than as a full two- or three-dimensional continuum,
the formulation retains the essential mechanics of arch behaviour while offering a model that is more
easily interpreted and implemented. The present study adopts a similar one-dimensional continuum
approach, but employs a more streamlined formulation based on an elastic no-tension material model
and Euler-Bernoulli beam theory, in which plane cross-sections remain plane and perpendicular to
the neutral axis, with shear strains neglected. Equilibrium is solved on the deformed geometry
using quadratic B-spline beam elements [15] and dynamic relaxation, enabling the evaluation of
deformation, stiffness decrease, thrust line evolution, and ultimate-load response of masonry arches.

3. Geometry and equilibrium of

the circular arch

We examine a circular arch with a
centreline of radius R and depth D, M
illustrated in Figure 1, using polar
coordinates for which the arch segment

is bounded by angles o and —a. A

point load P is applied to the extrados, Figure 1: Geometry, loading, reactions, section forces, and notation
vertically above the centreline at angle for the circular arch.

B, the position of which is given by
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angle y, defined as
2Rsin g
=B h =B —sin =220
X =8 — 7, wherey = § — sin (2R—|—D>
The arch is fixed at both the left and right supports, resulting in five reaction components: the end
moments My, and MR, the vertical reactions Vi, and VR, and the horizontal reaction H.

We can express the equilibrium equations for the moments and for the vertical forces as:
M(0) = VRR (sina +sinf) — pgBDR (R (0 + «)sinf + (R + () (cos — cosa)) + Mg (1)
D PD
— HR (cosf — cosa) — P <R+ 2) {sin@ —sin x} + Tsin@{sin@ —sinx 1},

V(0) = Vg — (a+ 0) pgRBD — P {sinf — sin x}°, 2)
given that pg BD is the weight per unit length and ( is the eccentricity of the self-weight. For a circular
arch, ¢ = D?/(3R). In (1) and (2), {...} are Macaulay brackets that are activated when @ is equal to or
larger than x

{sinf — sin xy}° = {

0, 0<x,
1, 0>x,

0, 0 < x,
sinf —siny, 6> y.

{sinf —sin x} = {

4. The rigid arch

For the rigid arch, the three redundant reactions My, Vr, and H appear in (1). In addition, the collapse
load P is unknown, giving a total of four unknowns. The four corresponding equations arise from the
requirement that the thrust line coincides with the arch boundary at each of the four hinges. That is,
the eccentricity, e, of the line of thrust is equal to D/2 or —D/2. The eccentricity, e(6), measured
orthogonally to the centreline is equal to

M(9)
0) = . 3
e(9) H cos —V(0)sind )
We assume two hinge locations: one on the extrados, e = D/2, on the right-hand support, where
0 = —a, and one on the extrados under the point load, where §# = x. The two other hinge locations are

unknown. The first lies on the intrados, e = —D /2, between the point load and the right support, and the
second lies on the intrados between the left support and the point load. To find these locations we must
use the condition that the line of thrust is tangential to the intrados, that is de/df = 0,

dM . d .
de @ (Hcos® — V(0)sinf) — M(G)@ (H cos® — V(0)sind)
do (H cos 6 — V(0) sin 0)? ’
dM . ¢ . . .10
W:R VrcosO + Hsinf — pgBDR c0s0(9+a)—ﬁsm9 — Pcosf{sinf —sin x}" |.

Under these conditions, the two unknown hinge locations 6, and 65, together with My, Vr, H, and P, can
be readily determined numerically using SciPy’s £ solve, which wraps the MINPACK implementation
of the Powell hybrid method. The unknown vector is defined as

T
X = [Hv MR7VR7P7 91702]
and the governing conditions are expressed as a residual vector, r = 0, where the residual equations
correspond to

- D B B _de
r = e|0:_a — 5, ro = e‘azx — 5, rg = 6‘0:91 + 5, ry = @ 9:917
D de .
r5:e|9:92+§, 7’6:@90,w1th—a<91<x,x<92§a.
U2

3
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Solving for x yields the collapse load, P, and H, Mg, VR, which can be used to construct the line of
thrust, drawn orthogonally to the centreline using (3).

5. The linear elastic arch

Many authors have studied the deflection of circular rings, for example Love [16]. For the elastic arch,
we do not seek to determine the collapse load P, since the line of thrust is not restricted to remain within
the thickness of the arch. However, it is useful for comparison with the initial stiffness of the cracked
elastic arch. Thus, we seek to find the three unknown (redundant) quantities, Mg, VR, and H in (1). This
can be achieved by applying the principle of virtual work. Assuming a constant F'I we get:

oM oM oM
M—4df = M—df = M—df = 4
/ OMRd 0 / A% 0 / 0H 40 =0. ®

From (4), we can analytically determine Mg, VR, and H. The vertical deflection é p under the load P
can be calculated using Castigliano’s second theorem:

M D
op = / M—d@ Wherea—:—Rsinﬁ—F (R+2> sin y when@ > x. (5)

oprP

—-E (% - €> Tensile cracks B (& B 6)
=

8P EI

(5

A~

Dk . ‘ Dk
-E <*7 - f) Compressive resultant force —-E (‘7 - €> B (*7 - F>
Case 2: Full compression Case 3: Compression top Case 4: Compression bottom

Figure 2: Cases 2, 3 and 4 in (6) and (7) of the cracked elastic arch, only taking into account areas in compression.

6. Elastic behaviour of cracked masonry

Consider a column or an arch in two dimensions, with an axial strain € and curvature k—for an arch, more
precisely the change in curvature—at the centreline. Here € is the engineering strain, that is, the increase
in length over the original length, and ~ is the derivative of the change of angle per unit unstrained
length. Thus, k is not equal to the true change in curvature because the arc length changes slightly.

Assuming plane sections remain plane then the strain at a distance y from the axis is € — y« and the strain

is zero when y = ¢/k. The stress, 0 = —E {yx — €} where the Macaulay brackets {...} are taken as
zero when the contents are negative. Thus, ¢ must be negative, corresponding to compression. We can
write {...} = (...) — |...]

To obtain the formulas for the moments, M, and the tension, 7', we utilise the strain energy per unit of
the unstrained length, ¢,

D/2 BE 41D/2 BE Dk 3 Dk 3
[ - e <5 ({5 (25
d¢  BE ({D/{ }2 {D/ﬁ: }2>
T=—=-— — —€p —<—— —¢€
0 2 2 2

w=2_ 58 ({1)2’*_6}2(1)“6)—{—D;—e}Q(_DHEO.

Considering only the compressed part of the cross section, we obtain four possible cases where the first
is fully in tension and the subsequent are fully and partially compressed (Figure 2):

4
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(0, (% — 6) and (—% —6) <0
EAe = EBDe, (£5 —¢€)and (-85 —¢) >0
2
T(e, k) = _B;f(l;n_€>7 (%—e)>0and(—%—e)<0 (6)
2
I;I;E<_D2“_e) C (B ) <0and (—25—¢) >0
0, \ (%—e)and(—%—e)gO
EIn:E]fQD K, (B —€)and (=82 —¢€) >0
. 2
M(e, k) = f}g(DQH— (Dk+¢€), (B2 —€)>0and (25 —¢€) <0 ™
2
B (D Y Cprs, (3 <oma (-5 -0 >0

centre of gravity

(b) “dx

Figure 3: In (a), a discrete model of a quadratic B-spline beam element with three nodes is shown, along with how
two neighbouring elements share two of these nodes. In (b), the manner in which the load from a masonry wedge
is transferred to the nodes. In (c), the way shear forces from an element are transferred to the nodes.

7. Discrete formulation of the cracked elastic arch

We formulate a discrete representation of the cracked elastic arch employing a sequence of overlapping
3-node quadratic B-spline bending elements, which provide the C'' continuity satisfying Euler—Bernoulli
beam theory, as depicted in Figure 3. The strain and curvature change at x; are then expressed as

la] + |b| — 2L . P — 0; b — i <(b X a) -k)
€= —F77 > ey R TR E ) i — 81 YT N
2L (la] +[b]) /2 |a| b

where L is the unstressed value of |a| and |b| and ¢; is the corresponding unstressed angle and 6; the
current angle. These quantities are used to calculate the moments using the constitutive relations given
in (7). To determine axial forces using (6), for instance along a in Figure 3, we use e4 = (|la| — L) /L
and compute the average curvature change of the two neighbouring nodes as k4 = (ki + ki—1) /2.

The external nodal forces f. ; consist of the self-weight, W, contribution of each neighbouring masonry
wedge and the force couple load Q (see Figure 3 (b)), which is necessary due to the eccentricity, ¢,
between the centre of gravity and the geometric centre, and can be determined using

dy (—dyi + dzxj)
Q\/da? + dy? = W¢ ,
Vda? + dy? \/dx? + dy?

where ( is defined as in (1) and dx and dy denote the horizontal and vertical distances between the two
nodes, respectively. The horizontal component of Q cancels out with a fine discretisation.

The internal nodal forces are assembled from the contributions of axial and shear forces of the connected
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bending elements (see Figure 3 (c)):
contributiontofing;—1 =S4 + Ty,
contributionto fiyt; = -S4 —Ta —Sp—Tp,
contribution to fi,¢ i+1 = Sp + T,

where the shear forces are given by S4 = n4 (M(€;, %)/ |a|) and Sp = np (M(€;, K;)/ |b|) and the
axial forces are T4 = T'(e4,k4)t4 and Tp = T'(ep, kp)tp.

Equilibrium is solved iteratively using a simplified version of the dynamic relaxation scheme [17], which
is effectively the same as the leapfrog method, which in turn is related to Verlet integration [18]. With a
time step = 1 we have the pseudocode:

RA
for all nodes : v; = cv; + fl, where R; = fingi — foxt
for all nodes : x; = x; + vy,

which show the updating of the velocity v; and the position x; each step. c is a carryover factor, K is a
numerical stiffness factor and R;; is the residual force vector. The iterations progress until the maximum
residual force is below a specified tolerance.

To determine the collapse load, the equilibrium is tracked under displacement control. In the first step,
the structure is balanced under gravity load only. Equilibrium is reached when the maximum residual
force is below a chosen limit, and the final vertical position of the point load node p for the displacement
control step is recorded. In the second step, node p is moved incrementally by a vertical downward
displacement, while free to move horizontally, at a chosen speed that ensures that the simulation remains
quasi-static. The vertical component of the residual R,, gives the applied load, and the collapse load is
defined as the highest applied load attained during the simulation. This approach allows both the peak
load and the subsequent post-peak behaviour to be recorded.

8. Case study

To assess and compare the cracked elastic arch model with the solutions for the rigid and linear elastic
arches, a specific arch geometry was selected as a case study. The arch geometry, material parameters
and load position were chosen as follows:

R=15m, D=0.5m, B =3m,p=2000kg/m®, o =45°,3 = 15.8°.

This is equivalent to a span of 21.21 m and a rise of 4.39 m, measured along the centreline of the arch.
This gives a rise-to-span ratio of 0.21 and a thickness-to-span ratio of 0.024. The geometry was chosen
based on a survey of Italian masonry bridges [19]. The span is slightly above the most common range,
while the rise-to-span ratio is representative of the surveyed bridges. The low thickness-to-span ratio
corresponds to a particularly slender arch geometry documented, giving a 0.17 m middle third depth.

H [kN] VR [kN] MR [kNm] Pcollapse [kN] 91 [O] 02 [O]

Rigid arch 523.2 379.9 159.6 152.9 -17.8  37.7
Elasticarch  530.7 382.3 212.3 — - —

Table 1: Analytical results for the rigid and linear elastic arches.

Results for the rigid and linear elastic arches
The results of the rigid and linear elastic arches are given in Table 1. The collapse load is 152.9 kN for
the rigid arch, which was used as a load P on the linear elastic arch. The thrust lines for both solutions
are constructed using (3) and shown in Figure 4.

6
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Thrust line linear elastic arch i P Hinge at 6,
Thrust line rigid arch ] = /

Figure 4: Line of thrust for the rigid arch in red and the linear elastic arch in blue. The circles indicate the positions
of the hinges for the rigid solution and the dotted line shows the centreline of the arch.

Figure 5: Results of the discrete element analysis using LMGC90. The blue lines indicate the stress resultants.

Results for the discrete element analysis

The discrete element analysis shown in Figure 5 was carried out with the open-source framework
LMGC90 [20], which implements the Non-Smooth Contact Dynamics method [21]. The model was
assembled and pre-processed within the COMPAS framework [22]. The arch was represented as an
assembly of rigid blocks, with contact interactions governed by a unilateral Signorini condition strictly
enforcing non-penetration between blocks, combined with a dry Coulomb friction law with a friction
angle of 30° (. = 0.58). A point load was applied to the designated block following a linear ramp in time
at a rate of 17 kN/s. The problem was set up for a maximum physical time of 10 seconds, with a fixed
time step of h = 5.6 x 10~% s, using a semi-implicit §-scheme with # = 0.7. At each step, the resulting
problem was solved with a Non-Linear Gauss-Seidel algorithm, using the quadratic-mean convergence
norm with a tolerance of 1.66 x 10™%, a relaxation parameter of 0.1, and inner/outer iteration limits of
50 and 500 respectively. The simulation was terminated at ¢ = 8.88 s upon detection of an abrupt jump
in the block unbalanced-force ratio, taken as the onset of collapse, corresponding to an applied load of
approximately 151 kN.

No. elements 50 100 150 200 250 300 350 400 450 500 550
Peak load [kN] 185.1 158.1 149.0 1445 141.8 140.2 138.5 137.6 136.7 136.0 135.4

Table 2: Discretisation convergence study of the cracked elastic arch

Results for the cracked elastic arch

A discretisation convergence study of the cracked elastic arch was performed to decide on a suitable
discretisation for the analysis where the peak load was used as the evaluation criterion (see Table 2). The
arch was divided into elements of equal length, and the parameters used were K = (EA/L +4EI/L?),
FE = 20 GPa, and ¢ was typically around 0.999. A sharp decrease in peak load was observed between
50 and 250 elements, while results between 400 and 550 elements were relatively similar. Since the

7
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simulation became less stable above 500 elements, 450 elements were selected for subsequent analyses.

The stiffness of the cracked elastic arch model in the uncracked state was compared with the linear elastic
arch by comparing the load—displacement curves using (5). With £ = 20 GPa, the arch cracked after
only 10.7 kN and was 5% less stiff with a stiffness of 85.4 kN/mm compared to 90.2 kN/mm for the
linear elastic arch.

Load—displacement curves under a point load at 15.8°

1601 e ________Rigidarchcollapse load ___ o ____
< 140

= —— E=0.5GPa | Peak load = 59.1 kN

g 1201 E = 1.0 GPa | Peak load = 79.7 kN

S 4004 —— E=2.0GPa | Peak load = 96.9 kN

=

€ E = 5.0 GPa | Peak load = 115.5 kN
g 80y —— E=10.0 GPa | Peak load = 127.0 kN
= 60 —— E=20.0 GPa | Peak load = 136.7 kN
S Lo —— E =500 GPa | Peak load = 147.7 kN
2 —— E=80.0 GPa | Peak load = 152.8 kN
3 201 E = 100.0 GPa | Peak load = 154.1 kN
ol —— E=200.0 GPa | Peak load = 160.3 kN

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
Vertical displacement at load point, [m]

Figure 6: The load—displacement curves for the cracked elastic arch using different Young’s moduli. The dashed
horizontal line is the collapse load for the rigid arch. The resolution is illustrated in a magnified section in Figure 7.

The peak load of the cracked elastic arch was evaluated .
Load-displacement curve, E = 80GPa

using different Young’s moduli, from 0.5 GPa to 200 Z ;5,7

GPa (Figure 6). The convergence behaviour during the

simulations is shown in Figure 8, where the maximum S 122

residual force is normalised by the self-weight of the % 152.68

arch. A convergence tolerance target of 10~* was used. ;‘

The hypothesis was that the peak load attained by the g 19264

increasingly stiff arches should not exceed the collapse § 00128~ 00130 0.0132

i Vertical displacement at load point, [m]

load predicted by the rigid arch solution. However, for a
Young’s modulus greater than 80 GPa, the computed peak  gigyre 7: Close-up of the load—displacement
load exceeded the rigid collapse load. For E2 = 200 GPa, curve for E = 80 GPa in Figure 6.

the peak load was 7.4 kN (4.8%) higher than the rigid arch

solution.

To investigate this discrepancy, the thrust line was calculated at peak load using two different methods,
which should give the same answer. The first uses the ratio of the bending moment to the axial force
(Figure 9 (a)), and the second goes through the resultants of the stress blocks (Figure 9 (b)). In
Figure 9 (c), these two curves are superimposed and show close agreement, except in the vicinity of

Maximum residual normalised by self-weight

-3
o101
“é 10_4 ________________________________
T E =20.0 GPa
310 E=10GPa —— E=50.0GPa
- —— E=20GPa —— E=80.0GPa
Q10 ; E=50GPa E = 100.0 GPa
o AR I — E=100GPa —— E=200.0GPa
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
Step number 1e9

Figure 8: The convergence behaviour during the simulations in Figure 6 where the maximum residual force is
normalised by the self-weight of the arch.
8
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Line of thrust calculated from Line of thrust calculated from the
moment and axial force resultants of the stress block

(@)

Figure 9: The deformed arch at peak load with £ = 20 GPa. In (a), the red curve is the ratio of bending moment
to axial force. In (b), the blue line is the resultant of the stress block. In (c), the curves from (a) and (b) are
superimposed, and the green dashed curve shows the deformed shape amplified by a factor of 20. Figures (d) and
(e) provide zoomed-in views of part of (c), showing both curves in the region of the applied load and right support.

the applied load and near the right support (Figures 9 (d) and (e)). Although the resultants of the stress
block always remain within the thickness of the arch, as expected, the thrust line based on the axial forces
and the moments locally exceeds the arch boundary, potentially providing the extra capacity. The excess
spans roughly 340 mm around the point load, with a maximum deviation of 23 mm (Figure 9 (d)), and
about 160 mm near the right support, with a maximum deviation of 24 mm (Figure 9 (e)).

9. Discussion and conclusions

This preliminary study for the arch geometry considered shows that the collapse load is influenced by the
elastic deformation if the masonry Young’s modulus is relatively low, that is, below 10 GPa. However, if
the arch were slightly more slender then the collapse load would be reduced even for a stiffer masonry.
According to EN 1996-1-1:2005 [23] the short-term secant modulus of elasticity for masonry can be
estimated as 1000 times the characteristic strength, which typically ranges from 2 to 17 MPa (4.2.7a-b
in DMRB CS 454 [24]). Thus, values of Young’s modulus below 10 GPa are not unrealistic.

We plan further work, firstly, to establish how an elastic arch with a high Young’s modulus can have a
collapse load slightly greater than that of the rigid arch analysis, which clearly should not be possible.
Secondly, we need to further examine the failure of the masonry in compression when the line of thrust
approaches the edge of the arch. Finally, we need to address the slight discrepancy between the linear
elastic model and the cracked elastic model for the case when there are no cracks.
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