
thesis foR the degRee of licentiate of engineeRing

Physics-informed machine learning
for electromagnetism
ViKtoR Aadland Lilja

Department of Physics and Astronomy
chalmeRs univeRsity of technology

Göteborg, Sweden 2026



Physics-informed machine learning for electromagnetism
ViKtoR Aadland Lilja

© Viktor Aadland Lilja, 2026

Department of Physics and Astronomy
Chalmers University of Technology
se-412 96 Göteborg, Sweden
Telephone +46 (0)31 772 10 00

Cover: Maxwell teaches physics to a machine.

Chalmers digitaltryck
Göteborg, Sweden 2026



Physics-informed machine learning for electromagnetism
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Abstract
Electromagnetism underpins a wide range of modern technologies, from electric ma-
chines and antennas to optical components and photonic circuits. To design these de-
vices, accurate and efficientmodeling of electromagnetic phenomena is essential. Tradi-
tional numerical techniques such as finite-element and finite-difference methods have
achieved great success over many decades, but their high computational cost becomes
a bottleneck as electromagnetic devices grow in complexity.

In recent years, machine learning has emerged as a powerful tool for accelerating elec-
tromagnetic modeling by replacing costly numerical simulations with fast surrogate
models. Such models can enable rapid exploration of large design spaces and thereby
support the development of higher-performing devices. However, purely data-driven
models often require impractical amounts of training data andmay fail to respect funda-
mental physical laws. Physics-informed machine learning addresses these limitations
by embedding prior knowledge about the governing physics into the model architec-
ture or learning process.

In this thesis, I explore new methods for physics-informed machine learning in electro-
magnetism, with the aim of improving data efficiency, reliability, and interpretability
of neural network-based surrogate models. The thesis centers on two complementary
methods. The first exploits the resonant structure underlying electromagnetic scatter-
ing spectra, while the second utilizes symmetries in Maxwell’s equations. By devel-
oping widely applicable tools to improve surrogate models, the work contributes to
advancing electromagnetic analysis and design.

Keywords: machine learning, electromagnetism, scattering, neural networks, inverse
design, quasinormal modes, symmetry
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1
Introduction

Electromagnetic devices underpin nearly every aspect of our modern lives. Electricity
powers the alarm clock that wakes us up in themorning. We go to work on bikes, trains,
and cars powered by electric motors. Many of us work in front of computer screens that
emit electromagnetic waves of light, displaying information sent over the internet via
wireless electromagnetic links and optical fibers. Microwaves heat the food we brought
for lunch, and in the evening when we get home, light-emitting diodes light up our
homes. Even as we read a book before going to bed, our glasses bend electromagnetic
waves to correct our vision. Electromagnetism is, quite literally, everything we see.

As our ability to model electromagnetic phenomena has improved, so has the com-
plexity of the devices we are able to design. At first, design was guided by empirical
observations and analytical models written with pen on paper. With the advent of
computer simulations, we became able to explore geometries that would have been too
complex to model analytically. Design was no longer restricted to what could be calcu-
lated by hand, but limited only by our imagination. Today, we have begun to go beyond
even the limits of imagination through inverse design, where algorithms automatically
search the space of possible designs until they find one that meets our specified crite-
ria. The limitation is now the computational resources we have available to run these
algorithms, and the efficiency with which we use them.

Machine learning can make inverse design more efficient by speeding up electromag-
netic simulations. Traditional inverse design algorithms wander the design landscape
in the dark, able to inspect their surroundings only by running expensive numerical
simulations. In this context, machine learning can provide a map in the form of a
surrogate model: an approximation of the simulations that lets the algorithm evaluate
candidate designs much faster, allowing it to explore the design space more efficiently.
However, training a surrogate model requires surveying the design landscape to gen-
erate training data, a process that is itself costly. Naive machine learning algorithms
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Chapter 1. Introduction

require mapping out every corner of the design space, which is so expensive that it may
negate their purpose.

Physics-informed machine learning can alleviate the training data requirement of
surrogate models by utilizing prior knowledge of the underlying physics. The idea
is that by embedding known physical laws in the model, fewer aspects of the problem
need to be learned from data alone. In other words, physics-informedmachine learning
is a way to transfer the hard-earned knowledge of scientists and engineers to inverse
design algorithms, to make use of the best of both humans and machines. By develop-
ing new methods in physics-informed machine learning for electromagnetism, we can
elevate the capabilities of inverse design, ultimately leading to better electromagnetic
devices that improve our everyday lives.

1.1 Thesis overview
In this thesis, I develop newmethods for physics-informed machine learning applied to
passive linear electromagnetic devices. An electromagnetic device here refers to a dis-
tribution of material in space, interacting with its environment through a set of ports,
as illustrated in Figure 1.1(a). The geometry of the device is parameterized by a set
of design parameters d, and the response of the device is encapsulated by its scatter-
ing parameters Sij , relating the amplitudes of incoming and outgoing waves through
s− = Ss+. The focus of the thesis is surrogate models that predict scattering parame-
ters from design parameters, replacing the complex electromagnetic interactions inside
the device as shown in Figure 1.1(b).

(a) Physical device (b) Surrogate model

Figure 1.1: (a)The prototypical electromagnetic device studied in this thesis. The device consists
of material distributed in space as defined by its design parameters d and interacts with the
outside world through a set of ports. (b) A surrogate model replaces the physical device with
a neural network trained to map the design parameters d to scattering parameters S, which
encapsulate the relation between the incoming and outgoing port amplitudes.
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1.1. Thesis overview

A wide range of structures that are frequently studied in electromagnetic inverse
design can be described this way. Figure 1.2 illustrates three examples that are relevant
to the appended papers: photonic crystals, diffraction gratings, and metasurfaces.

(a) (b) (c)

Figure 1.2: Examples of devices studied in the appended papers. (a) Photonic-crystal slab (Pa-
per I). (b) Diffraction grating (Paper II). (c) Freeform metasurface (Paper I, [1]). All three ge-
ometries are periodic structures, of which only a single unit cell is illustrated.

Outline
In essence, the goal of the thesis is to identify structure in the physics in Figure 1.1(a)
that can be built into the surrogate model in Figure 1.1(b) to improve its performance.
The work is driven by two central research questions:

• How can prior knowledge of the physics be integrated in data-driven surrogate
models for electromagnetic modeling and inverse design?

• To what extent does integrating prior knowledge influence the computational
cost, interpretability, accuracy, and generalizability of the models?

The thesis is divided into six main chapters following this introduction. The next two
chapters serve as a background. Chapter 2 introduces neural networks in the context
of electromagnetic inverse design, while Chapter 3 summarizes the relevant theory of
electromagnetism. The two chapters after that present complementary approaches to
incorporate the physics of electromagnetism into neural networks. Chapter 4 is related
to Paper I and provides a method to exploit the resonant structure of the scattering
spectrum of electromagnetic devices. Chapter 5 is related to Paper II and develops a
method for embedding symmetries of Maxwell’s equations into the network architec-
ture. Chapter 6 summarizes the appended papers. Finally, Chapter 7 concludes the
thesis and proposes directions for future work.
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2
Neural network surrogate models

Before delving into the physics of electromagnetism, we review the fundamental con-
cepts of data-driven surrogatemodels for inverse design. This will serve as amotivation
for the rest of the thesis and help us understand what aspects of surrogate models are
most important to improve. At this stage, we do not need to know about the physics;
the electromagnetic device can be considered a black box mapping design parameters
d to scattering parameters S, that we want to approximate with a neural network.

The idea of using a neural network to model electromagnetic responses and speed up
inverse design is not new. The concept was explored in the microwave and RF domain
already in 1990 [2–4]. A recent wave of interest centered on nanophotonics began
around 2017 [5–7], supported by improved computational hardware and developments
in generative deep learning. The field has grown rapidly since then [8], and surrogate
models have now been applied to a wide range of devices [9–13].

In this chapter, we start from the basics. Section 2.1 provides a background to inverse
design and the problem that surrogate models solve. Section 2.2 introduces neural net-
works, the most popular type of data-driven surrogate model. Section 2.3 provides a
critical assessment of when data-driven models provide benefits over numerical sim-
ulations, motivating the development of physics-informed models. Lastly, Section 2.4
gives a general introduction to physics-informed machine learning, providing context
to the new methods introduced later in the thesis.

2.1 Motivation: Inverse design
The goal of inverse design is, given a set of desired properties p⋆, to find a device design
d⋆ that exhibits those properties. In our case the the properties p are usually scattering
parameters or quantities that can be derived from them. The term inverse design refers
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Chapter 2. Neural network surrogate models

to the notion that finding d⋆ conceptually corresponds to evaluating the inverse f−1 of
a simulation f : d 7→ p which calculates the properties of a given design.

While the forward problem of evaluating p = f(d) always has a unique solution, the
inverse problem is fundamentally ill-posed, since there may be either zero or multiple
designs for any given properties. A common workaround is to reformulate the inverse
design as an optimization problem [14–17]. First, an objective function F (p, p∗) quan-
tifying how well the properties p match the desired properties p∗ is defined. Then, the
problem is restated to finding a design that maximizes the objective

d⋆ = argmaxdF (f(d), p
⋆).

This way, if it is impossible to find a perfect solution, d⋆ will at least be ”as good as
possible” in the sense that the objective is maximized. Finding the global maximum
of the objective is still computationally hard, since it generally requires searching the
full space of designs with a costly forward-evaluation at every step. A gradient-based
optimization method is often used in practice, resulting in a locally optimal design.

In this context, a surrogate model is a computationally cheap substitute f̂ for the
more expensive true forward model f [7, 16, 18]. The expensive model is in our case
electromagnetic simulation, and the surrogatemodel is usually a neural network trained
on a finite number of samples from f . Whereas the simulation f solves for the electro-
magnetic field everywhere in space, the surrogate f̂ provides a shortcut to the answer,
allowing for efficient optimization. The concept is illustrated in Figure 2.1.
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Design

Global optimum

 Optimizer 
steps

Optimized device
True objective

Surrogate-approximated 
objective

Training data

Figure 2.1: Conceptual illustration of surrogate-accelerated iterative inverse design. The final
device is found by iterative optimization of a surrogate-approximated objective function. The
true objective is only known for a few randomly chosen designs that make up the training data
for the surrogate model. The optimized device differs from the global optimum due to surrogate
model error and the optimization algorithm getting stuck in local optima.

It is important to note that a design found using the surrogate model will generally
not be truly optimal since f̂ is an approximation of f . However, a small error is often
acceptable, for example if using the surrogate model allows for a more extensive search
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2.2. Neural networks

that would not have been possible otherwise, or if there are other sources of error
that are more significant, such as fabrication imperfections. Even when a small error
is unacceptable, the design found by the surrogate model can at least be useful as a
starting guess for further refinement using the true forward model.

2.2 Neural networks
A common type of surrogatemodel for electromagnetic scattering parameter prediction
are neural networks [10, 18–25]. The study of neural networkswithmany layers is often
referred to as deep learning [26].

In essence, a neural network is a parameterized function with a very large number
of parameters. Inspired by biological neural networks, they consist of many connected
artificial neurons, also referred to as nodes. Each neuron has a number of inputs xi and
produces an output y of the form

y = σ

(
b+

∑
i

wixi

)
,

where the bias b and weights wi are internal parameters of the neuron, and σ(x) is a
predefined non-linear activation function. Figure 2.2(a) illustrates one such neuron.

(a) (b)

Figure 2.2: A fully-connected feed-forward neural network, also referred to as a multilayer
perceptron. (a) Illustration of one neuron of the network, showing how the inputs to the left
are combined using the weights and bias to create the output on the right. (b) Illustration of the
architecture of the network, showing how the neurons are connected.

Theway the neurons are connected is called the architecture of the neural network. A
simple and common architecture is the multilayer perceptron [26, 27], which organizes
the neurons into layers where the inputs to the neurons in one layer are the outputs of
all neurons in the previous layer, as shown in Figure 2.2. Letting x(l) denote a vector
with all activations in layer l ∈ {1, 2, . . . , L}, this can be written as

x(l) = σ(l)(b(l) +W (l)x(l−1)),
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Chapter 2. Neural network surrogate models

where b(l) is the bias vector of the layer,W (l) is the weightmatrix, and σ(l) is an element-
wise activation. The output of the final layer ŷ = x(L) is a complicated function of the
inputs to the first layer x = x(0). We will denote this function by ŷ = f̂θ(x), where θ is
the set of all weightsW (l) and biases b(l).

The parameters θ are determined through training. In our case the purpose of train-
ing is to make the neural network f̂θ approximate a true function f . Suppose we have
generated a datasetD = {(xi, yi)}Nd

i=1 by sampling random inputs xi and evaluating the
corresponding outputs yi = f(xi). The neural network would be a good estimate of f
if the difference between ŷ = f̂θ(x) and y = f(x) were small for all x. We therefore de-
fine a loss function L that quantifies the average difference between ŷ and y across the
dataset, and try to make L as small as possible by tuning the parameters θ. A common
loss function is the mean-squared error

L(θ) =
1

Nd

Nd∑
i=1

||f̂θ(xi)− f(xi)||2,

but many alternatives exist. In practice, L is typically minimized through a gradient-
based optimization algorithm [26, 28]. The gradient of L with respect to θ can be cal-
culated for arbitrary network architectures using automatic differentiation, a differen-
tiation algorithm relying on repeated applications of the chain rule [29].

Because the dataset can only contain a limited subset of the design space, it is always
important to check how well the trained surrogate model generalizes to new designs.
The dataset is therefore typically split into three parts: a training set, a validation set,
and a test set. The training set is used to update the parameters of the network, while
the validation set is used to judge its generalization to new data. If the validation perfor-
mance of the network is not sufficient, it can be improved by tuning hyperparameters,
i.e., parameters related to the training procedure or architecture of the network. The
test set is reserved for a final check since the validation performance is no longer rep-
resentative of new data after the hyperparameters have been tuned for it [26].

One of the major advantages of neural networks is that they are extremely flexible.
This notion is formalized through so-called universal approximation theorems, which
prove that neural network architectures in certain limits can approximate any contin-
uous function to arbitrary precision. For example, multilayer perceptrons with non-
polynomial activation functions are universal if either the width [30] or depth [31] is
sufficiently large. This means neural networks ”always work” as surrogate models, in
the sense that they can in principle capture arbitrarily complicated relations between
design parameters and scattering parameters as long as they are large enough.
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2.3. When are data-driven models useful?

2.3 When are data-driven models useful?
The purpose of a surrogate model is to make inverse design cheaper, but generating
the surrogate model is in itself costly, since it requires training data. This raises the
question: Is there really any benefit to using a surrogate model for inverse design? We
will try to answer this question using a simple model for the computational cost.

Suppose that a single simulation has a computational cost Csim (measured, for ex-
ample, in core-hours), and that evaluating the gradient of the simulation costs another
Csim (for example using the adjoint method, [15, 32]). DesigningNdevices devices using a
gradient-based optimization procedure with Nsteps steps using the true forward model
would cost in total

Cdirect = 2NdevicesNstepsCsim.

Using a surrogate model, the inverse design cost is due to a combination of generating
the training data, training the model, and then running optimization with the trained
model. If it takes Ntrain samples to train to acceptable accuracy, the cost of training is
Ctrain, and the cost of a forward pass is Csurrogate, then the total cost will be

Csurrogate = NtrainCsim + Ctrain + 2NdevicesNstepsCsurrogate.

In most cases NtrainCsim � Ctrain, so the training time can be neglected. The relation
between the first and last term depend on Ndevices, so we have to keep both.

Figure 2.3 shows the computational cost of direct and surrogate-accelerated inverse
design normalized to Csim as a function of Ndevices. The plot assumes Nsteps = 102,
Ntrain = 104, Csurrogate = 10−4Csim, which are typical orders of magnitude for the sys-
tems studied in papers I and II.

Number of devices

C
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st

100 102101 103 104 105 106 107
102

104

103

105

106

107

108

109

1010
Direct optimization

Surrogate-accelerated

A B C

Figure 2.3: Computational cost versus number of designed devices for direct and surrogate-
accelerated inverse design.

9



Chapter 2. Neural network surrogate models

The plot reveals three regimes, indicated by A, B, and C. In regime A, where the
number of designed devices is small, it is more efficient to run direct inverse design. At

Ndevices =
Ntrain

2Nsteps
≈ 50

there is a crossover to regime B, where it is more beneficial to use the surrogate model
and the dominant cost is due to training data generation. The benefit of using the
surrogate grows until

Ndevices =
NtrainCsim

2NstepsCsurrogate
≈ 500 000,

at which point we enter regime C, where the cost of accelerated inverse design is dom-
inated by the optimization cost. In this regime, surrogate-accelerated optimization ap-
proaches a factor of Csim/Csurrogate = 104 faster than direct optimization.

This analysis makes it clear that surrogate models are most useful when they are
reused to design many devices. Good applications include designing devices consist-
ing of many smaller subunits, such as metaatoms on a metasurface [1, 16], and statis-
tical explorations of the design space [33], such as fabrication-robust inverse design
or mapping out Pareto fronts. In applications where only a single optimization run is
necessary, the cost of dataset generation dominates and direct optimization is likely to
be the most computationally efficient choice. It should, however, be noted that dataset
generation is often easily parallelized, whereas direct optimization typically requires
simulations to be run sequentially. A surrogate-accelerated approach can therefore
potentially reduce wall-clock time even when its computational cost is larger.

The analysis also tells us how to make surrogate models more useful. Firstly, the
main limitation of surrogate models in regimes A and B is the amount of data needed
to train them. We should therefore strive to make surrogate models that are as data-
efficient as possible. Secondly, the benefit of using the surrogate model relies entirely
on it being much faster than the simulations. We must therefore make sure that as we
improve data-efficiency, the models remain fast. This is in contrast to other areas of
machine learning, for example large language models, where training data is abundant
and extreme inference costs can be justified by improved accuracy.

2.4 Physics-informed machine learning
Oneway to improve data-efficiency is tomake use of prior knowledge about the physics
in addition to the training data. Intuitively, utilizing prior knowledge means that not all
information has to be learned from scratch, making a smaller amount of data sufficient
to achieve acceptable accuracy. This is demonstrated in Figure 2.4, which shows model
error as a function of the number of training samples for two example problem studied
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2.4. Physics-informed machine learning

in papers I and II. The improvement in data-efficiency can be quantified by comparing
the amount of training data that is necessary to achieve a certain accuracy. Plotted
this way, it is also clear that improving data-efficiency is equivalent to making a model
more accurate; at a fixed number of training samples, a more data-efficient model has
smaller error.

100 1000 10000
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MLP
MLP-A
EMLP

×10−3×10−4

Standard NN

QNM-Net
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34k
220k
2.3M
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Figure 2.4: Figures reproduced from papers I and II showing increased data-efficiency of
physics-informed surrogate models (orange and green) compared to standard surrogate models
(blue) on benchmark problems. (a) From Paper I, demonstrating a twelve-fold improvement in
data efficiency by utilizing knowledge about resonances. (b) From Paper II, demonstrating a
ten-factor improvement in data efficiency by utilizing knowledge about symmetries.

Karniadakis et al. [34] classify methods in physics-informed machine learning into
three main categories. Observational biases build knowledge into the training data,
for example through data augmentation. Learning biases impose constraints softly by
incorporating prior knowledge in the training process, for example by enforcing con-
servation laws through additional terms in the loss function. Finally, inductive biases
build knowledge into the architecture of the neural network, reducing the space of
learnable functions to those that satisfy underlying physical principles. The latter can
be a particularly strong method when the architecture is constructed so that the phys-
ical principles are obeyed exactly. This is the primary type of bias considered in this
thesis.

The downside of tailoring the neural network architecture to the physics of a spe-
cific problem is that it requires effort on the part of the model implementer. It could be
argued that the time required to implement a physics-informed model would be better
spent just generating more training data. In papers I and II, we address this problem
by striving to make our methods adaptable. In other words, we propose general frame-
works for constructing system-specific models. Using these frameworks, it is possible
to tailor the inductive biases of the model to the properties of a specific device, without
having to invent a new network architecture every time.
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3
Theory of electromagnetism

Motivated by the discussion of the previous chapter, we now set out to understand the
electromagnetic interactions inside the scattering device at a fundamental level, with
the goal of identifying general patterns that can be exploited as inductive biases in
physics-informed machine learning. Our starting point is Maxwell’s equations, origi-
nally written down by James Clerk Maxwell in 1864, simplified to the form we know
today by Rudolf Hertz and Oliver Heaviside [35], and used as the theoretical basis for
all of classical electromagnetism to this day.

Section 3.1 derives the frequency-domain form of Maxwell’s equations in linear and
localmaterials, which is the relevant formulation for scattering problemswith dielectric
and metallic materials. Section 3.2 introduces a more compact notation of Maxwell’s
equations and some useful mathematical tools. Section 3.3 rigorously defines the scat-
tering matrix, starting from the concept of guided modes. Finally, Section 3.4 provides
a brief background on the numerical solvers of Maxwell’s equations used here to gen-
erate training data.

3.1 Electromagnetic fields in linear local media
The fundamental quantities in electromagnetism are the electric field E and magnetic
field B. Their time evolution in vacuum is given by themicroscopicMaxwell’s equations

∇ · E =
ρ

ε0
, ∇× E = −∂B

∂t
,

∇ · B = 0, ∇× B = µ0J+ µ0ε0
∂E
∂t
,

where J and ρ are the current density and charge density, and ε0 and µ0 are the vacuum
permittivity and permeability. The microscopic equations can in principle model fields
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Chapter 3. Theory of electromagnetism

in a material by accounting for the motion of all the charged particles that make up
the material [36]. However, this level of detail is often not necessary, making it is more
convenient to introduce an induced polarization field P and an induced magnetization
fieldMwith microscopic details averaged out. Defining the auxiliary fieldsD = ε0E+P
and H = B/µ0 −M leads to the macroscopic Maxwell’s equations

∇ · D = ρf, ∇× E = −∂B
∂t
,

∇ · B = 0, ∇× H = Jf +
∂D
∂t
,

where Jf and ρf now only contain free currents and charges (not due to polarization
or magnetization). The macroscopic equations are undetermined until the constitutive
equations, describing the material response, have been specified. The constitutive equa-
tions typically provide the induced polarization P and magnetizationM as functions of
E and H.

Metals and dielectrics are usually well-approximated by a linear and local response.
Linearity implies that driving the fields at a frequency ω results in a response at the
same frequency ω. Hence, we can make the ansatz that all fields vary in time as eiωt,
and use complex amplitudes of the fields to represent relative phase. Linearity and
locality together imply that P(ω) = ε0χe(ω)E(ω) and M(ω) = χm(ω)H(ω) where χe

and χe are the electric and magnetic linear response function (susceptibility). Here we
will neglect the frequency dependence for simplicity, which is valid when the material
response is much faster than the frequency of the field, or if we are only interested
in the response in a small frequency window where ε(ω) and µ(ω) are approximately
constant. Inserting these assumptions into the macroscopic Maxwell’s equations yields
the form of the equations that will be used throughout the thesis:

∇ · (εE) = ρf, ∇× E = −iωµH,
∇ · (µH) = 0. ∇× H = iωεE+ Jf,

where ε = ε0(1 + χe) and µ = µ0(1 + χm) are functions of space. We will sometimes
omit the divergence equations since they follow from the curl equations together with
charge conservation ∇ · Jf + iωρf = 0.

3.2 Fields as vectors
For convenience, we introduce a shorthand notation from the theory of quasinormal
modes [37–39] where the six components of the electric and magnetic fields are col-
lected into a single vector ϕ = (E,H). With this notation, the source-free macroscopic
equations (

0 −iε−1∇×
iµ−1∇× 0

)(
E
H

)
= ω

(
E
H

)
14



3.3. Guided modes and the scattering matrix

can be expressed neatly as
Hϕ = ωϕ.

If we define a volume V enclosing the electromagnetic device (dashed lines in Fig-
ure 1.1), the set of all possible fields inside V forms a vector space. It will be useful
to equip this space with an product

〈ϕA, ϕB〉 =
1

4

∫
V

(εE∗
A · EB + µH∗

A · HB) dV. (3.1)

We also define a surface product

[ϕA, ϕB] =
1

4

∮
∂V

(E∗
A × HB + EB × H∗

A) · dS (3.2)

on the space of possible electromagnetic fields on the boundary ∂V of V . Many other
choices of products are possible, but this particular choice has a nice physical inter-
pretation in terms of the energy of the field. The time averaged energy density of the
electromagnetic field is (ε|E|2 + µ|H|2)/4, so the time averaged total energy of ϕ in
V can be written compactly as 〈ϕ, ϕ〉. Similarly, the time averaged Poynting flux is
S = Re(E×H∗)/2, so the time averaged power radiated out of V is [ϕ, ϕ] [36, 40]. The
products are related by the identity

〈ϕA, HϕB〉 − 〈HϕA, ϕB〉 = i[ϕA, ϕB],

which holds for any two fields ϕA and ϕB , assuming ε and µ are real. This follows
directly from the vector identity A · (∇ × B) = B · (∇ × A) − ∇ · (A × B) and the
divergence theorem. This identity will be important in Chapter 4.

3.3 Guided modes and the scattering matrix
To properly understand the scattering matrix description of an electromagnetic device
introduced in Chapter 1, we must first define the concept of a port. Assume that the
device is connected to its environment through waveguides, i.e., regions of space where
the material distribution is constant along one direction. Introduce a local coordinate
system where this direction is aligned with the z-axis, where z = 0 on ∂V and z
increases in the direction pointing away from the device. In the waveguide regions,
solutions to Maxwell’s equation can take the form

Em(x, y, z) = em(x, y)e−iβmz, (3.3)
Hm(x, y, z) = hm(x, y)e

−iβmz, (3.4)

wherem is an index enumerating the modes [40, 41]. For simplicity, we will only con-
sider modes with real β (propagating modes). For lossless isotropic materials (ε = ε∗
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and µ = µ∗), it can be easily verified that if (E,H) is a valid solution to Maxwell’s
equations, so is its time reversal (E∗,−H∗) [36]. This implies that modes come in pairs
where each mode (em, hm, βm) has a time-reversed partner (e∗m,−h∗

m,−βm) propagat-
ing in the opposite direction. Incoming modes correspond to modes propagating to-
ward the device (superscript +, negative β), and outgoing modes correspond to modes
propagating away from the device (superscript −, positive β).

A useful property of port modes with real β is that they are orthogonal with respect
to the surface inner product defined in Equation (3.2). To prove this, start from the
identity

∇ · (E∗
A × HB + EB × H∗

A) = 0

which can be shown to hold for any two fields ϕA and ϕB that solve the source-free
Maxwell’s equations for the same lossless material distribution at the same real fre-
quency. Inserting two modesm and n in yields

−i(βm − βn)ẑ · (E∗
m × Hn + En × H∗

m) = ∇t · (E∗
m × Hn + En × H∗

m)

where∇ = ∇t + ẑ∂z . Integrating over a surface A in the z = 0 plane and applying the
divergence theorem we get

−i(βm − βn)

∫
A

(E∗
m × Hn + En × H∗

m) · ẑdA =

∫
A

∇t · (E∗
m × Hn + En × H∗

m)dA

=

∮
∂A

(E∗
m × Hn + En × H∗

m) · n̂dl,

where n̂ is a unit vector normal to the curve ∂A and pointing outward. If the modes
are sufficiently confined to the waveguides, the contribution from the boundary ∂A is
negligible, and the right hand side of this equation is zero. Using the shorthand notation
for the surface integral, the resulting equation reads

(βm − βn)[ϕm, ϕn] = 0.

This can only be satisfied if [ϕm, ϕn] = 0 if βm 6= βn, proving that non-degenerate
modes are orthogonal. Form = n the inner product corresponds to the power carried
by the mode, which is negative for incoming modes and positive for outgoing modes.
Thus, if the modes are normalized to carry unit power, we have [ϕ±

m, ϕ
±
n ] = ∓δmn.

To define the scattering matrix, assume that the total electromagnetic field ϕ on the
boundary ∂V can be expanded as

ϕ =
N−∑
i=1

s−i ϕ
−
i −

N+∑
j=1

s+j ϕ
+
j ,

where ϕ−
i and ϕ+

j denote a finite set of N− outgoing modes and N+ incoming modes.
Note that if we only want propagating modes to be included, the boundary must be

16



3.4. Numerical solvers

placed sufficiently far away that all evanescent modes have decayed to negligible am-
plitude. The minus sign is included so that s−i = [ϕ−

i , ϕ] and s+i = [ϕ+
i , ϕ] for power-

normalized modes. As long as the problem is well posed such that every excitation
has a single well-defined response, if the incoming amplitudes s+j are fixed, there will
be a unique solution for the outgoing amplitudes s−i that satisfies Maxwell’s equations
inside the device. This defines a map from the incoming amplitudes s+ = (s+1 , . . . s

+
N+)

to the outgoing amplitudes s− = (s−1 , . . . s
−
N−). For devices made of linear materials

this must be a linear map, so it can be expressed as a N− ×N+ matrix S such that

s− = Ss+.

We let this be the defining property of the scattering matrix S, and refer to the elements
Sij of S as the scattering parameters [41–43].

3.4 Numerical solvers
Maxwell’s equations usually cannot be solved analytically, forcing us to resort to nu-
merical simulations. A full-wave solver is a general simulation tool that solves the
complete Maxwell’s equations without any simplifying assumptions except numerical
discretization. In the context of surrogate modeling, full-wave solvers are useful to gen-
erate datasets and to validate the performance of designed devices. Although the meth-
ods developed in this thesis are agnostic to how the full-wave solver is implemented, a
basic understanding is useful to interpret the results and as a point of comparison.

The full-wave solver used in papers I and II is based on the finite-element method, as
implemented in the commercial simulation software COMSOL Multiphysics. In short,
the finite-element method is a way of converting partial differential equations (PDEs)
into finite-dimensional problems. It is derived through the following procedure [44]:

• Convert the PDE to the weak form by demanding it to be satisfied only as the
overlap integral with a set of test functions, rather than pointwise.

• Include boundary conditions in the weak form by applying integration by parts
to the overlap integral.

• Make the problem finite-dimensional by expanding the field as a finite number
of basis functions. In the Galerkin method, the basis functions are equal to the
test functions.

The basis functions are constructed by subdividing the geometry into a mesh of many
smaller regions (the ”finite elements” of the finite-element method) where the field is
represented by a small number of predefined shape functions. The resulting problem is
a sparse system of equations with a number of degrees of freedom roughly proportional
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to the number of mesh elements [44]. Making the mesh finer improves the accuracy
of the solution, but increases the computational cost. Figure 3.1 shows the steps of
simulating a device using the finite-element method.
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Figure 3.1: Illustration of a full-wave simulation of a photonic crystal slab from Paper I. (a)
Geometry of the device. Port boundary conditions are used on the top and bottom, and periodic
boundary conditions are used on the remaining four sides. (b) Meshed geometry. (c) Simulated
electric field when the device is excited by a port on the top surface, indicated by an arrow.

It is important to distinguish between frequency-domain simulations and eigenmode
simulations. In frequency-domain simulations, the structure is excited by incoming
ports and the frequency ω is a fixed value. This provides a direct way to calculate the
scattering parameters of a device. In eigenmode simulations, the boundary conditions
have no incoming field and the frequencyω is solved for. Maxwell’s equations then take
the form of an eigenvalue problemwith no driving and ω as the eigenvalue. Eigenmode
simulations are a way to calculate the resonances of the system, as we will see in the
next chapter.
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Resonances as an inductive bias

Having established the basic theoretical framework, this chapter describes the first of
twomethods to embed physics knowledge into surrogate models. This method encodes
structure in the frequency dependence of the scattering parameters S(ω), also known
as the scattering spectrum. Every physicist will be familiar with the fact that spectra
often contain peaks, and that these peaks are related to resonances. The core idea of
this chapter is that it is easier to predict the resonances first, and then calculate the
spectrum from the resonances, than it is to predict the scattering spectrum directly.

Section 4.1 introduces the general idea and reviews prior work on the topic. Sec-
tion 4.2 formalizes the concept of resonances as quasinormal modes of the electromag-
netic device. Section 4.3 provides the derivation of the quasinormal mode expansion
of the scattering matrix, connecting resonances to scattering response. Finally, Sec-
tion 4.4 describes the QNM-Net, a neural network architecture introduced in Paper I
that uses the quasinormal mode expansion as a built-in physics model.

4.1 Resonance-based physics layers
The general concept of using resonances as an intermediate representation when pre-
dicting scattering spectra is illustrated in Figure 4.1. The dominant andmost straightfor-
ward approach to predicting scattering spectra is to let a neural network output S(ωi)
at a predefined range of frequencies ωi [1, 7, 9–11, 16, 20, 45–61]. Resonance-based
models instead let the network predict the parameters of an algebraic expression for
S(ω) (a ”physics layer”), which is then evaluated to yield the scattering response S(ω).
Note that the inputs and outputs of the model as a whole are still designs and scatter-
ing parameters. This means that the model can be trained on scattering parameters as
usual; the physics parameters do not have to be explicit in the training data.
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1
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Neural network

Physics  parametersDesign S parameters

Physics model

Figure 4.1: Conceptual illustration of a resonance-based physics model, predicting the param-
eters of resonances instead of scattering parameters, then reconstructing the scattering param-
eters using an analytical physics model.

Embedding a physics model in the network has several advantages. Firstly, if the
physics parameters varymore smoothly with the design than the scattering parameters,
they are likely easier to interpolate, and thus likely require less data to learn. Secondly,
the surrogate model will automatically satisfy any constraints imposed on the physics
model, making predicted scattering spectra consistent with the laws of physics. Lastly,
the physics parameters automatically become accessible as a latent representation after
training. This improves the interpretability of the network [11] and enables inverse
design with the physics parameters as the target properties [62], as we will show in
Section 4.4.

A key step in implementing surrogate models operating according to this principle
is the choice of physics model. Several choices have been explored in earlier work.
Blanchard-Dionne expressed the transmission amplitude of a metagrating as a heuris-
tic sum of Lorentzians [48]. Khatib proposed to use an effective slab model with res-
onant effective parameters to describe the response of a dielectric metasurface [52].
Xu developed a custom physics model based on a combination of the transfer matrix
method and temporal coupled mode theory [62] for tunable metasurfaces. A similar
concept utilizing a circuit-based model for metallic metaatoms where resonances arise
from LC-circuit oscillations was explored by Yan [45].

Although these previous approaches were successful for modeling their respective
devices, they all rely on heuristic or problem-specific physics models. This limits the
reusability of the methods, since it is unclear when each physics model is applicable
and when it would be overly restrictive. Furthermore, it is not clear how the resonances
of the models correspond to the resonances of the device, or how to build additional
knowledge about the resonances into the model. Paper I resolves these issues by us-
ing a physics model derived from first principles: the quasinormal mode expansion of
the scattering matrix. The rest of this chapter is devoted to deriving this model and
exploring the consequences of incorporating it into the neural network.
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4.2. Normal and quasinormal modes

4.2 Normal and quasinormal modes
Thefirst step in deriving the quasinormalmode expansion is to understand quasinormal
modes (often abbreviated as QNMs) and how they correspond to resonances of the
electromagnetic device. A good starting point is to consider normal modes, which are
eigenmodes of a closed system. In Section 3.2, we saw that for any two fields ϕA and
ϕB ,

〈ϕA, HϕB〉 − 〈HϕA, ϕB〉 = i[ϕA, ϕB], (4.1)

whereH is the Maxwell differential operator for lossless materials. For a closed system
with the boundary sufficiently far away, the boundary overlap integral on the right-
hand side is zero. The resulting equation is the definition of H being a Hermitian
(self-adjoint) operator. Therefore, eigenmodes ofH for a closed system are orthogonal
with real eigenvalues ω, corresponding to unitary time evolution eiωt. These are the
familiar eigenmodes of electromagnetic cavities, illustrated in Figure 4.2(a).

Quasinormal modes are an extension of normal modes to open systems [37, 63]. If
the boundary contribution is not zero,H is not Hermitian, and thus its eigenmodes are
not orthogonal and can have complex eigenvalues ω̃ = ω + iγ. In the time domain,
a complex eigenfrequency corresponds to a decay in time eiω̃t = eiωte−γt. Inserting a
solution to Maxwell’s equations Hϕ = ω̃ϕ into the identity (4.1) yields

γ =
[ϕ, ϕ]

2〈ϕ, ϕ〉
=

1

2

Radiated power
Stored energy ,

showing that the complex part of the eigenvalue corresponds to the rate at which en-
ergy is leaking out of the system. For lossless materials, leakage must be due to radia-
tion through the boundary, as illustrated in Figure 4.2(b). The factor of two is due to the
stored energy being proportional to the square of the field amplitude; if the amplitude
decays as e−γt, the energy decays as e−2γt.

(a) Normal mode (b) Quasinormal mode

Closed 
boundary

Open 
boundary

Figure 4.2: Comparison of normal and quasinormal modes of an electromagnetic resonator.
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Chapter 4. Resonances as an inductive bias

4.3 QNM expansion of the scattering matrix
We now seek an expression for the scattering spectrum S(ω) in terms of the quasi-
normal modes. Several derivations of the expansion have been proposed, relying on
different assumptions and arriving at slightly different formulations [38, 39, 63–66].
Many start from a scattered field formulation of Maxwell’s equations and assume that
the quasinormal modes form a complete basis, such that the scattered field can be writ-
ten as a sum of (possibly infinitely many) quasinormal modes [38, 39, 63–65]. The
sum is then truncated a posteriori and parameters are tuned through fitting to enforce
physics constraints [64, 65]. Here we take a new approach, starting from the reduced
set of modes and picking out their contribution to the total field through projection.
The final result matches that of Reference [65], which was used in Paper I.

We begin by recalling that the total electromagnetic field ϕ solves Maxwell’s equa-
tions

Hϕ = ωϕ (4.2)
at a fixed real frequency ω with boundary conditions such that on ∂V the field can be
expanded as

ϕ =
N−∑
n=1

s−nϕ
−
n −

N+∑
n=1

s+nϕ
+
n

where ϕ+
n are incoming port modes and ϕ−

n are outgoing port modes. The incoming
amplitudes s+i are fixed values defining the driving of the field, while the outgoing am-
plitudes s−n are free parameters of the field determined by solving Maxwell’s equations.
From this total field, we want to pick out the contribution fromM linearly independent
quasinormalmodes ϕ̃m indexed bym = 1, . . . ,M , each corresponding to an eigenmode
of Maxwell’s equations

Hϕ̃m = ω̃mϕ̃m (4.3)
with no driving and outgoing radiation boundary conditions. Assume that the quasi-
normal mode field on the boundary lies in the span of the outgoing port modes, i.e.,

ϕ̃m =
N−∑
n=1

Dnmϕ
−
n ,

whereDnm is the amplitude of themth quasinormal mode on the nth port. We approxi-
mateDnm as constant even if it is in general frequency dependent, since ϕ̃m is constant
while the port modes ϕ−

n may vary with frequency ω.
Subsequently, we separate the total field into two parts, one that lies in the span of

the quasinormal modes and one that lies in the complement space, i.e.,

ϕ = ϕc +
M∑

m=1

amϕ̃m, (4.4)
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4.3. QNM expansion of the scattering matrix

with the complement field ϕc by definition satisfying 〈ϕ̃m, ϕc〉 = 0 for all m. Since
no quasinormal modes have incoming amplitudes, ϕc must have the same incoming
amplitudes as ϕ. We define the N− × N+ background scattering matrix C(ω) as the
linear map that relates the incoming amplitudes to the outgoing amplitudes of the com-
plementary field such that

ϕc =
N−∑
n=1

N+∑
l=1

Cnl(ω)s
+
l ϕ

−
n −

N+∑
n=1

s+nϕ
+
n

on ∂V . In other words, C(ω) is the scattering matrix after the quasinormal modes have
been projected out of the response.

Next, we make use of the surface inner product to pick out the port amplitudes of the
fields. If the port modes are normalized such that [ϕ±

i , ϕ
±
j ] = ∓δij and [ϕ±

i , ϕ
∓
j ] = 0,

we have

[ϕ±
n , ϕ] = s±n , [ϕ−

n , ϕ̃m] = Dnm, and [ϕ−
n , ϕc] = [C(ω)s+]n.

Applying [ϕ−
l , ·] to both sides of Equation (4.4) shows that

s− = C(ω)s+ +Da, (4.5)

where s± = (s±1 , . . . , s
±
N±)T and a = (a1, . . . , aM)T are column vectors of amplitudes.

All that remains now is to find the quasinormal mode amplitudes a in terms of the
driving amplitudes s+. Inserting the separated field (4.4) into Maxwell’s equations (4.2),
using the definition of the quasinormal modes (4.3), and rearranging leads to

M∑
m=1

am(ω − ω̃m)ϕ̃m = (H − ω)ϕc.

Applying 〈ϕ̃l, ·〉 to both sides and making use of Equation (4.1) on the right-hand side
then yields

M∑
m=1

〈ϕ̃l, ϕ̃m〉(ω − ω̃m)am = (ω̃∗
l − ω)����〈ϕ̃l, ϕc〉0 + i[ϕ̃l, ϕc] = i[D†C(ω)s+]l, (4.6)

where 〈ϕ̃l, ϕc〉 = 0 by definition of ϕc, and we used that

[ϕ̃l, ϕc] =
N−∑
n=1

D∗
nl[ϕ

−
n , ϕc] =

N−∑
n=1

(D†)ln[C(ω)s+]n = [D†C(ω)s+]l.

To simplify the left-hand side of Equation (4.6), note that inserting two quasinormal
modes ϕ̃l and ϕ̃m in (4.1) results in

(ω̃m − ω̃∗
l )〈ϕ̃l, ϕ̃m〉 = i[ϕ̃l, ϕ̃m] = id†ldm,
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where dm is a column vector containing the N− port amplitudes in themth column of
D, corresponding to themth quasinormal mode. Defining theM ×M overlap matrix
Q with elements

Qlm := 〈ϕ̃l, ϕ̃m〉 = i
d†ldm

ω̃m − ω̃∗
l

,

as well as the diagonal frequency matrices Ω = ωI and Ω̃ = diag(ω̃1, . . . , ω̃M), Equa-
tion (4.6) can be written neatly as

Q(Ω− Ω̃)a = iD†C(ω)s+.

Inserting this in Equation (4.5) leads to s− = [C(ω) + iD(Ω − Ω̃)−1Q−1D†C(ω)]s+,
from which we can finally identify the scattering matrix

S(ω) = C(ω) + iD(Ω− Ω̃)−1Q−1D†C(ω).

In summary, this provides an expression for the frequency-dependent scattering matrix
S(ω) in terms of a background C(ω) and a resonant term from the quasinormal modes,
where each quasinormal mode is characterized by its resonance frequency ω̃m and its
port amplitudes dm. An illustrative example is provided in Figure 4.3, showing how
the quasinormal mode expansion can explain the Fano resonance of a photonic crystal
slab.

Total Background

QNM contribution

1

0

1

0

1

0

175 185 200 210

175 210

(192.3 + 1.2i) THz

192.3

192.3

Frequency (THz)

Frequency (THz)

Figure 4.3: Demonstration of the quasinormal mode expansion. The scattering response of a
photonic crystal slab (top left) can be written as a coherent sum of a slowly varying background
(top right) and a sharp resonant contribution (bottom right). Plotting the field intensity while
sweeping the excitation frequency (bottom left) shows that the field is concentrated in the slab
at the resonance frequency 192.3 THz. An eigenmode simulation (bottom far right) confirms
the existence of a quasinormal mode with matching field distribution at this frequency. The
colormap at resonance is rescaled for visibility.
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The background matrix C(ω) accounts for non-resonant scattering, i.e., what re-
mains after the selected quasinormal modes have been projected out. We can expect
it to vary smoothly if all sharp spectral features have been accounted for. Loss due to
material absorption can be included perturbatively [64, 65], and the phase shift due to
the propagation distance between the device and the ports is sometimes accounted for
explicitly [65].

4.4 The QNM-Net
In Paper I, we propose a physics-informed neural network architecture of the type
illustrated in Figure 4.1 with the quasinormal mode expansion as the built-in physics
model. We call this architecture the QNM-Net. The QNM-Net is made up of several
submodels connected according to the schematic in Figure 4.4. The internal structure
of the submodels is intentionally left unspecified to improve adaptability, as described
in Section 2.4. By choosing submodels on a system-by-system basis, it is possible to
encode problem-specific prior knowledge into the model. This knowledge can be, for
example, energy conservation for losslessmaterials (zero non-radiative loss in themode
models), spatial symmetries of the device (enforcing symmetries in the port amplitudes
and background model), or efficient schemes to encode the design (through the choice
of feature extractor).

Background
model

Feature
extractor

Design

Embedding
model

QNM-
Expansion

Trainable

Fixed expression

Mode
models

Figure 4.4: Overview of the QNM-Net architecture, adapted from Paper I. White boxes are sub-
models with trainable parameters. The gray box is an analytical physics model with no trainable
parameters. Arrows indicate the relations between inputs and outputs of each submodel.

Besides the improved data efficiency shown in Section 2.4, the QNM-Net and other
surrogatemodels using resonances [52] have the benefit that the physics parameters are
accessible as an intermediate representation in the network, making predicted spectra
explainable in terms of the underlying resonances. This is in contrast to standard neural
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networks that directlymap design parameters to scattering parameters, which are black
boxes in the sense that there is no interpretable justification for the predicted spectra.
It should be noted that the accuracy of the learned quasinormal modes must be verified
by full-wave eigenmode simulations since there is no formal guarantee that training
on spectra makes the internal mode representation converge to the correct physics.
However, when the learned modes are correct, the mode representation can be useful
to provide insights into the operational principle of a device inverse designed using
the network, or to run inverse design with the objective formulated in terms of the
modes. We demonstrate the latter in Figure 4.5, showing five photonic crystal slabs
with linearly spaced quasinormal mode frequencies, inverse-designed using a trained
QNM-Net.

170nm 147nm 122nm 99nm 80nm

Simulated
Predicted
Optimizer path

Frequency (THz)

Pred. Sim.

D
am

p
in

g 
(T

H
z)

R
efl

ec
ta

nc
e

180170 175 185 190 195 200 205 210
0.0

0.5

1.0

1.5

0.0

1.0

Figure 4.5: Demonstration of inverse design of photonic crystal slabs with learned quasinormal
mode frequencies as design targets, adapted from Paper I. The geometries in the top row were
optimized for linearly spaced complex eigenfrequencies, as shown in the lower panel. The blue
dots and lines are QNM-Net predicted quasinormal mode frequencies, while the black crosses
are from full-wave eigenmode simulations of the final designs. QNM-Net predictions and full-
wave simulations of the photonic crystal reflectivity spectra are shown in the middle panel.
Numbers above the geometries are thicknesses of the photonic-crystal slabs.
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In the previous chapter, we introduced a method to build knowledge about resonances
into neural networks. In this chapter, we instead utilize knowledge about symmetries.
The basic idea is that applying transformations to one design yields new designs with
new scattering parameters that can be inferred without additional simulations. In the
language of group theory, we say that the map from designs to scattering parameters is
equivariant with respect to a group of transformations. Although it may be obvious to
us that the new designs are all the same device, just viewed from different perspectives,
this is not automatically known by a neural network. Consequently, it is knowledge
that we can utilize to make the neural network better.

The field studying how to make neural networks respect symmetries is called equiv-
ariant deep learning. The canonical example of an equivariant neural network is the
convolutional neural network, developed to exploit translation-equivariance in image
analysis [67]. Equivariant architectures for other data geometries are studied in geo-
metric deep learning [68, 69], and equivariant neural networks have been applied for
a wide range of tasks, including protein structure prediction [70], molecular simula-
tions [71], microscopy [72], biological imaging [73], and particle physics [74].

In this chapter, based on the theory developed in Paper II, we apply equivariant
deep learning to surrogate models for scattering parameter prediction. Section 5.1 in-
troduces a toy problem that will be used as an example throughout the chapter. Sec-
tion 5.2 reviews the theoretical foundations of group theory. Section 5.3 describes how
equivariance is applied as a constraint to neural networks. Section 5.4 describes how to
implement equivariant neural networks in practice. Finally, Section 5.5 discusses the
implications of using equivariant neural networks in the context of electromagnetic
scattering.
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5.1 Example problem
Consider a waveguide splitter consisting of a metal box with three ports and a dielectric
pillar, as illustrated in Figure 5.1. The position of the pillar is parameterized by a single
design parameter d = d. There is a single input port, labeled 1, and two output ports,
labeled 2 and 3. The scattering response is described by the scattering matrix

S =

(
S21

S31

)
.

This problemhas a reflection symmetry, in the sense that reflecting the geometry results
in a new valid geometry. We will refer to the design and scattering parameters of the
new geometry as d̂ and Ŝ. Reflecting the design corresponds to changing the position
of the pillar from d to −d, so we must have d̂ = −d.

Reflect

Figure 5.1: Geometry of the example problem.

Suppose we have simulated design d and know its scattering parameters S. Can we
infer Ŝ without running a new simulation? The answer is yes, as long as we also keep
track of what happens to the electromagnetic field when we apply the transformation.
The phase of the incoming field is flipped, so the new incoming amplitude must be ŝ+1 =
−s+1 . The left and right outgoing fields are swapped, so the new outgoing amplitudes
must be ŝ−2 = s−3 and ŝ−3 = s−2 . The new scattering parameters by definition relate the
new incoming and outgoing amplitudes, so they must be Ŝ21 = ŝ−2 /ŝ

+
1 = −S31 and

Ŝ31 = ŝ−3 /ŝ
+
1 = −S21. In summary, the new scattering matrix is therefore

Ŝ =

(
−S31

−S21

)
.

For more complex devices and transformations it may not be as easy to infer the new
scattering parameters. As an aid in identifying the transformation rules for new sys-
tems, Paper II provides a general step-by-step procedure to calculate the transformed
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scattering parameters that works for any transformation of the material parameters
and electromagnetic fields such that the transformed quantities still obey Maxwell’s
equations. This also includes more exotic transformations like curvilinear coordinate
transformations, time reversal, and swapping the electric and magnetic quantities. The
main restriction is that the transformed geometry must lie in the parameterized design
space, and the transformed field must lie in the span of the original ports.

5.2 Introduction to group theory
To prepare for implementing equivariant neural networks, we first introduce some con-
cepts from group theory, the mathematical framework used to study symmetries.

Groups
A group G is a set of group elements g together with a group law G × G → G (a way
to ”multiply” group elements) such that

• (g1g2)g3 = g1(g2g3) for all g1, g2, g3 ∈ G (associativity);

• G contains an identity element, i.e., a e ∈ G such that eg = g for all g ∈ G;

• for any g ∈ G, G contains an inverse element of g, i.e., a g−1 ∈ G such that
gg−1 = e and g−1g = e.

In the example problem, there is only reflection symmetry, so the relevant group is
C2 = {e,m}, where the e is the identity element and m is associated with reflection.
Reflecting twice does nothing, so the group law must bem2 = e.

Actions
An intuitive way to think about group elements is that they are transformations that
can act on various objects. This is formalized by the concept of group actions. For a
group G and set X , a (left) group action is a map ▷ : G×X → X satisfying

• e ▷ x = x for all x ∈ X ;

• g1 ▷ (g2 ▷ x) = (g1g2) ▷ x for all g1, g2 ∈ G and all x ∈ X .

In our example, the transformation rules for d and S can be expressed as actions of the
group. The action of reflection on the design is

m ▷ d = d̂ = −d,

and the action of reflection on the scattering parameters is

m ▷

(
S21

S31

)
=

(
Ŝ21

Ŝ31

)
=

(
−S31

−S21

)
.

29



Chapter 5. Symmetry as an inductive bias

The action of the identity element is always to do nothing. Note that we overload the
notation ▷ to mean different things depending on which object it is applied to.

Equivariance
We are now ready to formally define equivariance. Given two sets X and Y with cor-
responding actions of a group G, a function f : X → Y is said to be equivariant if
f(g ▷ x) = g ▷ f(x) for all x ∈ X and all g ∈ G. In other words, a function is equiv-
ariant if it commutes with the action of the group. The map from design parameters to
scattering parameters F : d 7→ S is equivariant, because F (g ▷ d) = g ▷ S = g ▷ F (d),
i.e., the scattering parameters of the transformed design are the transformed scattering
parameters. Figure 5.2 illustrates this relation in the form of a commutation diagram.

Figure 5.2: Commutation diagram for the example problem.

Representations
The final ingredient we need to implement equivariant neural networks is a way to
represent group actions numerically. The tool we use for this is representations. Given
a group G and a vector space V , a representation is a map that assigns a linear trans-
formation of V to every element inG such that ρ(g1g2) = ρ(g1)ρ(g2) for all g1, g2 ∈ G.
If the elements of V are column vectors, representations are a way to assign square
matrices to every group element.

In the example, the actions on both d and S are linear, so they can be expressed using
representations. The action on the design parameters can be written asm▷d = ρd(m)d
with the 1× 1 representation

ρd(m) = (−1).

If we flatten the scattering matrix S into a column vector S (in this case it was already
a column, so S = S), the action on the scattering parameters can be written asm▷ S =
ρS(m)S with the 2× 2 representation

ρS(m) =

(
0 −1
−1 0

)
.

Representations of the identity element ρd(e) and ρS(e) are identity matrices, so we
don’t have to bother writing them out.
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5.3 Equivariant neural networks
The idea behind equivariant deep learning is to apply equivariance as a constraint to
a neural network. As we saw in Section 2.2, feed-forward networks are functions
f : x0 7→ xL composed of several simpler functions fl : xl−1 7→ xl (the ”layers” of
the network). To obey equivariance, the layers have to be carefully constructed and
combined such that an action on the input leads to the corresponding action on the
output. One way to ensure this is to assign a group action to every intermediate acti-
vation in the network and demand that each layer is equivariant independently. This
can be depicted as a chained commutation diagram

x(0) x(1) · · · x(L)

ρ0(g)x(0) ρ1(g)x(1) · · · ρL(g)x(L).

f1

g

f2

g

fL

g

f1 f2 fL

The representations of the input ρ0 and output ρL are defined by the task, but the rep-
resentations of the hidden layers ρ1 . . . ρL−1 are free to choose. Choosing unnecessar-
ily large hidden representations leads to large activation tensors that make inference
computationally expensive. On the other hand, choosing representations that are too
restrictive for the desired function can over-constrain the network. A common choice
is therefore to use copies of the regular representation for the hidden layers, which is
known to be universal [75]. The regular representation exists for every group, and for
finite groups of size n it maps group elements to n× n permutation matrices.

Suppose that we want to construct an equivariant neural network for the example
problem with a single hidden layer of two neurons, as shown in Figure 5.3(a). For
simplicity, we do not use any bias and treat the scattering parameters as if they are
real numbers. The representation of the input must be ρd and the representation of
the output must be ρS. A natural choice for the hidden layer would be the regular
representation, which for {e,m} is

ρreg(m) =

(
0 1
1 0

)
.

The resulting commutation diagram for the network is shown in Figure 5.3(b). If we
wanted four neurons in the hidden layer, we could have used a block-diagonal 4 × 4
representation consisting of two 2×2 blocks, where each block is the regular represen-
tation.
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(a) (b)

Figure 5.3: A simple neural network for the example problem. (a) Architecture of the network.
(b) Desired commutation diagram for the activations.

5.4 Implementing equivariant layers
There are several software libraries available for implementing equivariant neural net-
works [76, 77]. These libraries implement equivariant counterparts of basic network
components such as linear layers, nonlinearities, and convolutions, which can be com-
bined to implement equivariant versions of most neural network architectures. Using
these libraries, making a neural network equivariant is as simple as choosing the de-
sired representation of each layer. Nevertheless, deriving the equivariance constraint
by hand is instructive to gain intuition for how these libraries work. Herewewill derive
how to implement equivariant linear (fully connected) layers.

Consider a linear layer xB = WxA that maps the input xA to the output xB through
a weight matrix W (neglecting bias and non-linearity for simplicity). If xA should
transform with representation ρA(g) and xB with representation ρB(g), equivariance
demands that

WρA(g)xA = ρB(g)xB = ρB(g)WxA,

for all xA and all g ∈ G. This implies that the weight matrix must satisfy the constraint

W = ρB(g)WρA(g
−1). (5.1)

To build equivariant networks with linear layers, we must find a method to construct
the W satisfying this constraint that works for any choice of ρA and ρB . One way is
to use that any finite-dimensional unitary representation can be reduced to a block-
diagonal form

ρ(g) = Qr(g)Q−1 = Q

ψ1(g) 0
. . .

0 ψn(g)

Q−1,

whereQ is a change of basis and r is a block-diagonal representation where the blocks
ψi are irreducible representations [77]. Inserting this in Equation (5.1) and rearranging
yields

[Q−1
B WQA] = rB(g)[Q

−1
B WQA]rA(g

−1).
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Writing the weight matrix as W = QBW
′Q−1

A and considering the elements of W ′ as
the free parameters of the layer, we find thatW ′ must satisfy the constraint

W ′ = rB(g)W
′rA(g

−1). (5.2)

Importantly, since rA(g) and rB(g) are block-diagonal, this is now a block-wise con-
straint onW ′, where the constraint on each block only involves two irreducible repre-
sentations. Thus, it is enough to solve the constraint for any pair of irreducible repre-
sentations, which is feasible to do on a case-by-case basis for each new group.

Let’s apply this method to the example network in Figure 5.3(b). The weights W
mapping x to S should satisfy

W = ρS(m)Wρreg(m
−1).

The input and output representations can be reduced to block-diagonal forms

ρreg(m) =

(
0 1
1 0

)
=

1√
2

(
−1 1
1 1

)
︸ ︷︷ ︸

Qreg

(
−1 0
0 1

)
︸ ︷︷ ︸

rreg(g)

1√
2

(
−1 1
1 1

)
︸ ︷︷ ︸

Q−1
reg

and
ρS(m) =

(
0 −1
−1 0

)
=

1√
2

(
1 −1
1 1

)
︸ ︷︷ ︸

QS

(
−1 0
0 1

)
︸ ︷︷ ︸

rS(m)

1√
2

(
1 1
−1 1

)
︸ ︷︷ ︸

Q−1
S

In this case it happens that rA and rB are diagonal rather than block diagonal because
the only irreducible representations of the group {e,m} are (1) and (−1). Now defining
W = QSW

′Q−1
reg and using Equation (5.2), we get(

W ′
11 W ′

12

W ′
21 W ′

22

)
=

(
−1 0
0 1

)
︸ ︷︷ ︸

rS(m)

(
W ′

11 W ′
12

W ′
21 W ′

22

)(
−1 0
0 1

)
︸ ︷︷ ︸
rreg(m−1)

=

(
W ′

11 −W ′
12

−W ′
21 W ′

22

)

This constraint can be solved block-wise (in this case element-wise since the blocks are
1 × 1), yielding W ′

12 = W ′
21 = 0. The constrained weight matrix can be constructed

from the remaining parameters as(
W11 W12

W21 W22

)
=

1√
2

(
1 −1
1 1

)
︸ ︷︷ ︸

QS

(
W ′

11 0
0 W ′

22

)
1√
2

(
−1 1
1 1

)
︸ ︷︷ ︸

Q−1
reg

.

A similar computation shows that the weight matrix for the first linear layer, mapping
d to x can be parameterized as(

V11
V21

)
=

1√
2

(
−1 1
1 1

)(
V ′
11

0

)
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Implementing the network in code, we could store the primed weights as free param-
eters, and compute the unprimed weights before each forward pass during training.
After training, the unprimed weights only have to be calculated once.

5.5 Implications of equivariance
What do we gain by enforcing equivariance on surrogate models? In Section 2.4, we
have already seen that it can improve data efficiency. One way to understand why is to
consider that if an equivariant network is trained on one design, by construction it must
be equally accurate for all transformed versions of that design. Therefore, enforcing
equivariance should be at least as good as adding all transformed versions of every
design to the dataset (data augmentation). Ideally, if transformed samples are just as
good as new samples, data efficiency would increase by a factor equal to the size of the
group. This is validated numerically in Paper II.

Another benefit is that equivariant neural networks make predictions that are consis-
tent across the symmetry group. Figure 5.4 demonstrates this by studying the scattering
response of a diffraction grating. The symmetry of the problem dictates that translating
the grating rotates the complex phase of parameter S−1, making it trace out a circle in
the complex plane. This is true for exactly equivariant neural networks, but not for
standard neural networks, even when trained with data augmentation.

CNN with
augmentation

MLP with
augmentation

Equivariant
CNN

0 1 1 1 0 1 0 0 0 0 0 1 1 1 0 1

(a) (b)

Translate t

Figure 5.4: Demonstration of consistency across the symmetry group for a diffraction grating
benchmark problem, adapted from Paper II. Translating the grating as shown in (a) corresponds
to adding a complex phase to scattering parameter S−1, making it trace out a circle in the
complex plane. As shown in (b), this is respected for the full-wave solver (black dashed line)
and the equivariant CNN, but not for standard network architectures (MLP and CNN).

Lastly, equivariant neural networks are more parameter efficient. We saw this in
the previous section, where enforcing reflection equivariance on the example problem
reduced the number of free parameters from six to three. In principle, having fewer
independent parameters makes it possible to reduce the amount of memory required
to store the network. Note, however, that the computational cost of inference is not au-
tomatically reduced if the equivariant layer is evaluated using the full unprimed weight
matrix.
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6
Summary of papers

Paper I
AGeneral Framework for Knowledge Integration in Machine Learning for Electromagnetic
Scattering Using Quasinormal Modes

Paper I demonstrates the quasinormal-mode-based neural network concept described
in Chapter 4. Themain contribution of the paper in relation to earlierwork on resonance-
based neural networks is that it introduces the quasinormal mode formalism as a rig-
orous and general framework, improving on the heuristic or problem-specific models
used previously. Using scattering by photonic crystal slabs as an example, we demon-
strate that the formal theoretical basis of the quasinormal mode expansion allows for
strict problem-specific constraints to be imposed, leading to an order-of-magnitude im-
provement in data efficiency compared to standard neural networks. We also apply the
framework to freeform metasurfaces with a large design space, low symmetry, several
overlapping resonances, and several scattering ports, to demonstrate the generality of
the method.

Paper II
Symmetry-Informed Deep Learning for Electromagnetic Scattering

Paper II demonstrates the symmetry-informed machine learning concept described
in Chapter 5. We develop the necessary theory to implement data augmentation and
equivariant neural networks for a wide class of transformations of Maxwell’s equa-
tions, including curvilinear coordinate transformations, time reversal, and duality. We
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then demonstrate the concept on two example systems: photonic crystals with discrete
symmetry and diffraction gratings with continuous translation symmetry. For both
systems, we find that utilizing equivariance leads to at least an order-of-magnitude im-
provement in data efficiency. For the diffraction gratings, the continuous translation
symmetry implies that a convolutional neural network should be used. However, stan-
dard convolutional neural networks often break exact equivariance through pooling,
zero padding, and fully connected readout layers. We therefore show how to construct
exactly equivariant networks, and in the process derive a novel readout layer that maps
feature fields to scattering parameters.
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7
Conclusions and outlook

This thesis has demonstrated that utilizing prior knowledge about electromagnetic scat-
tering is a fruitful way to improve data efficiency, interpretability, and consistency of
neural network surrogate models. Starting from first principles, we formulated two
complementary methods of incorporating the physics of electromagnetic scattering
into neural networks. The first method was based on the quasinormal mode expansion
of the scattering matrix and utilized the resonant structure underlying the scattering
spectrum. The second method utilized the equivariance of Maxwell’s equations to con-
strain the weights of the neural network, enforcing consistency with the symmetries of
the problem. Demonstrating the methods on a range of problems from photonics, we
found that both lead to significantly improved data efficiency, alleviating the main com-
putational bottleneck in machine-learning-accelerated inverse design. Furthermore,
we saw that physics-informed models enjoyed several additional benefits, such as im-
proved interpretability and guarantees about consistency with physical laws.

Outlook
Many challenges and opportunities remain at the intersection between machine learn-
ing and electromagnetism. Here, I point out three important directions for further
development.

The first is tighter integration between data-driven and direct numerical methods.
In this thesis, the primary focus has been on integrating simple physical principles into
fundamentally data-driven models. As mentioned in Section 2.1, a limitation of this ap-
proach is that surrogate models incur an approximation error, causing designed devices
to deviate from the optimum of the objective function. It would therefore be desirable
to have a mechanism for applying cheap numerical corrections to surrogate model pre-
dictions to ensure their accuracy. Solving some aspects of the problems numerically
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and learning only the most time-consuming steps could also improve the generaliza-
tion of surrogate models, further improving their data fficiency and reusability. Paths
to achieving this may be to shift the focus from surrogate models predicting the final
solution to predicting preconditioners, initial guesses, iteration steps, or reduced basis
functions that are then used by an exact solver. Ideally, such hybrid approaches would
provide a simulation speed comparable to neural networks while retaining the accuracy
and dependability of full-wave simulations.

The second important direction is bringing surrogate models into the workflows
of device designers. As discussed in Section 2.3, surrogate models are costly to develop
but cheap to use. We should therefore strive to reuse surrogatemodels as much as possi-
ble. One way to facilitate reuse would be to integrate pretrained models into commonly
used electromagnetic simulation software. Another possibility in the context of inte-
grated photonics is to provide surrogate models in photonic design kits (PDKs), which
would enable efficient circuit-level modeling and inverse design. This will require rig-
orous benchmarking and uncertainty quantification methods to ensure that surrogate
model predictions can be trusted by designers.

The third and perhaps most exciting direction is to find novel ways to take advan-
tage of the capabilities unlocked by fast simulations. Today, surrogate models are
mostly used in the same way as full-wave solvers were used previously, simulating the
same kinds of devices but faster. However, having access to a simulator that is several
orders of magnitude more efficient enables things that we may not have even con-
sidered before, such as restarting optimization thousands of times, simulating several
designs and excitations at each optimization step, or co-optimizing tens or hundreds
of connected devices. This enables more exhaustive searches, optimization of full sys-
tems, and design for complex multifunctional objectives. Taking full advantage of the
possibilities enabled by these methods has the potential to fundamentally transform
electromagnetic modeling and inverse design.
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