2609.32310v1 [quant-ph] 26 Sep 2026

arxiv

Conserved and relaxing modes enable polynomial-success coherent Carleman lattice

Boltzmann evolution

*

3

Hua-Dong Yaol'* and Sauro Succi®

! Chalmers University of Technology, Gothenburg, Sweden

2 Fondazione Istituto Italiano di Tecnologia, Center for Life Nano-Neuroscience at La Sapienza, Rome, Italy

3 Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA
(Dated: September 29, 2026)

Carleman linearization represents nonlinear lattice Boltzmann collision dynamics in a form
amenable to quantum block encoding, but low postselection probabilities in existing population-
space encodings make coherent multi-step evolution exponentially unlikely to succeed. We present a
quantum Carleman lattice Boltzmann scheme based on the multi-relaxation-time collision operator
in a weighted Hermite moment basis. In this basis, the lifted collision operator separates into small
coupled blocks whose norm exceeds unity because of the coupling between conserved and relaxing
modes. This block structure enables a norm-attaining block encoding with a single-step success
probability close to unity. Crucially, scaling the pair sector for a prescribed evolution horizon makes
the combined encoding and sector-selection overhead grow polynomially rather than exponentially
with the number of steps. For a hundred-step evolution, the resulting complete-run success proba-
bility exceeds that of population-space encodings by orders of magnitude. Over horizons of several
tens of steps, the truncated dynamics reproduces the nonlinearly generated modes of a benchmark
flow to within a few percent. We verify the combined preparation, evolution and readout protocol
as a single unitary circuit and give a complete gate-level resource estimate for extracting a nonlinear
observable of the benchmark flow from a coherent Carleman evolution. The block structure of con-
served and relaxing modes holds equally on three-dimensional lattices and provides a constructive

route to norm-attaining encodings for lattice Boltzmann models with quadratic equilibria.

I. INTRODUCTION

Quantum computers hold the prospect of information
processing capabilities with no known efficient classical
counterpart [1, 2]. A pure state of n qubits is described
by 2™ complex amplitudes, so that a quantum circuit
acts on a state space of exponential dimension. Coher-
ence and entanglement, the resources on which quan-
tum computation rests, are fragile against environmen-
tal perturbations, so that present devices run circuits of
limited depth before errors accumulate [2], and the ten-
dency of quantum systems to behave classically at large
scales limits the coherent volume that can be exploited
[3]. Fault-tolerant architectures suppress logical errors at
a substantial overhead in physical qubits and in the cost
of non-Clifford gates [4]. These constraints determine
the quantities by which a quantum algorithm is assessed,
namely the number of logical qubits, the number of non-
Clifford gates and the depth of the circuit that has to
be run coherently. An amplitude-encoded state holds a
field in the amplitudes of the state vector, and a non-
unitary linear map of such a state is implemented as a
block of a larger unitary and recovered by postselection,
which succeeds with a probability below one [5]. A failed
postselection discards the run, so that a low success prob-
ability multiplies the number of repetitions and exposes
the full depth of the circuit to noise in each of them.

The difficulty is sharper for classical fluid dynamics.
The coherent evolution of the quantum circuit model is
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linear and unitary, whereas the equations of fluid dynam-
ics are nonlinear and dissipative [3]. Carleman lineariza-
tion maps a polynomial system onto an infinite linear hi-
erarchy of tensor powers and truncates it, and Liu et al.
[6] showed that the truncation converges when dissipa-
tion dominates nonlinearity. Gaitan [7] applied a quan-
tum algorithm for ordinary differential equations to the
flow through a nozzle, and Bharadwaj and Sreenivasan
[8] developed a hybrid quantum linear-systems workflow
for Poiseuille and Couette flows. The lattice Boltzmann
(LB) equation is a natural starting point for this route be-
cause its two substeps separate the difficulties. Streaming
is a permutation of the populations and hence unitary,
while the nonlinearity and the dissipation are confined to
the local collision [9]. Mezzacapo et al. [10] proposed a
quantum simulator of the LB equation with a heralded
collision, Todorova and Steijl [11] constructed circuits for
the collisionless streaming step, Budinski [12] built a full
circuit for the advection-diffusion equation, and Wang
et al. [13] obtained a linear representation of the collision
from a node-level ensemble description of a lattice gas.

Applied to the LB equation, the Carleman lift replaces
the populations f by the tensor powers (f,f ® f,...)
and truncates the hierarchy [14]. The Carleman lattice
Boltzmann (CLB) method truncated at the second tensor
power reproduces the LB dynamics of a two-dimensional
Kolmogorov flow at Reynolds numbers between 10 and
100 [15]. Its quantum implementation is limited by
the block encoding of the lifted collision. With sparse-
access oracles the D2Q9 relaxation matrix has sparsity
81 and succeeds with probability 6 x 1075 per step [16].
Bastida Zamora et al. [17] keep the Carleman variables in
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population space, store the pair sector in coordinates rel-
ative to the first site, and run several steps at a per-step
success probability of order 1072, with a total probability
that decays as pT. Jennings et al. [18] give an end-to-end
analysis of the Carleman route through a history-state
linear system, identify the convergence of the lineariza-
tion, the time stepping, the condition number and the
data extraction as the bottlenecks, bound the possible
speedup over classical evolution by Re3? /% in D dimen-
sions, and find that a modest quantum advantage may
be preserved for selected observables in the high-error-
tolerance regime. Demirdjian et al. [19] address the load-
ing of the Carleman operator with a linear combination of
non-unitaries whose number of terms scales as the square
of the Carleman order times the square of the number of
velocities. Khan et al. [20] take a complementary route
and realize the diagonal multi-relaxation-time (MRT) re-
laxation of the moments deterministically as a completely
positive trace-preserving map on an expectation-level en-
coding, leaving the nonlinear equilibrium to a Carleman
lift in a hybrid pipeline. The three Carleman routes of
Sanavio et al. [21] place these constructions in context.
Classical MRT schemes collide in moment space and
stream in population space [22], and applying this factor-
ization to the Carleman-lifted operator on the amplitude-
encoded state is the starting point of the present work,
introduced in a preliminary version [23].

Despite the body of work reviewed above, the total suc-
cess probability of a coherent multi-step run decays ex-
ponentially with the number of steps for the population-
space encodings, and this postselection overhead remains
the main obstacle to the route. The cost of such a run
has moreover been assessed through the success proba-
bility of one step, and the two are not the same quantity.
A scaling of the pair sector raises the step probability to-
ward one while it reduces the weight of the output sector,
so that the relevant quantity is the cost of a specified ob-
servable at a specified accuracy over a specified horizon.
Which property of the collision sets this cost, whether
the truncated dynamics is accurate over the horizon on
which the cost is favorable, and how the resulting re-
sources compare with matched quantum constructions
and with efficient classical evolutions of the same prob-
lem, are open questions. A block encoding can at best
attain the operator norm of the stage it encodes, and the
singular-value construction of Bastida Zamora et al. [17]
does so for the plain population-space stage, whose norm
exceeds 9 at w = 1.5. It has not been shown which repre-
sentation brings that norm close to one, what structure of
the collision fixes its value, and how the resulting encod-
ing scales with the number of steps. Nor has a complete
resource estimate of one nonlinear observable extracted
from a coherent Carleman lattice Boltzmann run been
given.

The present study addresses these questions for the
D2Q9 lattice with MRT collision in the weighted Hermite
moment basis. The central claim is that the conservation
and relaxation structure of the collision, exposed in the

weighted Hermite representation, fixes the operator norm
of the scaled level-2 collision stage at 1+ c¢/A2 + O(XA~%)
and admits a block encoding that attains it with three
2 x 2 blocks, and that this encoding, combined with sec-
tor scaling and coherent output recovery, controls the
postselection overhead of a multi-step run. Nonlinear-
observable validation and resource accounting then es-
tablish the benefit and its present limits. The contri-
bution is threefold. First, a structure theorem for the
scaled collision stage (Sec. III) locates its norm in the
coupling from the conserved momenta into the relax-
ing second-order moments, with an explicit block encod-
ing that attains this norm in the weighted Hermite rep-
resentation, verified by statevector simulation together
with its 1/A? scaling, and with the same structure on
the D3Q19 and D3Q27 lattices. Second, the telescoped
complete-run probability of a coherent run with output
recovery (Sec. IV) exposes the trade-off between the per-
step normalization and the final sector selection, and op-
timizing the pair-sector scale for each specified horizon
gives polynomial 1/72 and 1/T success laws in the num-
ber of steps T for the two structured encodings, with
the coupled block gaining a further factor linear in 7.
The same section gives the rest-shifted encoding, an ex-
plicit preparation circuit for few-mode initial data with
exact amplification, and a validated protocol with de-
ferred measurement, amplification and overlap readout.
Third, two nonlinearly generated observables of a nonde-
generate two-mode flow and their accuracy window are
established (Sec. V), and a complete instance-specific re-
source estimate of their extraction, from state prepara-
tion to readout, is given against matched quantum con-
structions and efficient classical evolutions of the same
problem (Sec. VI). Section II defines the computational
task and the kinetic structure, Sec. VII states the gen-
erality and the limitations of the results and concludes,
and the appendices give the closure analysis that fixes the
state, the representations of the collision stage, the proof
of the theorem, the quantum construction, the validation
and error analysis, and the resource derivations.

II. COMPUTATIONAL TASK AND KINETIC
STRUCTURE

This section defines the lattice Boltzmann model, the
weighted moment representation, the level-2 lift and the
observable-extraction task that the later sections validate
and cost. The D2Q9 lattice is used in lattice units, with
velocities ¢; (i = 0,...,8), weights w; and sound speed
c?2 =1/3, on a periodic box of N = L? sites. The popu-
lations f;(z,t) define the density p =, f; and the mo-
mentum J = ). ¢; f;, and collision relaxes them toward
the equilibrium

[t =wi[p+3ci-J+ (e J)? = 3T-J], (1)

in which the density has been set to one inside the
quadratic term, the weakly compressible form of Sanavio



and Succi [15] and Bastida Zamora et al. [17], which
makes the equilibrium exactly quadratic in the popula-
tions, f¢4 = E;1f + Eo(f ® f). Collision is performed in
moment space. With M a 9 x 9 matrix whose rows define
nine moments m = M f, the first three being p, J, and
Jy up to normalization, the MRT collision relaxes each
moment at its own rate,

my, = (1 — wg) my + wi my, wr € (0,2), (2)

and leaves the conserved moments unchanged. The shear
viscosity is v = (1w, — 1/2), with w, the rate of
the two shear moments, w. that of the trace and wg,
we those of the three ghost moments. Equal rates give
the Bhatnagar-Gross-Krook (BGK) model. Written back
in population space, the per-site update and the lattice-
wide step read

F=Lf+Q(f®f), Ft+1)=LF+Q(F®F), (3)

with L = MY I-Q)M+M*QME;, Q = M~ 'QME,,
Q) = diag(wg), F € RN the population vector, £ =
S(IN®L), S the streaming permutation f;(z+c¢;,t+1) =
fl(z,t), and @ = S(Iy ® Q) acting on same-site pairs
only.

Gram-Schmidt orthonormalization of the monomials

2 2 2 2 2 2 2 2
L, ¢z, ¢y, € + ¢y €3 — €y, CaCy, C2Cy, C3Cy and cic

in the weighted inner product (a,b),, = ), w;a;b; givezé
the tensor Hermite basis of D2Q9 up to a rotation of
the trace and deviator, M = H with HWHT = I and
W = diag(w). In this basis the linear part of the equi-
librium map is HE;H ! = diag(1,1,1,0,...,0), so that
the level-1 collision block is the diagonal

Cy =diag(1,1,1,1 —ws,...,1 —ws), (4)

and the quadratic part of the equilibrium enters only
the three second-order moments e, p;, and p;,. The
map from the weighted populations g; = f;/,/w; to the
moments, U = HW'/2 is orthogonal, and the rest state
gi = /w; has unit norm. The amplitude encoding stores
g, and the norm of a state is the weighted norm | F||, =
| E,ll, Fy = (In ® W™Y/2)F, which equals the Euclidean
norm of the moments because U is orthogonal.

Carleman linearization lifts F' to (F,F ® F,...) and
truncates the hierarchy. At level two the state (F, F® F)
has dimension 9N +81 N2, and one step is the block upper
triangular map

c_ (£ 2
S \0 L®L)’ (5)
Co=W2eW2 =ST KT,

with W= (InoW)a® Iy @W)®?, § =S¢ (S®S9)
and T = (Iy ® U) ® (Iy ® U)®2. In this factoriza-
tion § is a permutation, T is orthogonal and K is the
lifted collision in moment space, block upper triangu-
lar with Iy ® C; and (Iy ® C1)®?2 on the diagonal and
the quadratic coupling above it. The arrangement, colli-
sion in moment space and streaming in population space

on the lifted state, is the representation split [23]. The
level-2 hierarchy does not close locally under streaming,
which generates cross-site terms associated with the work
of pressure, advection and stress on the momentum flux
(Appendix A), so the state remains the full pair array,
and the moment lift is an orthogonal change of basis
of the weighted population lift with identical dynamics
and truncation error. Two properties of the lift are used
throughout. Because (L& L)(GRG) = (LG)®(LG), the
pair sector of a product initial state remains a product,
and the level-2 dynamics reduces to
Fit+1)=LFt)+Q(GH)®G(®1), Gt)=L"F,
(6)
with G the linear LB evolution of the initial state, at
O(N) storage and work per step. The pair sector may
also be scaled, and along a trajectory the scaled state is

UA(t) = (F(t), AG(t) ® G(1)), (7)

in the weighted encoding, which divides Q by A in Eq. (5)
and leaves the dynamics unchanged. A block encoding
of a matrix A with subnormalization o > ||Al|2 applied
to a state 1 succeeds with probability

AR
= 7~ o (®)

with r the norm ratio of the map on the state and r) its
value on . Errors of a truncated evolution against the
nonlinear LB reference are measured on the velocity,

o ||u - uref“
ey = ———
lleret ||

: 9)

with the norm over the lattice, and on individual observ-
ables as defined below.

The test problem is a two-mode flow whose modes
interact. The initial momentum field derives from the
streamfunction 1y = Upk~![sin kz sin ky + Ag sin(2kx +
@) sin ky|, with kK = 27 /L, As = 0.6 and ¢ = 0.3, so that

Jz = Up [sin kx cos ky + Az sin(2kz + ¢) cos ky] ,

Jy = —Up [cos kx sin ky + 245 cos(2kx + ¢) sin ky],

(10)
with unit density. The Mach number is Ma = Uy/c,, the
advective time t,qy = 1/(kUp) and the Reynolds number
Re = UpL/v. The two modes have wavevectors (1,+1)
and (2,+1), and the quadratic term generates the sums
and differences of these wavevectors, which are absent
from the initial momentum. Two of the generated modes
are the observables. The Fourier component

(k) = % S Ju(w) e (1)

at k = k(1,0) is purely longitudinal, its transverse part
vanishing by the symmetry of the field, and is the acous-
tic mode that the interaction of the two vortical modes
excites. It grows to its peak near 0.4t.4, and oscillates



at the acoustic frequency csx together with the density
mode p(k). The transverse part J (k) = ki -J(k) at
k = k(1,2) is the vortical mode that the same inter-
action generates. It grows smoothly to its peak near
0.76t,qv without oscillation. The primary task is to es-
timate the magnitude |J,(1,0)| at the time of its peak
to relative precision €, with a confidence of 95%, the
horizon being T' = tpeak, 40 steps on the 32 x 32 lattice

at Ma = 0.087, and the same task for |J, (1,2)| at its
later peak, T' = 77, is costed alongside; both horizons are
specified inputs of the task. The initial populations of
the task are the linearized equilibrium f; = w;(14 3¢;-J)
of the field of Eq. (10), the state that the preparation
circuit of Sec. IV builds, and the LB reference of the task
starts from the same populations; the observable valida-
tion of Sec. V and the resource accounting of Sec. VI use
this one initial state. The parameter study of the accu-
racy window uses the quadratic equilibrium of Eq. (1)
instead, which differs from the linearized one by 8.3% of
the weighted flow norm at ¢ = 0 and changes the peak
of the acoustic observable by 0.64%, as robustness evi-
dence. On the amplitude-encoded state the observable is
the overlap with the reference state

ik-x
|¢a (k) \/N—zze Ciay/W; |T,1)
(“‘)‘ (12)
VN Ja(k
(Da(R)[®) = ———=—,
cs [1Flg
with  |®) the mnormalized level-1 sector, since

i Ciay/wi gi(x) = Jo(x) and Y, wiciecin = 20,
and the transverse component is the corresponding
combination of the two reference states. In the coherent
protocol of Sec. IV the observable is recovered from one
measured amplitude and classical quantities computed
from the initial data alone, without the norm of the
evolved state. Two errors are distinguished throughout.
The kinetic truncation error is the error of the level-2
dynamics against the nonlinear LB reference started
from the same populations, measured as the relative
error of the observable at its peak for the task and as
the velocity error of Eq. (9) at fixed fractions of t.qv
for the window study. The estimation precision €y
is the statistical error of the quantum readout. The
discretization error of the LB scheme itself against
the Navier-Stokes solution, second order in the lattice
spacing, is a diagnostic of the reference and enters
neither (Appendix E).

IIT. A COLLISION ENCODING DETERMINED
BY CONSERVED AND RELAXING MODES

This section shows that the norm of the scaled colli-
sion stage, and hence the success probability of its op-
timal block encoding, is fixed by the way the conserved
momenta feed the relaxing second-order moments, sepa-
rates this contribution from those of the metric and the

basis, and gives the encoding that attains the norm. The
level-1 block C of Eq. (4) is diagonal with entries of mod-
ulus at most one, and the pair block C; ® C1 is diagonal
with products of these entries. The only off-diagonal part
of K is the coupling from same-site products of conserved
momenta into the level-1 sector, per site the 3 x 4 block

1
C’site =

diag(wm Wy, wu)

2)

O~ =

00
-100 (13)
0 11
from the pair components (mjimi, mome, mimsy, maomy)
to the trace, the deviator and the shear moment. Its
singular values are w,/(v/2)\) and w, /(v/2)\) (twice), and

a two-term linear combination of unitaries (LCU) of the
diagonal and the coupling has the subnormalization

a wmax
o, =1+ —, a= Wmax = Max(We, wy ).

3 :
v (14)

The operator norm of the stage is smaller, and the dif-
ference is the subject of the following statement.

Theorem 1 (Block structure) Let the per-site colli-
ston in a moment basis satisfy the following. (i) The con-
served moments and the relaxing moments are orthogonal
in a positive metric in which the level-1 collision is the di-
agonal Cy with entries in [—1,1], unity on the conserved
moments and |1 — ws| < 1 for every relaxing moment s
coupled by the quadratic term. (i) The quadratic part
of the equilibrium depends only on products of conserved
moments and enters only relaxing moments, with p = 1
inside the quadratic term. (iii) The rows of the coupling
matriz from the conserved-pair slots into the relazing mo-
ments are mutually orthogonal, so that the coupling has
the form VT with V orthogonal on the pair slots and
Y diagonal on the coupled moments. (iv) Streaming is
an isometry of the metric. Then, with the pair sector
scaled by A and stored in relative coordinates, the rota-
tion W, = VT of the same-site conserved-pair slots is
such that the collision stage is the direct sum of a diago-
nal with entries in [—1,1] and one 2 x 2 block per coupled
relaxing moment s,

B (1% ) (15)

where o/ is the singular value of the coupling into s.
The norm of the stage is ||IC>\H2 = maxg Omax(Bs), with

UmaX(BS) = 2 4 ( )
)\02 /\ (16)
s = 2ws(2 — wy)

The expansion is for A — oo at fized interior relaxation
rates, 0 < wys < 2, and is not uniform as ws — 2. The
exact singular value of By is used for finite-\ costs.

For D2Q9 the natural rotation is u, = (mim; +
Mams2)/ V2, Udey = (M1my —mams) /V/2, ug, = (mima+



mam1)/V2 and u, = (mima — mams)/v/2, the antisym-
metric slot u, decouples, and o5 = wy/ V2 for s =e, Pz
Dy, SO that

W ws(3w? — 6w +4)

— = — 1
12—w,) 22wy 1D

Cs =

by the series expansion of the largest singular value of
Eq. (15) in 1/X (Appendix C). Figures 1(b) and (c) show
the one-site stage before and after the rotation. The
proof rests on two observations, that the conserved-pair
slots are left unchanged by the collision, and that un-
der assumption (iii) the singular value decomposition of
the coupling rotates only its input space, so that the
coupled part of the stage on the pair {s,us} is exactly
Eq. (15) and every other entry is diagonal. Without (iii)
a general coupling would also rotate the output space,
which mixes relaxing moments with different rates, and
the stage would not split into independent blocks. As-
sumption (iii) holds for D2Q9 because the three rows
of Eq. (13) are orthogonal, and it is the property that
makes the block structure a statement about the con-
served and relaxing modes rather than about the lattice.
The numerical check on the 2 x 2-lattice stage (dimension
1332) gives a direct-sum residual of 5 x 10716 after the
rotation, and the norm maxg oax(Bs) agrees with the
recorded ||[Kx|l2 over 85 rate and scale combinations to
7 x 10716, The expansion overestimates the norm near
w = 2, where ¢, diverges, 1.098 against the exact 1.051
at w = 1.95 and A = 10, and Eq. (15) is used exactly in
all costs below.

Corollary 1 (BGK and 3D lattices) For equal rates
ws = w the three blocks coincide and ||Kx||2 = omax(B)
with ¢ = w/[4(2—w)]. For the D3Q19 and D3Q27 lattices
with the quadratic equilibrium of Eq. (1) in their weighted
Hermite bases, the coupling acts from the siz symmet-
ric conserved-momentum products, which span the sym-
metric subspace of the nine ordered momentum-pair slots
with orthonormal directions |aa) and (|ab)+|ba))/\/2 for
a < b, into the siz second-order moments along six or-
thogonal directions with o, = w,/\/2, so that the stage is
a diagonal plus siz blocks of the form of Eq. (15) and its
norm is the same function of w and A as on D2QY.

The corollary was checked numerically on the three
lattices at w = 1.5. The linear equilibrium map HE; H 1
is diagonal on the conserved moments, the coupling from
products of non-conserved moments vanishes to 10712,
and ||[Kx|2 is 1.504861, 1.076738, 1.007436, 1.000833 and
1.000075 at A =1, 3, 10, 30 and 100 on all three lattices.
The physical content of the theorem is that the cost is
set by the relaxing moments that the conserved momenta
feed, three in two dimensions and six in three, and not by
the number of velocities or by the amount of dissipation.
Figure 3 compares the two subnormalizations. At w =
1.5 and A = 10 the two-term LCU has a5, — 1 = 0.106
and the block structure gives ||[KCx]l2 — 1 = 0.0074, and
the ratio grows with A because one is first and the other
second order in 1/A.

Figure 2 places the coupled-block encoding in the se-
quence of representations and constructions of the colli-
sion stage, evaluated on one state, the 32 x 32 Taylor-
Green vortex at Ma = 0.087 and w = 1.5, with the range
over the BGK rates 1.0 to 1.95 as whiskers. The three
contributions to the success probability are separate. In
population space the collision is dense, with sparsity 81
and 90 in rows and columns and entries up to 2.0, and
the Euclidean metric of the plain encoding is not the one
in which relaxation is a contraction, so that the sparse-
access construction gives 1.5x 107° with the seven-ancilla
subnormalization of Sanavio et al. [16] and 3.4 x 10~°
with oy = /5,5, max |a;j|, and the two-term SVD con-
struction of Bastida Zamora et al. [17], modeled as the
optimal subnormalization op,x = 9.4 of the population
stage, gives 1.1 x 1072, The weighted encoding f/\/w
changes the metric and moves the singular values of the
stage into [0.25, 1.5], which raises the sparse-access value
to 1.2 x 1073, The Euclidean moment basis with plain
encoding changes the sparsity to four and nine but not
the singular values and gives 1.4 x 1073. The weighted
Hermite representation, with sparsity three, entries at
most one and oy = 3, gives 0.11 with the same generic
construction. The structured constructions then act on
the coupling alone, 0.82 and 0.98 for the two-term LCU
at A = 10 and 100, and 0.985 and 0.9998 for the cou-
pled block at the same scales. The metric, the basis and
the encoding of the coupling thus contribute factors of
order 102, 102 and 10, the first through the singular val-
ues and the second through the sparsity, and the last of
them is the subject of Theorem 1. The representations
themselves, their sparsity patterns and the density of the
assembled full-step matrix in either basis are given in
Appendix B.

A block encoding that reaches the operator norm is
obtained from the block structure directly. Each 2 x 2
block divided by a = ||Cx[|2 is a contraction A, and its
Halmos dilation

V. — < A \/I—ASAST> (18)
* VI —ATA; —AT

is a unitary on the block and one ancilla [24]. After the

rotation W, the stage is Ky = (@, Bs) ® Dy, where

Dq contains all uncoupled diagonal and padding sectors.

The assembled unitary U is chosen so that

(0a] U [04) = (@ %) o0 _ % (19)

(0% (67

with @ = ||ICy]|2, on the encoded physical subspace, the
span of the register states that the lifted state occupies,
and conjugating by W,, gives the block encoding of K/«
on that subspace. The diagonal part with entries of mod-
ulus at most one is block encoded by uniformly controlled
rotations of one ancilla per moment register, as in the
LCU construction, and the three dilations act on the
pairs {s, us }, addressed by the second moment register on
the slice r = 0 of the relative coordinate, controlled by the
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FIG. 1. The algorithm and the structure of its collision stage. (a) The five stages of the protocol, from the preparation of the
scaled state through one step on the level-2 register in relative coordinates to the streaming, with the output recovery and the
amplitude that is estimated. (b) One-site level-2 collision stage of the Hermite MRT scheme on the nine moments and the four
same-site conserved-pair slots at A = 1 and w = 1.5; in the product slots (mim1, mama, mima, mami) the coupling fills a 3 x 4
block. (c) After the rotation to (e, Udev,Ush, ua) the stage is a diagonal plus three 2 x 2 blocks on {e, ue}, {Pza,Udev} and
{Pey,usn} (frames), and the antisymmetric slot decouples. The dotted lines separate the conserved from the relaxing moments.

flag of that slice. The rotation W,, and its inverse are ap-
plied on the same slice before and after the dilations. The
whole stage is then one block of a unitary with subnor-
malization ||y ||z and no linear combination of terms, at
4n+15 qubits for L = 2™, one more than the LCU circuit
(Appendix D). The circuit was verified by statevector
simulation on the 4 x4 lattice (23 qubits) against the clas-
sical lift. The postselected state equals Ky1/« in both
sectors to 2 x 107!4, and the success probability mea-
sured as the postselected norm fraction equals ry/a? to

six digits, with p = 0.984965, 0.965744 and 0.980375 over
three consecutive steps at A = 10 where the LCU gives
0.8171, 0.8012 and 0.8133, 0.999518 at A = 100 against
0.9788, 0.862257 at A = 3 against 0.5456, and 0.980263
for the MRT rates w,/we/wy/w: = 1.3/1.6/1.1/1.8 at
A = 10 against 0.8068 (Fig. 5a). The remaining loss
1 —ry, between 3 x 1074 and 2 x 10~2 over these steps,
is the non-equilibrium norm that the relaxation removes
from the scaled state, which the linear evolution gener-
ates at the lattice scale on this coarse grid and which is
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FIG. 2. Single-step success probability p of the collision stage by representation and block-encoding construction, on the 32 x 32
Taylor-Green state at Ma = 0.087 and w = 1.5 (bars, whose values are printed at the right); the horizontal line through each
bar spans the range of p over w = 1.0 to 1.95. The fill of each bar darkens with p on the same scale in every row, reaching
full opacity at p = 1. The dotted vertical lines are the D2Q9 baseline 6 x 10™° of Sanavio et al. [16] and the value of order
10~2 reported by Bastida Zamora et al. [17] at N = 16, whose construction is modeled as the optimal subnormalization of the
population-space stage. The last two rows are the coupled-block encoding of this work.

at most 2 x 1073
at Ma = 0.173.

The physical part of the loss is the same in every rep-
resentation and is separated from the encoding by the
norm balance of one collision. Along a trajectory the
pair sector evolves by C7 ® C1, so its norm ratio in a col-
lision is exactly (1 — €)% with £ =", 5[1 — (1 — wg)?]dx,
the fraction that C} removes from G, and ¢, the norm
fraction of moment k of G. In the level-1 sector the ghost
moments relax as (1 —wy)my, and the three second-order
moments as (1 — wg)my + wi ik, with g the quadratic
equilibrium moment evaluated on G that the coupling
supplies, so that the squared norm of the level-1 sector
changes by

Ay == 1= (1 —wp)?]llmy — pxl?

k>3
5 (20)

— 2> wrp, Mk — ),
k=3

per step on the 32 x 32 two-mode run

with py = 0 for the ghost moments. The first sum is the
non-equilibrium norm relaxed in the step. The second
is a cross term between the equilibrium and the non-
equilibrium parts of the second-order moments, which

has no definite sign, so the level-1 norm change is not
the relaxed norm alone. On the trajectories considered
the cross term is at most 10™2 of the norm, stays below
the relaxed norm on the unperturbed Taylor-Green runs
at rates up to 1.7, exceeds it in a few steps at the rates 1.9
and 1.95 where both are below 10~° of the norm, and is
comparable to the relaxed norm in a perturbed run and
in the transient of a linearized-equilibrium start, whose
second-order moments vanish so that the coupling first
raises the level-1 norm by >, w?||px||* before relaxation
removes anything. Dissipation thus reduces the success
probability in proportion to the relaxed non-equilibrium
norm, up to the cross term, and this norm is of order
(KnMa)? for a resolved flow, with Kn the ratio of the re-
laxation length to the flow scale. The factor 1/a? carries
the remainder, and Theorem 1 fixes it.

IV. FROM COLLISION SUCCESS TO
COHERENT OUTPUT RECOVERY

This section derives the success probability of a T-step
run followed by output recovery, shows how telescoping
reduces the multi-step problem to a global normalization-
selection balance, shows that optimizing the scale for
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with A2, which follows ¢ up to w = 1.9 and falls below it as w — 2.

the specified horizon yields polynomial rather than ex-
ponential success scaling for the structured encodings,
explains the rest shift, and states the preparation, evolu-
tion and readout protocol under which amplitude ampli-
fication applies. For a fixed scale the subnormalization «a
is the same in every step and step t succeeds with prob-
ability r;/a?. The transforms and the streaming pre-
serve the norm, so 7; is the ratio of the squared norms
of 1\ before and after the step, and the product over
the steps telescopes. The product Payo = Hz:ol T /a2 =
[UA(T)|12/ (a7 [[A(0)]|2) is the probability that the en-
coded evolution survives, the weight of the branch in
which every encoding ancilla returns to zero, before any
selection on the state itself. A run followed by the se-
lection of the level-1 sector, which holds the nonlinear
solution, succeeds with

R L)
L4 o IR+ 2 Gl
I
o ([Fol3 + 2 Folg)

(21)

an identity for the level-2 dynamics, verified along ev-
ery trajectory of this study to 10715, The first factor
of the first line is P.,, and the second the selection
weight of the level-1 sector. The norm of the pair sec-
tor cancels between the survival and the selection fac-
tors, so the pair-sector loss of a run does not enter P.
The level-1 factor is bounded through mass conservation,
[F(T)|IZ > >, p(x)> > N for unit mean density, while
[FollZ2 = N(1 + €o) defines the initial flow fraction ey of
the norm, of order Ma®. With ¢y — 0 and |F(T)||Z2 =N
the near-rest model

(22)

follows. At any fixed finite A with nonzero coupling,
a(A) > 1 and P(A) still decays exponentially with T
The polynomial laws below are the horizon-optimized
envelope obtained by choosing A = A(T) separately
for the specified simulation horizon. The maximum of
Eq. (22) over A depends on the encoding through a(M\).
For the LCU, @ = 1 4 a/\, the stationary condition is
NX3 —aN(T —1)A\%2 —aT = 0, A = aT approximates the
root to relative order 1/7T, and P — e~2/(a*T%N). For
the block encoding, o = 1 + ¢/A? + O(A™%), the same
argument gives A2 = 2¢T" and
et P; ea?
SN Pr ~ 52 T=cw2-w)T, (23)

P; —

for BGK rates, both asymptotic in 7" for the near-rest
model; at finite 7" the optimum is taken numerically from
Eq. (22) with the exact singular value, and the actual
probability of a run is Eq. (21). The cost of the run thus
falls from T2 to T and the gain grows linearly with the
number of steps.

The comparison with the specified population con-
structions is made on one trajectory. Figure 4a evalu-
ates Eq. (21) for every construction of Table I on the
32 x 32 Taylor-Green run of Fig. 2, with the norm ra-
tios in the metric of each encoding and the population
constructions unscaled, as published. The sparse-access
construction and the two-term SVD construction of the
population stage lose the factors r; /1712 and 7,/9.39% at
every step and reach 8.8 x 107%® and 1.4 x 10722 after
ten steps. The powers (6 x 1075)7 and (1072)T of the
published step probabilities lie above these curves by the
selection weight of about 4 x 1072 and, for the sparse-
access construction, by the ratio (6x1075/3.4x1075)7 of
the published to the reproduced step probability, and are
not drawn. The two structured encodings of the weighted
Hermite stage, each at the scale optimal for its hori-
zon, reach 1.3 x 107 and 2.6 x 10~° after ten steps and



1.2x 1078 and 2.4 x 1076 after a hundred. The exponen-
tial loss of the population constructions is thus replaced
by a polynomial one, and the coupled block adds the fac-
tor of Eq. (23). The near-rest model between N = 16 and
4096 (shaded bands) shows the lattice-size dependence,
and the trajectory curves lie inside the bands because
the flow norm decays along the run. Figure 4b shows the
two finite-T" optima of Eq. (22) against T" at w = 1.5 and
N = 1024 with the asymptotic forms; the trajectory val-
ues are not drawn, because P of Eq. (21) at the optimal
scale is 0.993 to 0.996 of the near-rest model over 10 to
200 steps for both encodings and the two curves would
coincide. The ratio P5/Pf at N = 4096 is 20, 61 and
204 at T = 10, 30 and 100 for w = 1.5, and 7.3, 17.5
and 54 at w = 1.9, where the expansion of the norm is
less accurate and the asymptotic scale A2 = 2¢T reaches
83 to 99.6% of the optimum. At w < 1.5 and T > 30 it
reaches at least 99.8%. These probabilities describe the
survival of the run, not its accuracy. The horizon over
which the truncated dynamics is accurate is the subject
of Sec. V, and 1/P is not the runtime, since each use of
the run costs the T-step circuit of Appendix D.

The selection weight 1/(1 + A2N) is set by the norm
of the rest state, which carries no information about the
flow. This factor is removed by encoding the deviation
from rest. With w the rest populations and g = f — w,
the level-1 collision leaves w unchanged, Lw = w, and
the quadratic part of the equilibrium is bilinear in the
momentum with unit density inside, so that

Qlw®g) =Q(g@w) =0,
fr=w=L(f - w) + Q((f —w) ® (f —w)),

exactly. Streaming is a permutation that maps w onto it-
self. The level-2 lift of the shifted state (g, A g® g) there-
fore has the same dynamics, the same truncation and
the same circuits as the unshifted one, and reproduces
F — w to better than 1079 of the flow norm along ev-
ery trajectory of this study. The same shift underlies the
formulation of Jennings et al. [18]. Its effect on the cost
is twofold. The selection weight becomes 1/(1+ A2 Ne¢g),
because ||gol|2 = Neo, and the near-rest optimization ap-
plies with Ne¢g in place of NV, so that the optimal scale
and the cost are those of a lattice smaller by the factor
€0- The overlap of Eq. (12) with the reference state grows
by 1/,/€y at t = 0, and along a run by the inverse square
root of the flow-norm ratio in addition, from 1.1 x 1073
to 1.7 x 10~2 at the peak of the observable at Ma = 0.087
(Fig. 6¢), because the norm of the level-1 sector no longer
contains the rest state. The price is that the level-1 factor
of Eq. (21) is no longer bounded through mass conser-
vation and becomes the physical decay of the flow norm,
llg(T)[12/llgollZ, which is 0.58 at the observable horizon of
the reference case. Figure 4c shows the running product
of the step factors along the task run, from the linearized
start, for the two encodings in the shifted form and for
the unshifted block encoding at its own optimal scale,
whose probability at the horizon is 6.1 x 1075 against
5.0 x 10~% shifted.

(24)

The amplified cost requires the run to be one unitary.
The protocol is U = UeyoiUprep (Algorithm 1), where
Uprep Prepares ¥, (0) and Ueyor applies the T steps with
a fresh triple of encoding ancillas per step, the flag an-
cillas being uncomputed and reused. The good subspace
of the protocol is the survival subspace, the one in which
all preparation and encoding ancillas are zero, and its
weight is Pprep Pevol, With Pprep the success of the prepa-
ration. This weight carries no selection on the state and
is not the P of Eq. (21). The level-1 selection enters
through the reference state of the readout below. For a
few-mode initial state the preparation is explicit. The
shifted linearized equilibrium gy = 3w;c¢;-J of a field with
M Fourier terms, the initial state of the task of Sec. II,
is, in the weighted encoding, a linear combination of M
orthonormal product states |e;) ® |v,) of a plane wave on
the site register and a fixed velocity vector on the mo-
ment register, and is prepared by a linear combination
of unitaries with [log, M| ancillas, one controlled basis-
state write per term, two quantum Fourier transforms
and a success probability p1 = (|[c||2/]lc|l1)? [25]. The
pair sector is built from two copies of this preparation
on the two registers, a subtraction of the site coordinates
that brings the second copy into relative coordinates, and
a branch ancilla whose angle is compensated for the suc-
cess of the second copy (Appendix D). The preparation
success is Pprep ~ p? because the pair branch passes two
LCU postselections, 4.3 x 1073 for the 16-term field, and
it is made deterministic by exact amplitude amplifica-
tion of Upyep alone [26]. An auxiliary qubit is rotated so
that the good weight becomes sin?[r/(2(2k + 1))] with
k= [n/(46p) — 1/2] and sinf, = \/Pprep, and k rounds
of —UprepSoUgrepSgood end exactly on the good state, at
the cost of 2k+1 preparation circuits per use of U, twelve
rounds for the task.

The construction was verified by statevector simula-
tion. The level-1 state is prepared with fidelity one on the
4 x4 (12 terms, 12 qubits) and 8 x 8 (16 terms, 14 qubits)
lattices at the predicted success 0.106 and 0.066, and the
full ¢, (0) with fidelity one at the predicted success, 0.429
on the 2x2 lattice for A = 3 (15 qubits) and 0.0120 on the
4 x 4 lattice for A = 10 (25 qubits). The exact amplifica-
tion of the 2 x 2 preparation, one round after the auxiliary
rotation to the weight 0.250, brings the good weight to
1 —4 x 10~ at fidelity one (16 qubits). On the 2 x 2
lattice the two-mode field of Sec. II vanishes (k = 7),
so the protocol checks use the field J, = Upcosmy,
Jy = 0.6Up cosmz with Uy = 0.05 and read its initially
present modes (Supplemental Material). The small cir-
cuit validates the composition and the readout identity.
The nonlinear generation of the target modes is validated
classically in Sec. V. A run of the complete protocol,
one step at A = 3 on 22 qubits, leaves the good branch
of U |0) equal to 9,(1) with fidelity one at the weight
0.3735 = 0.4295 x 0.8698 predicted from the preparation
success Pprep = 0.4295 and the survival Py = 0.8698
of the one-step evolution, and one round of amplitude
amplification, —U SyU TSgOOd with the reflections applied
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(dashed); the values of Eq. (21) along the Taylor-Green trajectory at the optimal scale are within 0.4 to 0.7% of the model over
10 to 200 steps and are not drawn. (c¢) Running product of the step factors along the task run of Sec. II in the shifted encoding
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own optimal scale; the circles mark P at the acoustic horizon and the square the block value at the vortical horizon T' = 77 at
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exactly, raises the weight to sin?30 = 0.8470 with the
good branch unchanged (Fig. 5b). The two-step proto-
col on 25 qubits behaves in the same way, with the good
weight 0.0878 = 0.4295 x 0.2045, the two-step Peyol be-
ing 0.2045, raised to 0.6162 = sin® 36 by one round at
fidelity one. The output recovery was checked on the
same statevectors. The amplitude of U |0) on the prod-
uct of the reference state of Eq. (12), the level-1 slot and
the zero ancillas is the quantity that amplitude estima-
tion measures, and for the two momentum components of
the 2 x 2 field it equals \/Pprep P VNJu(k)/(csllg(T)|4),
with P the level-1-selected probability of Eq. (21) and
equivalently /PprepPevol VN Ja(k)/(cs||¥a(T)]|y), from
the classical state to 3 x 10715, 0.08927 and 0.1488 af-

ter one step and —0.08291 and —0.1382 after two (Sup-
plemental Material), so that the chain from preparation
through evolution, sector selection and overlap is vali-
dated as one unitary.

With U = UgvolUprep available as one circuit and
the preparation exact, the good branch of U|0) is
DOA(T)/(@T]]1pA(0)]|4), with 1x(T) the state after T full
steps including the transforms and the streaming, so the
amplitude of U |0) on the product of the reference state
of Eq. (12), the level-1 slot and the zero ancillas is

VN Jo(k; T)

_ 012 = 2 42 4
T A = ol + X loll

(25)
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with J,(k; T) the Fourier coefficient of the level-2 state
at the horizon. Neither the norm of the evolved state
nor the run probability enters: the product v/Pa of the
square root of the run probability and the overlap of
Eq. (12) is the same number by the telescoping iden-
tity, and the observable is recovered from an estimate
of |A| as |J,(k;T)| = csa |92 (0)||4|Al/vV'N with o the
exact norm of the scaled collision stage and |[1x(0)||4
computed from the prepared initial state. Equation (25)
reproduces the measured amplitudes of the 2 x 2 proto-
col above to 3 x 10715 from the initial norm alone, and a
run of the exactly amplified preparation followed by one
step on 23 qubits, with the reflections of the amplifica-
tion built as circuits, leaves U |0) with the survival weight
P.vo1 = 0.8698 of the evolution alone and the amplitudes
0.1362 and 0.2270 of Eq. (25) to 10~'* (Supplemental
Material).

The magnitude |A| is estimated by amplitude esti-
mation [26] on the state U |0) with the good subspace
spanned by the reference product state, whose reflec-
tion S, is the preparation V' of that state, a reflection
about |0) and VT. The three weights are nested: the
survival weight on the zero ancillas, the P of Eq. (21)
once the level-1 sector is selected as well, and the esti-
mated |AJ? on the reference product state. With reso-
lution parameter M = 2", canonical phase-estimation
amplitude estimation uses M — 1 controlled applica-
tions of QQ = —USOUTSX after the initial preparation
U, and the estimate a of a = |A|? satisfies |a — a| <
2my/a(1 — a)/M + 72 /M? with probability at least 8 /72,
so that \fl| = /@ has relative error at most €,,] whenever

2

2T n T <9 9
AT Al ATl 419 €rel — €re )
MIA] ~ M2[APR = et el

and M is the smallest power of two that satisfies Eq. (26),
M =~ 3.5/(era1|A|) before rounding, with m = log, M

(26)

phase qubits. Since |A| enters Eq. (26), the estimation
length is set from the benchmark amplitude of the clas-
sical level-2 calculation of the same instance; the counts
that follow are therefore instance-dependent resource es-
timates calibrated with that amplitude, and no stopping
rule for an output that is not known in advance is imple-
mented or costed here. The 8/72 guarantee is raised to
the confidence level by the median of r independent runs,
which fails only if at least [r/2] runs fail; » = 7 gives a
failure probability of 0.028, while r = 5 gives 0.050. Each
application of @ uses U once and U' once, and only the
two reflections carry the control of the phase register,
since UUT is the identity on the branch that skips them.
The task therefore needs

49

Nyp=r(2M — 1) ~ 14M =~
v=rEM-1) Al

(27)

applications of U or U' before the rounding of M, against
1.96%(1—|A|?)/(4€%,| A|?) incoherent repetitions of prepa-
ration, evolution and measurement of the projector onto
the reference product state for the same precision and
confidence, a normal approximation of the binomial sam-
ple, and without the amplification of the preparation the
number of applications would be larger by 1/,/Pprep.
This is the cost that Sec. VI evaluates.

V. NONLINEAR OBSERVABLES AND
ACCURACY WINDOW

This section establishes which physically meaningful
signals the level-2 dynamics recovers and the linear ap-
proximation misses, over which horizon it is accurate on
a flow whose modes interact, and why the error behaves
as it does. The two-mode flow of Eq. (10) is run from
the linearized start of Sec. IT on the 32 x 32 lattice at



Ma = 0.087 and w = 1.5 (Re = 28.8), and the momentum
modes generated by the quadratic term are decomposed
into their longitudinal part along k and their transverse
part along &k, (Fig. 6). The (1,0) mode is longitudinal
to rounding, its transverse part being below 1071° by the
symmetry of the field, and it is acoustic. It is seeded at
order Ma? by the equilibrium of the first collision, grows
to 0.0124 Uy at t = 40 = 0.39%,q through the pressure
and advective work of the two vortical modes on each
other, and oscillates with a period of 55.0 steps. The
same period is measured at Ma = 0.020 and 0.173, 55.6
steps in both, where the advective time is 443 and 51
steps, and it becomes 27.4 and 110.2 steps on the 162 and
642 lattices at Re = 28.8, so the oscillation follows the
acoustic period 27/(csk) = 55.4 steps of this wavevec-
tor and not the flow, and the density mode p(1,0) oscil-
lates with it. It is the sound that the vortical interac-
tion radiates, an aeroacoustic source term in the sense of
Lighthill, resolved here as a discrete mode of the periodic
box. The (1,2) mode has a transverse part that grows
smoothly to 0.040Uy at t = 77 = 0.76t,qy and decays
viscously without oscillation, the vortical mode that the
interaction feeds. Its longitudinal part is a small acous-
tic transient that peaks at ¢t = 5. The linear model, run
from the same linearized start, leaves both modes empty,
because its translation-invariant evolution cannot popu-
late a wavevector that carries no initial momentum, so
its error at the peaks is one. The level-2 lift reproduces
the acoustic peak with a relative error of 1.9 x 1072 and
the vortical peak with 2.6 x 10~2, where the relative error
of a mode is the modulus of the difference of the complex
Fourier coefficients of the lift and the reference divided by
the modulus of the reference coefficient, an upper bound
on the error of the estimated magnitude, and at fixed
physics the errors are 1.8 x 1072,1.9 x 1072,1.9 x 102
for the acoustic mode and 2.3x1072,2.6x1072,2.7x 1072
for the vortical mode on 162, 322 and 642 at Re = 28.8,
resolution independent, and 2.2 x 1072,2.2 x 10~2 for
the acoustic mode on 322 and 642 at Re = 100. The
acoustic error scales as 1.0 x 1073,1.9 x 1072,7.2 x 1072
over Ma = 0.020, 0.087 and 0.173 and the vortical one as
1.4x1073,2.6x1072,8.1x 1072, close to Ma?, except that
the vortical error grows somewhat more slowly between
the two larger Mach numbers. Both generated modes
have even transverse index, which cubic products of the
initial modes, of odd transverse index, cannot populate,
so the dropped cubic term, of absolute order Ma®, does
not feed them directly. The Ma? scaling of their relative
error follows the Ma? truncation error of the level-2 state
and is a property of these observables, not a generic rule
for every generated mode. At Re = 100 the vortical peak
moves to 2.1t,qv and its level-2 error there is 1.7 x 1071,
outside the accuracy window established next, whereas
the acoustic peak at 0.4%,4, stays inside it. Figure 6¢
shows the overlap amplitudes of Eq. (12) in the two en-
codings along the run. The shifted values, 1.7 x 102
for the acoustic mode at its peak and 7.0 x 10~2 for the
vortical mode at its later peak, are the conditional over-
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laps of Eq. (12). The readout of Sec. IV estimates the
combined amplitude A of Eq. (25), the product of this
overlap with the square root of the run probability.

The accuracy window is established on the wider pa-
rameter study with the quadratic-equilibrium start. The
two-mode flow of Eq. (10) was run on the 32 x 32 lat-
tice at Ma = 0.020, 0.087 and 0.173 with BGK rates
w = 1.0, 1.5 and 1.9 and with the MRT set of Sec. III,
and at fixed physics, Ma = 0.087 with Re = 28.8 on
162 to 1282 and Re = 100 on 322 to 1282, for 150 to
1200 steps, against the nonlinear LB reference and the
linear model G(t) of Eq. (6). Figure 7a shows the ve-
locity error at w = 1.9. At early times the level-2 error
is of order Ma?, as the dropped cubic term of the lift
implies, and the fit of the level-2 error over the Mach
numbers of the level-3 check runs on the 4 x 4 and 6 x 6
lattices gives e, (t = 2) o« Ma?%" and Ma*"2. The error
then grows with the accumulated nonlinear interaction.
At Ma = 0.087 and w = 1.5 it levels off on the advec-
tive time scale, at 3.3 x 10~2 after one advective time and
5.6 x 1072 after three, and at w = 1.9 it continues to grow,
reaching 0.42 after three advective times. At ¢t = t,qy/2
it is 1.6 x 1072, 2.2 x 10~2 and 5.0 x 102 at the three
Mach numbers, where the linear model has 0.12 to 0.15,
and at Ma = 0.087 it is 1.3 to 1.4 x 102 on the four lat-
tices at Re = 28.8 and 4.7 x 1073 to 2.2 x 1072 across the
rates on 322, increasing with w. The window in which
ey < 1072 ends at 0.08 to 0.11t,4, for Ma > 0.087 at
w > 1.3 and for Ma = 0.173 at every rate, at 1.9t,4, for
Ma = 0.087 at w = 1.0 where the viscous decay removes
the flow first, at 0.38t,q, for Ma = 0.020 at w = 1.9, and
is not left within 0.68f,4, at Ma = 0.020 for w < 1.5.
This behavior indicates that the truncation error is con-
trolled by the advective time and not by the resolution.
Figure 7b confirms this at fixed physics. The relative er-
ror of the observable at its peak is 1.75, 1.85, 1.88 and
1.89 x 1072 on 162 to 1282 at Re = 28.8, and 2.19, 2.15
and 2.18 x 1072 on 322 to 1282 at Re = 100, so that
refinement at fixed Reynolds and Mach numbers changes
neither the window nor the error at the horizon. Level-3
truncation extends the window. On the 4 x 4 lattice at
Ma = 0.173 the level-2 error exceeds 102 at ¢t = 4 and
the level-3 error stays below it over 30 steps (Fig. 7c),
with e, (t = 2) o« Ma*?? on 4 x 4 and Ma*®! on 6 x 6, at
a state dimension that grows as N3.

The regime in which the level-2 lift fails is also identi-
fied. At Ma = 0.173 and w = 1.9 the velocity error ex-
ceeds 107! at ¢ = 54 = 1.1t,4qv, and on the Kolmogorov
flow of Appendix A at the same rate and Mach num-
ber the level-2 velocity error grows to order unity over
300 steps against the decaying reference, because the cu-
bic term dropped by the truncation is no longer small
against the viscous damping at this Mach number and
viscosity. The favorable horizon of Secs. III and IV is
thus the horizon of a resolved, weakly compressible flow
up to a fraction of the advective time, on which the dy-
namics is nonlinear in the sense that the observable is
generated by mode coupling.
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FIG. 6. Nonlinearly generated observables on the 32 x 32 two-mode flow at Ma = 0.087 and w = 1.5 from the linearized start.
(a) The acoustic mode |J;(1,0)|/Up for the LB reference, the level-2 lift and the linear model, with the density mode |5(1,0)|
scaled to the same panel. (b) The vortical mode |.J, (1,2)|/U for the same three evolutions. (c¢) Overlap amplitudes of the two
modes with their reference states along the run in the unshifted and the shifted encodings.
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FIG. 7. Accuracy window of the level-2 lift on the two-mode flow. (a) Velocity error against t/taqav on the 32 x 32 lattice at
w = 1.9 for the linear model at Ma = 0.087 and the level-2 lift at three Mach numbers; the dotted line in (a) and (c) marks
1072, (b) Fixed-physics refinement at Ma = 0.087, relative error of |j(1,0)\ at its peak and e, at taqv/2 against the lattice
side at Re = 28.8 and 100. (c) Level-3 spot check on the 4 x 4 lattice at Ma = 0.173 and w = 1.5 for the linear model and the

level-2 and level-3 lifts.

The growth and the saturation follow from the recur-
rence of the error. With F,. the LB solution, whose
update is exactly LF + Q(F ® F') for the equilibrium of
Eq. (1), and F5 the level-2 solution of Eq. (6), the error
€t = Fref(t) — Iy (t) obeys

€t+1 :£€t+St, St:Q(Frcf®Frcf_G®G), (28)
and by bilinearity and Eq. (24) the source is S; =
Q(0; ® (Fret — w)) + Q((G — w) ® §;) with §; = Frer —
G e; + di, where d; Fy — G is the nonlin-
ear correction that the lift carries. In the weighted
norm [[£ll, < 1, 50 eclly < Ype ISklly and [Sifl, <
21Q 164y max([ Fer — g [G = w],), a source of or-

der Ma times the departure of the nonlinear solution from
the linear one. Along the reference run the source is dom-
inated by d; rather than by e;, by a factor of 3 to 18 over
the first hundred steps at Ma = 0.087 (2 to 18 over the
run), and the ratio ||St|lg/(||0¢]|¢]|flow]|y) stays between
0.01 and 0.07 against the bound 2||Q||; = 2.1, so the error
does not feed itself and its growth follows the nonlinear
correction, which is of order Ma? at early times and satu-
rates when ¢; saturates on the advective time scale. The
summed bound is loose by a factor that grows from 5.5
at t = 10 to 120 at ¢ = 300 because the homogeneous
part of Eq. (28) is dissipative, and a bound that uses this
dissipation is left open (Appendix E).



VI. RESOURCES AND COMPETING
APPROACHES

This section accounts for the preparation, evolution,
amplification, estimation, synthesis and classical recov-
ery of the task of Sec. II as a ledger, identifies the domi-
nant costs, and compares the result with matched quan-
tum constructions and with the classical evolutions of
the same problem. The ledger separates three categories:
operations implemented as circuits and verified by stat-
evector simulation (the coupled-block step on 4 X 4, the
preparation on 2 x 2 and 4 X 4, its exact amplification
and the complete chain with the readout amplitude on
2 x 2); operations counted analytically from their opera-
tor lists with the rules of Appendix D (a k-controlled gate
at 2(k — 1) Toffolis with £ — 1 clean workspace qubits,
or at 8(k — 3) Toffolis with one workspace qubit in any
state for the reflections on the full register; uniformly
controlled rotations, generic four-qubit unitaries and the
Halmos dilations by the cited decompositions; every
generic single-qubit gate as three z-rotations); and the
synthesis of the z-rotations at the leading-order ancilla-
free cost 3log,(1/d,) T gates of Ross and Selinger [27],
with a Toffoli at 7 T gates. The repeat-until-success syn-
thesis of Bocharov et al. [28], 1.15log,(1/6,)+9.2 T gates
in expectation with one ancilla and a mid-circuit mea-
surement with feed-forward per rotation, is recorded in
the Supplemental Material as a conditional alternative,
valid only if measurement and feed-forward are available
inside the coherent estimation circuit. The statevector
verification certifies the operators the circuits implement,
not the counts. Excluded are error correction, routing
and classical control; the preparation of the reference
state, the workspace and the phase register of the es-
timation are included.

The error budget of the task has three parts, and the
accuracy statement is made at the level of the observ-
able. The kinetic truncation error of the level-2 dynam-
ics at the horizon is 1.9% for the acoustic and 2.6% for
the vortical observable at Ma = 0.087 (Sec. V). It is a
property of the classical level-2 model and is not reduced
by the quantum resources. The estimation precision is
€rel = 0.1 of the magnitude with a confidence of 95%,
from Eq. (26) and the median of seven runs. The synthe-
sis error is budgeted at a tenth of €.¢1|A| per run, divided
among the rotations of that run, so that it is a tenth of
the estimation error. If the three parts add, the estimate
lies within about 13 to 14% of the nonlinear LB value
with 95% confidence, dominated by the estimation pre-
cision. The discretization error of the LB reference itself
against the Navier-Stokes solution, 3 x 107 in the vis-
cosity on 322 at w = 1.5 (Appendix E), is a diagnostic
of the reference and is not part of this budget. Table II
lists the representative cases and Fig. 8 plots all of them.
The full sweep over both observables, both encodings and
both precisions, with the conditional synthesis alterna-
tive, is in the Supplemental Material, and the ledger of
the two reference cases is in Appendix F. For the acous-
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tic observable on 32 x 32 at Ma = 0.087 and Re = 28.8,
the optimal scale in the shifted encoding is A = 7.6, the
norm of the prepared state is || (0)||, = 55.5, the joint
success at T = 40 is P = 5.0 x 10™%, the combined am-
plitude of Eq. (25) is |A| = 3.8 x 1074, and Eq. (26)
gives M = 217 that is M — 1 applications of Q per run,
seven runs, and Ny = 1.8 x 108 applications of U or U
on 188 logical qubits, 162 in the register of U, nine in
the clean workspace pool and 17 in the phase register.
Each application of U has 1.5 x 10° Toffolis (1932 in the
streaming and 726 in the collision stage per step, 4.7 x 10*
in the amplified preparation against 1734 for one prepa-
ration, the preparation success Ppyrep = 4.3 X 102 being
amplified in twelve rounds) and 7.9 x 10* z-rotations, of
which 6.0 x 10* come from the generic single-qubit gates
of the moment transforms and the dilations. Each ap-
plication of @ adds two reflections of 1272 Toffolis and
the reference-state preparation and its inverse. The ro-
tations of one run are synthesized at d, = 1.8 x 10716,
or 157 T gates each. The total is 2.5 x 10" T gates, of
which the rotations contribute 2.3 x 103 and the Toffo-
lis 2.0 x 10'2. The conditional repeat-until-success count
is 1.2 x 10'3. Without the amplification of the prepa-
ration the number of applications would be 2.8 x 107,
and the incoherent alternative needs 6.7 x 10® repeti-
tions. The two-term LCU at its own optimum, A = 41,
has P = 6.2x 1076, a factor of 81 below the block value, a
combined amplitude nine times smaller, and needs eight
times as many applications of U and 2.0 x 10'* T gates,
a factor of 8.0 more, because the estimation cost scales
as 1/]A|. For the coupled-block encoding, the count at
€rel = 0.02 is 1.1 x 10" T gates. The vortical observ-
able, with its horizon T" = 77 and its 2.4 times larger
combined amplitude, needs 9.2 x 10° applications on 298
qubits and 2.1 x 10 T gates, fewer than the acoustic
one because the larger amplitude outweighs the longer
horizon. Over the seven cases and both observables the
count ranges from 5.2 x 10'2 to 2.1 x 10** T gates on 121
to 539 qubits, growing with the lattice through T' o< L at
fixed physics and through the streaming count, and with
the Reynolds number through the smaller step probabil-
ity at larger w. The rotations dominate the T count in
every case, and among the Toffolis the streaming stage
dominates from L = 8 onward (Appendix D).

The classical baselines are evaluated for the same prob-
lem from the same linearized initial state to the same
horizons, and their operation counts are derived from the
implemented methods (Appendix F). The product prop-
erty of Eq. (6) evolves the level-2 dynamics with two
matrix-vector products of the per-site collision matrix
and the local quadratic term at 1316/N flops per step,
5.4 x 107 for the acoustic and 1.0 x 10® for the vortical
horizon, and never touches the 81 N? pair array. Because
collision and streaming are translation invariant, a lin-
ear state with My Fourier modes stays on those modes,
and the quadratic term generates only sums of pairs of
them, so the level-2 solution of a few-mode start lives on
at most My + Mg wavevectors and is evolved in Fourier



15

TABLE I. Quantum constructions of the lattice Boltzmann collision and of a run under matched assumptions. The status
of each entry is derived here (D), reproduced here on the same operator and states (R) or reported in the cited work (L).
n = log, L, T the number of steps, N the number of sites, @ = Wmax/V?2, ¢ = w/[4(2 — w)] and ac the Carleman order.

population CLB,
sparse access [16]

population CLB, local
[17]

MRT-CLB, two-term
LCU [23]

MRT-CLB, coupled
block (this work)

history-state QLSA [18]

state and access amplitude,

9N + 81N?,
sparse-access oracles
L)

a = 256 with seven
ancillas (L); as = 171
(R)

collision block

6 x 107° (L); 1.5 to
3.4 x 107° (R)
[17:/a?x selection,
~ (3 x 1077 (R)

p per step

T steps with
output

amplitude, pair sector
in relative coordinates

(L)

SVD two-term LCU,
@ = Omax of the
population stage, 9.4
at w =1.5 (R)

order 1072 at N = 16
(L); 1.1 x 1072 (R)
~ (10737 (R)

amplitude, relative
coordinates, pair sector
scaled by A (D)

diagonal plus coupling,
a=1+a/X (D)

0.82 (A = 10), 0.98

(XA = 100), verified (D)
— e 2/(a®T?N),
shifted N — Neg (D)

the same, rest-shifted
g=f—-w (D)

three Halmos dilations,
a=|[IKxlz=
1+c¢/A24+ 000" (D)

0.985 (A = 10), 0.9995
A = 100), verified (D)
— e~ 1/(2¢TN), shifted

N — Neo (D)

history state of the
shifted variables over all
steps (L)

linear system, condition
number growing with
Re (L)

not step based

not step based; speedup
over classical evolution

[logy D +7,
D =9N +81N? (L)

4n + 10 plus LCU
ancillas (L)

qubits

gates per step or  O(log? N) (L) 0(Q® 4 log? N) (L)

query

4n + 14 (D)

36n?% + 204n + 12
Toffolis streaming,

bounded above by
RegD/B7 quantum query
complexity estimated
numerically as
Re!936g,, in 2D with
qM = O(ReS/s) for the
drag (L)

722 at Carleman order
10 (L)

4n + 15, plus
3(T—1)42nq +2
coherent, 2n — 1
workspace and log, M
phase qubits (D)

the same streaming,
8n + 686 collision (D)

10° to 10® per query (L)

8n + 194 collision (D)

preparation not included not included

explicit LCU for
few-mode data,
(lellz/llell)?, exact

the same, verified as
circuits with the
readout of Eq. (25) (D)

LCNU loading of
Demirdjian et al. [19],
O(aZQ?) terms (L)

amplification (D)

TABLE II. Representative cases of the observable task in the shifted encoding with the coupled-block collision and the amplified
preparation, and one case with the two-term LCU. T is the horizon at the peak of the observable, A the optimal scale, etrunc
the relative kinetic truncation error of the observable at the peak, €, the estimation precision at 95% confidence, P the joint
success probability of Eq. (21) with the shifted norms, |A| the combined amplitude of Eq. (25), M the resolution parameter of
the estimation, with M — 1 applications of Q per run, and the uses of U count applications of U or U’ over the seven runs; the
T-gate count uses the ancilla-free synthesis rule. All cases start from the linearized equilibrium of the two-mode field.

case observable T A €trunc €rel P |A| M uses of U qubits T gates

Re 28.8, 162 [Jz(1,0)] 20 7.2 1.8x1072 0.1 2.0x1073 7.2x10"% 216 92x105 121 6.5 x 10'2
Re 28.8, 322 [Jz(1,0)] 40 7.6 1.9x1072 0.1 50x10"% 38x107% 217 1.8x10% 188 2.5x 10'3
Re 28.8, 642 [Jz(1,0)] 80 7.7 1.9x1072 0.1 1.2x107% 1.9x10"% 218 37x10® 315 9.8x 10'3
Re 28.8, 322 [J1(1,2)] 77 106 2.6x1072 0.1 1.6x107% 89x10~% 216 92x 105 298 2.1 x 10'3
Re 100, 322 [Jz(1,0)] 41 13.7 22x1072 0.1 22x107% 21x107% 28 37x106 192 5.2x10'3
Re 28.8, 322 (LCU) |Jx(1,0)] 40 414 1.9x102 0.1 62x107% 42x1075 220 15x107 191 2.0 x 104

space at a cost that is independent of N at a fixed num-
ber of steps. For the linearized two-mode start the nine
initial wavevectors, the eight of the momentum field and
the rest mode, generate 35 active ones, the linear model
stays on the nine, the Fourier evolution reproduces both
observables at their horizons and the full state to 10713
of the lattice evolution, and it costs 1.4 x 107 flops for
the acoustic and 2.7 x 107 for the vortical horizon at any
lattice size. At fixed physics the number of steps to the
horizon grows with L, so the Fourier cost grows linearly
with L while the quantum count grows faster through
the streaming stage and the smaller step probability. T
gates and floating-point operations are different units,
and their ratio is not a runtime. The comparison is be-

tween the sizes of the two counts. The quantum count of
the acoustic reference case exceeds the Fourier baseline
by six orders of magnitude, the vortical one by a factor
of 8 x 10%, and the gap widens with L. Accordingly, no
quantum advantage is demonstrated for the tested few-
mode problem with any of the encodings compared here,
and the performance for more general initial data, whose
Fourier support fills the lattice and whose preparation
is a cost that this study does not evaluate [19], remains
unresolved.

Table I places the constructions under matched as-
sumptions and marks the status of every entry. The
sparse-access and the local population constructions are
evaluated on the same collision operator and the same
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(a) (b) (c)
O coupled block O coupled block lattice evolution

Ma Re w  lattice T observable X two-term LCU X two-term LCU { Fourier evolution
0.087 28.8 1.71 162 20 acoustic X o X &
0.087 28.8 1.50 322 40 acoustic o X o X ¢
0.087 28.8 120 64> 80 acoustic o X ¢
0.087 28.8 150 322 77 vortical o X o X ¢
0.087 100.0 1.82 322 41 acoustic X o X ¢
0.087 100.0 1.68 64> 82 acoustic o 0 X ¢
0.020 6.6 150 322 40 acoustic o X [o} X ¢
0.173 57.6 150 322 40 acoustic o X o X ¢

102 102 10** 10  10% 10° 10° 107 108 10° 107 108 10°

T gates

applications of Uor U floating-point operations

(classical count)

FIG. 8. Resources of the observable task at 10% estimation precision and 95% confidence for the seven acoustic cases and the
32 x 32 vortical case; the two remaining vortical cases are in the Supplemental Material. The table gives the parameters of
each case and the number of logical qubits of the coupled-block encoding, which the LCU exceeds by two to four. (a) T-gate
counts of the two encodings with the ancilla-free synthesis, a quantum count. (b) Number of applications of U or U t for the two
encodings. (c) Floating-point operation counts of the implemented classical lattice and Fourier evolutions of the same problem
to the same horizon, a classical count in a different unit; the ratio of the two counts is not a runtime.

states, the two MRT-CLB encodings differ only in the
collision block, and the history-state approach of Jen-
nings et al. [18] is listed with its reported numbers, since
it replaces the step-by-step evolution by one linear system
whose condition number grows with the Reynolds num-
ber. Its entries are statements of the quantum query com-
plexity and of an upper bound on the possible speedup
over classical evolution, not of a demonstrated speedup,
and they are not reproduced here. The per-step prob-
abilities of the population constructions are set by the
Euclidean metric of the encoding and by the density of
the population basis, in which relaxation is not a contrac-
tion, whereas in the weighted Hermite representation the
dissipation removes the relaxed non-equilibrium norm,
up to the cross term of Eq. (20), and the normalization
is set by the block structure of Theorem 1. The coupled-
block encoding changes the multi-step cost from T2 to T
in the joint probability and from 7" to v/T in the number
of applications of U, and the rest shift removes the factor
1/€ep from both. Attaining the norm of the specified en-
coded operator is a statement about that operator, not
about the optimality of the algorithm as a whole. Nei-
ther changes the comparison with the classical baselines
of the few-mode problem.

VII. GENERALITY, LIMITATIONS AND

CONCLUSIONS

For the D2Q9 lattice with MRT collision in the
weighted Hermite basis, the cost of a coherent level-2

Carleman evolution is set by the conservation and relax-
ation structure of the collision. The conserved momenta
feed the three relaxing second-order moments through
a coupling whose rows are orthogonal, so that after a
rotation of the conserved-pair slots it consists of three
2 x 2 blocks, and the norm of the scaled collision stage
is 14 ¢/A%2 + O(\7%) at fixed rate with ¢ = w/[4(2 — w)].
A block encoding built from three Halmos dilations at-
tains this norm, and its step success probability, 0.985
at A = 10 on the 4 x 4 Taylor-Green state, is verified
by statevector simulation. The dissipation itself removes
only the relaxed non-equilibrium norm, up to the cross
term of Eq. (20). The step factors telescope to the exact
complete-run probability, and optimizing the pair-sector
scale for the specified horizon converts the normalization-
selection trade-off into polynomial success scaling for the
structured encodings of this representation, whereas the
specified population constructions lose a constant fac-
tor per step on the same trajectory. The coupled block
adds a factor linear in T, with its joint probability ap-
proaching e~ /(2¢T'N) at the optimal scale for large T in
the near-rest model, and the rest-shifted encoding mul-
tiplies the number of sites by the flow fraction ¢y of the
norm. The same block structure holds on the D3Q19 and
D3Q27 lattices, with six blocks and the same coefficient,
so the statement is a property of the conserved and re-
laxing modes of a kinetic scheme whose coupling rows
are orthogonal, which is the class the theorem covers,
rather than of the two-dimensional lattice. The three-
dimensional dynamics itself was not simulated.

The dynamical scope of these results is the horizon of



a resolved, weakly compressible flow up to a fraction of
the advective time. On the two-mode flow the level-2 ve-
locity error is of order Ma? at early times and grows on
the advective time scale. At Ma = 0.087 and w = 1.5 it
is 1.4% at half the advective time, independently of the
lattice resolution at fixed Reynolds and Mach numbers,
and 5.6% after three advective times. The two nonlin-
early generated modes, the acoustic mode that the vor-
tical interaction radiates and the vortical mode that it
feeds, are reproduced at their peaks within 2 and 3% at
Ma = 0.087. At Ma = 0.173 and w = 1.9 the trunca-
tion fails within one advective time, and at Re = 100
the vortical peak lies beyond the window. The favor-
able cost and the accurate dynamics therefore coincide
on a horizon on which the observables are nonlinear, but
this horizon is short, and extending it requires the third
Carleman level at a state dimension of order N3. The
probability curves of Sec. IV extend beyond this horizon
and describe survival, not accuracy.

For the specified benchmark instances, the resource
estimate provides a complete observable-level account-
ing of the coherent Carleman route, calibrated with the
level-2 benchmark amplitudes used to set the amplitude-
estimation length. Estimating the magnitude of the
acoustic observable on the 32 x 32 lattice to 10% rel-
ative precision with 95% confidence requires 1.8 x 10°
applications of a circuit of 1.5 x 10° Toffolis and 7.9 x 10%
rotations on 188 logical qubits, 2.5 x 10'3 T gates in total
under the ledger of Appendix F, the vortical observable
2.1 x 10'3, and the counts grow with the lattice side.
The kinetic truncation error of 2 to 3% at the horizon is
a separate, classical part of the error budget. The same
few-mode problem is evolved classically in Fourier space
at a cost that does not depend on the lattice size at a
fixed number of steps, 1.4 x 107 flops for the acoustic
horizon, so no quantum advantage is demonstrated for
the tested few-mode problem with any of the encodings
compared here, and the performance for more general
initial data remains unresolved. The question of an ad-
vantage for coherent Carleman lattice Boltzmann is thus
a question about initial data whose Fourier support fills
the lattice, whose preparation is a cost this study has not
evaluated beyond the few-mode case, and about observ-
ables that remain accurate over the truncation horizon.
The present results reduce the multi-step cost by a factor
that grows with the number of steps and remove the rest-
state penalty, and they leave the preparation of generic
data and the truncation horizon as the two open costs.

Several limitations qualify these statements. The
counts exclude error correction, routing and classical con-
trol, and rest on the counting and synthesis rules stated
in Appendices D and F, which are standard decomposi-
tions rather than constructed circuits for the operations
on the moment registers and for the reflections of the es-
timation. The amplification of the preparation is verified
as circuits, the reflections and controlled powers of the
outer estimation are counted, not implemented, and the
reported fidelities are the authors’ statevector records on
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lattices of 4 x 4 sites and smaller. The estimation lengths
M and the run counts are instance-dependent resource
estimates calibrated with the benchmark amplitude |A]
of the classical level-2 calculation of the same instance.
No stopping rule for an output that is not known in ad-
vance has been implemented or costed, and the mag-
nitude, not the phase, of the Fourier coefficient is esti-
mated. The bound of Eq. (28) is loose, and a bound that
uses the dissipation of the linear part is not derived. The
accuracy window was established on one family of flows
in two dimensions without boundaries or forcing, and the
level-3 checks were limited to lattices small enough for a
dense stepper. Future work should address the prepara-
tion of generic initial data, boundaries and forcing, the
third Carleman level, and the hybrid combination with
deterministic relaxation [20], for which the block struc-
ture identified here provides the sparse representation of
the nonlinear component. For the D2Q9 scheme consid-
ered here, the cost of the coherent Carleman route is now
tied to three relaxing moments and one flow fraction, and
whether an advantage over classical evolution exists for
initial data beyond the few-mode family tested here is
not settled by the present results.
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Appendix A: Closure of the level-2 moment
hierarchy under streaming

This appendix examines whether the quadratic sector
of the moment hierarchy can be closed locally or requires
the pair array, and records the evidence that fixed the
pair-array formulation of Sec. II. A local formulation
would keep, per site, the nine moments and the three
products ¢ = JJT = (J2, J,.J,, ']5) of the conserved mo-
mentum, twelve components, because the quadratic part
of the equilibrium depends on ¢ alone and ¢ is collision
invariant. This construction closes exactly for the col-
lision step, in line with the exactness of the level-2 lift
for collision-only updates found by Itani and Succi [14]
on the D1Q3 lattice. With p = 1 inside the quadratic
term the per-site update of (m, ¢) is the linear map with
blocks C7, QB and I3, where Bgq is the quadratic part
of the equilibrium moments, and this was verified to ma-
chine precision. After streaming, the momentum at z



and the quadratic sector are

J(x,t+1)= ¢i fi(z = ci),
; (A1)

q(z,t +1) = J(z,t + 1) J(2,t + 1)7T,

a linear combination of the post-collision moments of the
nine neighbors and a bilinear form in them. To iden-
tify the terms generated by streaming, g(x,t + 1) was
expanded exactly with bookkeeping parameters for the
orders in the Mach number, in the non-equilibrium mo-
ments and in the gradient. The parameters are J = Mau,
ms = (Bq)s +Madng for the second-order moments and
myp = Mad h for the ghosts, and a factor x for every
difference between a neighbor value and the value at z.
The result has 12314 monomials in fifteen classes accord-
ing to the kinds of factors they contain. Only the class
of same-site products u,up, forty monomials, lies in the
span of the local state {m(y), q(y)}. Table III lists the
classes that enter at first order in the gradient with the
continuum form of their leading terms; the remaining ten
classes are products of two transport terms and enter at
second order.
The continuum forms are the terms of
d(JJ7T)

= 2S8ym(J 0, J"),

O = —c2Np—V-(JJ)+ V0.

(A2)

At first order in the gradient the quadratic sector evolves
by the work of the pressure gradient, of the advective flux
and of the viscous stress on the momentum flux. Each of
these terms is a product of J at one site with a difference
of a conserved or a non-conserved moment across sites,
and none has an image in the local span. The transport of
q itself is the exception. The momentum flux of the linear
equilibrium is pure pressure, so the linear transport of J
is J + O(k?) and the u - u class has no first-order term.
Accordingly, any local rule that reduces to the identity
on uniform fields transports ¢ to second order. Two such
rules were tested, the identity rule g(x,t + 1) = ¢(x) and
the stencil

q(z,t+1) = Z 3w; Sym(cic;F q(z —¢)), (A3)

the analogue of the momentum transport. On a smooth
field their residuals decrease as %% under lattice refine-
ment. For lattice-scale roughness they are first order,
with the leading first-order discrepancy given by the an-
tisymmetric part of J ® V.J.

Figure 9 shows the behavior of local schemes built on
these rules on the Kolmogorov flow of Sanavio and Succi
[15],

fi = wy [1 + A cos(2mkyy/L) ¢in

(Ad)
+ Ay cos(2rkyx /L) c; ],

with k; = 1, ky = 4 on the 32 x 32 lattice, A, = 24,/3,
and the Mach number Ma = Uy/cs with Uy = A,/3,
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so that the amplitudes A, = 0.3, A, = 0.2 of that pa-
per correspond to Ma = 0.17. The closure test uses the
amplitude reduced to Ma = 0.052 and w = 1.5. The pop-
ulation level-2 lift has e, = 8 x 10™* at ¢ = 3 compared
with 2.6 x 1072 for the linear scheme, and is five to thirty
times more accurate over the first twenty steps. The two
errors meet near the viscous time and decay together to
1.1 x 1072 after the advective time 1/(kUp) = 170. The
two local schemes have the same moment-sector update,
exact for one step, and differ only in ¢q. The identity clo-
sure retains the initial quadratic-stress contribution after
the flow has decayed, and its velocity error reaches 0.5 by
t = 300. The stencil rule diffuses the spatial variation of ¢
at the lattice rate 1/6 rather than the viscous rate, so that
within tens of steps only the lattice mean of ¢ remains,
which the stencil conserves and which exerts no force.
The scheme then reduces to the linear one, whose veloc-
ity error it reproduces to three digits at all late times. In
both schemes the quadratic sector departs from J.JT on
the viscous time scale (Fig. 9b), and the populations ac-
quire a pressure contribution that departs from the refer-
ence, ey = 0.07 to 0.5 compared with 1072 for the level-2
lift, where ey = ||F — Fiet||/||Fret — wl|| is the popula-
tion error relative to the flow part. On the Taylor-Green
vortex the pressure work and the advective flux cancel,
and only the viscous decay of ¢ remains. The velocity is
then unaffected, because the quadratic stress is a gradi-
ent, but the identity closure reaches e, = € — 1 = 6.4 at
t = 2tyisc, its undecayed value, and ey = 0.2.

The cross-site pairs contain the work terms of the mo-
mentum flux, and the pair array stays. With the full pair
array retained, the moment lift is the weighted popula-
tion lift in another orthogonal basis, 7C,7 T, and a sim-
ilarity transform of the plain population lift, with identi-
cal dynamics, identical truncation error and the same va-
lidity window of the level-2 truncation. For the w = 1.9,
Ma = 0.17 case of Sanavio and Succi [15], the level-2
velocity error grows to order unity against the decaying
reference over 300 steps on the 32 x 32 lattice, and the
moment representation shows the same behavior, as ex-
pected from the basis equivalence. The twelve local com-
ponents remain an exact collision block within the full
pair representation, and this block is where the structure
of Sec. III resides.

Appendix B: Representations of the collision stage

The rows of H are the Gram-Schmidt orthonormaliza-
tion of the monomials 1, ¢, ¢y, 2+ 612/, 2 — ci, CxCy,
2Chy Crey and cie; in the weighted inner product, so
that HWHT = I and the first three moments are p,
V3J, and v3J,. With E; = W(117 + 3CCT), C the
matrix of lattice velocities, the linear equilibrium map is
HE H ! = diag(1,1,1,0,...,0). The quadratic part of
the equilibrium, 3 (c;-J)? — 2.J-J, projects onto the trace,
the deviator and the shear moment only, which gives the

coupling block of Eq. (13) with the three orthogonal rows
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TABLE III. Classes of monomials contributing to g(x,t + 1) through first order in the gradient, with their orders in (Ma, d),
same-site and cross-site counts, and leading continuum forms. ¢’ is the post-collision non-equilibrium stress.

class  order same site cross site continuum form
u-u  (2,0) 40 126 none at first order: linear transport gives J 4+ O(x?)
reu (3,0) 28 164 2SymJ ® (—c2Vp), pressure work
u-u-u (3,0) 56 416 2SymJ ® (—V-(JJ)), advective flux
n-u o (2,1) 112 656 2SymJ ® (V-0'), stress work
h-uw (2,1) 160 832  flux of the ghost moments into J
100 (@ . 7 . (b) 7
viscous time ; | advective time H
H 1 1
| |
10-1 : = linear scheme :
| = level-2 lift ;
: === stencil closure :
5y | = identity closure o1 !
1072 i |
1 1
1
. |
N : : == stencil closure
1077 4 . | = identity closure
T T L 107! T T L

T T T T T
0 50 100 150 200 250 300
t

T T T T T
0 50 100 150 200 250 300
t

FIG. 9. The local closures depart from the pair-space reference on the viscous time scale. Kolmogorov flow of Eq. (A4) on the
32 x 32 lattice with the amplitude reduced to Ma = 0.052, w = 1.5. (a) Velocity error e, against the nonlinear reference, as a
function of the time step ¢, for the linear scheme, the level-2 population lift and the two local closures (identity and stencil);
the viscous (dotted) and advective (dashed) times are marked in both panels. (b) Error e, of the local quadratic sector against

JJT of the reference.

(1,1,0,0), (1,—1,0,0) and (0,0, 1,1) of norm /2, scaled
by ws/2. Its singular value decomposition has the natu-
ral rotation of Sec. III as right singular vectors and the
antisymmetric slot in its null space.

The diagnostics of a stage A are the row and column
sparsities s,, s. (largest number of nonzeros per row and
column, entries below 107!3 of the largest counted as
zero), the largest entry max |a;;|, the sparse-access sub-
normalization oy, = ./5,5.max|a;;| [16], the extreme
singular values, and the number of Pauli strings with
nonzero coefficient in the decomposition of A zero-padded
to 2™ x 2™, reported as a filling fraction of 4", to-
gether with the one-norm ap of the coefficients, which
is the subnormalization of a Pauli linear combination
of unitaries. The success probability of a block en-
coding with subnormalization « on a stated state 1 is

p =lA¥[*/(?[[¥]*), Eq. (8).

Table IV and Fig. 10 give the level-2 collision stage
K of the Hermite MRT scheme in these four represen-
tations on a two-site lattice. The sparsities, the entries
and the singular values are independent of the lattice
size, because the stage is block diagonal over site pairs.
The Pauli filling and the one-norm ap depend on the
binary embedding and the padding and are reported for
the two-site instance. In the population representation

with plain encoding, the construction of Sanavio et al.
[16], the level-1 block L is dense with nine nonzeros per
row, the stage has sparsities 81 and 90, the coupling @
has entries up to 2.0 at w = 1.5, and the singular values
span 0.05 to 9.4 because the Euclidean metric on popula-
tions is not the one in which relaxation is a contraction.
The weighted encoding f/+/w alone moves the singular
values into [0.25, 1.5] and reduces «; from 171 to 28.5, a
factor of six that is due to the metric. The Hermite basis
reduces the sparsity to three in rows and columns and the
largest entry to one, oy = 3, and its Pauli decomposition
fills 2.5% of all strings on two sites compared with 89% in
the population representation, with a one-norm of the co-
efficients of 16 compared with 401. The full step written
as one matrix is denser in moment space than in popu-
lation space, because streaming couples each moment to
the nine moments of nine neighbors, with s = 592 on 3 x 3
and 4 x 4 compared with 81 and 90 in population space.
The gain is confined to the factorized step of Eq. (5),
permutation streaming, orthogonal transform and sparse
collision.



population, collision stage
s, =81, sc =90, max|a| =2.00, nnz=27398

Hermite, collision stage
s, =3, sc =3, max|a| =1.00, nnz =354

Hermite, full step, one matrix
s, =64, sc =64, max|a| = 1.00, nnz=6190
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FIG. 10. Sparsity and magnitude of the level-2 collision stage on a two-site lattice (dimension 342, BGK w = 1.5) in the
population representation with plain encoding and in the weighted Hermite moment representation, and of the assembled

full-step matrix.

TABLE IV. Level-2 collision stage of the Hermite MRT
scheme for BGK relaxation at w = 1.5 in four representa-
tions, with the row and column sparsities, the largest entry,
the sparse-access subnormalization as, the extreme singular
values, and the Pauli filling and one-norm ap of the Pauli co-
efficients on the two-site lattice. The representations are the
population basis with plain and weighted encoding and the
Euclidean and Hermite moment bases with plain and weighted
encoding.

repr. Sr Sc max|a| Qs Omax Omin fll.  ap
pop., plain 81 90 2.00 171 9.39 0.052 0.89 401
pop., weighted 81 90 0.33 285 1.50 0.25 0.68 112

mom., Eucl., plain 4 9 4.50 27 9.39 0.052 0.18 190
mom., Hermite, wtd. 3 3 1.00 3 1.50 0.25 0.025 15.8

Appendix C: Proof of Theorem 1 and extensions

Under assumption (i) the level-1 block C is diagonal in
the metric with entries in [—1, 1], strictly inside (—1,1) on
the relaxing moments coupled by the quadratic term, and
the pair block C; ® C1 is diagonal with products of these
entries. Under (ii) the quadratic coupling of the lifted
collision acts from the same-site products of conserved
moments, which in relative coordinates occupy the slice
r = 0 of the pair register, into the coupled relaxing mo-
ments, and from nowhere else. The conserved-pair slots
are products of two conserved moments and are therefore
left unchanged by C; ® C;. On the subspace spanned
by the coupled moments s and the conserved-pair slots
the stage is thus the block upper triangular matrix with
diag(1l — ws) in the upper left, the identity in the lower
right and the coupling Cgjte/A in the upper right. In gen-
eral the singular value decomposition Ciite = UgutZVT
rotates the output space as well, and U,,; mixes relaxing

moments with different rates, so that no rotation of the
pair slots alone produces independent blocks. Assump-
tion (iii) states that the rows of Cy are orthogonal,
which is the same as Csitng;te being diagonal, so that
Uous is the identity up to signs and the decomposition
reads Cyire = RV with V orthogonal on the pair slots
and ¥ the matrix of singular values o5 on the diagonal.
Rotating the pair slots by W,, = V7T leaves the iden-
tity block unchanged and turns the coupling into /A,
so that on this subspace the matrix is the direct sum of
the blocks By of Eq. (15) over the coupled moments and
of the identity on the remaining conserved-pair slots. On
the rest of the lifted state the stage remains the diagonal
of assumption (i), with entries 1 —w, and their products,
not the identity. For D2Q9 the singular vectors are the
natural rotation stated after the theorem, because the
three rows of Eq. (13) are orthogonal with norm ws/v/2,
and the antisymmetric slot spans the null space. As-
sumption (iv) is used only to make the norm ratio of a
step equal to that of the collision stage, so that Eq. (21)
telescopes. The norm of a direct sum is the largest norm
of its summands, which proves [|[KCy||2 = maxs omax(Bs)
since the diagonal entries have modulus at most one and
Umax(Bs) > 1.

With p = 1 — ws and ¢ = o5/ the largest singular
value of By is

142+ o2 T+ 02 + a2)2 — 42
2 = +p?+q +\/(2+p +¢?) 2o

whose series in ¢ at fixed [p| < 1 is even, opax

1+ ¢*/[2(1 = p*)] + q'ci(p) + O(¢°). This gives ¢, =
02 /[2ws(2 — wy)], which for oy = w,/v/2 is Eq. (17), and
substituting p = 1 — w and ¢® = w?/(2)?) in the next
term gives the fourth-order coefficient ¢y = —w(3w? —
6w+4)/[32(2—w)3] of || i ll2 = 14+¢/A2 44 /A1 +O(X76).



The expansion to second order matches the exact norm
to 6 x 107° at A = 10 and 7 x 1072 at A = 100 for
w =1.5. At A =10 it gives 1.048 against the exact 1.036
for w = 1.9, and 1.098 against 1.051 for w = 1.95, because
¢ diverges as w — 2. At the endpoint p = —1, that is
ws = 2, the square root in Eq. (C1) equals g1/4 4 ¢? and
is not analytic in ¢2, so that opmax = 1+ ¢/2+ O(¢?) and
the largest singular value acquires an O(1/)\) correction.
The expansion of Eq. (16) therefore requires the strict
contractivity |1 — ws| < 1 of assumption (i) on the cou-
pled relaxing moments and is not uniform as ws — 27.
All costs of the main text use the exact singular value.
The quadratic order of the correction does not depend on
assumption (iii). For a strictly contractive diagonal re-
laxing block D and an arbitrary coupling C/\ from the
conserved slots, the largest singular value of the stage
is 1+ ||CT(I — D?)71C|]2/(2A?) + O(A~*), of which the
expansion above is the scalar case, verified numerically
for random contractive D and non-orthogonal C. As-
sumption (iii) turns this generic spectral-gap scaling into
the exact direct sum, the attained norm and the three-
dilation circuit.

For the three-dimensional lattices the same construc-
tion from the monomials up to fourth order gives six
second-order moments 2, 322 —r2, y2—22, zy, yz and zz,
and the coupling matrix from the six symmetric products
of the momentum components, taken in the orthonormal

directions |aa) and (|ab) + |ba))/v/2 on which a prod-
uct state has coordinates m2 and /2 mMeMyp, into these

moments has six orthogonal rows of norm wg/ V2 in the
ordered pair space, verified numerically for D3Q19 and
D3Q27. The coupling from products involving a non-
conserved moment vanishes to 1.5 x 107'° on D3Q19 and
3 x 10716 on D3Q27. Assumption (iii) therefore holds
there, the corollary follows from the same argument,
and the norm of the scaled stage, 1.504861, 1.076738,
1.007436, 1.000833 and 1.000075 at A =1, 3, 10, 30 and
100 for w = 1.5, coincides on the three lattices to six
digits.

Appendix D: Quantum construction

Registers and stages. The register layout follows
the relative-coordinate encoding of Bastida Zamora
et al. [17]. The pair sector is stored as ¥[x,i,7,j] =
AX([(x,7), (x+7,7)] and the level-1 sector in the padding
slot j = 15 of the second moment register with r = 0, so
that no level qubit is needed. The registers are the site
x and the relative position r, 2n qubits each, two mo-
ment registers of four qubits and the ancillas. One step
consists of the orthogonal transform (U @ I7) @ (U & I7)
on the moment registers, the collision stage, the inverse
transform and the streaming x <= x +¢;, r < r+¢j —¢;
by controlled incrementers, at 36n2 4+ 204n + 12 Toffolis.
Algorithm 1 lists the stages of the coherent protocol, and
Fig. 11 shows the Toffolis per step against the lattice side
for the streaming stage, the two collision stages and the
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Algorithm 1: Coherent MRT-CLB protocol on
the site register z, the relative-position register r,
the moment registers m; and ms, the
preparation ancillas and the encoding ancillas
(a1, az,b) of each step. Gate counts (right) are
Toffolis for L = 2™ unless stated otherwise; k is
the number of amplification rounds of the
preparation and Ny the number of uses of U.

[y

Preparation Upep: ¥z, 1,0, 15] < go[z, ] by a linear
combination of M unitaries;
Ylx, i, 7, j] < Agolz,i] go[x + r, j] by a second copy on
the pair branch; exact amplification with 2k 4 1
preparation circuits 4.7 x 10* for the task
fort=1to T do
3 Transform (U @ I7) ® (U ® I7) on m1, ma 200
CNOT
4 Collision flags f (slice r = 0), g, h1, h2; rotation
W, of the conserved-pair slots; three Halmos
dilations of Bs/a with the fresh ancilla by;

N

diagonal on (a1,t, a2, ); wr 8n + 686
5 Inverse transform on mi, mas 200 CNOT
6 Streaming z <z +c¢i, r < r+c¢; — ¢

36n% + 204n 4 12
7 end
8 Output recovery amplitude estimation of |A| with

Q=-USU'S,, S, = VSV with V the
reference-state preparation, both reflections
controlled by the phase register; median of r runs
Ny = r(2M — 1) applications of U, Ut

coupled-block total, with the tally of the complete 4 x 4
LCU circuit, 774 Toffolis, reproduced by the sum of the
streaming and collision formulas. Streaming dominates
from L = 8 onward and sets the O(log® N) scaling of the
step.

Collision stage. The coupled-block collision stage con-
sists of the flag f of the slice r = 0, computed and un-
computed by a 2n-controlled X; three flags g, h1, ho that
mark the padding slot and the conserved moments of
the two registers, computed from the moment registers
by two-level operations and uncomputed before any op-
eration that moves amplitude between moments, since a
flag computed from a register that is later modified would
otherwise remain entangled with the wrong branch; two
uniformly controlled rotations of the ancillas a; and ag
that block encode the diagonal entries of modulus at most
one; the rotation W, on the four conserved-pair slots of
the slice, controlled by f; three Halmos dilations of B/«
on the pairs {(s, 15), us } of the two moment registers with
the ancilla b, controlled by f; a rotation of the ancilla for
the decoupled antisymmetric slot; and W,I. The uniform
normalization of Eq. (19) is realized in the implemented
circuit as follows. The rotation of a; is controlled by f,
g, ho and the first moment register, that of as by f, hy
and the second moment register. On a pair slot (4, )
that no block handles, the two rotations leave the am-
plitudes d;//a and d;/y/a on a; = 0 and ap = 0, with
d; the entry of C; for moment ¢, so that the slot carries



d;d;/c; this includes the conserved-pair slots at r # 0,
where d; = d; = 1 gives 1/c, and the six unused moment
values of each register, where d; = 0. On the level-1
slots (7,15) the rotation of ay leaves d;/a and that of
as leaves the amplitude unchanged, so that the level-1
sector carries C/a in one factor. The coupled output
slots (s, 15) of the three coupled moments and the four
conserved-pair slots of the slice r = 0 are left with ampli-
tude one by both rotations, so that they are not rescaled
a second time, and their normalization is applied once,
by the dilations of By/a on the pairs {(s, 15), us} and by
the rotation of b by 2 arccos(1/«a) on the decoupled anti-
symmetric slot u, (the slots (s,15) at r # 0, which the
state never occupies, keep amplitude one). Every sector
of the stage therefore carries the single factor 1/«, and
the block of the assembled stage on a3 = as = b = 0
is K /a on the encoded physical subspace, the subspace
occupied by the state. The count is 4(2n — 1) Toffolis
for the flag f, 60 for the moment flags, 72 for W,, and
its inverse, at most 540 for the three dilations at ten
two-level operations each and 18 for the antisymmetric
slot, in total 8n 4 686 Toffolis under the counting rules
below, 192 CNOT from the two uniformly controlled ro-
tations and 218 rotations, 197 about a fixed axis and 21
generic single-qubit gates, that is 260 z-rotations, against
8n + 194 Toffolis for the LCU stage. The qubit count of
the step register is 4n + 15.

Preparation. The preparation of 1 (0) for a few-mode
field proceeds as follows. The coefficients of the level-1
state are ¢k = V3N J, (k) on the M nonzero wavevec-
tors and velocity components, PREP loads /|em|/lcll1
on the ancillas, SELECT writes the basis state |ky, ky)
into the site register by multi-controlled X gates, the
phase of ¢, by a multi-controlled phase on the ancillas
and the velocity vector |v,) on the moment register by
a state preparation controlled on the component ancilla,
two quantum Fourier transforms turn the basis states
into plane waves, and PREP' followed by postselection
gives |g) with probability p; = (||c/l2/]lc||1)?. A branch
ancilla rotated by 6 = 2arctan[M||g|4//p1] selects the
pair branch, on which a second copy of the preparation
writes |g) into the second register in absolute coordinates
and a modular subtraction r <— r — 2z brings it into rela-
tive coordinates, while the level-1 branch sets the second
register to (r = 0,j = 15); the branch ancilla is uncom-
puted from the padding flag. The compensation of 6 by
1/,/p1 makes the postselected state exactly 15(0) with
success Porep = p1([lgl* + A[lgl1*)/(llgl* + Alg]|*/p1)-
The second copy uses its own set of n, = [logy M| LCU
ancillas, because after the first copy the shared ancillas
are entangled with its failure branch.

Ezxact amplification of the preparation. With sin? 0, =
Porep the good weight after k& rounds of @ =
~UprepSoU e Seooa is sin®[(2k + 1)6,] [26]. Exactness

prep
is obtained with one auxiliary qubit rotated by S with

cos(3/2) = \/ P’/ Pyrep before the preparation, which re-
duces the good weight to P’ = sin? @', §' = 7/[2(2k +1)],
for the smallest k& with 6/ < 6, that is k = [7/(460,) —
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1/2]. The good subspace includes the auxiliary qubit in
|0), and after k rounds the good weight is exactly one and
the good branch is exactly 1,(0). On the 2 x 2 lattice
(Pprep = 0.4295, k = 1, P" = 0.250) the statevector after
one round has good weight 1 — 4 x 10~'* and fidelity one
with 1, (0) when the reflections are applied to the exact
statevector, and good weight 1 — 2 x 10713 at fidelity
one when the two reflections are built as multi-controlled
phase gates on the 16-qubit preparation register and the
whole amplified preparation is run as one circuit (Sup-
plemental Material). For the task, Pprep = 4.3 X 1073
gives k = 12, 25 preparation circuits and 12 pairs of re-
flections on the preparation register of 4n + 8 + 2n, + 2
qubits, 4.7 x 10* Toffolis and 1.1 x 10* z-rotations against
1734 and 429 for one preparation. The number of appli-
cations of U then depends on the combined amplitude
alone, and without this amplification it would be larger

by 1/+/Pprep = 15.

Registers of the estimation, reflections and readout.
In the coherent protocol each step uses a fresh triple
(a1,a2,b), so that 3(T — 1) ancillas are added to the
step register, and the preparation adds the branch an-
cilla, the two LCU ancilla sets and the auxiliary qubit,
so that U acts on ¢ = 4n + 15 + 3(T — 1) + 2n, + 2
qubits, 162 for the acoustic task on 32 x 32. The multi-
controlled gates of the step and of the preparation are
counted with an AND chain into clean workspace qubits.
The flag of the slice » = 0 on 2n controls needs 2n — 1,
and the two-level operations and the controlled rotation
of the collision stage, on nine controls, need eight. The
latter act while the three moment flags are uncomputed,
so that a pool of 2n — 1 clean qubits together with these
flags supplies the workspace for every lattice of the re-
source tables, and this pool is part of the register. The
amplitude estimation adds m = logy M phase qubits, so
that the estimation runs on g + 2n — 1 + m qubits, 188
for the acoustic and 298 for the vortical task. The reflec-
tion about |0) of @ acts on the ¢ qubits of U and carries
the control of the phase register. It is a g-controlled Z,
counted with one workspace qubit in any state, taken
from the pool, at 8(¢ — 3) Toffolis. The reflection about
the reference product state is S, = VSoVt, where V
writes the wavevector into the site register by X gates,
applies the two n-qubit quantum Fourier transforms that
turn it into the plane wave e**®, prepares the real veloc-
ity vector |v,) on the moment register and sets the level-1
slot (r = 0,5 = 15) by X gates; V and V' need no con-
trol because they cancel on the branch that skips the
reflection. The transverse observable uses the combina-
tion of the two reference states as its |v,). The readout
is the estimate of |A| of Eq. (25) and the classical recov-
ery |J] = csa[¥x(0)]|4|Al/v/N. The two-step protocol
on the 2 x 2 lattice at A\ = 3 uses 25 qubits and is veri-
fied in the same way as the one-step protocol of Sec. IV,
and the one-step protocol with the amplified preparation
built as circuits uses 23 qubits. The numbers are listed
in the Supplemental Material. The two-step evolution
factor P.yo1 = 0.2045 is small because the 2 x 2 lattice



at kK = m generates non-equilibrium norm at the lattice
scale in every step.

Counting rules. The counts rest on standard decompo-
sitions rather than on circuits constructed gate by gate,
and they are constructive upper bounds under the stated
decompositions rather than minimal gate counts, applied
with one convention to every stage. A k-controlled X or
phase gate with k& > 2 is 2(k — 1) Toffolis of an AND
chain into k£ — 1 clean workspace qubits plus the singly
controlled base gate, a CNOT or a controlled phase at
2 CNOT and 3 z-rotations [29]; where the register does
not supply the clean workspace, the reflections on the full
register, a k-controlled gate is 8(k — 3) Toffolis with one
workspace qubit in any state, Corollary 7.4 of Barenco
et al. [29]. A two-level operation on the eight moment
qubits controlled by one flag is budgeted at 18 Toffolis, an
upper bound under the AND-chain rule; a uniformly con-
trolled rotation on m controls is 2 CNOT and 2™ rota-
tions, and a real state on m qubits is prepared with 2™ —2
CNOT and 2™ —1 rotations [30]; a generic four-qubit uni-
tary is at most 100 CNOT and 120 generic single-qubit
gates and the Halmos dilation of a 2 x 2 block on two
moment basis states and one ancilla at most ten two-
level operations, three CNOT-type and seven of generic
single-qubit type [31]; a controlled generic single-qubit
gate is 2 CNOT, three generic single-qubit gates and one
fixed-axis rotation [29]; an n-bit modular subtractor is 2n
Toffolis [32], and its form controlled by the branch ancilla,
r < r— (a A x), computes a A x into n pool qubits and
uncomputes it, 4n Toffolis. Rotations are counted as z-
rotations to be synthesized: a rotation about a fixed axis,
a controlled-phase angle or a uniformly controlled Ry is
one, and a generic single-qubit gate is three, its Euler de-
composition with the Y rotation Clifford-conjugate to a Z
rotation. With these rules the transforms of one step cost
400 CNOT and 480 generic single-qubit gates, 1440 z-
rotations, the coupled-block collision stage 8n + 686 Tof-
folis, 192 CNOT and 260 z-rotations, the two-term LCU
stage 8n+ 194 Toffolis, 66 CNOT and 69 z-rotations, and
one preparation of ¢ (0) for the 16-term field on 32 x 32
costs 1734 Toffolis, 296 CNOT and 429 z-rotations: the
92 set bits of the wavevectors of the two copies written
by 4- and 5-controlled X gates, the 16 phases, the two
PREP pairs, the two velocity-vector preparations con-
trolled on the component ancilla and, in the second copy,
on the branch ancilla, the two quantum Fourier trans-
forms per copy, the two controlled subtractors and the
branch logic. The CNOT figures count the uniformly
controlled rotations, the state preparations and the con-
trolled phases; the base CNOT of each multi-controlled
X gate and the basis changes of the two-level operations
are Clifford gates that are not tallied and do not en-
ter the T-gate total. The velocity-vector preparation is
counted as the controlled real-state preparation of |vg),
14 CNOT and 15 Ry with every gate controlled; the stat-
evector checks implement it as a unitary completed from
that first column, whose action on |0) is the same. The
statevector simulations verify the operators the circuits
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FIG. 11. Toffolis per step against the lattice side for the

streaming stage, the two-term LCU collision stage of the ear-
lier circuit, the coupled-block collision stage and the total of
the coupled-block step. The cross is the tally of the complete
4 x 4 LCU circuit, 774 Toffolis, which equals the sum of its
streaming and collision counts. Streaming dominates from
L = 8 onward and sets the O(log? N) scaling.

implement, not these counts, which apply the rules to
the operator list of each stage.

Appendix E: Validation and error analysis

Error definitions. Errors of a truncated evolution
against the nonlinear LB reference started from the same
state are measured on the velocity by e, of Eq. (9), on
the populations by ey = ||[F — Fret||/|| Fret — w|| relative
to the flow part, on individual Fourier modes by the rel-
ative error of the mode at its peak (Sec. V), and, for
the comparison with Sanavio and Succi [15], by their
metric (RMSE) = %Zq €g with ¢, = [N~! Zx((f}B —
quL)/f(?B)Q]l/Q, a relative population error averaged over
the nine velocities. All norms are Euclidean over the lat-
tice.

Calibration against the published level-2 results. Fig-
ure 12 compares the level-2 lift with the LB reference
on the Kolmogorov cases of Sanavio and Succi [15] on
the 32 x 32 lattice. The reference implements the equi-
librium of that work, which divides by the local density,
rather than the quadratic equilibrium of Eq. (1) used else-
where in this paper, and the lift is built from the exactly
quadratic map. For the shear wave A, = 0.3, 4, =0
(their Fig. 2) at w = 1.5 and 1.9 the lift reproduces the
reference to machine precision, (RMSE) below 10713 over
500 steps, because a shear wave keeps the density uniform
and the streamed quadratic term carries no momentum.
For the nonlinear case A, = 0.3, A, = 0.2, k, = 4 (their
Fig. 3) at w = 1.5, (RMSE) rises to 4.7 x 1072 at ¢ = 40,
is 1.3 x 1072 at t = 100 and decays to 4.5 x 1074 at
t = 500 as the flow decays. At ¢t = 100 the error grows
with w, (RMSE) = 1.1 x 1074, 4.9 x 1074, 1.3 x 1072,



7.3x1072 and 0.29 at w = 1.0, 1.2, 1.5, 1.7 and 1.9, with
ew = 1.4 x 1073, 4.4 x 1073, 9.5 x 1072, 0.48 and 1.6,
the last value being the loss of accuracy at w = 1.9 and
Ma = 0.17 noted in Appendix A.

Truncation order and hydrodynamic discretization er-
ror. Two errors of different origin enter the accuracy
statements of Sec. V. The first is the truncation error of
the Carleman lift against the kinetic reference, the LB
scheme itself, which is the error the quantum evolution
carries. Figure 13(a) shows the absolute population er-
ror ||F — Fit|| after two steps of the Taylor-Green vortex
against the Mach number on 5 x 5 and 8 x 8 lattices for
the MRT rates 1.3/1.6/1.1/1.8, with fitted slopes 3.00
and 3.00 at level 2 and 3.99 at level 3, so that relative
to the flow amplitude, itself of order Ma, the early-time
error is of order Ma? at level 2 and Ma® at level 3 on
these lattices, in agreement with the Ma?? scaling of the
relative error along the two-mode runs found below and
with the level-3 check on the 6 x 6 lattice of Sec. V. The
4 x 4 check of that section shows the steeper Ma? scal-
ing of the velocity error at level 3. The second is the
discretization error of the LB reference itself against the
Navier-Stokes solution, which the quantum algorithm in-
herits from the scheme and cannot reduce. Figure 13(b)
shows the relative error of the measured viscosity, from
the decay of the kinetic energy of the Taylor-Green vor-
tex at Uy = 0.01 as exp(—4vk?t), against the lattice
side: 1.3 x 1072, 3.2 x 1073 and 7.8 x 10~* at w = 1.0,
1.3 x 1073, 3.3 x 107% and 6.6 x 107° at w = 1.5, and
4.4 %1073, 1.1 x 1072 and 2.5 x 10~* for the MRT rates
1.2/1.6/1.1/1.8 on L = 16, 32 and 64, second order in
the lattice spacing and identical in the Gram-Schmidt
and Hermite bases to a relative difference below 10~7.
On the 32 x 32 lattice at w = 1.5 this hydrodynamic er-
ror, 3 x 1074, is far below the level-2 truncation error of
the observables at the horizon, 1 to 3%, so the accuracy
window of Sec. V is set by the Carleman truncation and
not by the lattice resolution.

Error recurrence along the reference run. Equa-
tion (28) was evaluated along the two-mode runs on
32 x 32 at w = 1.5 and the three Mach numbers for 300
steps, with the quadratic-equilibrium start of Sec. V. The
two parts of the source, Q(e;®(Frot—w))+Q((G—w)®ey)
from the error itself and the same expression with dy
from the nonlinear correction, add up to S; to 10712, At
Ma = 0.087 the part from d; exceeds the part from e; by a
factorof 18 at t = 2, 3.2 att = 10, 5.9 at t = 40 and 4.5 at
t = 100, at Ma = 0.020 by 77 to 14, and at Ma = 0.173
by 8.9 to 1.7 over the same steps. The smallest ratios
over the full runs are 2.0, 8.2 and 1.1. The relative error
lletllg/ | Fret — wllg is 3.6 x 1073, 1.2 x 1072, 1.7 x 102
and 5.6 x 1072 at t = 2, 10, 40 and 300 for Ma = 0.087,
and scales as Ma®? between the three Mach numbers at
t = 2. The summed bound ), _, [|Sk|ly exceeds [es|q
by 5.5, 24, 42 and 120 at ¢ = 10, 40, 100 and 300, at
every Mach number alike, so the triangle inequality on
the homogeneous part discards the dissipation that the
actual error experiences. The ratio ||S¢||q/(||0¢]4]/How]|g)
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lies between 0.010 and 0.068 on all three runs, against
the generic bound 2||Q||, = 2.12, because the momentum
products that ( maps into the second-order moments are
a small part of the populations. The step-by-step values
are tabulated in the Supplemental Material.

Appendix F: Resource derivations and classical
comparisons

Ledger. Table V lists the ledger of the two refer-
ence cases. For each case of Table II the horizon T is
the specified step, the scale A maximizes the near-rest
model with Neg in place of N, «a is the exact norm
of the scaled collision stage at that A, the joint prob-
ability is P = (lg(T)[2/llg0]%) a7 /(1 + A2Neo) with
the norm ratio from the shifted trajectory started from
the prepared linearized state, and the combined ampli-
tude |A[ follows from Eq. (25) with [|go]|2 = Neo and
|J| from the level-2 lift at the horizon. The two routes
VN|J|/(csaT|[92(0)]4) and v/Pla| agree to 10716, The
resolution parameter M of a run is the smallest power of
two satisfying Eq. (26), the number of runs is r = 7, and
each run applies U once and @ a further M — 1 times,
with the Fourier transform pair on the phase register,
m(m — 1) controlled phases. The preparation success
Pyrep of Appendix D with p; = 0.0658 for the 16-term
field is amplified exactly in k = [7/(46,) — 1/2] rounds
inside every application of U. The categories of the ledger
are I for operations implemented as circuits and verified
by statevector simulation, on lattices of 4 x 4 sites and
smaller, A for operations counted analytically from their
operator lists with the rules of Appendix D, and S for
the leading-order synthesis estimate. The T-gate total is
seven per Toffoli plus the z-rotations of the r runs times
3log,(1/6,) [27], with &, = 0.1€r01|A|/Rrun and Ry the
rotations of one run, so that the synthesis errors of one
run, added in operator norm, are a tenth of the amplitude
precision. The conditional repeat-until-success line uses
1.1510g5(1/4,) + 9.2 T gates per rotation in expectation
[28] and requires one ancilla and a mid-circuit measure-
ment with feed-forward per rotation inside the coherent
estimation circuit. The incoherent alternative measures
the projector onto the reference product state after each
U |0), a Bernoulli variable with mean |A|?, and needs
1.962(1—|A?)/(4€%| A|?) samples for the same precision
and confidence in the normal approximation of the bino-
mial sample. In both estimators M, r and the sample
size are set from the benchmark amplitude |A| of the
classical level-2 calculation of the instance; the ledger is
an instance-dependent resource estimate calibrated with
that amplitude, and no stopping rule for an unknown
output is costed. The counts exclude error correction,
routing and classical control.

Classical comparisons. The factorized level-2 evolu-
tion keeps the pair sector as the product G(t) ® G(t) of
Eq. (6) and advances F' and G with two matrix-vector
products of the per-site 9 x 9 collision matrix, the local
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quadratic term and the streaming permutation. Its oper-
ation count is derived from the implemented stepper with
the structural zeros of the collision matrices skipped: per
step N (2 - 81 4 496) real multiply-adds, the 81 nonzeros
of the collision matrix in each of the two products and
the 496 nonzeros of the 9 x 81 quadratic map, that is
1316 flops at two flops per multiply-add (the dense im-
plementation executes 729 multiply-adds per site for the
quadratic term instead of 496). In Fourier space every
wavevector evolves independently under the 9 x 9 matrix
of the per-site collision followed by the streaming phase,
and the quadratic term at wavevector k is the sum over
pairs of modes of G with ki + ko = k; per step the im-
plemented stepper performs |G|? - 496 complex multiply-
adds for the quadratic term and 81 + 9 per active mode
of F' and of G for the collision and the phase, at eight
flops per complex multiply-add. From the linearized two-

mode start the nine initial wavevectors, the eight of the
momentum field and the rest mode, stay the support of
G, and F occupies 35 wavevectors from the first step
onward. The Fourier evolution reproduces |J,(1,0)| at
T =40 and |J, (1,2)] at T = 77 to 5 x 10715 of the lat-
tice values, which are the values of Table II, and the full
state to 4 x 1074 of the flow norm at T = 77. The flop
counts of Table II and Fig. 8 are 1316 NT for the lattice
evolution and the summed per-step count of the Fourier
evolution over the same 7', 5.4 x 107 and 1.4 x 107 for the
acoustic reference case and 1.0 x 108 and 2.7 x 107 for the
vortical one. From the quadratic-equilibrium start of the
accuracy study the initial support is 35 wavevectors and
the active support 137, and the Fourier evolution agrees
with the lattice evolution to 3 x 107! of the flow norm
over the 300, 600 and 1200 steps of the runs on 322, 642
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TABLE V. Resource ledger of the two 32 x 32 reference cases at Ma = 0.087, w = 1.5, coupled-block encoding, €;e; = 0.1,
95% confidence. Category I: implemented as circuits and verified by statevector simulation on lattices up to 4 x 4; A: counted
analytically from the operator list with the rules of Appendix D; S: leading-order synthesis estimate. Rotations are z-rotations

to be synthesized.

item

category acoustic, T" = 40

vortical, T = 77

nputs

horizon T, scale A, a

1¥x(O)lg, 1] at T, |A]

M (Eq. 26; unrounded), m, runs r

qubits: register, workspace, phase, total
per application of U (Toffoli, z-rotations)

40, 7.59, 1.01281
55.5, 6.29 x 10~4, 3.78 x 10~*
217 (9.1 x 10%), 17, 7

162, 9, 17, 188

77, 10.64, 1.00658
77.7,2.07 x 1073, 8.93 x 10~*
216 (3.9 x 10%), 16, 7

273, 9, 16, 298

T steps: streaming, collision, transforms I, A 77280, 29040, 16000 CNOT; 148764, 55902, 30800 CNOT;
68000 rotations 130900 rotations

one preparation Uprep I, A 1734, 429 1734, 429

amplified preparation (2k + 1 circuits, k I, A 46806, 10750 46806, 10750

reflection pairs)

total per application of U A 153126, 78750 251472, 141650

per application of Q

reflection about |0) on the register, con- A 1272, 0 2160, 0

trolled (each of two)

reference-state preparation V (each of two) A 0, 75 0, 75

total per application of Q A 308796, 157650 507264, 283450

totals

per run (U, M — 1 applications of Q, QFT A 4.05 x 10'°, 2.07 x 10*° 3.32 x 10'°, 1.86 x 10*°

pair)

over r runs: Toffolis, z-rotations, applica- A 2.83x 10, 1.45%10%!, 1.84%x10% 2.33x10'%, 1.30x 10!, 9.17x 10°

tions of U or Ut

synthesis: ,., T per rotation (RS) S 1.8 x 10716 157 4.8 x 10716 153

T gates: from Toffolis, from rotations, to- S 2.0 x 1012, 2.3 x 10'3, 2.5 x 10'® 1.6 x 10'2, 2.0 x 10'3, 2.1 x 10'3

tal

conditional RUS synthesis: T per rotation, S, cond. 69, 1.2 x 103 68, 1.0 x 103

total

incoherent repetitions; applications with- A 6.7 x 10%; 2.8 x 107 1.2 x 108; 1.4 x 107

out amplified preparation

classical flops to the horizon: lattice, A 5.4 x 107, 1.4 x 107 (35) 1.0 x 108, 2.7 x 107 (35)

Fourier (support)

and 1282. The Fourier cost is independent of the lattice
size at a fixed number of steps and a fixed Fourier sup-
port. At fixed physics the horizon grows with L, so the

Fourier cost grows linearly with L. T gates and floating-
point operations are different units, and the comparison
states the two counts side by side without a conversion.
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Supplemental Material

This Supplemental Material collects the catalogs,
records and sweeps behind the figures and tables of the
main text: the parameters and the accuracy window of
every two-mode run, the statevector records of every cir-
cuit check, the step-by-step statistics of the error recur-
rence, the full resource sweep, and the manifest that links
every figure and table to the script and data file that pro-
duce it. Definitions, derivations and counting rules are
in the appendices of the main text.

S1. PARAMETERS OF THE TWO-MODE RUNS

Table S1 lists every run of the accuracy study of Sec. V
of the main text (quadratic-equilibrium start): the lat-
tice side, the velocity amplitude Uy, the Mach num-
ber, the relaxation rates, the viscosity, the Reynolds
number Re = UpL/v, the wavenumber x = 27/L,
the advective time t,qyv = 1/(kUp), the viscous time
tyise = 1/(2vk?) of the (1,41) modes, the number of
steps and the initial excess norm e = |Fp|2/N —
1. The three fixed-physics series keep Ma = 0.087
and Re = 28.8 or 100 while the lattice side doubles,
with the rate chosen so that v o« L. The seven re-
source cases of Sec. VI of the main text are the runs
ref28_L16, ref28_1.32, ref28_1.64, ref100_L32, ref100_L64,
L32_U0.0115_w1.5 and L32_U0.1_w1.5 started from the
linearized equilibrium of Sec. IT of the main text instead,
with the same parameters.

S2. ACCURACY WINDOW OF THE
TWO-MODE RUNS

Table S2 lists, for every run of Table S1, the first step at
which the level-2 velocity error exceeds 1072, the error
at a quarter and a half of the advective time, and the
relative error of |J(1,0)| at the peak of the reference.
The level-3 spot checks on 4 x 4 and 6 x 6 use a dense
stepper of the full three-level lift at w = 1.5; the level-2
error at t = 2 scales as Ma®"? and Ma?"? and the level-3
error as Ma*% and Ma*°! on the two lattices, and at
Ma = 0.173 the level-2 error first exceeds 1072 at t = 4
and t = 2 while the level-3 error stays below 10~2 over
the 30 and 40 steps of the runs.

S3. STATEVECTOR RECORDS

Table S3 lists the statevector checks of the coupled-
block collision circuit on the 4 x 4 lattice, of the
preparation circuit of the few-mode state, of its ex-
act amplification, of the coherent protocol on the 2 x
2 lattice, and of the norm-free readout identity of
Sec. IV of the main text. The predicted step prob-
ability is ry/a? from the classical scaled state, the
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predicted preparation success is (|/c||2/||c||1)? for the
level-1 state and pi1([lgll* + A%gll*)/(Ig]* + A*[lgl|*/p1)
for the full state with the compensated branch angle,
the predicted weights of the protocol are PprepPevol
with Peor = [[,7¢/a? and sin®30 after one round
with sinf = /PprepPevol- The predicted read-
out amplitude, the overlap of U |0) with the prod-
uct of the reference state |¢4(k)), the level-1 slot and
the zero ancillas, is \/Pyrep Pevot VN Ja (k) / (cs[10a(T)||4)
from the classical state, which equals the norm-free form
/Porep VN Jo(k; T) / (csa™ |2 (0)]]4) of the main text to
3x 1071 on all eight recorded amplitudes (the rows with
the unamplified preparation). The last four rows are the
run of the exactly amplified preparation, with the auxil-
iary rotation and the two reflections of the amplification
round built as multi-controlled phase gates, followed by
one coupled-block step on 23 qubits: the amplified prepa-
ration alone has good weight 1 —2 x 10713 at fidelity one
with 9, (0), the chain U |0) has the good weight Py with
no preparation factor, and its amplitudes on the refer-
ence product states equal VN J,(k;1)/(csawa(0)]|y) to
107, up to the global sign of the amplification round,
which amplitude estimation does not see. On the 2 x 2
lattice the product wavevector (1,1) carries no momen-
tum because the discrete divergence of a stress mode
at the Nyquist wavevector vanishes, so the two initial
wavevectors are used. The fidelities and amplitudes are
the authors’ statevector records (qiskit-aer, exact stat-
evector method; the step unitaries are applied as native
operators and only the preparation is decomposed into
gates). On the 2 x 2 lattice the two-mode field of the
main text vanishes (k = 7), and the protocol uses the
field J, = Upcosmy, J, = 0.6Uycosmx with Uy = 0.05
instead.

Table S4 reproduces the verification record of the two-
term LCU circuit of the preliminary version of this work
(Yao and Succi, Zenodo, doi 10.5281/zenodo.22714041)
on the same 4 x 4 lattice (22 qubits, Taylor-Green flow
at Ma = 0.17). Its values coincide with five of the six
crosses of Fig. 5(a) of the main text (the A = 3 value
there is computed from the classical state only) and with
the LCU rows of Fig. 2 of the main text. After k steps the
postselected state equals C’/{w/ak to 1073 in both sec-
tors, and the measured success of each step equals ry /a?
from the classical state to four digits. The value 0.80
at the second step has a physical origin. On this coarse
lattice, kK = m/2, the linear evolution generates 1.3% of
non-equilibrium norm in one step, of which 1.0% is in the
deviator; at w = 1.5 the level-1 sector relaxes three quar-
ters of this norm and the pair sector twice that, 2.0%,
which with o = 1.106 gives the measured 0.80. The
coupled-block circuit on the same states reaches 0.985
and 0.966 at A = 10 (Table S3), because its subnormal-
ization is 1 + ¢/A? rather than 1+ a/\.
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TABLE S1. Parameters of the two-mode runs.

run L Uy Ma rates wy /we/wq/we v Re K tadv tvisc steps €0

L32_U0.0115_w1 32 0.0115 0.020 1 0.1667 2.2 0.1963 443 78 300 3.8 x107*
L32_U0.0115_w1.5 32 0.0115 0.020 1.5 0.0556 6.6 0.1963 443 233 300 3.8 x 107*
L32_.U0.0115_w1.9 32 0.0115 0.020 1.9 0.0088 42.0 0.1963 443 1478 300 3.8 x 107*
L32_U0.05_w1 32 0.05 0.087 1 0.1667 9.6 0.1963 102 78 300 7.2x1073
L32_U0.05_w1.5 32 0.05 0.087 1.5 0.0556 28.8 0.1963 102 233 300 7.2x1073
L32_U0.05_w1.9 32 0.05 0.087 1.9 0.0088 182.4 0.1963 102 1478 300 7.2x 1073
L32_U0.05_-MRT 32 0.05 0.087 1.3/1.6/1.1/1.8 0.0897 17.8 0.1963 102 145 300 7.2x 1073
L32_U0.1_wl 32 0.1 0.173 1 0.1667 19.2 0.1963 51 78 300 2.9 x 1072
L32_U0.1_wl.5 32 0.1 0.173 1.5 0.0556 57.6 0.1963 51 233 300 2.9x 1072
L32_U0.1_.w1.9 32 0.1 0.173 1.9 0.0088 364.8 0.1963 51 1478 300 2.9 x 1072
ref28_L.16 16 0.05 0.087 1.71 0.0278 28.8 0.3927 51 117 150 7.2x 1073
ref28_1.32 32 0.05 0.087 1.5 0.0556 28.8 0.1963 102 233 300 7.2x 1073
ref28_1.64 64 0.05 0.087 1.2 0.1111 28.8 0.0982 204 467 600 7.2x 1073
ref28_1.128 128 0.05 0.087 0.857 0.2222 28.8 0.0491 407 934 1200 7.2 x 1073
ref100_L32 32 0.05 0.087 1.82 0.0160 100.0 0.1963 102 811 300 7.2x 1073
ref100_L64 64 0.05 0.087 1.68 0.0320 100.0 0.0982 204 1621 600 7.2 x 1073
ref100_L128 128 0.05 0.087 1.45 0.0640 100.0 0.0491 407 3242 1200 7.2 x 1073

TABLE S2. Accuracy window of the level-2 lift on the two-mode flow. t(e, > 1072) is the first step at which the velocity error
exceeds 1072 (a dash means never within the run), and e; the relative error of |J(1,0)| at its peak.

tady t(ew > 1072) ey(taav/4) eultaav/2) e; at the peak

run L Ma w, Re

L32_U0.0115.w1 32 0.020 1.000 2.2 443
L32_U0.0115_w1.5 32 0.020 1.500 6.6 443
L32_U0.0115-w1.9 32 0.020 1.900 42.0 443
L32_U0.05_w1l 32 0.087 1.000 9.6 102
L32_U0.05_wl.5 32 0.087 1.500 28.8 102
L32_U0.05_w1.9 32 0.087 1.900 182.4 102
L32_.U0.05_MRT 32 0.087 1.300 17.8 102
L32_U0.1_wl 32 0.173 1.000 19.2 51
L32_.U0.1_wl.5 32 0.173 1.500 57.6 51
L32_.U0.1_wl1.9 32 0.173 1.900 364.8 51
ref28_1.16 16 0.087 1.714 28.8 51
ref28_1.32 32 0.087 1.500 28.8 102
ref28_1.64 64 0.087 1.200 28.8 204
ref28_1.128 128 0.087 0.857 28.8 407
ref100_L32 32 0.087 1.825 100.0 102
ref100_L64 64 0.087 1.678 100.0 204
ref100_L128 128 0.087 1.445 100.0 407

- 34x107%64x107* 5.3x107¢
- 1.9x 1072 29%x107% 99x107*
168 49%x107% 1.6 x1072 12x1073
194 6.7x 1072 4.7x 1072 1.0x 1072
10 1.0x1072 1.4%x 1072 19x 1072
8 1.3x107222x%x1072 22x107?
11 93x107299x107% 1.6x 1072
4 32x107227x1072 4.0x 1072
4 46%x107240%x1072 7.1x107?
4 55x 1072 50 x 1072 4.3x 1072
6 9.0x 1072 1.3x1072 1.8x1072
10 1.0x1072 1.4%x 1072 19x 1072
19 1.1x10721.4%x1072 19x 1072
37 1.1x10721.4%x1072 19x 1072
8 1.2x10722.1x 1072 22x 1072
16 1.3x10722.1x1072 22x107?
32 1.3%x10722.1x1072 22x 1072

S4. ERROR RECURRENCE

Table S5 lists the quantities of the error recurrence
e;r1 = Leg + S¢ of Sec. V of the main text along
the three two-mode runs on 32 x 32 at w = 1.5
(quadratic-equilibrium start, 300 steps): the relative er-
ror ||egllg/||Fret — wlg, the ratio of the summed bound
> ket ISkllg to [leslg, the ratio of the two parts of the
source, and the range of ||.S¢||4/(||0¢]|¢||flow| 4) against the
generic bound 2||Q||; = 2.12 in the weighted norm. The
full series along the runs are in the data file listed in
Table S7.

S5. RESOURCE SWEEP

Table S6 lists every case of the resource accounting of
Sec. VI and Appendix F of the main text: the seven cost
cases, the acoustic observable |J,(1,0)| at its peak and,
for the three cases of the Re = 28.8 series, the vortical
observable |J (1,2)] at its peak, each at the estimation
precisions €, = 0.1 and 0.02 with 95% confidence (the
median of seven independent runs), for the coupled-block
and the two-term LCU encodings, with the T-gate to-
tals under the ancilla-free Ross-Selinger rule (RS) and,
as a conditional alternative, the repeat-until-success rule
of Bocharov, Roetteler and Svore (RUS), which counts
1.151og,(1/d,) + 9.2 T gates per rotation in expectation
and requires one ancilla and a mid-circuit measurement
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TABLE S3. Statevector checks of the coupled-block circuit, the preparation, its amplification, the coherent protocol and the
norm-free readout identity. F' denotes the fidelity of the postselected or good-branch state with the classical target.

check qubits A quantity measured  predicted max. error
collision stage, 4 x 4, BGK 1.5, step 1 23 10 D 0.984965 0.984965 5.4 x 10~15
collision stage, 4 x 4, BGK 1.5, step 2 23 10 P 0.965744  0.965744 6.5 x 10~ 15
collision stage, 4 x 4, BGK 1.5, step 3 23 10 p 0.980375 0.980375 6.5 x 10715
collision stage, 4 x 4, BGK 1.5, step 1 23 100 D 0.999518 0.999518 1.1 x 10~14
collision stage, 4 x 4, BGK 1.5, step 1 23 3 P 0.862257  0.862257 2.1 x 10714
collision stage, 4 x 4, MRT 1.3/1.6/1.1/1.8, step 1 23 10 p 0.980263 0.980263 1.1 x 10714
level-1 preparation, L = 4, 12 terms 12 - success 0.1062 0.1062 1-F=10"16
level-1 preparation, L = 8, 16 terms 14 - success 0.0658 0.0658 1-F=5x10"16
1 (0) preparation, L = 2 15 3 success 0.4295 0.4295 1—-F=10"16
1 (0) preparation, L = 4 25 10 success 0.0120 0.0120 1—-F=5x10"15
exact amplification of the 1) (0) preparation, L = 2, 1 round 16 3  good weight 1.000000 1 1-F=2x10"16
protocol U = UeyorUprep, 2 x 2, T =1 22 3 good weight 0.373547  0.373547 1—F =3 x 10716
one amplification round, 7'=1 22 3 good weight 0.847005 0.847005 1—F =2x10"16
overlap readout, T = 1, J,(1,0) 22 3 amplitude 40.089269 +0.089269 2x 1015
overlap readout, T = 1, J;(0,1) 22 3 amplitude 40.148782 +0.148782 3x 1015
protocol U = Ugyo1Uprep, 2 X 2, T = 2 25 3 good weight 0.087842  0.087842 1-F=10"16
one amplification round, T = 2 25 3 good weight 0.616231  0.616231 1—F=10"16
overlap readout, T = 2, J,(1,0) 25 3 amplitude -0.082907 -0.082907 7 x 10716
overlap readout, T = 2, J;(0,1) 25 3 amplitude -0.138179 -0.138179 10~15
amplified preparation as circuits, L = 2, 1 round 23 3 good weight 1.000000 1 1-F=10"16
protocol with amplified preparation, 2 x 2, T'=1 23 3 good weight 0.869781 0.869781 1—F =3x10"16
norm-free readout identity, T' = 1, J, (1,0) 23 3 |A| 0.136218  0.136218 10~ 14
norm-free readout identity, T = 1, J(0,1) 23 3 |A| 0.227030  0.227030 8 x 10715

TABLE S4. Statevector verification of the two-term LCU
circuit of the preliminary version on 4 x 4 for the Taylor-Green
flow at Ma = 0.17. MRT rates are listed as wy /we/wq/we.

rates A step rel. error p measured 7’,\/042
BCGK 1.5 10 1 32x107'*  0.8171  0.8171
BCK 1.5 10 2 6.1x107'%  0.8012 0.8012
BGK 1.5 10 3 9.1x107'* 08133 0.8133
BGK 1.5 100 1 3.3x107' 09788  0.9788
MRT 1.3/1.6/1.1/1.8 10 1 3.2x107'*  0.8068  0.8068

with classical feed-forward per rotation inside the coher-
ent estimation circuit. The RUS column is valid only
where that capability is available and is not used in the
main text. The columns P,e, and k are the preparation
success and the rounds of its exact amplification, |A| the
combined amplitude, M the resolution parameter of the
estimation, with M — 1 applications of @) per run, and
the uses of U the applications of U or UT over the seven

runs. Over the sweep at €, = 0.1 with the coupled block
the T-gate count ranges from 5.2 x 10'2 to 2.1 x 10'* and
the qubit count from 121 to 539.

S6. REPRODUCIBILITY MANIFEST

Every number, figure and table of the paper is pro-
duced by a script that writes its parameters, the script
name and the date into a JSON data file, from which
the figures and tables are generated without hand-typed
numbers. Table S7 lists the chain script — data — figure
or table for the main text and the appendices. The scripts
share the reference lattice Boltzmann solver, the Carle-
man lift and the circuit modules of the project (Ibm _ref,
carleman_lift, mtr_clb_circuit, coupled_block circuit); the
circuit checks use qiskit 2.5 and qiskit-aer with the exact
statevector method.
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TABLE S5. Error recurrence along the two-mode runs on 32 x 32 at w = 1.5. e is the relative error ||et||q/||Fret — wl|g, B/e
the ratio of the summed source bound to the error, S4/Se the ratio of the source part from the nonlinear correction to the part
from the error, and o the range of ||S¢||q/(]|d¢||g]|/flow]|g) over the run.

run Ma e(2) e(10) e(40) e(300) B/e(10) B/e(40) B/e(300) Sa/Se(2) Sa/Se(40) I
ref28_L32 0.087 3.6 x107% 1.2x 1072 1.7x1072 5.6 x10°2 5.5 23.8 122 17.7 5.9 0.011 to 0.066
L32.U0.0115_w1.5 0.020 1.9 x 10~% 6.5 x 107% 9.1 x107* 3.1 x 1072 5.5 23.7 117 77.0 25.2 0.011 to 0.068

L32.U0.1_.w1.5 0.173 1.4x 1072 48x 1072 6.6 x 1072 1.9 x 107! 5.6 24.0 136 8.9 3.1 0.010 to 0.063
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TABLE S7. Reproducibility manifest: scripts, data files and the figures and tables they produce. Paths are relative to the
project’s code/prxq, data/prxq and figures/prxq directories unless stated otherwise.

script

data

figure or table

Al_coupled_block.py

A2_verify_coupled.py,
coupled_block_circuit.py
A3_joint_success.py
A4_matched_joint.py
Bl_multimode.py,
Bl_campaign.sh
B2_level3.py
B3_summary.py
B4_error_recurrence.py
O2_general_gap.py

Cl_observable.py (linear)

C2_observable_physics.py
D1_prepare.py
D2_coherent.py

D3_resources.py

D5_readout_identity.py

D4 _prep_amplification.py

E1_fourier_baseline.py
(linear, quad)
F1_lattices.py
G3_success_ladder.py (from
fig3_success.py of the
preliminary version)

G4 _cost_decomposition.py
Gb5_validation_figures.py

closure_symbolic.py,
closure_refinement_check.py
(recorded in the data files)
fig2_closure.py (preliminary
version)

figl_sparsity.py
(preliminary version),
Cl_structure.py

A1l_coupled_block.json
A2_circuit_check.json

A3_joint_success.json
A4_matched_joint.json
B1/*.json (17 runs)

B2_level3_L4.json, B2_level3_L6.json
B3_summary.json

B4 _error_recurrence.json
O2_general_gap.json

Cl_observable_linear.json

C2_observable_physics.json
D1_prepare.json
D2_coherent_T1.json,
D2_coherent_T2.json
D3_resources.json

D5_readout_identity.json

D4 _prep_amplification.json

E1_fourier_baseline.json,
E1_fourier_baseline_quad.json
F1_lattices.json
data/C2_success.json

data/D2_gate_counts.json
data/calibration_ss2024.json,
data/carleman_unit_tests.json,
data/taylor_green_viscosity.json
data/B1_closure.json,
data/B1_refinement.json

data/B3_runs.json

computed directly;
data/C1l_structure.json

Fig. 3 (Gl figures.py figB), the norm values of Sec. III; Fig. 1(b,c) is
drawn by G1 figl_overview directly from the collision matrices

Fig. 5(a) and Table S3 collision rows (G1 figh_protocol, G2_tables.py
tab_circuit)

Fig. 4(b) optimum curves; the near-rest model of Egs. (21)—(23)

Fig. 4(a) matched joint-success curves (G1 figd_run_success)

Fig. 7(a,b), Table S1, the norm-balance statements of Sec. III

Fig. 7(c), level-3 statements of Sec. V

Table S2 (G2 tab_window), Sec. V window statements

Appendix E recurrence numbers, Table S5 (G2 tab_recurrence)

the general spectral-gap remark of Appendix C (random contractive D,
non-orthogonal C)

shifted norms, overlaps and trajectory values of Fig. 4(c), Fig. 6(c),
Table II of the main text; Cl_observable.json (quadratic start) for the
comparison of the two starts in Sec. 1I

Fig. 6(a,b), peaks and errors of the observables in Secs. V and VI
preparation rows of Table S3, p; and Pprep

Fig. 5(b), protocol and readout rows of Table S3

Table II of the main text (G2 tab_resources), Table S6 (tab_resources_full),
the ledger Table V of Appendix F (tab_ledger), Fig. 8 (G1 fig8_resources),
Secs. VI and VII numbers

norm-free readout identity of Eq. (25) of the main text: check against the
D2 records and the 32x32 cases, end-to-end run with the amplified
preparation as circuits (last rows of Table S3)

amplification row of Table S3, Fig. 5(b) amplified weight, the schedule

k = 12 of Table S6

Fourier support, observable check and operation counts of the classical
baselines of Appendix F and Fig. 8(c); the quadratic-start record

D3Q19 and D3Q27 checks of Corollary 1 and Appendix C

Fig. 2

Fig. 11
Figs. 12 and 13

Table IIT of the main text and the class counts of Appendix A

Fig. 9 (arxiv_fig2_closure)

Fig. 10 (arxiv_figl_sparsity), Table IV of the main text
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