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A B S T R A C T

A compact transport equation is obtained for modeling evolution of flame curvature field in a turbulent flow. 
While known curvature transport equations are reduced to the newly derived one, the latter contains signifi
cantly fewer terms. The newly derived equation is also conditioned to flame reaction zone of a finite thickness 
and various terms in the conditioned transport equation are analyzed by processing two Direct Numerical 
Simulation (DNS) databases by Dave and Chaudhuri (Evolution of local flame displacement speeds in turbulence, 
J. Fluid Mech. 884 (2020) A46) and by Yuvraj et al. (How ‘‘mixing’’ affects propagation and structure of 
intensely turbulent, lean, hydrogen-air premixed flames, Combust. Flame 273 (2025) 113,903). Both DNS sets 
deal with complex-chemistry hydrogen-air flames. In one case, the equivalence ratio ϕ is equal to 0.81, 
diffusional-thermal effects are weakly pronounced, and turbulence is moderately intense (Karlovitz number Ka =

13). In another case, ϕ = 0.4, diffusional-thermal effects play an important role, and turbulence is more intense 
(Ka = 115). Nevertheless, major qualitative trends found by analyzing the DNS data are similar in both cases. 
First, the data show that evolution of conditioned curvature is primarily controlled by two terms, which describe 
(i) curvature production by non-uniform velocity field and (ii) curvature reduction due to flame propagation. 
Second, application of Helmholtz-Hodge decomposition to the DNS velocity fields shows that the former term is 
controlled by rotational motions, contrary to the local flame strain rate, which is generated by irrotational 
motions in both flames. This fundamental difference between the effects of turbulent velocity field on flame 
strain rate and curvature should be considered when modeling such effects.
Novelty and significance statement: Transport equation for premixed flame curvature field is obtained in a compact 
form. A new transport equation for curvature conditioned to flame reaction zone is derived. DNS data obtained 
from two lean hydrogen-air turbulent flames show that the r.h.s. of the latter equation involves two predominant 
terms which describe (i) curvature production by velocity field and (ii) curvature reduction due to flame 
propagation. Application of Helmholtz-Hodge decomposition to the DNS velocity fields shows that the former 
term is controlled by rotational motions, contrary to the local flame strain rate, which is generated by irrotational 
motions. The derived equations open new perspectives for modeling the influence of turbulence on local pre
mixed flame structure and burning rate. Performed analyses of the newly derived conditioned equation have 
generated new knowledge. Specifically, finding that evolutions of curvature and flame strain rate are controlled 
by rotational and irrotational motions, respectively, is significant from fundamental perspective.

1. Introduction

Rapidly growing interest [1] in combustion of lean mixtures of 
hydrogen or H2-containing fuel blends calls for research into 
diffusional-thermal effects, which trigger laminar flame instability [2] 

and greatly increase turbulent burning velocity UT [3–7]. This increase 
in UT is associated [8] with appearance of highly curved inherently 
laminar reaction zones in turbulent flows. Significant influence of such 
zones on UT was clearly shown in many Direct Numerical Simulation 
(DNS) studies reviewed recently [9,10].
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While statistics of local flame curvature in turbulent media were 
explored both in experiments, e.g. [11–16], and in DNS studies, e.g. 
[17–19] with more references can be found in recent review articles 
[20–22], models capable for predicting these statistics have not yet been 
elaborated. Since the issue is of crucial importance for modeling lean 
H2-air flames, there is urgent need for advancing new approaches to 
bridge this fundamental knowledge gap. This work responds to such a 
call by introducing and analyzing a new transport equation for local 
flame curvature.

Relevant equations were earlier derived for a single surface [23] and 
for curvature field [24–26]. In the latter papers, equivalent transport 
equations are written in different forms, see Eqs. (9)-(10) and the Sup
plementary Material. However, they involve many terms and are diffi
cult to analyze. Published results [26–31] of DNS analyses of various 
terms in those transport equations (i) show that several terms have large 
magnitudes and opposite signs but (ii) do not emphasize few predomi
nant terms that should be the focus of attention when developing 
models. If a transport equation involves two terms that have large 
magnitudes, but opposite signs, separately modeling each term does not 
seem to be the best task. Indeed, even a small error in evaluating one 
term can yield a large error when computing the sum of the two terms. A 
solution could consist in combining such terms and modeling them 
jointly.

The present work aims to seek such a solution by considering a 
compact form of transport equation for flame curvature field. Moreover, 
the work aims at introducing a new transport equation for curvature 
conditioned to flame reaction zone. Furthermore, the behavior of few 
predominant terms in the newly derived conditioned transport equation 
is studied by analyzing two recent DNS databases [32,33].

Transport equations for curvature are derived in the next section. 
The DNS attributes are summarized in Section 3. Results of analyses of 
the DNS databases are discussed in Section 4, followed by Conclusions.

2. Derivation

2.1. Instantaneous local equations

Let us begin with a transport equation for combustion progress 
variable c, written in the following well-known kinematic form [23–26,
34] 

D∗c
D∗t

=
∂c
∂t

+ ui
∂c
∂xi

− Sd|∇c| =
∂c
∂t

+ vc
i

∂c
∂xi

= 0, (1) 

where 

Sd =
1

ρ|∇c|

[
∂

∂xi

(

ρD
∂c
∂xi

)

+ ω̇c

]

(2) 

is displacement speed relative to the flow; vc = u + Sdn is flame velocity 
vector in the laboratory framework; n = − ∇c/|∇c| is the unit vector 
normal to isoc surface; ρ is the density; D is molecular diffusivity; ω̇c is 
mass rate of product creation; and the Einstein summation convention 
applies to repeated indexes.

Application of vector-operator ∇ to Eq. (1) yields 

0 =
∂
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)

=
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(
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)

+
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Consequently, 

D∗ni

D∗t
= −

1
|∇c|

D∗

D∗t

(
∂c
∂xi

)

+
1

|∇c|2
∂c
∂xi

D∗|∇c|
D∗t

= −
1

|∇c|
∂c
∂xj

∂vc
j

∂xi
+

1
|∇c|3

∂c
∂xi

∂c
∂xj

D∗

D∗t

(
∂c
∂xj

)
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∂vc

j

∂xi
−

1
|∇c|

ninj
∂c
∂xk

∂vc
k

∂xj

(4) 

and we arrive at the following transport equation 

D∗ni

D∗t
=

∂ni

∂t
+ vc

j
∂ni

∂xj
=

(
ninj − δij

) ∂vc
k

∂xj
nk, (5) 

derived by Candel and Poinsot [24] using a different method. Here, δij is 
Kronecker delta. Below, Eq. (5) is rewritten in the following form: 

∂ni

∂t
+ uj

∂ni

∂xj
=

(
ninj − δij

) ∂vc
k

∂xj
nk − Sdnj

∂ni

∂xj
. (6) 

Thus, terms that describe (i) advection of an iso-c surface by the flow 
and (ii) self-propagation of this surface are separated on the left-hand 
side (l.h.s.) and the latter term is moved to the right-hand side (r.h.s.).

This is done, because the influences of advection and molecular 
diffusion (which directly affects the self-propagation velocity Sd) on the 
evolution of the normal vector n differ fundamentally [35]. To show this 
difference, let us compare two limiting cases: (i) evolution of a material 
surface (Sd = 0) in a turbulent flow and (ii) self-propagation of a front in 
quiescent media (u = 0) at a constant speed S. Here, a new symbol, S, is 
introduced to distinguish the constant speed of the front from Sd defined 
by Eq. (2).

In the former case, the smoothness of the surface is well known [36] 
to be preserved and critical or zero-gradient points [35], where ∇c = 0, 
0 < c < 1, and the normal vector n is ill-defined, do not appear.

If u = 0 and Sd is substituted with a constant S, Eq. (5) reduces to the 
inviscid vector Burgers equation 

∂ni

∂t
+ Snj

∂ni

∂xj
=

(
ninj − δij

)
S

∂nk

∂xj
nk = 0, (7) 

because nknk = 1 and nk
(
∂nk /∂xj

)
= 0. For this equation, discontinuities 

of the normal field appear due to the front propagation for an initially 
smooth field n(x, t) [37]. Such shock solutions correspond, e.g., to flame 
cusps [2] that appear on an initially smooth isoc surface due to its 
self-propagation. In the case of a flame of a finite thickness, molecular 
diffusion smooths out such cusps, results in variations in Sd defined by 
Eq. (2) and appearance of the critical points [35], where ∇c = 0 and 
0 < c < 1.

For these reasons, the term vc⋅∇n on the l.h.s. of Eq. (5) is split into 
advection and propagation terms.

By taking a scalar product of the vector-operator ∇ and Eq. (6), we 
arrive straightforwardly at 

∂κm

∂t
+ uj

∂κm

∂xj
= −

1
2

∂uj

∂xi

∂ni

∂xj

+
1
2

∂
∂xi

[
(
ninj − δij

) ∂vc
k

∂xj
nk − Sdnj

∂ni

∂xj

]

,

(8) 

where κm = ∇⋅n/2 is the mean curvature of an isoc surface and the first 
term on the r.h.s. is moved from the l.h.s. after splitting the scalar 
product of ∇ and the advection term uj∂ni/∂xj into two sub-terms.

It is worth stressing the two terms on the l.h.s. of Eq. (8) and the first 
term on the r.h.s. are linear with respect to ni, whereas all non-linear 
terms are combined in the last term on the r.h.s. If a scalar product of 
the vector-operator ∇ and Eq. (5) is taken and the velocity vc is retained, 
all terms on the r.h.s. of the equation for κm are non-linear with respect 
to ni.

For comparaison, Dopazo et al. [25] derived the following transport 
equation for curvature 
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−
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2
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nj +

1
2

∂Wij

∂xi
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+
1
2
ni

∂
∂xi

(

nj
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)

− Sa
ij
∂nj

∂xi
−

1
2

∂Sa
ij

∂xi
nj

+
1
2

∂Wa
ij

∂xi
nj

. (9) 

where aN = niSijnj is normal strain rate, and the tensors Sij, Wij, Sa
ij, and 

Wa
ij are specified in the Supplementary Material.
Later, Yu et al. [26] arrived at another equation 

∂κm

∂t
+ vc

j
∂κm

∂xj
= − K κm + κm∇⋅u

+nj
∂Sd

∂xj
κm + 2Sdκ2

m −
1
2

∂2ui

∂x2
j
ni − Sij

∂nj

∂xi

+
1
2
nj

∂aN

∂xj
+

1
2
ninj

∂2Sd

∂xi∂xj
−

1
2

∂2Sd

∂x2
i

−
1
2
Sd

∂nj

∂xi

∂ni

∂xj

(10) 

where K = ∇⋅u − aN + 2Sdκm is flame stretch rate. Note that Eq. (2.22) 
in Ref. [26] is written for ∇⋅n− = − 2κm (the vector n− = − n points to 
burned gas).

Eqs. (9) and (10) have been derived by taking a scalar product of the 
vector-operator ∇ and Eq. (5), contrary to Eq. (6) adopted here to derive 
Eq. (8). As shown in Supplementary Material, the transport equations 
derived by Dopazo et al. [25] and by Yu et al. [26] are reduced to Eq. (8). 
In contrast, the structure of the r.h.s. of Eq. (8) is compact and simple, i. 
e., there is (i) a single source/sink term, which is associated with the 
influence of non-uniform velocity field on flame topology, and (ii) a 
transport-like term, which subsumes terms due to surface propagation.

2.2. Conditioned equations

To explore the behavior of curvature of a finite-volume zone in a 
flame, e.g., reaction zone, Eq. (8) can be conditioned to this zone. For 
this purpose, let’s introduce the following indicator function: 

I(x, t) = H[c(x, t) − c1] − H[c(x, t) − c2], (11) 

where c1 and c2 designate boundaries of the studied zone with c1 < c2 
and H is Heaviside function. The indicator function is equal to unity if c1 
< c(x, t) < c2 and vanishes overwise. The evolution of I(x, t) is described 
by the following equation: 

∂I
∂t

+ uj
∂I
∂xj

=
dI
dc

(
∂c
∂t

+ uj
∂c
∂xj

)

= [δ(c − c1) − δ(c − c2)]Sd|∇c|.
(12) 

Here, the derivatives dH/dc of the Heaviside functions H(c − cn) are 
substituted with Dirac delta functions δ(c − cn), where n = 1 or 2.

Using the continuity equation and Eq. (12), we arrive at the 
following identity: 

ρI
∂κm

∂t
+ ρIuj

∂κm

∂xj
=

∂
∂t
(ρIκm)

+
∂

∂xj

(
ρujIκm

)
− ρκm

(
∂I
∂t

+ uj
∂I
∂xj

)

=
∂
∂t
(ρIκm) +

∂
∂xj

(
ρujIκm

)

− ρκm[δ(c − c1) − δ(c − c2)]Sd|∇c|.

(13) 

Subsequently, Eq. (8) multiplied with ρ(x, t)I(x, t) and Eq. (13) yield 

∂
∂t
(ρIκm) +

∂
∂xj

(
ρujIκm

)
= −

ρI
2

∂uj

∂xi

∂ni

∂xj

+
ρI
2

∂
∂xi

[
(
ninj − δij

) ∂vc
k

∂xj
nk − Sdnj

∂ni

∂xj

]

+κm[δ(c − c1) − δ(c − c2)]ρSd|∇c|.

(14) 

The first and second terms on the r.h.s. of Eq. (14) result directly 
from multiplication of the two terms on the r.h.s. of Eq. (8) with ρ(x,
t)I(x, t).

In a statistically stationary case analyzed in the rest of this paper, 
Reynolds-averaged continuity equation reduces to ∇⋅(ρũ) = 0 and 
Reynolds-averaged Eq. (12) multiplied with the density ρ(x, t) reads 

ρũ⋅∇I = ∇⋅(ρũI − ρuI)
= (ρSd|∇c|)c=c1

− (ρSd|∇c|)c=c2
.

(15) 

Here, q and q̃ ≡ ρq/ρ are Reynolds and Favre-averaged values, 
respectively, of the quantity q, whereas qc=cn designates δ(c − cn)q.

The Reynolds-averaged Eq. (14) reads 

ρũ⋅∇(I< κm >c) = ∇⋅(ρũI< κm >c − ρuIκm)

+
ρI
2

∂
∂xi

[
(
ninj − δij

) ∂vc
k

∂xj
nk − Sdnj

∂ni

∂xj

]

−
ρI
2

∂uj

∂xi

∂ni

∂xj
+ (ρSdκm|∇c|)|c=c1

c=c2
,

(16) 

where < κm >c ≡< κm|c1 < c < c2 >= κmI/I is the curvature condi
tioned to the zone studied and q|c=c1

c=c2
≡ qc=c1 − qc=c2 . Finally, Eqs. (15)-

(16) yield 

ρIũ⋅∇〈κm〉c = ∇⋅(ρuI〈κm〉c − ρuIκm)
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟

T1

+
ρI
2

∂
∂x1

[
(
n1nj − δ1j

) ∂vc
k

∂xj
nk − Sdnj

∂n1

∂xj

]

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
T2

−
ρI
2

∂uj

∂x1

∂n1

∂xj
⏟̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅⏟

T3

+ (ρSd(κm − 〈κm〉c)|∇c|)|c=c1
c=c2⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟

T4

(17) 

Here, term T1 is analogous to turbulent transport terms in a common 
Favre-averaged transport equation for combustion progress variable. It 
is linear with respect to the velocity vector u or the curvature κm. Term 
T3 describes the influence of non-uniformities of the velocity field on the 
curvature of reaction zone. T3 is linear with respect to components of the 
velocity vector u or the normal vector n. Term T4 stems from the in
fluence of the self-propagation of that zone on its curvature. It is linear 
with respect to the curvature κm. Note that the product ρSd|∇c| is nothing 
more than the sum of molecular diffusion and reaction terms in the 
transport equation for combustion progress variable, see Eqs. (1) and 
(2). Finally, term T2 is a combination of several terms that are non-linear 
with respect to ni. Physical meanings of various sub-terms in this com
bination are discussed elsewhere [25,26]. Here, they are not discussed, 
because many of these sub-terms require modeling, have large magni
tudes and opposite signs [25,26], but cancel one another if considered 
jointly. Hence, a single term T2 is adopted, because it may be neglected, 
as argued in Sect. 3.

In the following, various terms in Eq. (17) will be evaluated by 
processing the DNS data by Chaudhuri et al. [32,33], described in the 
next section.

3. DNS databases

Since (i) one of the two sets of DNS data adopted here was already 
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analyzed in our previous papers [38–47] and (ii) both sets were gener
ated using basically the same numerical methods (while initial condi
tions were different), only a brief description of the DNS attributes and 
applied numerical diagnostic techniques follow. The reader interested in 
further details is encouraged to look into the cited papers.

Three-dimensional DNS data were obtained using PENCIL code [48] 
from statistically planar and one-dimensional, lean H2-air turbulent 
flames. Navier-Stokes equations were solved in compressible form. The 
mixture-averaged transport model and a chemical mechanism by Li 
et al. [49] were used in both cases.

Homogeneous isotropic turbulence was pre-generated using forcing 
at low wavenumbers in a separate cube with the fully periodic boundary 
conditions, was injected into the computational domains through their 
left boundaries and decayed along the mean flow direction. Major 
characteristics (rms velocity ú  or Kolmogorov time scale τK) of the pre- 
generated turbulence are comparable in both cases. Longitudinal inte
gral length scale L11 = 3.0 mm in both cases [32,33], whereas turbulent 
Reynolds numbers Ret = uʹL11/ν = 950 [32] and 800 [33] are slightly 
different and sufficiently high when compared to majority of recent 
three-dimensional complex-chemistry DNSs of premixed turbulent 
flames, reviewed elsewhere [22]. Here, ν is kinematic viscosity of un
burned gas.

The major difference between the two simulated cases consists of 
equivalence ratios Φ = 0.81 and 0.40. Accordingly, laminar flame speed 
SL = 1.85 m∕s, thickness δL = (Tb − Tu)/max{|∇T|} = 0.36 mm, time 
scale τf = δL/SL = 0.19 ms, uʹ/SL = 3.6, and Karlovitz number Ka = τf 

/τK = 13 in the richer case [32], whereas SL = 0.25 m∕s, δL = 0.6 mm, τf 

= 2.4 ms, uʹ/SL = 20, and Ka = 115 in the leaner case [33]. Here, T is 
temperature, subscripts u and b refer to unburned and burned gases, 
respectively. In the following, the two cases are labeled F081_Ka13 and 
F04_Ka115, based on their equivalence ratios (letter F) and Karlovits 
numbers. Diffusional-thermal effects [2,5,6,9,10] are well pronounced 
solely in case F04_Ka115, where, e.g., the peak fuel consumption rate is 
higher than the largest fuel consumption rate ω̇L

F,m in the unstretched 
laminar flame by an order of magnitude. Further details are discussed in 
[32,33].

In the following, variations of studied quantities within mean flame 
brushes are reported using mean (time- and transverse-averaged) com
bustion progress variable c = 1 − YF/YF,u, which is a monotonous 
function of the axial coordinate x. Here, YF is fuel mass fraction. 
Reaction-zone boundaries c1 and c2 are set as follows: ω̇F[c(x, t)= cn] =

bω̇L
F,m with b = 0.9 (similar results were obtained by setting b = 0.5). 

Methods used to sample conditioned quantities are described elsewhere 
[44], where a single case F081_Ka13 is analyzed. When evaluating Sd in 
term T2 in Eq. (17), all points where δL|∇c| < 10− 9 were omitted to 
avoid singularities. When sampling T4, ρSd|∇c| was computed using the 
r.h.s. of Eq. (2).

Moreover, Helmholtz-Hodge decomposition of the DNS velocity 
fields u(x, t) = us(x, t) + ud(x, t) to rotational (solenoidal) and irrota
tional (dilatational, potential) subfields, us(x, t) and ud(x, t), respec
tively, was performed. Accordingly, 

∇× us = ∇× u, ∇⋅ud = ∇⋅u. (18) 

Methods adopted for this purpose are described in detail elsewhere 
[44,50]. The basic difference between potential and solenoidal velocity 
subfields consists of the fact that the latter is dilatation-free. Thus, 
combustion-induced dilatation directly affects the potential velocity 
field only.

4. Results and discussion

Fig. 1 shows variations of normalized terms on the r.h.s. of Eq. (17)
within mean flame brush. While the term magnitudes are larger in case 
F04_Ka115 characterized by a significantly higher Karlovitz number, 

major trends are similar in both cases. First, there are two predominant 
terms T3 and T4, whose signs are opposite. The turbulent transport term 
T1 and the combination T2 of non-linear terms are very small and may be 
neglected. This feature of the newly derived Eq. (17) is very plausible for 
modeling.

Second, term T3 is controlled by interaction between velocity 
gradient and the normal vector n, is positive and acts to increase 
reaction-zone curvature.

Third, flame-propagation term T4 reduces the curvature. The nega
tive sign of T4 can be explained by considering the simplest canonical 
model case of an expanding spherical laminar flame. In that case, 
Rf (c1) > Rf (crz) > Rf (c2), where crz refers to the middle of the reaction 
zone. Hence, 0 < κm(c1) < < κm >c < κm(c2), ρSd(κm − < κm >c)|∇c| < 0 
at c = c1, and ρSd(κm − < κm >c)|∇c| > 0 at c = c2.

It is of interest to note that the ratios of the peak absolute values of 
terms Tn in cases F04_Ka115 and F081_Ka13 are about 26 both for n = 3 
and n = 4. These ratios are also close to the ratio of Ka3/2 in the two 
cases. Together with similar bell-like shapes of T3(c)- and T4(c)-curves in 
both cases, the proximity of these ratios imply the following empirical 
model of the two terms: 

(
δ2

L /ρuSL
)
Tn = βnKa3/2c(1 − c), where co

efficients βn are different for n = 3 and n = 4, with β3 > 0, β4 < 0, and 
β3 < |β4|. Such a model cannot be accepted by analyzing DNS data ob
tained from two flames only and more cases should be simulated to 
explore this observation. Nevertheless, it is worth noting that this model 
yields Tn∝(τKηK)

− 1 in line with the assumption that gradients of com
ponents of the normal and velocity vectors, e.g., in T3, scale as inverse 
Kolmogorov length scale η− 1

K and inverse Kolmogorov time scale τ− 1
K , 

respectively.
Finally, the magnitude of the negative flame propagation term T4 is 

higher than the magnitude of the positive strain term T3. Consequently, 
< κm >c decreases from positive values near the leading edge of flame 
brush (where < κm >c > 0 for simple topological reasons) to negative 
values near its trailing edge, where < κm >c < 0. This behavior of cur
vature conditioned to reaction zone is illustrated in Fig. 2a. Note that the 
normalized conditioned curvature is significantly larger in the leading 

Fig. 1. Variation of normalized terms 
(
δ2

L /ρuSL
)
Tn (n = 1, …, 4) on the r.h.s. 

of Eq. (17) within mean flame brush.
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zone (small c) of flame brush in case F04_Ka115 when compared to case 
F081_Ka13. This difference is associated with diffusional-thermal phe
nomena that greatly affect the largest local curvature that a flame can 
sustain without extinction [2,6,8]. In lean H2-air mixtures, this critical 
curvature is known to be larger at lower ϕ.

For completeness, Fig. 2b reports variations of the mean indicator 
function I[c(x)], i.e., probability of finding the reaction zone studied, 
along normal to mean flame brush. At higher Ka, this probability is 
significantly larger and peaks at larger c (red solid line). This difference 
between cases F081_Ka13 and F04_Ka115 implies more dense popula
tion of mean flame brush with reaction zones, with the effect being most 
pronounced at c = 0.75, i.e., in the trailing half of mean flame brush. 
These trends are consistent with (i) significantly different normalized 
turbulent burning velocities UT/SL = 5.4 and UT/SL = 19 in cases 
F081_Ka13 and F04_Ka115, respectively, and (ii) DNS data [51] that 
show that large ratios of UT/SL in intense turbulence are mainly 
controlled by flame folding, i.e., multiple crossing of any normal to 
mean flame brush with highly wrinkled flame surface.

To illustrate some advantages of the compact Eq. (8) and its condi
tioned version, i.e. Eq. (17), let us decompose the non-linear term T2 in 
Eq. (17) as follows: 

T2 = −
ρI
2

∂
∂xj

(

n1
∂u1

∂xj

)

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
T21

+
ρI
2

∂
∂xJ

(

n1
∂u1

∂xk
nknJ

)

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
T22

+
ρI
2

∂
∂xj

(

njnt
∂Sd

∂xt

)

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟
T23

−
ρI
2

∂
∂xj

(
∂Sd

∂xj

)

⏟̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅ ⏟
T24

−
ρI
2

∂
∂xj

(

Sdn1
∂nJ

∂x1

)

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
T25

.

(19) 

Fig. 3 shows that while term T25 is small, other terms on the r.h.s. of 
Eq. (19) can be large. However, large (cf. ordinate axes in Figs. 1 and 3) 
terms T21 and T22, which involve flow velocity, have opposite signs and 
almost cancel one another. Similarly, their counterparts that involve 
displacement speed, i.e., terms T24 and T23, respectively, are significant, 
but have opposite signs and almost cancel one another. Thus, term T2 
has a small magnitude and may be neglected to the leading order despite 
its components are large. This situation is somewhat similar to the 
problem of modeling dissipation rate in turbulent flows, because the rate 
is well known to be a small difference between two large terms at high 
Reynolds numbers [52].

It is also of interest to note that signs of flame-propagation terms T23 
and T24 can be opposite in the two cases studied. In the richer case, T23 
(T24) is negative (positive) at c < 0.6, but positive (negative) at larger c, 
see Fig. 3a. In the leaner case, T23 and T24 are positive and negative, 
respectively, in the largest part of the mean flame brush, see Fig. 3b. 
Moreover, magnitudes of T23 and T24 are significantly smaller than 
magnitudes of T21 and T22 in the richer case, see Fig. 3a, but the opposite 
relation between the term magnitudes is observed in the leaner case, see 
Fig. 3b. These differences (i) imply that the sub-terms discussed are 
sensitive to diffusional-thermal effects and (ii) make modeling each 
separate sub-term difficult.

Such difficulties can be further illustrated by comparing results 
conditioned to fuel consumption, see Fig. 1, and heat release, see Fig. 4, 
zones. The latter figure reports various terms on the r.h.s of Eq. (17) or 
(19), conditioned to the heat release zone, whose boundaries θ1 and θ2 

are set by applying a constraint of ω̇T [θ(x, t)= θn] = 0.9ω̇L
T,m to 

unstretched laminar flame. Here, θ = (T − Tu)/(Ta − Tu) is temperature- 
based combustion progress variable invoked for symmetry reasons, i. 
e., for a pair of θ and ω̇T to correspond to a pair of c and ω̇F; Ta is 
adiabatic combustion temperature; ω̇T =

∑K
k=1 hkω̇k, is heat release rate; 

ω̇L
T,m is its peak value in the unstretched laminar flame; hk and ω̇k are the 

enthalpy and rate of formation, respectively, of species k; K is the 
number of species. When exploring Eqs. (17) and (19) in the heat release 
zone, the displacement speeds Sd,T of isotemperature surfaces were used. 

Fig. 2. Variations of (a) normalized conditioned curvature δLκmI /I and (b) 
mean indicator function I along normal to mean flame brush.

Fig. 3. Variation of normalized terms 
(
δ2

L /ρuSL
)
T2m on the r.h.s. of Eq. (19)

within mean flame brush.
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The fields of Sd,T(x, t) were directly obtained from the DNS data and 
stored by Yuvraj et al. [33], see Eq. (2) in the cited paper.

Comparison of Figs. 3b and 4b shows that the sign of sub-term T23 or 
T24 conditioned to reaction (fuel consumption) zone is opposite to the 
sign of the same sub-term conditioned to heat release zone in the same 
turbulent flame. Accordingly, separately modeling T23 (or T24) should 
allow for qualitative differences between the sub-terms conditioned to 
the two zones. This task appears to be challenging. The problem does not 
arise if compact Eqs. (8) and (17) are adopted. Indeed, comparison of 
Figs. 1b and 4a shows that the behavior of the major terms on the r.h.s. 
of Eq. (17) is similar regardless of whether the terms are conditioned to 
reaction or heat release zone.

It is also worth noting that variations in displacement speed signif
icantly affect term T4 that controls evolution of conditioned curvature. 
To show this, Sd evaluated using Eq. (2) was substituted with Sd = ρuSL 
/ρ in Eq. (17). The results obtained are plotted in Fig. 5. Comparison of 
black circles in Fig. 5 with black solid lines in Fig. 1 shows that 
magnitude of T4 is significantly larger when Sd is evaluated using Eq. (2). 
If Sd was simply equal to ρuSL/ρ, the positive T3 would dominate on the r. 
h.s. of Eq. (17) and result in an increase in the conditioned curvature 
from the leading edge of flame brush to its trailing edge, but such a trend 
is obviously wrong for topological reasons. Note that the behavior of 
term T3 is weakly affected by Sd, cf. curves plotted in red dashed lines in 
Figs. 1 and 5.

Eq. (17) also offers the opportunity to explore the influence of 
rotational and irrotational velocity fields on the evolution of condi
tioned curvature. Indeed, since only one of the two predominant terms 
on the r.h.s. of Eq. (17) involves flow velocity, one can easily compare 
magnitudes of term T3, evaluated by substituting velocity field u(x, t)
with its rotational or irrotational components, see Eq. (18). Fig. 6 shows 
that the flow-field term T3 is controlled by rotational velocity in both 
cases, i.e., the influence of rotational velocity perturbations on the local 
reaction zone curvature and, hence, on the curvature contribution Sdκm 
to the local stretch rate is much stronger when compared to irrotational 
velocity field. This trend is more pronounced in case F04_Ka115, see 

Fig. 6b, characterized by a lower density ratio (4.29 when compared to 
6.15) and a higher Karlovitz number. Since thermal expansion effects 
play a more important role at higher density ratios and lower Ka [21,53,
54], small contribution of irrotational (dilatational) velocity field to T3 is 
more pronounced in case F081_Ka13, see Fig. 6a.

On the contrary, the tangential strain rate at = ∇⋅u − n⋅∇u⋅n is 

Fig. 4. Variation of normalized terms 
(
δ2

L /ρuSL
)
Tn on the r.h.s. of (a) Eq. (17)

and (b) Eq. (19) within mean flame brush. Case F04_Ka115. The terms are 
conditioned to heat release zone.

Fig. 5. Variation of normalized terms 
(
δ2

L /ρuSL
)
Tn on the r.h.s. of Eq. (17)

where Sd is substituted with Sd = ρuSL/ρ.

Fig. 6. Rotational (solenoidal) and irrotational (dilatational) contributions to 
normalized term 

(
δ2

L /ρuSL
)
T3 in Eq. (17).
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primarily controlled by irrotational velocity field, see Fig. 7, which 
shows dependencies of strain rates sampled from the entire flame 
brushes and conditioned to the local value c(x, t) of combustion progress 
variable on this local value. The emphasized trend is observed even at Ka 
as high as 115 and the density ratio as low as 4.29, see Fig. 7b.

Thus, inhomogeneous flow field affects flame stretch rate via two 
different channels; (i) rotational velocity fluctuations statistically act to 
bend reaction zones and (ii) irrotational velocity fluctuations (induced 
by thermal expansion) act to strain these zones. This fundamental dif
ference between the influence of turbulent flow on the two components 
of flame stretch rate (curvature and strain rate) should be properly 
addressed to develop predictive models. This point calls for future 
target-directed studies.

5. Conclusions

A compact transport equation is derived for modeling evolution of 
flame curvature field in a turbulent flow. This equation is further 
conditioned to reaction zone. Analyses of two DNS databases [32,33] 
show, first, that spatial variations of the conditioned curvature are 
mainly controlled by two terms, which describe (i) curvature production 
by non-uniform velocity field and (ii) curvature reduction due to flame 
propagation. Second, application of Helmholtz-Hodge decomposition to 
the DNS velocity fields shows that the former term is controlled by 
rotational motions, contrary to the local flame strain rate, which is 
generated by irrotational motions in both flames. This fundamental 
difference between effects of turbulent velocity field on flame strain rate 
and curvature is worth consideration when modeling such effects.

CRediT authorship contribution statement

Andrei N. Lipatnikov: Writing – original draft, Methodology, 
Investigation, Funding acquisition, Formal analysis, Conceptualization. 
Vladimir A. Sabelnikov: Writing – review & editing, Methodology, 
Investigation, Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper.

Acknowledgements

ANL acknowledges the financial support by Swedish Research 
Council (Grant No. 2023-04407). The authors are very grateful to Prof. 
Chaudhuri, Dr. Dave, and Dr. Yuvraj for sharing their DNS data with us 
and to reviewers for very valuable comments.

Supplementary materials

Supplementary material associated with this article can be found, in 
the online version, at doi:10.1016/j.proci.2026.106616.

References

[1] A. Dreizler, H. Pitsch, V. Scherer, C. Schulz, J. Janicka, The role of combustion 
science and technology in low and zero impact energy transformation processes, 
Appl. Energy Combust. Sci. 7 (2021) 100040.

[2] Ya.B. Zeldovich, G.I. Barenblatt, V.B. Librovich, G.M. Makhviladze, The 
Mathematical Theory of Combustion and Explosions, Consultants Bureau, New 
York, 1985.

[3] V.P. Karpov, A.S. Sokolik, Inflammation limits in turbulized gas mixtures, Dokl. 
Akad. Nauk SSSR 141 (1961) 393–396.

[4] V.P. Karpov, E.S. Severin, Effects of molecular-transport coefficients on the rate of 
turbulent combustion, Combust. Explos. Shock Waves 16 (1980) 41–46.

[5] V.R. Kuznetsov, V.A. Sabelnikov, Turbulence and Combustion, Hemisphere Publ. 
Corp., New York, 1990.

[6] A.N. Lipatnikov, J. Chomiak, Molecular transport effects on turbulent flame 
propagation and structure, Prog. Energy Combust. Sci. 31 (2005) 1–73.

[7] S. Yang, A. Saha, W. Liang, F. Wu, C.K. Law, Extreme role of preferential diffusion 
in turbulent flame propagation, Combust. Flame 188 (2018) 498–504.

[8] V.P. Karpov, A.N. Lipatnikov, V.L. Zimont, Flame curvature as a determinant of 
preferential diffusion effects in premixed turbulent combustion, in: W.A. Sirignano, 
A.G. Merzhanov, L. de Luca (Eds.), Advances in Combustion Science: In Honor of 
Ya. B. Zel’dovich 173, AIAA, Reston, VA, 1997, pp. 235–250.

[9] S. Hochgreb, How fast can we burn, 2.0? Proc. Combust. Inst. 39 (2023) 
2077–2105.

[10] H. Pitsch, The transition to sustainable combustion: hydrogen- and carbon-based 
future fuels and methods for dealing with their challenges, Proc. Combust. Inst. 40 
(2024) 105638.

[11] T.-W. Lee, G.L. North, D.A. Santavicca, Curvature and orientation statistics of 
turbulent premixed flame fronts, Combust. Sci. Technol. 84 (1992) 121–132.

[12] W.T. Ashurst, I.G. Shepherd, Flame front curvature distributions in turbulent 
premixed flame zone, Combust. Sci. Technol. 124 (1997) 115–144.

[13] M.Z. Haq, C.G.W. Sheppard, R. Woolley, D.A. Greenhalgh, R.D. Lockett, Wrinkling 
and curvature of laminar and turbulent premixed flames, Combust. Flame 131 
(2002) 1–15.

[14] A. Soika, F. Dinkelacker, A. Leipertz, Pressure influence on the flame front 
curvature of turbulent premixed flames: comparison between experiment and 
theory, Combust. Flame 132 (2003) 451–462.

[15] S. Gashi, J. Hult, K.W. Jenkins, N. Chakraborty, R.S. Cant, C.F. Kaminski, Curvature 
and wrinkling of premixed flame kernels - comparisons of OH PLIF and DNS data, 
Proc. Combust. Inst. 30 (2005) 809–817.

[16] L. Ma, Y. Wu, Q. Lei, W. Xu, C.D. Carter, 3D flame topography and curvature 
measurements at 5 Hz on a premixed turbulent Bunsen flame, Combust. Flame 166 
(2016) 66–75.

[17] D.C. Haworth, T.J. Poinsot, Numerical simulations of Lewis number effects in 
turbulent premixed flames, J. Fluid Mech. 244 (1992) 405–436.

[18] T. Echekki, J.H. Chen, Unsteady strain rate and curvature effects in turbulent 
premixed methane-air flames, Combust. Flame 106 (1996) 184–202.

[19] N. Chakraborty, R.S. Cant, Unsteady effects of strain rate and curvature on 
turbulent premixed flames in an inflow-outflow configuration, Combust. Flame 
137 (2004) 129–147.

[20] J.F. Driscoll, J.H. Chen, A.W. Skiba, C.D. Carter, E.R. Hawkes, H. Wang, Premixed 
flames subjected to extreme turbulence: some questions and recent answers, Prog. 
Energy Combust. Sci. 76 (2020) 100802.

[21] A.M. Steinberg, P.E. Hamlington, X. Zhao, Structure and dynamics of highly 
turbulent premixed combustion, Prog. Energy Combust. Sci. 85 (2021) 100900.

[22] P. Domingo, L. Vervisch, Recent developments in DNS of turbulent combustion, 
Proc. Combust. Inst. 39 (2023) 2055–2076.

[23] S.B. Pope, The evolution of surface in turbulence, Int. J. Eng. Sci. 26 (1988) 
445–469.

[24] S. Candel, T. Poinsot, Flame stretch and the balance equation for the flame area, 
Combust. Sci. Technol. 170 (1990) 1–15.

Fig. 7. Dependencies of normalized conditioned strain rate (δL /SL) < at |c>
and rotational (solenoidal) and irrotational (potential) velocity contributions to 
it, sampled from the entire flame brush, on the local value c of fuel-based 
combustion progress variable.

A.N. Lipatnikov and V.A. Sabelnikov                                                                                                                                                                                                       Proceedings of the Combustion Institute 42 (2026) 106616 

7 

https://doi.org/10.1016/j.proci.2026.106616
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0001
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0001
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0001
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0002
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0002
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0002
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0003
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0003
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0004
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0004
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0005
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0005
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0006
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0006
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0007
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0007
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0008
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0008
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0008
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0008
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0009
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0009
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0010
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0010
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0010
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0011
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0011
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0012
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0012
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0013
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0013
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0013
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0014
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0014
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0014
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0015
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0015
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0015
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0016
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0016
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0016
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0017
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0017
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0018
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0018
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0019
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0019
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0019
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0020
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0020
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0020
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0021
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0021
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0022
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0022
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0023
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0023
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0024
http://refhub.elsevier.com/S1540-7489(26)00612-7/sbref0024


[25] C. Dopazo, J. Martin, L. Cifuentes, J. Hierro, Strain, rotation and curvature of non- 
material propagating iso-scalar surfaces in homogeneous turbulence, Flow Turbul. 
Combust 101 (2018) 1–32.

[26] R. Yu, T. Nilsson, C. Fureby, A.N. Lipatnikov, Evolution equations for the 
decomposed components of displacement speed in a reactive scalar field, J. Fluid 
Mech. 911 (2021) A38.

[27] L. Cifuentes, C. Dopazo, A. Sandeep, N. Chakraborty, A. Kempf, Analysis of flame 
curvature evolution in a turbulent premixed bluff body burner, Phys. Fluids 30 
(2018) 095101.

[28] A. Alqallaf, M. Klein, C. Dopazo, N. Chakraborty, Evolution of flame curvature in 
turbulent premixed Bunsen flames at different pressure levels, Flow Turbul. 
Combust 103 (2019) 439–463.

[29] A. Alqallaf, M. Klein, N. Chakraborty, Effects of Lewis number on the evolution of 
curvature in spherically expanding turbulent premixed flames, Fluids 4 (2019) 12.

[30] T. Falkenstein, S. Kang, H. Pitsch, Analysis of premixed flame kernel/turbulence 
interactions under engine conditions based on direct numerical simulation data, 
J. Fluid Mech. 885 (2020) A32.

[31] H. Chu, H. Pitsch, An equation for the curvature probability density function of 
instantaneous flame fronts, Combust. Flame 284 (2026) 114666.

[32] H.L. Dave, S. Chaudhuri, Evolution of local flame displacement speeds in 
turbulence, J. Fluid Mech. 884 (2020) A46.

[33] Yuvraj, H.G. Im, S. Chaudhuri, How ‘‘mixing’’ affects propagation and structure of 
intensely turbulent, lean, hydrogen-air premixed flames, Combust. Flame 273 
(2025) 113903.

[34] D. Veynante, L. Vervisch, Turbulent combustion modeling, Prog. Energy Combust. 
Sci. 28 (2002) 193–266.

[35] C.H. Gibson, Fine structure of scalar fields mixed by turbulence, I. Zero-gradient 
points and minimal gradient surfaces, Phys. Fluids 11 (1968) 2305–2315.

[36] G.K. Batchelor, An Introduction to Fluid Mechanics, Cambridge University Press, 
New York, 2000.

[37] J. Bec, K. Khanin, Burgers turbulence, Phys. Rep. 447 (2007) 1–66.
[38] A.N. Lipatnikov, V.A. Sabelnikov, An extended flamelet-based presumed 

probability density function for predicting mean concentrations of various species 
in premixed turbulent flames, Int, J. Hydrog. Energy 45 (2020) 31162–31178.

[39] A.N. Lipatnikov, V.A. Sabelnikov, Evaluation of mean species mass fractions in 
premixed turbulent flames: a DNS study, Proc. Combust. Inst. 38 (2021) 
6413–6420.

[40] V.A. Sabelnikov, A.N. Lipatnikov, S. Nishiki, H.L. Dave, F.E. Hernández-Pérez, 
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