
Higher order Hölder approximation by solutions of second order elliptic
equations

Downloaded from: https://research.chalmers.se, 2026-10-16 22:50 UTC

Citation for the original published paper (version of record):
Rozenblioum, G., Shirokov, N. (2025). Higher order Hölder approximation by solutions of second
order elliptic equations. Boletín de la Sociedad Matematica Mexicana, 32(4).
http://dx.doi.org/10.1007/s40590-026-00930-0

N.B. When citing this work, cite the original published paper.

research.chalmers.se offers the possibility of retrieving research publications produced at Chalmers University of Technology. It
covers all kind of research output: articles, dissertations, conference papers, reports etc. since 2004. research.chalmers.se is
administrated and maintained by Chalmers Library

(article starts on next page)



Bol. Soc. Mat. Mex.          (2026) 32:126 
https://doi.org/10.1007/s40590-026-00930-0

ORIG INAL PAPER

Higher order Hölder approximation by solutions of second
order elliptic equations

Grigori Rozenblum1 · Nikolai A. Shirokov2,3

Received: 6 January 2026 / Accepted: 6 July 2026
© The Author(s) 2026

Abstract
For a given second order elliptic operation L in a domain � ⊂ RN, N ≥ 3, and a
compact set K ⊂ �, order N-2-Ahlfors-David regular, we define the spaceHr+ω

L (K)

of continuous functions f (x), x ∈ K, admitting, for any δ > 0, a local approximation
in the δ-neighborhood of any point x ∈ K, with δrω(δ)-error estimate, by solutions
of the equation Lu = 0. For such functions, we prove the existence of a global
approximation vδ on K with the same order of error estimate, by a solution of the
same equation in a δ-neighborhood of K. A number of properties of these functions
vδ and their derivatives are established.

Keyword Approximation · Higher Hölder metric · Solutions of Elliptic Equations

Mathematics Subject Classification 41A30 · 35J15 · 41A63

1 Introduction

1.1 The approximation problem

Approximating ’bad’ functions by ’good’ ones is one of classical topics in Analysis.
The qualitative direction has started with the Weierstrass Theorem on the possibility
of polynomial approximation of continuous functions. An important further develop-
ment here concerns approximating continuous functions by solutions of differential
equations. A fundamental result for rather general differential equations (possessing
a kind of unique continuation property) was obtained by Browder, [5, 6].
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The studies in the quantitative direction began later. Generally speaking, quan-
titative approximation results can be expected to have the following common
structure:

(1) A classF of functions to be approximated is described;
(2) A class G of functions used for approximation is proposed;
(3) The result: a quantitative relation between the rate of approximation and the

properties of the approximating function.

For example, the order of the error in the approximation of a continuous function
by polynomials of a given degree is determined by the smoothness of this function,
understood in a proper sense.

When considering approximation by solutions of elliptic equations, it is reasonable
to consider asF , a class of functions defined on a nowhere dense setK. In fact, if, on
the opposite,K possesses interior points, it is only solutions of the equation that can be
approximated by solutions. So, we are interested in approximating a given continuous
function f defined on a nowhere dense compact setK ⊂ RN by solutions of a second
order elliptic equation. When the approximating functions are harmonic, and the set
K is nice, say, a Lipschitz surface, there are many results in this direction, see, e.g. [1,
3, 4, 10–12, 15, 16] and many more.

When the conditions on K are less restrictive, one can cite [2, 24, 27]. Here, one
needs to decide, which terms should be used to describe properties of the function f in
order to determine the rate of approximation. If we only know that the given function f
is continuous on a compact setK, then the quality of this continuity, and consequently,
the quality of approximation, can be described by the modulus of continuity of f . In
this direction, in the paper [27], the authors considered the problem on approximat-
ing a continuous function f on K ⊂ RN, possessing the continuity modulus ω(δ),
by solutions of a second order elliptic equation Lu = 0 (L-harmonic functions). It
was established there that if the set K is Ahlfors-David N-2-regular (which means,
almost exactly speaking, that it has one and the same Hausdorff dimension N-2 in
any neighborhood of any of its points), then the function f can be, for any δ > 0,
approximated in C(K) by a function vδ , so that | f (x)−vδ(x)| ≤ cω(δ) for all x ∈ K,
the function vδ is L-harmonic in a δ-neighbourhood Kδ of the set K, moreover, the
quality of this function vδ is controlled by δ, namely, |∇vδ(x)| ≤ C ω(δ)

δ
in Kδ . This

matches the general principle: the smaller δ, the better is the aproximation, i.e., the
smaller, is the approximation error, but the worse is the approximating function vδ: it is
L-harmonic on a smaller set, and its gradient may growwith δ decreasing.Moreover, a
converse result was established: if a continuous function f onK can be approximated
in the above sense, with some function ω(δ), by solutions of a second order elliptic
differential equation, then f possesses the continuity modulus majorated by ω(δ).

It is natural to expect that if we wish to have a better approximation (the one better
than with O(ω(δ)) error), with the same quality of the approximating functions, we
should suppose some better properties of the given function f . If the set K were a
smooth surface (of codimension 2), such ’better’ properties would naturally involve
a higher classical smoothness of f . However, if we only know that the set K is
Ahlfors-David N-2-regular, some other terms should be used.
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In the literature, there exist methods of defining spaces of ’nice’ functions on arbi-
trary compacts. One of them is based upon describing classes of functions via their
local approximations by polynomials or other sufficiently regular functions, see [7, 8,
28], and many sources afterwards.

So, the expected approximation results should sound like ’if a function admits
local approximation of a certain kind, it admits the corresponding quality of global
approximation’ by L-harmonic functions.

This is, in fact, the contents of the present paper. Namely, in our main result, if f is
a continuous function onK, which can, for any δ > 0, be locally, in a δ-neighborhood
of any point x ∈ K, approximated by a function �x,δ(y) which is a solution of the
second-order elliptic equation L(y, ∂y)u(y) = 0 in a 2δ-neighbourhood of x , with
error O(δrω(δ)), r ≥ 1 (with some natural compatibility conditions concerning the
functions �x,δ for different values of δ and different close-lying points x), then f
can be approximated on the whole K, with error of the same order, by a solution vδ

of the same equation in the δ-neighborhood of K. Note that the above compatibility
conditions, mentioned in parentheses, are unavoidable: they are proved to be necessary
for the existence of the global approximation.

When comparing these results with our previous paper [27], where we established
this kind of properties for r = 0, one can notice that an additional restricting con-
dition appears: the locally approximating functions �x,δ(y) are required here to be
solutions of the elliptic equation, while in [27] no such restriction has been imposed.
This restriction is, unfortunately, unavoidable. An example we present in the paper
demonstrates a function which admits a nice polynomial local approximation but does
not admit a global approximation by harmonic functions. This effect is caused by a
visible wildness of the setK in our example: it is easy to show that for a nicerK, e.g.,
for a Lipschitz surface of codimension 2, such counter-examples are impossible and a
local approximation by smooth functions is sufficient (and, of course, necessary) for
existence of a global approximation by L-harmonic functions.

The elliptic differential operationL(x, ∂x ) is supposed to have coefficients of certain
finite smoothness,Cm(�). The main approximation result, Theorem 1.2, is proved for
m = 3. Under additional smoothness conditions, the main result can be somewhat
strengthened: not only the approximating functions vδ converge on K to the initial
function f , but their derivatives ∂αvδ (up to some order, depending on the smoothness
of coefficients of L) converge on K to some functions f(α) which can be understood
as generalized derivatives of the given function f . The greater m, to the higher order
these surrogate derivatives of f can be defined, see Theorem 1.3.

1.2 Themain results. 1.

We present here the exact formulation of our main approximation result. It is the
following. Let ω(t), t > 0, be a continuity modulus, a growing concave function,
ω(0) = 0, satisfying the condition

∫ τ

0

ω(t)

t
dt + τ

∫ ∞

τ

ω(t)

t2
dt ≤ cω(τ), 0 < τ < ∞,
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(when ω(t) = tγ , 0 < γ < 1, this is the standard Hölder continuity modulus.)
Let, further,K be a compact set inRN,N-2-Ahlfors-David regular (see, e.g., [9]). Let

� ⊃ K be a bounded open connected set, where a formally self-adjoint second-order
elliptic operator

Lu(x) = −
∑
j,j′

∂j(ajj′(x)∂j′u(x)) ≡ −∇ · (a(x)∇u(x)),

with Cm-coefficients ajj′ , m ≥ 3, is defined. The operator is supposed to be uniformly
elliptic, which, as usual, means that the matrix of the leading coeficients ajj′(x) is
positive definit uniformly for x ∈ �.

With the continuitymodulusω fixed, for an integer r ≥ 0, the local higherL-Hölder
classHr+ω

L (K) is defined in the following way.

Definition 1.1 The continuous function f (x), x ∈ K, is said to belong to Hr+ω
L (K),

if there exist constants c1 = c1( f ), c2 = c2( f ), such that for any x ∈ K and any
δ, 0 < δ ≤ 2 diam (K), there exists a function �x,δ(y) defined in the ball Bδ(x) such
that

Ly�x,δ(y) = 0, y ∈ Bδ(x),

| f (y) − �x,δ(y)| ≤ c1δrω(δ), y ∈ Bδ(x) ∩ K.

For close-lying points x1, x2, the approximating functions should be consistent in the
following sense: for some constants γ1, γ2,

1
8 ≤ γ1 ≤ 1 ≤ γ2 ≤ 8, if γ1δ1 ≤ δ2 ≤

γ2δ1, given any points x1, x2 ∈ K, such that the balls Bδ1(x1), Bδ2(x2) are not disjoint,
the inequality

|�x1,δ1(y) − �x2,δ2(y)| ≤ c2δr1ω(δ1). (1.1)

must hold for all y ∈ Bδ1(x1) ∩ Bδ2(x2),

We recall the definition of Ahlfors-David regularity. The compact set K is called
’AD regular’ of dimension κ if for some constants c′, c′′, 0 < c′ < c′′ < ∞, for any
point x ∈ K and any r ≤ diam (K), c′rκ ≤ μκ(Br (x) ∩ K) ≤ c′′rκ, where μκ is
the Hausdorff measure of dimension κ.

By Kδ we denote the δ-neighborhood of K. Our first main result is the following.

Theorem 1.2 Let K be N-2-AD regular. Suppose that the coefficients of the operator
L belong to C3. Then function f defined on K belongs to the class Hr+ω

L (K) if and
only if for any δ < 1

4 diam (K), there exists an approximating function vδ(x), x ∈ Kδ,

such that, with some constant c = c( f ) > 0,

Lyvδ(y) = 0, y ∈ Kδ; (1.2)

|vδ(x) − f (x)| ≤ c( f )δrω(δ), x ∈ K;
|vδ(y) − vδ/2(y)| ≤ c( f )δrω(δ), y ∈ K δ

2
.
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1.3 The ideas of the proof

The proof of the main theorem is fairly technical, therefore we consider it reasonable
to explain here its structure.

Given a function f ∈ Hr+ω
L (K) on the compact set K, we construct its special

extension f0 to a fixed neighborhood� ofK (the particular formof this neighbourhood
is not essential, and we suppose further on that it is the unit ball containing the set K
which is contained in the concentric ball with radius 1

3 ). For this function f0, using
the Green function G◦(x, y) of the operator L in �, the integral representation is
established:

f0(x) =
∫

�

L f0(y)G
◦(x, y)dy, x ∈ �. (1.3)

Although this representation looks quite usual if f0 is sufficiently smooth, this is
not the case for our function f0 for which the derivatives may behave badly when
approachingK. Therefore, to justify (1.3), we need a detailed control of the behavior of
L f0(x) and of derivatives of f0(x) nearK. Obtaining this control requires complicated
estimates of the Green function Gx,r (x, y) for L in balls Br (x) centered at x , together
with their derivatives, up to the third order, in the variables x, y, as well as in the
additional variable ς on which the operator L depends as a parameter. Under the
condition of a sufficient smoothness of coefficients of the operationL,we derive some
of these estimates directly, using Schauder-type approach, and borrow the other ones
from the results by Ju. Krasovskii [18], and M. Grüter–K.-O. Widman [14]. Finally,
having established the representation (1.3), we define the approximation function
vδ(x), looked for, by the integral

vδ(x) =
∫

�\Kδ

L f0(y)G
◦(x, y)dy,

with addition of a collection of several compensatory L-harmonic terms of a simpler
nature, see (4.17). The fact that vδ is L-harmonic inKδ is obvious, it follows from the
definition of the Green functionG◦(x, y), while the estimates producing the quality of
the approximation follow from our estimates for the function f0(x) and its derivatives.

1.4 Themain results. 2.

The second theorem describes the properties of the approximating functions vδ : their
derivatives, up to a prescribed order k ≤ r + 1 can be controlled. Moreover, we can
define in a consistent way the generalized derivatives f(α) of the initial function f
on K, so that the derivatives of vδ approximate these derivatives of f . This property
requires a certain additional smoothness of coefficients of the operator L.

Theorem 1.3 Suppose that r ≥ 1 and the coefficients a(x) = (ajj′(x))j,j′≤N belong
to Ck0+3(�) for a certain k0 ≥ r. Let the function f , defined on the compact set K,
belong to the class H r+ω

L (K) and vδ be its approximation, as in (1.2). Then derivatives
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of vδ satisfy

‖∇r+1vδ‖Kδ/2 ≤ c
ω(δ)

δ
. (1.4)

moreover, surrogate derivatives f(α)(x) can be defined, so that

| f(α)(x) − ∂αvδ(x)| ≤ Cδr−|α|ω(δ), x ∈ K, 1 ≤ |α| ≤ k0. (1.5)

We consider it natural that the higher order derivatives are involved, the more smooth-
ness is required for the coefficients: it stands to reason that solutions of an equationwith
coefficients of some finite smoothness are differentiable only a certain corresponding
number of times. We are not completely sure that our smoothness conditions are
non-improvable; checking their optimality or lack of it seems to be rather hard (and,
honestly, not that exciting) task.

On the other hand, our results are, of course, valid for operators with constant coef-
ficients. If we restrict ourselves to such operators, the results still seem to be new. The
reasoning here can be somewhat simplified comparedwith the general case, especially,
since the Green function can be effectively studied using the Fourier transform.

1.5 Structure of the paper

We start in Sect. 2 by presenting general material concerning certain geometry consid-
erations, and formulate estimates of important integrals used in further analysis and of
derivatives of the Green function, including the results of [14, 18], In Sect. 3, we intro-
duce the averaging kernel K (x, y) and prove estimates of its derivatives. This is the
most technical part of the paper. Next, in Sect. 4, we construct the extension function
f0, derive its important properties and prove its integral representation, which results
in presenting the required approximation of the given function f (x) ∈ H r+ω

L (K), thus
proving Theorem 1.2. In Sect. 5, we discuss generalized derivatives of the function f ,
and prove Theorem 1.3. Then, in Sect. 6, we present the example showing that for a
wild set K, the condition on local approximation cannot, generally, be relaxed.

Proofs of our estimates for derivatives of the Green function and of important
integral inequalities are placed in the Appendix.

1.6 Conventions

In the course of the paper, we denote by the same symbol c or C various constants
whose particular value is of no importance, as long as this does not cause confusion;
sometimes, subscripts or superscripts are used in order to distinguish between such
constants in the same formula. More important constants may be highlighted by a
different font. By f ′

x = ∂x f = ∇x f we denote the x-gradient of a function f ; for a
vector function F , ∇x F stands for the Jacobi matrix of F . The symbol | · | denotes the
Euclidean norm of the vector involved, E denotes the unit matrix.
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2 Some preparatory facts

2.1 Geometry considerations

Let bN be the constant in the covering property of Ahlfors-David–regular sets of
dimension N-2, see [20], Lemma 2.1, and [27], Corollary 2.2 there, namely,

Property 2.1 For any δ < diam (K), there exists a finite cover ϒ(δ) of K by open
balls Bδ(xααα) of radius δ,

K ⊂
⋃
xααα∈K

Bδ(xααα) ≡ K(δ),

such that for any r ∈ [δ, diam (K)] and any point ξ0 ∈ K, the quantity of points xααα in
the ball Br (ξ0) is not greater than bN

( r
δ

)N−2.

Our aim at this moment is to associate, with each ball Bδ(xααα) of the above cover,
some new ball with radius 2δ, whose center is on the order δ distance from xααα and
which is separated from K(δ), again, by an order δ distance.

We denote by σN the area of the unit sphere in RN. Next, we introduce some coeffi-
cient A = AN, whose value will be determined later on in a special way. Thus, for any
x , for the sphere SδA(x), its N-1-dimensional surface measure equals σNAN−1δN−1.

We take some point xααα0 among centers of the balls in the cover ϒ(δ) in Property
2.1 and denote temporarily by ξ0 ≡ ξααα0 (one of) the point(s) inK closest to xααα0 (it may
happen that these points coincide), so |ξ0 − xααα0 | ≤ δ. For the ball B := Bδ(A+4)(ξ0),

there exist no more than bN(A + 4)N−2 balls Bδ(xααα) in the above cover ϒ(δ), whose
centers xααα lie in B. We place on the sphere S := SδA(ξ0), in an arbitrary way, a
collection of m ≤ bN(A + 4)N−2 points ζk, and evaluate the area on the part of the
sphere S covered by the union of balls with radii 6δ, centered at these points ζk ; we
denote this area by σ(ξ0, δ). This area is no greater than the sum of areas of spherical
caps upon S, covered by single balls, therefore,

σ(ξ0, δ) ≤ 6N−1σNbN(A + 4)N−2δN−1. (2.1)

We denote by ÃN the largest positive root of the equation

6N−1bN( ÃN + 4)N−2 = 1

2
ÃN−1
N

and set
A = max( ÃN, 13). (2.2)

It follows from (2.1), (2.2) that whatever points ζk , no more than bN(A + 4)N−2 of
them, we place on the sphere S, at least a half of the area of this sphere is not covered
by the concentric balls B6δ(ζk). We denote this, non-covered, part of the sphere by
Y ≡ Yx0,δ({ζk}), so,

meas N−1(Yx0,δ({ζk})) ≥ 1

2
meas N−1 S.
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Next we consider the following geometrical construction. We choose the above
points ζk in a special way. Denote by P the closed spherical annulus P =
BAN+4δ(ξ0)\BAN−4δ(ξ0) and consider only those points xααα which lie in P . Sup-
pose that a certain point xααα lies on the sphere S. Then we set ζααα = xααα . If xααα does not

lie on this sphere, we consider the straight ray, which we denote
−−−−→[ξ0, xααα], starting at

ξ0 and passing through xααα , and accept as ζααα the point where this ray hits the sphere S.

As explained above, the set Y is non-empty. We take an arbitrary point V in this set.
Our construction started with choosing a point ξ0 ≡ xααα0 in Property 2.1. To reflect

it, we mark the point V , just defined, as Vααα0 , thus keeping ααα0 fixed.
We are going to estimate from below the distance between xααα and Vααα0 . For a point

xααα in P and ζααα ∈ S, we have |Vααα0 − ζααα| ≥ 6δ. The point xααα lies on the ray
−−−−→[ξ0, ζααα],

therefore, |xααα −Vααα0 | is not less than the length of the perpendicular dropped from Vααα0

onto
−−−−→[ξ0, ζααα]. Since |ξ0 − ζααα| = |ξ0 − Vααα0 | ≥ 13δ, the length of this perpendicular is

not less than 4δ. Therefore, for xααα , we have

B2δ(xααα) ∩ B2δ(ξ0) = ∅. (2.3)

If, on the opposite, the point xααα does not lie in P then (2.3) obviously holds.
In this way, with each starting point xααα0 , we associate the point Vααα0 such that

B2δ(xααα) ∩ B2δ(Vααα0) = ∅ for all ααα �= ααα0. Additionally,

|Vααα0 − xααα0 | ≤ |Vααα0 − ξ0| + |ξ0 − xααα0 | ≤ 14δ,

and thus the point Vααα0 is separated from K
Finally, we introduce the notation

K′
δ =

⋃
xααα

B2δ(xααα);

it follows that Kδ ⊂ K′
δ

2.2 Estimates of some integrals

In the study of approximations, we will need estimates for some integrals involving
the distance to the set K. Here we give the formulations; proofs are placed in the
Appendix.

Let K ⊂ RN be a compact set, N-2-regular, and let the point x lie outside K,
d(x) ≡ dist (x,K) ≤ δ.

Lemma 2.2 ∫
B2δ(x)

d(y)r−2ω(d(y))

|x − y|N−2
dy ≤ Cδrω(δ). (2.4)

Lemma 2.2, has a useful corollary.

Corollary 2.3 Under the same conditions imposed on x,

123



Higher order Hölder approximation… Page 9 of 45   126 

∫
B2δ(x)

d(y)r−2ω(d(y))dy ≤ cδr+N−2ω(δ). (2.5)

Another important property concerns the integral

Ik(x) =
∫
Bc0δ(x)

d(y)k−2ω(d(y))

|x − y|N−2+k
dy, x ∈ K, c0 ≥ 2. (2.6)

Lemma 2.4 For k > 0, the inequality holds

Ik(x) ≤ cω(δ(x)). (2.7)

There is a useful corollary:

Corollary 2.5 For 1 ≤ k < r,

Jk =
∫
Bc0δ(x)

d(y)r−2ω(d(y))

|y − x |N−2+k
dy ≤ cδr−kω(δ). (2.8)

In the next lemma we estimate the integral over the complement CBc0δ(x) of the
ball.

Lemma 2.6 For k > 0, we have

∫
CBc0δ(x)

d(y)k−2ω(d(y))

|y − x |N−1+k
dy ≤ c

ω(δ)

δ
. (2.9)

Lemma 2.7 Let r ≥ 1, x0 ∈ K, x ∈ CK ≡ RN \ K and |x − x0| ≤ δ/2. Then

∫
Bδ(x)

d(y)r−2ω(d(y))|x − y|2−Ndy ≤ Cδrω(δ)

∫
Bδ(x0)

d(y)r−2ω(d(y))|x0 − y|2−Ndy ≤ Cδrω(δ).

Finally, we need the following estimate.

Lemma 2.8 Under conditions of Lemma 2.7,

J (x) =
∫

|x−y|>δ

d(y)r−2ω(d(y))|x − y|1−Ndy ≤ Cδ−1ω(δ). (2.10)
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2.3 Estimates of derivatives of the Green function

Here we present some results on the Green function and its derivatives.
Let L = L(x, ∂x ) be a uniformly elliptic order 2 operator in a ball BR of radius

R ≤ 1, with Dirichlet boundary conditions and G(x, y) ≡ GR(x, y) be the Green
function for L in BR .

Estimates of the first type concern the unit ball, R = 1, B = B1, G = G◦, and we
need them for all points (x, y) ∈ (B̄ × B̄), x �= y. Our interest lies in estimating the
singularity of the derivatives of G(x, y) as x is close to y. Such estimates for G(x, y)
and derivatives Gx (x, y), Gy(x, y), Gxy(x, y) were established in [14], under rather
weak restrictions imposed on the coefficients, namely, if a(x) ∈ L∞(B) and is Dini
continuous. Then

|∂α
x ∂β

y G(x, y)| ≤ C |x − y|−N+2−|α|−|β|, (2.11)

for |α|, |β| ≤ 1, with constant C depending on the norms of coefficients in the Dini
class and on the ellipticity constant.

Estimates of derivatives of higher order require more regularity of coefficients.
We need them only for derivatives ∂α

x ∂
β
y G(x, y), |β| ≤ 1. We cite here the result by

Yu.Krasovskii, tailored for our particular case, [18], see Theorem 3.3. and its corollary.

Theorem 2.9 Let the coefficients a(x) belong to Cm(B̄), m ≥ 3. Then

|∂α
x ∂β

y G(x, y)| ≤ C |x − y|−N+2−|α|−|β|, |α| < m − 1, (2.12)

with constant C depending on Cm-norm of coefficients and the ellipticity constant.

We will also need such estimates of derivatives for the Green function GR(x, y) in a
ball BR with radius R < 1.

Corollary 2.10 Under the conditions of Theorem 2.9, for a ball BR, R < 1 estimate
(2.12) holds for the Green function GR(x, y) in the ball BR, with constant with con-
stant C depending on Cm-norm of coefficients and the ellipticity constant, but not
depending on R.

Proof Having an operator L in the ball BR , say, with center at the origin, we make a
dilation x = R−1x to the unit ball B1. Under this dilation, the C0-norm of a derivative
of order α in x or y gains the factor R|α| < 1. Thus, the Cm norms of the coefficients
do not grow. As follows from the chain rule, the Green function in x variables is R2−N

times the transformed Green function of the dilated operator in x variables,

GR(x, y) = R2−NG◦(x, y).

and the estimate for the Green function follows from the estimate in the unit ball. The
same dilation takes care of derivatives of the Green function. ��

The second type of results concerns the Green function in a ball BR with radius R ≤
1 for the points x, y well separated, namely, the point x lies in a small neighborhood
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of the centerpoint 0 of the ball, while y lies in a neighborhood of some boundary point
y◦. The operator L depends on an additional parameter ς in a neighborhood of the
point ς0 = 0 ∈ RN, and we need estimates for the derivatives

|Gx |, |Gy |, |Gxy |, |Gxς |, |Gxyς |, |Gxxς |, |Gyyς |, |Gxςς |, |Gxxy | ≤ C, (2.13)

for such x, y, uniform in these variables and for ς = 0.
Again, we start with the unit ball, R = 1, and the Green function, denoted

G◦(x, y; ς).

Theorem 2.11 Suppose that the operator L(ς) = −∇(a(x, ς)∇) is uniformly elliptic
and its coefficients satisfy ∂α

x ∂
γ
ς a(x, ς) ≤ c0, for |α| + |γ | ≤ 3. Then for x near 0, y

near y◦ ∈ ∂B1, |x − y| > 1
2 , the derivatives of the Green function G

◦(x, y, ς), satisfy
(2.13), with constant C depending on the norm of the coefficients in the above spaces
and on the ellipticity constant.

The proof is presented in Appendix B.
Again, a simple consequence of Theorem 2.11 is the following.

Corollary 2.12 Under the conditions of Theorem 2.11, let BR ⊂ B1 be a ball with
radius R < 1, Then for the Green function GR for the operator L in BR, the estimates
hold.

|GR
ς (x, y; ς)|, |GR

ςς (x, y; ς)| ≤ CR2−N;
|GR

x (x, y; ς)|, |GR
y (x, y; ς)|, |GR

xς (x, y; ς)|, |GR
xςς (x, y; ς)| ≤ CR1−N,

|GR
xy(x, y; ς)|, |GR

xyς (x, y; ς)|, |GR
xxς (x, y; ς)| ≤ CR−N,

|GR
xyy(x, y; ς)| ≤ CR−1−N, (2.14)

with constant C determined by C3(BR × Bε)- norms of coefficients of the operator L
and its ellipticity constant.

Proof The proof repeats the above dilation reasoning. ��

3 The generating kernel and the extension

3.1 The extension operator

We are going to describe here the smooth extension to RN of a given function f ∈
Hr+ω

L (K) with control of derivatives.
Let Q = {Q} be the Whitney decomposition into open cubes of the set CK =

RN \ K. Recall that this means that
⋃

Q∈Q Q = CK and different cubes in Q are
disjoint. Moreover, if aQ is the center of the cube Q ∈ Q, δ(Q) = dist (aQ,K), then
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1
8δ(Q) ≤ diam Q ≤ 1

4δ(Q). For Q ∈ Q, we denote by xQ ∈ K (one of) the closest to
aQ point(s) in K, d(aQ) = |xQ − aQ |, and for y ∈ Q, δ(Q) ≤ 2 diam K, we define

f̃0(y) = �xQ ,2δ(Q)(y) (3.1)

where �xQ ,2δ(Q)(y) are functions involved in the definition of the class Hr+ω
L (K),

see Definition 1.1. If a point y does not belong to any of Q ∈ Q or it belongs to a
far-lying cube, δ(Q) > 2 diam K, we set f̃0(y) = 0. The function f̃0, thus defined,
is piecewise L-harmonic, however it may be discontinuous along the boundaries of
cubes inQ in an uncontrollable manner. We use now the averaging kernel K (x, y), to
be constructed later in this section, and set

f0(x) =
∫
RN

f̃0(y)K (x, y)dy. (3.2)

We will show that this function is a continuous extension of f to a neighborhood of
K , with controlled behavior of derivatives when approaching K; the function f0(x)
will later serve for constructing the required approximation.

3.2 Construction of the kernel K

Our reasoning will be constructive. The first step will be describing a proper aver-
aging kernel. We denote by d0(x) the regularized distance from the point x ∈ CK
to K, namely d0(x) ∈ C3(CK), c dist (x,K) ≤ d0(x) ≤ c′ dist (x,K), c′ < 1

4 ,

|∇kd0(x)| ≤ cd0(x)1−k, k = 1, 2, 3. Let h(t) be a function in C∞(R+), h(t) ≥ 0,
supph ⊂ [ 12 , 1], normalized by

∫ 1
0 h(t)dt = 1. The scaled function hr (t) = r−1h(t/r)

is normalized in such a way that
∫ ∞
0 hr (t)dt = 1. Further on, for x ∈ CK, t < r =

d0(x), we denote by St (x) the sphere {y : |y−x | = t}, and by Bt (x) the corresponding
open ball; they do not touch K, moreover, they are on a controlled distance from K.

Next, for our elliptic operator

L(x, ∂x ) = −
∑
j,j′

∂jajj′(x)∂j′ ≡ −∇ · (a(x)∇) (3.3)

in the unit ball � ≡ B1(O) containing K, we construct the averaging kernel K (x, y).
It will act as a replacement, for the operator L, of the mean value kernel, usual for the
Laplacian: namely, for any point x ∈ CK and a function φ(y), L-harmonic in the ball
Br (x), φ ∈ C(Br (x)), r = r(x) ≤ d0(x), the following representation holds:

φ(x) =
∫
Br (x)

K (x, y)φ(y)dy.

The construction of K (x, y) is performed in the following way. For a fixed point
z ∈ CK, we denote by Gz,t (x, y) the Green function for the Dirichlet problem for
L in the ball Bt (z), so, in this notation, variables (z, t) in the subscript indicate the
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domain, the ball, where the Green function is considered, while, further, (x, y) are
the variables on which the value of the Green function depends. We are interested,
especially, in Gx,t (x, y), this means, the value of the Green function at the centerpoint
of the sphere. In particular, we have Gx,t (x, y) = 0 on the sphere |y − x | = t . Since
the operator L is Hermitian, we have Gx,t (x, y) = Gx,t (y, x).

For t ∈ [r/2, r ], y ∈ St (x), we denote by ννννννννν y(t) the external L-conormal to the
sphere St (x) at the point y ∈ St (x); namely, for an operatorL in (3.3), the components
of the conormal are (ννν y(t))j = ∑

j′ aj,j′(y)nj′(y), where nj′(y) are the components of
the Euclidean normal to St (x) at the point y (note that the conormal vector is not
normalized).

By the classical representation formula for solutions of elliptic equations, the fol-
lowing equation is valid for a function φ, as long as φ ∈ C(Bt (x)), Lφ = 0 in
Bt (x),

φ(x) =
∫
St (x)

∂ννννννννν y Gx,t (x, y)φ(y)dσt (y), (3.4)

where dσt is the surface element on the sphere St (x). We multiply (3.4) by hr (t),
r = d0(x) and integrate in t . By our normalization, the left-hand side in (3.4) remains
equal to φ(x) after integration, while the right-hand side takes the form of the integral
over the spherical annulus Rr (x) = Br (x) \ Br

2
(x):

φ(x) =
∫
Rr (x)

hr (|x − y|)∂ννννννννν y Gx,|x−y|(x, y)φ(y)dy, r = d0(x). (3.5)

It is the kernel in (3.5) that will be accepted as K (x, y): we set

K (x, y) = hd0(x)(|x − y|)∂ννννννννν y Gx,|x−y|(x, y),

for y ∈ Rr (x), and K (x, y) = 0 otherwise.
As follows from [14], the function K (x, y) satisfies

|K (x, y)| ≤ cd0(x)
−N, y ∈ Rr (x).

In the following, we will also need estimates for the derivatives of the kernel K (x, y)
in the same domain y ∈ Rr (x), namely,

|∇x K (x, y)| ≤ cd0(x)
−N−1, (3.6)

and
|∇2

x K (x, y)| ≤ cd0(x)
−N−2. (3.7)

These estimates are established further on.
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3.3 Estimates of derivatives of K(x, y). First order derivatives

Since the dependence of K on x is rather implicit, the calculations of its deriva-
tives are rather cumbersome and involve multiple applications of the chain rule. We
would like to explain at this point, somewhat informally, how this calculation goes
through and which derivatives of the Green function may appear; this facilitates better
understanding of rigorous reasoning afterwards.

The easiest term to handle is the factor hd0(x)(|x − y|); its derivatives are calculated
directly. More trouble is caused by the factor ∂ννννννννν y Gx,|x−y|(x, y). First, note that when
the position of the point x changes infinitesimally, the sphere ∂B|x−y|(x) has its center
moving, the sphere still passing through y, therefore the conormal vector ννννννννν y changes
its length and direction, and in evaluating this change, the derivatives of G in x and
y appear. Next, the size of the ball B|x−y|(x) changes, and this change should also be
taken into account when differentiating in x . Finally, we must notice that when the
point x moves, the operator L changes. To see this, we take an infinitesimally moved
point ξ = ξ(ς), the new position of x , ξ(0) = x , and consider a linear conformal
transformation T(ς) = E + O(ς) in RN mapping the ’old’ ball B(0) = B|x−y|(x)
onto the ’new’ ball B(ς) = B|ξ−y|(ξ). Under this transformation, the operator L in
the new ball B(ς) transforms into a new operator L(ς) in the initial ball B(0) with
coefficients a(x, ς) = a(T(ς)x), depending on the parameter ς ; in other words,
instead of considering the ’old operator L’ in a ’new ball’, we consider here the new
operator L(ς) in the old ball. Therefore, when we differentiate the Green function in
x , we need to keep in mind this change of the operator and thus, for a fixed ball, the
derivatives ∂ςG(x, y; ς), ∂ς∂yG(x, y; ς) and ∂ς∂xG(x, y; ς) arise, whereG(x, y; ς)

is the Green function of the operator L(ς) in B(0).
Now we present rigorous calculations rendering concrete these hints.
We start with evaluating derivatives of an important auxiliary vector-function.

m(x, z) = (x − z)d0(x)−1, for x, z ∈ CK, under the condition |x − z| ≤ d0(x).

First, of course, ∇zm(x, z) = Ed0(x)−1, therefore, |∇zm(x, z)| = N
1
2 d0(x)−1.

The calculation of the x-derivative is a little bit more laborious:

∇xm(x, z) = (d0(x)
−1)′x ⊗ (x − z) + d0(x)

−1E =
d0(x)

−2∇xd0(x) ⊗ (z − x) + d0(x)
−1E,

therefore,
|∇xm(x, z)| ≤ cd0(x)

−1 ≤ c′d(x)−1, (3.8)

and, similarly,

|∇2
xxm(x, z)| ≤ cd(x)−2. (3.9)

Now we estimate first order derivatives of the function K (x, y) with respect to
the x-variable. We fix a point x ∈ CK and consider ξ in the small ball Bd0(x)/4(x),
y ∈ St (x) for t = |x − y|. The function K (ξ, y) depends on ξ in a complicated way;
this dependence involves the change of the regularized distance d0(ξ), which leads to
the change of the radius of the ball, and also change of the direction of the normal and
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conormal vectors at y as ξ moves. Thus we encounter many terms requiring detailed
analysis.

By the definition of K (ξ, y), we have

K ′
ξ (ξ, y) = (hd0(ξ)(|ξ − y|))′ξ ∂ννννννννν y(t)Gξ,|ξ−y|(ξ, y)+ (3.10)

hd0(ξ)(|ξ − y|)(∂ννννννννν y(t)Gξ,|ξ−y|(ξ, y))′ξ .

As follows from (3.8) and the obvious estimate

∣∣∣(hd0(ξ)(|ξ − y|))′ξ
∣∣∣ ≤ cd0(ξ)−2, (3.11)

for the first term in (3.10), we have

∣∣∣(hd0(ξ)(|ξ − y|))′ξ ∂ννννννννν y(t)Gξ,|ξ−y|(ξ, y)
∣∣∣ ≤ cd0(ξ)−N−1. (3.12)

Next we consider the second term in (3.10). As explained earlier, while the point x ,
the center of the sphere, moves to the position ξ , under such movement, the point y
remains at its place, but the sphere S|x−y|(x) moves to the new position S|ξ−y|(ξ),
and this causes the change of the direction of the tangent plane at y and thus of the
conormal vector ννννννννν y .

To evaluate this change of direction, when calculating derivatives with respect to
ξ variable, it is convenient to parametrize the point ξ in a special way. We need some
elementary geometry here. Denote by SSS the unit sphere with center at the origin
0, consider the point λ0 = x−y

|x−y| ∈ SSS, and let ωωω be a neighborhood of λ0 in SSS :
ωωω = {λ = ξ−y

|ξ−y| : |ξ − x | ≤ 1
4d0(x)}.

We set τ = |ξ − y| and consider the change of the operators of the conormal
derivative, ∂̃ = ∂ννννννννν y(τ ), as ξ moves. The conormal derivatives can be understood as
directional derivatives along the vectors ννννννννν y(t), not necessarily the unit ones. Since
the position of the sphere St (ξ) is determined by the parameter ς = ξ−y

d0(ξ)
∈ ωωω, we

include this parameter into the notation, suppressing temporarily t : ννννννννν(y, ς) := ννννννννν y(t).
In the lucky case, when ννννννννν(y, ς)‖ννννννννν(y, λ), the reasoning is quite simple since there
is no change of the direction of the conormal vector. We consider the generic case
ννννννννν(y, ς) ∦ ννννννννν(y, λ). Let us draw the two-dimensional plane

∏
through the point y and

the vectors ννννννννν(y, ς),ννννννννν(y, λ). This plane cuts the sphere Sτ (x) along the circle that we
denote by � . We consider the intersection

∏ ∩Bt (ξ). It is a two-dimensional disk.
Denote by νξ,y the unit interior normal vector (the Euclidean one, note the font

difference!) to � . By definition, the Green function Gξ,|ξ−y|(ξ, y) vanishes for y ∈
Sτ (ξ), in particular, on � . Therefore,

∂ννννννννν(y,λ)Gξ,|ξ−y|(ξ, y) = (3.13)

|ννννννννν(y, λ)|−1∂νξ,y Gξ,|ξ−y|(ξ, y) cos( ̂νξ,y,ννννννννν(y, λ)),
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and

∂ννννννννν(y,ς)Gξ,|ξ−y|(ξ, y) = (3.14)

|ννννννννν(y, ς)|−1Gξ,|ξ−y|(ξ, y) cos( ̂νξ,y,ννννννννν(y, λ)),

where ̂ν, ν′ denotes the angle between the vectors ν, ν′. Therefore, the ratio of the
derivatives in (3.13) and (3.14), which we denote by μ(y, λ, ς), satisfies

μ(y, λ, λ) = 1, |∇ςμ(y, λ, ς)| ≤ C . (3.15)

Now we are able to conclude the calculation of the change of the kernel K under the
change of the point x , the center of the ball. Having ξ in a neighbourhood of x , due to
the definition of the kernel K , we have

∂ξ K (ξ, y) = ∂ξ [hd0(ξ)(|ξ − y|)∂ννννννννν(y,ς)Gξ,|ξ−y|(ξ, y)] = (3.16)

∂ξ (hd0(ξ))(|ξ − y|))∂ννννννννν(y,ς)Gξ,|ξ−y|(ξ, y)+
hd0(ξ)∂ξ

(
∂ννννννννν(y,ς)Gξ,|ξ−y|(ξ, y)

) ≡ I1 + I2.

For the first term in (3.16), we use our estimate (3.11) for the derivative of h,

|∂ξ (hd0(ξ)(|ξ − y|))| ≤ cd0(x)
−2.

For the derivatives of the Green function, in the first term on the right in (3.16), we
use estimate (2.14), which gives |∂ννννννννν(y,ς)G(ξ, y)| ≤ cd0(x)1−N, Therefore, for the first
term I1 in (3.16), we have

|I1| ≤ Cd0(x)
−1−N. (3.17)

Next, we estimate I2. For the last factor, i.e., for the second derivative of the Green
function, we have

∂ξ (∂ννννννννν(y,ς)Gξ,|ξ−y|(ξ, y)) = (3.18)

∂ξ

[
μ(y, λ, ς)|

ς= ξ−y
d0(x)

∂ννννννννν(y,λ)Gξ,|ξ−y|(ξ, y)

]
=

= ∂ξμ(y, λ, ς)|
ς= ξ−y

d0(x)

∂ννννννννν(y,λ)Gξ,|ξ−y|(ξ, y) + μ(y, λ, ς)∂ξ ∂ννννννννν(y,λ)Gξ,|ξ−y|(ξ, y) =
I3 + I4.

The term I3 is again estimated using (3.10) and the bounds for the first and second
order derivatives of the Green function in (2.11). This gives

∣∣∣∣∂ςμ(y, λ, ς)∂ξ

[
ξ − y

d0(ξ)

]∣∣∣∣ ≤ cd0(x)
−1,
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and, therefore,

∣∣∣∣hd0(ξ)(|ξ − y|)∂ςμ(y, λ, ς)∂ξ

[
ξ − y

d0(ξ)

]
∂ννννννννν(y,λ)Gξ,|ξ−y|(ξ, y)

∣∣∣∣ ≤ (3.19)

cd0(x)
−1 · d0(x)−1 · d0(x)1−N = cd0(x)

−1−N.

The most troublesome is the evaluation of the term I4, since it requires tracing the
behavior of derivatives of the Green function under a rotation of the co-ordinates
system.

Consider the family of linear conformal mappings η �→ T(ς)η in RN, transforming
x − y to ξ − y, depending smoothly on ς (the parameter ς is concealed in ξ ),

T(ς) = |ς |
|λ|B(ς),

whereB(ς) is an orthogonal transformation depending smoothly on ς , with T(λ) = E.
Next, we denote by g(u, v, ς) the rotated Green function, namely, its image under the
transformation T(ς) of the ball B(x, t) to the ball B(ξ, τ ):

g(u, v, ς) := (3.20)

GT(ς)(x−y)+y,|ς |d0(T(ς)(x−y)+y)(T(ς)(v − y) + y,T(ς)(u − y) + y).

It follows from (3.20) that the coefficients aj,j′(., ς) of the operator L(ς) obtained
from L by the transformation T(ς) depend Cm-smoothly on the parameter ς .

By the multiple usage of the chain rule, we express the derivatives of the function
g(y + T (ς)(x − y), y, ς) via the derivatives of g(ξ, y, ς); the latter is the Green
function in the ball Bτ (ξ) for the transformed operator L(ς). We obtain

∂ξ ∂ννννννννν(y,λ)g(y + T(ς)(x − y), y, ς))

= ∂ννννννννν(y,λ)∂ξ g(y + T(ς)(x − y), y, ς) = ∂ννννννννν(y,λ)∂ςg(y + T(ς)(x − y))∂ξ ς |
ς= ξ−y

d0(x)

= ∂ννννννννν(y,λ)

(
∂ξ g(y + T(ς)(x − y), y, ς

)
∂ςT(ς)(x − y)

+ ∂ςg(y + T(ς)(x − y), y, ς)∂ξ ς

= ∂ννννννννν(y,λ)∂ξ g(y + T(ς)(x − y), y, ς)∂ςT(ς)(x − y)

+ ∂ξ g(y + T(ς)(x − y), y, ς)∂ννννννννν(y,λ)∂ςT(ς)(x − y)∂ξ ς

+ ∂ξ g(y + T(ς)(x − y), y, ς)∂ςT(ς)(x − y)∂ν∂ξς

+ ∂ννννννννν(y,λ)∂ςg(ξ, y, ς)∂ξς + ∂ςg(ξ, u, ς)∂ννννννννν(y,λ)ς |
ς= ξ−y

d0(x)

= ∂ννννννννν(y,λ)∂ξ g(y + T(ς)(x − y), y, ς)∂ςT(ς)(x − y)∂ξ ς

+ ∂ξ g(y + T(ς)(x − y), y, ς)∂ννννννννν(y,λ)∂ςT(ς)(x − y)∂ξ ς

+ ∂ννννννννν(y,λ)∂ςg(ξ, y, ς)|
ς= ξ−y

d0(x)
. (3.21)

When obtaining (3.21), we applied the fact that ∂ννννννννν(y,λ)∂ξ
ξ−y
d0(x)

= 0.
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We collect now the estimates which we use to treat (3.21):

|∂ννννννννν(y,λ)∂ξ g(y + T(λ)(x − y), y, ς)| ≤ Cd0(x)
−N;

|∂ςT(ς)(x − y)| ≤ c|x − y| ≤ cd0(x);
∣∣∣∣∂ξ

ξ

d0(x)

∣∣∣∣ ≤ cd0(x)
−1; (3.22)

|∂ννννννννν(y,λ)∂ςT(ς)(x − y)| ≤ C; |∂ννννννννν(y,λ)∂ςg(ξ, y, ς)| ≤ Cd0(x)
1−N.

After their substitution to (3.21), we obtain

∣∣∂ξ ∂ννννννννν(y,λ)g(y + T(ς)(x − y), y, ς)
∣∣ ≤ cd0(x)

−N. (3.23)

Taken together with (3.16), (3.17), (3.18), (3.19), this gives us the required estimate
for the derivative of the kernel K (ξ, y) for ξ = x :

|∂x K (x, y)| ≤ cd0(x)
−1−N. (3.24)

Before we proceed, we review which estimates of derivatives of the Green function
G(x, y; ς) we need. In estimating derivatives of the kernel K (x, y), we applied the
chain rule several times. In this calculations, some factors appeared related to variables
changes and they did not involve the Green function, but only dealt with geometri-
cal quantities. The only factors containing derivatives of the Green function were
derivatives in x , accounting for the movement of the point x , see (3.19), and second
derivatives in x, y and y, ς involved in the evaluation of the contribution of the change
of direction of the conormal derivative, see (3.23), as well as the change of operator
L. Combined with other terms, they give estimate (3.24). We stress here that we use
here derivatives of the Green function for a ball with radius d0(x) only at the points
x, y, such that x lies at the center of the ball and y lies at its boundary, so, the distance
between x, y is controlled from below by the radius of the ball.

3.4 Estimating the second-order derivatives, K
′′
xx(x, y)

We will also need estimates for the second-order derivatives of the kernel K (x, y).
The calculations go essentially in the same way as for the first derivative, however
they are considerably more cumbersome, so we explain only their structure. Again,
multiple application of the chain rule leads to a number of factors of geometrical
nature, not depending on the Green function, as well as derivatives of the Green
function. Of these derivatives, ∂2xxG(x, y; ς) reflects the contribution of the move-
ment of the point x , while ∂3xxyG(x, y; ς), reflects the change of the direction of the
conormal derivative. Additionally, as explained in the previous subsection, there are
terms reflecting the change of the operator L when passing from the ball B|x−y|(x) to
the ball B|ξ−y|(ξ); here, additionally the derivatives ∂2ςςG(x, y; ς), ∂3ςςxG(x, y; ς),
∂3ςς yG(x, y; ς), ∂3ςxyG(x, y; ς) appear.

In more detail, after differentiating (3.21), we obtain the sum of ten terms; we
present them, recalling the notation (3.20) and setting symbolically for shorthand
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� := (y + T(ς)(ξ − y), y, ς) and � = (ξ, y, ς):

K
′′
ξ,ξ (ξ, y) = ∂ννννννννν(y,λ)g(�)A1(�) + ∂ννννννννν(y,λ)∂ξ g(�)A2(�)+ (3.25)

∂ξ g(�)A3(�) + ∂ξ ∂ξ g(�)A4(�) + ∂ννννννννν(y,λ)∂ςg(�)A5(�)+
∂ξ ∂ςg(�)A6(�) + ∂ννννννννν(y,λ)∂

2
ςg(�)A7(�) + ∂2ξ ∂ννννννννν(y,λ)g(�)A8(�)+

∂ννννννννν(y,λ)∂ξ ∂ςg(�)A9(�) + ∂ννννννννν(y,λ)∂
2
ς A10(�).

Here, in (3.25), as before, ξ = y + T(ς)(x − y), ς = ξ−y
d0(ξ)

, and the expressions A1
to A10 are combinations of the functions hd0(x)(|x − y|), μ(ς), T(ς)(x − y) and their
derivatives, structurally similar to the expressions presented in (3.21), where the first
order derivatives of K (ξ, y) were being treated, as well as derivatives of G. These
expressions can be estimated using relations (3.22). We keep in mind that, due to our
choice of x, ξ, y, we have

|ξ − y| ≥ 1

4
|x − y| = 1

4
d0(x) (3.26)

To make the explanation of these calculations more transparent, we introduce the
following generic notations. Byδδδgwedenote any of first order derivatives of a function
g(�) in the variables ξ, ν; by δδδ2g we denote any of second order derivatives in these
variables, and, similarly, δδδ3g stands for third order derivatives. Relations (3.26) imply

|δδδg(�)|, |∂ςδδδg(�)|, |∂2ςδδδg(�)| ≤ Cd0(x)
1−N;

|δδδ2g(�)|, |∂ςg(�)| ≤ cd0(x)
−N;

|δδδ3g(�)| ≤ cd0(x)
−1−N.

On the other hand, we estimate the quantities A1–A10 using (3.22), (3.15), (3.10),
(3.12), (3.11); their substitution into (3.25) gives

|Kξ,ξ (ξ, y)| ≤ cd0(x)
−2−N,

in particular, for ξ = x , we have

|Kxx (x, y)| ≤ cd0(x)
−2−N. (3.27)

4 The approximating function; proof of Theorem 1.2

In this section, we construct the extension function f0(x) and establish its properties,
with further construction of the approximating function vδ .
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4.1 An estimate for the local approximation

In order to study properties of the extension function f0, see (3.2), we need an estimate
for derivatives of the local approximations �x,δ .

Lemma 4.1 Let f (x), x ∈ K satisfy the conditions of Theorem 1.2, with r ≥ 1. Let
x ∈ K and δ > 0. Then for y ∈ B δ

2
,

|∇y�x,δ(y)| ≤ C, (4.1)

where the constant C may depend on K, L and f , but for fixed K, L, f , does not
depend on δ.

Proof Choose the integer N so that 2N−1δ < diam (K) ≤ 2N δ. Then

�x,δ(y) = �x,2N δ(y) −
N∑

k=1

(
�x,2kδ(y) − �x,2k−1δ(y)

)
.

We apply the classical property for the gradient of solutions of elliptic equations (see,
e.g., [14]): if a function �(y) is a solution of the elliptic equation L�(y) = 0 in the
ball BR(x), then in the smaller concentric ball y ∈ B R

2
(x), the estimate holds

|∇�(y)| ≤ CR−1‖�‖C(BR(x)),

with constant C not depending on R.
Due to our choice of N , for y ∈ B δ

2
(x),

|∇y�x,2N δ(y)| ≤ C,

since the function �x,2N δ , which serves as a ’local approximation’ with error 2N δ on
the whole of K, is bounded in B2N δ(x) uniformly in x ∈ K.

We may assume δ < 1. Then Condition (1.1), for k ≥ 1 implies

‖�x,2k−1δ − �x,2kδ‖C(B2k−1δ
(x)) ≤ C

(
2krδ

)
δrω(2kδ).

Therefore,

‖∇ (
�x,2k−1δ − �x,2kδ

) ‖
C

(
B δ
2
(x)

) ≤

C(2kδ)−1 × 2krδrω(2k) = c2k(r−1)δr−1ω(2kδ), r ≥ 1.

It follows now that

‖∇�x,δ‖C(B δ
2
(x)) ≤
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N∑
k=1

‖∇(�x,2k−1δ − �x,2kδ)‖C(B δ
2
(x)) + ‖∇�x,2N δ‖C(B δ

2
(x)) ≤

c
N∑

k=1

2k(r−1)δr−1ω(2kδ) + c ≤ δr−1
∫ N

0
2s(r−1)ω(2sδ)ds + c =

cδr−1
∫ 2N

1
tr−1ω(δt)

dt

t
+ c = cδr−1

(
δ−1

)r−1
∫ 2N δ

0
τ r−2ω(ζ )dτ + c

≤ C(diam K)r−1
∫ 2 diam K

0
ω(τ)τ−1dζ + c ≤ C .

��

4.2 EstimatingLf0(x)

Now, using our estimates for derivatives of the kernel K (x, y), obtained in the previous
section, we establish estimates for the function f0(x) constructed in Section 3.1, see
(3.2), and for the result of the action of the operator L on this function. For a fixed
point x0 ∈ CK, we consider the open cube Q in the Whitney coverQ, whose closure
contains x0. Let xQ be the point inK, closest to the center of this cube (or one of such
points). Recall that the function f̃0(x) (defined in (3.1)) equals 0 on the boundary of
Q. By construction, Lx�xQ ,2δ(Q)(x) = 0, for x in the ball B2δ(Q)(xQ), in particular,

this holds in a small neighborhood of the ball Bd0(x0)(x0). Therefore, for x in a small
neighborhood of the point x0, we obtain, recalling the definition of the kernel K (x, y)
(which acts as an L-replacement for the mean value kernel):

|Lx f0(x)| = |Lx ( f0(x) − �xQ ,2δ(Q)(x))| = (4.2)∣∣∣∣Lx

(∫
RN

f̃0(y)K (x, y)dy −
∫
RN

�xQ ,2δ(Q)(y)K (x, y)dy

)∣∣∣∣ =
∣∣∣∣Lx

(∫
RN

( f̃0(y) − �xQ ,2δ(Q)(y))K (x, y)dy

)∣∣∣∣ ≤

C
∫

Bd0(x0)+ε(x0)

| f̃0(y) − �xQ ,2δ(Q)(y)||∇2
xx K (x, y)|dy ≤

Cd0(x)
−N−2

∫

Bd0(x0)+ε(x0)

| f̃0(y) − �xQ ,2δ(Q)(y)|dy,

using, on the last step, our estimates for derivatives of the kernel K (x, y). We apply
estimate (3.27) now. For x ∈ Bd0(x0)+ε(x0), the difference f̃0(y) − �xQ ,2δ(Q)(y)
has the form �xQ1 ,2δ(Q1)(y) − �xQ ,δ(Q)(y), for a certain cube Q1, and satisfies the
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conditions of the main theorem with parameters δ(Q), δ(Q1). Therefore,

| f̃0(y) − �xQ ,2δ(Q)(y)| = |�xQ1 ,2δ(Q1)(y) − �xQ ,δ(Q)(y)| ≤ cd0(x0)
rω(d0(x0)).

(4.3)
We set x = x0 in (4.2), (4.3) and obtain the required estimate for L f0 outside K:

|(L f0)(x0)| ≤ cdr−2
0 (x0)ω(d0(x0)). (4.4)

We stress here that by (4.4), the larger r in the conditions of the Theorem, the faster
the function L f0(x) decays as the point x approaches K. This fact will be essentially
used further on.

4.3 The integral representation of the function f0(x).

The construction of an approximating functions goes similarly to the one in [27], with
natural modifications. Let, again, the point x ∈ CK be fixed, δ0 := dist (x,K) > 0.
We fix a number δ ∈ (0, δ0

2 ) and construct a finite cover of K by balls with radius
δ, possessing Property 2.1, as this was done in [27], see Corollary 2.2 there. This
implies that for R0 = diam (K) and r < R0, there exists a collection ϒδ of disjoint
balls Br (xααα) centered in K, such that the concentric balls B5r (xααα) form a cover of K.
Moreover, for any R ∈ (δ, R0) and any x ∈ K, the quantity of points xααα in the ball
BR(x) is no greater than bN(R/r)N−2, with constant bN not depending on the radii
r , R; we apply this result for r = δ

5 .
We denote by K(δ) the union of balls in ϒδ . The boundary of K(δ) is piecewise

smooth: it consists of a finite union of parts of spheres with radius r . Let G◦(x, y) be
the Green function for L in the domain �◦ containing K (recall that �◦ is taken to be
the unit ball), where the operatorL is defined. Therefore, in the integral representation
of f0 in the domain �δ = �◦ \ K(δ), the integrals over ∂� vanish, and this integral
representation takes the form (with some coefficient cN)

f0(x) = cN

∫
∂(Kδ)

f0(y)∂ννννννννν y G
◦(x, y)dS(y) (4.5)

−cN

∫
∂(Kδ)

∂ννννννννν y f0(y)G
◦(x, y)dS(y) + cN

∫
�δ

L f0(y)G
◦(x, y)dy, x ∈ �δ;

here dS denotes theN-1-dimensional surfacemeasure on the piecewise smooth surface
∂(Kδ) and ννννννννν y is the conormal vector associated with operator L.

We consider the behavior of each of the terms in (4.5) as δ → 0, having the point
x fixed. In the first term, since the distance between x and ∂(Kδ) is separated from
zero, the Green function G◦(x, y) is bounded uniformly in y. At the same time, the
N-1-dimensional measure of ∂Kδ tends to zero as δ → 0. To see this, recall that the
number of balls in ϒδ is no greater than Cδ2−N, and the area of the boundary of each
ball is cδN−1. Therefore, the first term in (4.5) tends to zero.
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To estimate the second term, we let y belong to the closure of some cube Q in the
Whitney cover, this means, y ∈ ∂(Kδ) ∩ Q. Then, according to the definition of f0,

f0(y) = �xQ ,2δ(Q)(y) +
∫
RN

K (y, w)( f̃0(w) − �xQ ,2δ(Q)(w))dw;

further on,

|∂y f0(y)| ≤ |∂y( f0(y) − �xQ ,2δ(Q)(y))| + |∂y�xQ ,2δ(Q)(y)| ≤ (4.6)∣∣∣∣
∫
RN

∂y K (y, w)( f̃0(w) − �xQ ,2δ(Q)(w))dw

∣∣∣∣ + C,

with some absolute constantC , since, by (4.1), see Lemma4.1, the functions�xQ ,2δ(Q)

are uniformly bounded.
According to the definition of the kernel K , the integral in (4.6) is spread only over

the ball Bd0(y)(y); for w in this ball, we have, by the conditions of the main theorem,

| f̃0(w) − �xQ ,2δ(Q)(w)| = |�xQ1 ,2δ(Q1)(w) − �xQ ,2δ(Q)(w)| ≤ (4.7)

cδ(Q)rω(δ(Q)) ≤ Cδrω(δ),

where Q1 is the cube in the Whitney cover, containing w, and xQ1 is the point in K
closest to its center. Now we recall the estimates we obtained for derivatives of the
kernel K : |∂yK (y, w)| ≤ cd0(y)−1−N ≤ cδ−1−N; therefore, (4.6) and (4.7) imply

∣∣∣∣
∫
RN

∂yK (y, w)( f̃0(w) − �xQ ,2δ(Q)(w))dw

∣∣∣∣ ≤ cδ−1−Nδrω(δ)δN ≤ c
ω(δ)

δ
.

As a result, we obtain

|∂y f0(y)| ≤ c
ω(δ)

δ
,

(the same estimate that we had in [27]). Thus, the second term in (4.5) tends to zero
as δ → 0 and we arrive at the integral representation for the function f0(x):

f0(x) = cN

∫
�\K

L f0(y)G
◦(x, y)dy. (4.8)

Since K has zero Lebesgue measure, we can treat the integral in (4.8), as spread over
the whole �,

f0(x) = cN

∫
�

L f0(y)G
◦(x, y)dy, x /∈ K. (4.9)

Finally, we establish that the integral in (4.9) is continuous on K as well. To show
this, for a point x0 ∈ K, we consider the integral

F(x0) = cN

∫
�

L f0(y)G(x0, y)dy

123



  126 Page 24 of 45 G. Rozenblum, N. A. Shirokov

and estimate f0(x) − F(x0), x /∈ K, in order to show that F(x) − F(x0) → 0 as
x → x0. So, for a given δ, we suppose that |x − x0| ≤ δ

2 . We can represent the
difference f0(x) − F(x0) as

f0(x) − F(x0) = cN

∫
Bδ(x)

L f0(y)G(x, y)dy − cN

∫
Bδ(x)

L f0(y)G(x0, y)dy

(4.10)

+
∞∑
j=1

∫
A j

L f0(y)(G(x, y) − G(x0, y))dy

≡ I0(x) − I0(x0) +
∞∑
j=1

I j (x, x0),

whereA j = B2 j δ(x)\B2 j−1δ(x). Using our estimate forL f0(y), we have for the terms
I0(x), Ĩ0(x0) on the first line in (4.10),

| Ĩ0(x0)| ≤ C
∫
Bδ(x)

d(y)r−2ω(d(y))

|x0 − y|N−2
dy (4.11)

≤ Cδr
∫
B2δ(x0)

d(y)−2ω(d(y))

|x0 − y|N−2
dy ≤ cω(δ),

according to Lemma 2.4, for k = 0. Similarly,

|I0(x)| ≤ C
∫
Bδ(x)

d(y)r−2ω(d(y))

|x − y|N−2
dy ≤ Cδrω(δ), (4.12)

by Lemma 2.2. The term I j (x, x0) on the second line in (4.10) is estimated in the
following way. For j ≥ 1, y ∈ A j (x), we have |G(x, y)−G(x0, y)| ≤ Cδ(2 jδ)1−N,

therefore,

|I j (x, x0)| ≤ cδ(2 jδ)1−N
∫
A j (x)

d(y)r−2dy = cδ(2 j )r−1ω(2 jδ).

Using now (2.6), we obtain

|I j (x, x0)| ≤ cδ(2 jδ)1−N(2 jδ)r+N−2ω(2 jδ).

In our case, since r ≥ 1 and the domain �◦ is bounded (it is the unit disk), the
sum in (4.10) is finite, it contains only terms with 2 j−1δ < 1, j ≤ N0, therefore,
(2 jδ)r−1 ≤ C(2 jδ)−1. This gives for I j (x, x0) the estimate

|I j (x, x0)| ≤ Cδ(2 jδ)−1ω(2 jδ) = c2− jω(2 jδ).
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It follows that

∑
j

|I j (x, x0)| ≤ c
∑

2− jω(2 jδ) (4.13)

≤ c
∫ ∞

0

ω(2tδ)

2t
dt

= c′
∫ ∞

1

ω(τδ)

τ 2
dτ ≤ c′′ω(δ).

Taken together, estimates (4.10), (4.11), (4.12), (4.13) give | f0(x)−F(x0)| < Cω(δ).
This means that F(x) converges to f0(x0) as x → x0 ∈ K.

Since both parts in (4.9) are continuous on K, we see that the representation (4.9)
is valid for all x ∈ K, and therefore on the whole �◦.

4.4 Construction of the approximating function vı

Before giving a detailed description of the formula (4.7) below, we would like to
compare this construction with the one used in [27] for the case r = 0. In that paper,
only the integral term in [27] was present, and it provided approximation with error
ω(δ). The extra terms which appear in (4.7) are L−harmonic and they improve the
quality of approximation when r > 0.

Now we pass to the description of our approximation. We fix a pointO ∈ K, which
will serve as the starting point of our construction, for all values of the parameter δ,

0 < δ ≤ diam (K). For a given δ, we consider the coverϒδ, as in Property 2.1, by balls
Bδ(xααα). We enumerate the points xααα in the following way: the starting numbers go to
the points xααα ∈ B2δ(O), the following ones go to the points xααα ∈ B4δ(O) \ B2δ(O),
and further on, along the expanding spherical annuli. The points, with new numbering,
will be denoted xν, ν = 1, . . . , N . We introduce disjoint sets, W1 = B2δ(x1), W2 =
B2δ(x2) \ B2δ(x1),W3 = B2δ(x3) \ (B2δ(x2) ∪ B2δ(x1)), and so on. If it turns out that
for some ν, the setWν is void,Wν = ∅,we just delete it and compress the numeration,
so that, as a result, we have the sequence of nonempty sets Wν . We define now the
sequence of weights ρν :

ρν = (meas N B2δ(O))−1
∫
Wν

L f0(x)dx . (4.14)

Definition (4.14) and estimates (4.4), (2.5) imply

|ρν | ≤ cδ−Nδr−2+Nω(δ) = cδr−2ω(δ). (4.15)

Next, we define the function

Fν(x) = cNρν

∫
B2δ(V (xν ,2δ))

G◦(x, y)dy, x ∈ �; (4.16)

here V (xν, 2δ) is the point constructed, with O = x0 in place of xν , in the end
of Sect. 2.1 and cN is defined in (4.9). This function is L-harmonic outside the ball
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B2δ(V (xν, 2δ)), and, therefore, inside K(δ). Finally, for x ∈ K2δ , we define

vδ(x) = cN

∫

�\K′
δ

G(x, y)L f0(y)dy +
N∑

ν=1

Fν(x). (4.17)

This function is L-harmonic in K(δ); it will serve as the required approximation.

4.5 Estimates for f0 − vı

We recall that f0 is a smooth extension of the given function f from the set K to
the enveloping domain �◦ with controlled behavior of derivatives and of L f0(x) as x
approaches K. Thus, on K, in fact, estimates for f0 − vδ coincide with estimates for
f (x) − vδ(x), this means, they give the quantity we are interested in.
Using (4.9) and (4.17), we can represent the difference f0(x) − vδ(x), x ∈ K, as

f0(x) − vδ(x) = cN

∫
�\K′

δ

G◦(x, y)L f0(y)dy + cN

∫
K′

δ

G◦(x, y)L f0(y)dy

− cN

∫
�\K′

δ

G◦(x, y)L f0(y)dy −
N∑

ν=1

Fν(x)

= cN

∫
K′

δ

G◦(x, y)L f0(y)dy −
N∑

ν=1

Fν(x)

= cN

N∑
ν=1

( ∫
Wν

G◦(x, y)L f0(y)dy − ρν

∫
B2δ(V (xν ,2δ))

G◦(x, y)dy
)

.

(4.18)

In the transformation in (4.18), we used the fact that the sets Wν are disjoint, Wν ⊂
B2δ(xν), and their union is K′

δ . We choose the number M so that

diam (K) < 2Mδ ≤ 2 diam (K).

With this notation, the last expression in (4.18) can be transformed in the following
way:

N∑
ν=1

( ∫
Wν

G◦(x, y)L f0(y)dy − ρν

∫
B2δ(V (xν ,2δ))

G◦(x, y)dy
)

=
∑

ν:xν∈B4δ(x)

( ∫
Wν

G◦(x, y)L f0(y)dy − ρν

∫
B2δ(V (xν ,2δ))

G◦(x, y)dy
)

=
M∑
l=3

∑
ν

(l)
( ∫

Wν

G◦(X , y)L f0(y)dy − ρν

∫
B2δ(V (xν ,2δ))

G◦(x, y)dy
)

de f= I0 +
M∑
l=3

(l)Il ,

(4.19)
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where the superscript (l) in
∑(l) indicates the summation over those ν for which

xν ∈ B2lδ(x)\B2l−1δ(x). The term I0 contains no more than 4N−2bN summands. For
each of them, this means, for xν ∈ B4δ(x), we use estimate (4.4), the general estimate
|G(x, y)| ≤ c|x − y|2−N, and the estimate of the integral (2.4). This gives us

∣∣∣∣cN
∫
Wν

G◦(x, y)L f0(y)dy

∣∣∣∣ ≤ c
∫

B2δ(xν )

d0(y)
r−2ω(d0(y))|x− y|2−Ndy ≤ Cδrω(δ).

(4.20)
Next, for y ∈ B2δ(V (xν, 2δ)),we have |G◦(x, y)| ≤ c|x− y|2−N ≤ cδ2−N, therefore,
(4.15) implies

∣∣∣∣cNρν

∫
B2δ(xν )

G◦(x, y)dy
∣∣∣∣ ≤ cδr−2ω(δ) × δ2−NδN = cδrω(δ). (4.21)

Estimates (4.20), (4.21) produce the bound for I0:

|I0| ≤ cδrω(δ).

Next, we consider the term Il , l ≥ 3 in (4.19), this means, the sum over such
ν for which 2l−1δ ≤ |xν − x | ≤ 2lδ. There are no more than 2l(N−2)bN points xν

in this spherical annulus. Considering one of these points, we choose arbitrarily two
additional points yν1 ∈ Wν and yν2 ∈ B2δ(V (xν, 2δ)). Then we have

∫
Wν

G◦(x, y)L f0(y)dy − ρν

∫

B2δ(V (xν ,2δ))

G◦(x, y)dy

=
∫
Wν

L f0(y)
(
G◦(x, y) − G◦(x, yν1)

)
dy + G◦(x, yν1)

∫
Wν

L f0(y)dy

− ρν

∫

B2δ(V (xν ,2δ))

(G◦(x, y) − G◦(x, yν2))dy − ρνG
◦(x, yν2)

∫

B2δ(V (xν ,2δ))

dy

=
∫
Wν

L f0(y)
(
G◦(x, y) − G◦(x, yν1)

)
dy

− ρν

∫

B2δ(V (xν ,2δ))

(G◦(x, y) − G◦(x, yν2))dy

+ (
G◦(x, yν1) − G◦(x, yν2)

) ∫
Wν

L f0(y)dy.

(4.22)

When performing transformations in (4.22), we used the definition of the coefficient
ρν in (4.14).
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We pass to estimating separate terms in (4.22). For y ∈ B2lδ(x)\B2l−1δ(x), we have
|∇yG◦(x, y)| ≤ |x − y|1−N ≤ C(2lδ)1−N. Therefore,

|G◦(x, y) − G◦(x, yν1)| =
∣∣∣∣
∫ 1

0
Dt (G

◦(x, y + t(yν1 − y)))dt

∣∣∣∣ ≤ (4.23)

cδ|x − y|1−N ≤ cδ(2lδ)1−N.

In a similar way, using the estimate for the derivatives of the Green function and taking
into account the position of the points y, yν1, yν2, we obtain

∣∣G◦(x, y) − G◦(x, yν2)
∣∣ ≤ δ(2lδ)1−N, (4.24)

∣∣G◦(x, yν1) − G◦(x, yν2)
∣∣ ≤ δ(2lδ)1−N. (4.25)

Adding up inequalities (4.22)-(4.25), we arrive at the estimate for a single term in
Il :

cN

∣∣∣∣∣∣∣
∫
Wν

G◦(x, y)L f0(y)dy − ρν

∫

B2δ(V (xν ,2δ))

G◦(x, y)dy

∣∣∣∣∣∣∣
≤ cδ(2lδ)1−N

(∫
Wν

|L f0(y)|dy + ρν meas N B2δ(O)

)

≤ cδ(2lδ)1−N
(∫

Wν

d0(y)
r−2ω(d0(y))dy + δr−2+Nω(δ)

)

≤ cδr−2+Nω(δ)δ(2lδ)1−N; (4.26)

in transformations in (4.26), we used (4.15) and (2.5). Since in the spherical annulus
B2lδ(x) \ B2l−1δ(x), there are no more than c2l(N−2) points xν , we obtain the required
estimate for Il :

|Il | ≤ c2l(N−2)δrω(δ) · 1

2l(N−1)
= C2−lδrω(δ).

Now we sum over l and arrive at

| f0(x) − vδ(x)| ≤ cδrω(δ)(1 +
∑
l≥3

2−l) = Cδrω(δ).

This inequality proves the first statement of the main theorem. The second part
follows easily from the first one since:

|vδ(x) − v δ
2
(x)| ≤ |vδ(x) − f0(x)| + |v δ

2
(x) − f0(x)| ≤ cδrω(δ). (4.27)

Thus, the ’only if’ part of the Theorem is proved for x ∈ K′
δ ⊃ Kδ.
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The ’if’ statement follows by setting �x,δ(y) = vδ(y), y ∈ Bδ(x), for all x ∈ K,
this means, we take the single function vδ(y) as the local approximates for f at all
points x ∈ K. The required property of the function �x,δ follows from (4.27) and the
equality

vδ − v2−3δ =
2∑

s=0

(v2−sδ − v2−s−1δ).

5 Generalized derivatives of f (x), x ∈ K

In this section, we define generalized derivatives of the function f0(x) at points x ∈ K,
namely, points, where the usual derivatives, generally, do not exist. These derivatives
are used to define surrogates of derivatives of the initial function f . We show here
that this definition is self-consistent, and then we prove that the derivatives of the
approximating functions vδ converge to these generalized derivatives of f on K as
δ → 0. Naturally, the higher derivatives we consider, the more smoothness we require
from the coefficients of the operator L.

5.1 Definitions

Let α be a multi-index, 1 ≤ |α| = k ≤ r, cN is the constant in (4.9), where the
representation for f0 is found.

Definition 5.1 For x ∈ K, we define the generalized derivative f(α)(x) by

f(α)(x) := cN

∫
�◦

L f0(y)∂
α
x G

◦(x, y)dy +
∑
ν

∂αFν(x), (5.1)

where G◦(x, y) is the Green function for L in �◦.
This means that we define derivatives of f0 by, still formal, differentiation of the
representation (4.9).

To justify the definition, we need first to prove that the integral in (5.1) converges.
In fact, for the function f0(x), as defined earlier, we have the estimate

|L f0(y)| ≤ cd(y)r−2ω(d(y)).

Suppose that the coefficients of the operator L belong to C3+|α|. Since, by (2.12),

|∂α
x G

◦(x, y)| ≤ c|x − y|−(N−2+k), k = |a, |

we have

|L f0(y)∂
αG◦(x, y)| ≤ C

d(y)r−2ω(d(y))

|x − y|N−2+k
,

and, since k = |α| ≤ r, we can use the results of Lemma 2.4, 2.7, therefore, the
integral in (5.1) converges.
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5.2 Proof of Theorem 1.3

In this section, ‖ · ‖K δ
2
denotes the norm in C(K δ

2
) etc. We prove the estimate (1.4)

first. For some � > 0, fix a point x0 ∈ K�/2. Then, for x ∈ K�, we have Lv�(x) =
Lv2�(x) = 0. Consider the Green function G�(x, y) for L in the ball B� ≡ B�(x0).
Then

v�(x) − v2�(x) = cN

∫
∂B�

(v�(y) − v2�(y))∂ννν y G�(x, y)dS(y).

We differentiate this equality r + 1 times in x :

∇r+1(v�(x) − v2�(x)) = cN

∫
∂B�

(v�(y) − v2�(y))∂ννν y∇r+1
x G�(x, y)dS(y).

Now we use the estimate for the derivative of the Green function and obtain, for
x ∈ B�/2, see Corollary 2.10:

|∇r+1(v�(x) − v2�(x))| ≤ C�rω(�)

∫
∂B�

|x − y|−N+1−rdS(y) (5.2)

≤ C�−1ω(�).

With δ fixed, we take an integer M so that diam (K) < 2Mδ ≤ 2 diam (K), and
we write (5.2) for � = 2 j−1δ, 1 ≤ j ≤ M . Adding the corresponding estimates, we
obtain and

‖∇r+1vδ‖K δ
2

≤
M∑
j=1

‖∇r+1(v2 j−1δ − v2 j δ)‖K δ
2
+ (5.3)

‖∇r+1(v
2M δ

)‖K δ
2

≤ ‖∇r+1(v2M δ)‖K δ
2

+ O(1).

due to the third property of the approximating function in (1.2) and Lemma 4.1.
After this, the sum

∑M
j=1 δ−12− jω(2 jδ) is estimated similarly to the sums in

Sect. 2.2, via the integral

δ−1
∫ M

1
2−τω(2τ δ)dτ ≤ c

∫ ∞

2δ

ω(s)

s2
ds ≤ c

ω(δ)

δ
,

and this proves the inequality.
Now we prove the approximation property. It follows from (4.17) that

∂αvδ(x) = cN

∫
�\K2,δ

L f0(y)∂
α
x G

◦(x, y)dy +
N∑

ν=1

∂αFν(x), x ∈ K, (5.4)

where Fν(x) are functions constructed for the given δ as in Sect. 4.4.
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Next, from the definition (5.1), and (5.4), an estimate for the approximation of
derivatives follows,

f(α)(x) − ∂αvδ(x) = cN

∫
K2,δ

L f0(y)∂
α
x G

◦(x, y)dy −
N∑

ν=1

∂αFν(x) (5.5)

=
N∑

ν=1

cN

∫
Wν

L f0(y)∂
α
x G

◦(x, y)dy −
N∑

ν=1

∂αFν(x).

Now we can use again the estimates of L f obtained in Sect. 4.2 and of derivatives of
the Green function, which gives

∣∣∣∣
∫
Wν

L f0(y)∂
α
x G

◦(x, y)dy
∣∣∣∣ ≤ c

∫
B2δ(xν )

d(y)r−2ω(d(y))

|x − y|N−2+|α| dy.

If the point xν is close to x , namely, xν ∈ B4δ(x), we can use estimates (A.1) and
(4.20), which give

∫
B2δ(xν )

d(y)r−2ω(d(y))

|x − y|N−2+k
dy ≤ cδr−kω(δ),

since here B2δ(xν ) ⊂ B6δ(x).
For the derivative ∂αFν the estimate in this domain is easier. It follows from (4.15)

that

∂αFν(x) = cNρν

∫
B2δ(Vxν ,δ)

∂α
x G(x, y)dy. (5.6)

By our estimate (4.16),
|ρν | ≤ cδr−2ω(δ). (5.7)

For xν ∈ B4δ(x), relations (5.6), (5.7) imply

∣∣∂αFν(x)
∣∣ ≤ cδr−2ω(δ)

∫
B2δ(Vxν ,2δ)

|∂α
x G

◦(x, y)|dy ≤ (5.8)

cδr−2ω(δ)

∫
B2δ(Vxν ,2δ)

|x − y|−N+2−|α|dy.

Since |V (xν,2δ)−xν)| ≥ 12δ,wehave |y−x | ≥ 12δ−2δ−4δ = 6δ for y ∈ B2δ(Vxν ,2δ)

and xν ∈ B4δ(x), therefore, we obtain from (5.8):

|∂αFν(x)| ≤ cδr−2ω(δ) · δNδ−N+2−|α| = cδr−|α|ω(δ).

We consider now those xν which lie outside the ball B4δ(x), i.e., xν ∈ B2l+1δ(x) \
B2lδ(x) for some l ≥ 2. In this case, for y ∈ B2δ(xν), we have |x − y| � 2lδ, and,
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again, using Green functions estimates (2.12) we have

|Sν | :=
∣∣∣∣
∫
Wν

L f0(y)∂
α
x G(x, y)dy

∣∣∣∣ ≤ C
∫
B2δ(xν )

d(y)r−2ω(d(y))

|x − y|r−2+k
dy (5.9)

≤ c
δN−2+rω(δ)

(2lδ)N−2+k
= cδr−kω(δ)2−(N−2+k) j , k = |α|.

We recall that in the proof of the estimate for f (x) − vδ(x) we used the fact that
the spherical annulus B2l+1δ(x)\B2lδ(x) contains no more than c2(N−2)l points xν ,
therefore, inequality (5.9) implies the estimate

∑
ν:xν∈B2l+1δ

(x)\B2l δ(x)
|Sν | ≤ (5.10)

c2(N−2)lδr−kω(δ)
1

2(N−2+k)l
= c2−lkδr−kω(δ).

To obtain the estimate for
∑∞

ν=1 ∂αFν a similar, but much simpler calculation
works. We collect estimates (5.5)–(5.10) to obtain the required inequality

| f(α)(x) − ∂αvδ(x)| ≤ cδr−kω(δ)

∞∑
l=1

2−l + cδr−kω(δ) = cδr−kω(δ).

5.3 Taylor remainder estimates

We have defined, for a function f ∈ Hr+ω
L (K) admitting local approximation by

L−harmonic functions, certain surrogates of derivatives. The samekindof calculations
as in the previous subsection, which established the convergence of derivatives of the
approximating functions vδ to the generalized derivatives of f , enables one to prove
that in a certain sense, these generalized derivatives may be used to construct a Taylor
type formula for f and its derivatives. We give here only the formulation.

Theorem 5.2 For the function f and the compact setK satisfying the conditions of this
paper, provided the coefficients of L belong to Cr+4, the following inequality holds,
with some constant c not depending on x1, x2 ∈ K:

∣∣∣∣∣∣ f(α)(x2) − f(α)(x1) −
∑

|β|≥1,|α|+|β|≤r

(β!)−1 f(α+β)(x1)(x2 − x1)
β

∣∣∣∣∣∣
≤ c|x2 − x1|r−kω(|x2 − x1|),

for 1 ≤ |α| = k < r. As a limit case,

| f(α)(x1) − f(α)(x2)| ≤ cω(|x1 − x2|), |α| = r.
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The, rather technical, proof, is based upon the Taylor expansion of the Green function
substituted into the expression for f0.

6 The counter-example

In this counter-example, we show that if we relax the local approximation condition
imposed on the function f defined on the compact setK in the main theorem, namely,
if we only suppose that the approximating functions �x,δ are just smooth, without
requiring that they are L-harmonic, then the global approximation by solutions of this
equation may fail. This effect is surely caused by a pathological structure of the set
K. We note that such counter-examples are possible only in the case r ≥ 1: in our
paper [27], we have shown that for a minor smoothness, i.e., r = 0, this means, for
the approximation with quality ω(δ), the requirement that the locally approximating
functions are L−harmonic does not arise.

The compact set K in our example looks as a dish-brush with dense N-2-
dimensional bristles looking in different directions. So, for a harmonic function vδ

approximating onK the given function f , all second derivatives of vδ should approx-
imate all second derivatives of f , therefore, if f is a trace on K of a non-harmonic
function, such approximation is impossible. On the opposite, if K were more regular,
say a C2-surface of codimension 2, the global approximation by harmonic functions
vδ would impose restriction only upon some partial derivatives of f , not causing a
contradiction.

Now we render concrete the above description.
We introduce here a special notation forN-2-dimensional balls in RN: this notation

will reflect the orientation of these balls in RN. We set

B∗
κκκ1 = {x = (x1, . . . , xN−1, xN)} : |x | ≤ 2−κκκ−2, xN−1 = xN = 0;

B∗
κκκ2 = {x = (x1, . . . , xN−1, xN)} : |x | ≤ 2−κκκ−2, xN−2 = xN−1 = 0;
B∗

κκκ3 = {x = (x1, . . . , xN−1, xN)} : |x | ≤ 2−κκκ−2, xN−2 = xN = 0,

Bκκκι = B∗
κκκι +

(
1

2
(2−κκκ−1 + 2−κκκ), 0, . . . , 0

)
, κκκ = 0, 1, . . . , ι = 1, 2, 3.

The compact set K ⊂ RN is defined as

K =
(

3⋃
ι=1

∞⋃
κκκ=0

Bκκκι

)⋃
{0N},

where {0N} denotes the origin in RN. It is easy to check that this set is Ahlfors-David-
regular of dimension N-2.

We consider the function f (x) = |x |2, x ∈ K. The same function, considered in
RN, serves as a local smooth approximation �δ,x (y) for itself in any neighborhood
of any point in K, for any level of smoothness, since �δ,x (y) − f (y) ≡ 0. The only
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shortcoming, compared with the conditions of Theorem 1.2, is that the approximating
function is not a solution of the Laplace equation.

Theorem 6.1 It is impossible to approximate f (x) in the sense of Theorem 1.2 with
r = 2, and ω(δ) = δσ , 0 < σ < 1, by harmonic functions, this means, by solutions
of the equation Lvδ ≡ −�vδ = 0,

In other words, for such a wild setK, one cannot approximate onK the non-harmonic
function f (x) by harmonic functions, even locally.

Proof Suppose that the approximation in question is possible, thus, for any δ ∈ (0, 1),
there exists a function vδ such that,

|vδ(x) − f (x)| ≤ cδ2+σ , x ∈ K, (6.1)

|vδ(x) − v δ
2
(x)| ≤ cδ2+σ , x ∈ K δ

2
, (6.2)

with some mc not depending on δ, and

�vδ(x) = 0, x ∈ Kδ. (6.3)

We establish the following property.

Lemma 6.2 Under the assumptions (6.1)-(6.3), the function vδ must satisfy the
estimate:

|∇3v2δκκκ (x)| ≤ ccδσ−1
κκκ , (6.4)

x ∈ Uκκκ := (tκκκ + Bδκκκ (0), tκκκ = (
1

2
(2−κκκ−1 + 2−κκκ), 0, . . . , 0), δκκκ = 2−κκκ−2.

Proof To prove (6.4), we denote by φk(x), x ∈ Uκκκ , the function φk(x) = v2kδm (x) −
v2k+1δm

(x), k = 1, . . . , N , where N is chosen so that 1 < 2N δ ≤ 2. Using this
function, we can represent v2δκκκ and its order 3 gradient as

v2δκκκ = v2N+1δ +
N∑

k=1

φk, and∇3v2δκκκ = ∇3v2M+1δ +
M∑
k=1

∇3φk . (6.5)

Due to the definition of N , we have |∇3v2N+1δ| ≤ c. For the functions φk , we have
the estimate, by the assumption (6.2):

|φk(x)| ≤ cc(2kδκκκ)2+σ , x ∈ K2kδκκκ .

Derivatives of the function φk which is harmonic in the ball Uk,κκκ = tκκκ + B2kδκκκ (0) ⊂
K2kδκκκ , can be estimated using the Poisson formula:

|∇3φk(x)| ≤ cc
(2kδκκκ)2+σ

(2kδκκκ)3
= cc2k(σ−1)δσ−1

κκκ . (6.6)
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Now, it follows from (6.5), (6.6) that

|∇3v2δκκκ (x)| ≤ ccδσ−1
κκκ

M∑
k=1

2k(σ−1) + c ≤ c′δσ−1
κκκ ,

and this proves Lemma 6.2. ��
Having this estimate, we proceed with our example. We introduce the function

P2(x, tκκκ ) = v2δκκκ (tκκκ) +
∑
|α|=1

1

α!∂αv2δκκκ (tκκκ)(x − tκκκ)α +
∑
|α|=2

1

α!∂αv2δκκκ (tκκκ)(x − tκκκ)α;
(6.7)

this is the second degree Taylor polynomial for v2δκκκ (x) at the point x = tκκκ . We use the
integral form of the remainder term in the Taylor formula, to express the difference of
values at the points x and tκκκ : which, according to (6.7), gives

|∇2v2δκκκ (x) − ∇2P2(x, tκκκ )| ≤ cδκκκ sup
y∈tκκκ+Bδκκκ (0N)

|∇3v2δκκκ (y)| ≤ ccδκκκ · δσ−1
κκκ = ccδσ

κκκ .

In particular, this implies

|�v2δκκκ (x) − �P2(x, tκκκ )| ≤ ccδσ
κκκ , x ∈ tκκκ + Bδκκκ (0N). (6.8)

Combining (6.3) and (6.8), we obtain

|�P2(x, tκκκ )| ≤ ccδσ
m, x ∈ tκκκ + Bδκκκ (0N). (6.9)

Next, we represent P2(x, tκκκ ) in a different form, with some terms, second order
homogeneous, separated:

P2(x, tκκκ ) =
N∑
j=1

b j (tκκκ , δκκκ)(x j − tκκκ, j )
2 + P̃2(x, tκκκ), (6.10)

tκκκ = (
1

2
(2−κκκ + 2−κκκ−1), 0, . . . , 0),

where the polynomial P̃2(x, tκκκ ) contains terms of degree 0 and 1 in x − tκκκ as well
as mixed terms of the form c(x j − tκκκ, j )(x j − tκκκ, j ′), j �= j ′. Since �P̃2 = 0, (6.9),
(6.10) imply

|
N∑
j=1

b j (tκκκ , δκκκ)| ≤ ccδσ
κκκ . (6.11)

We recall that the coefficients b j (tκκκ , δκκκ) in (6.11) are constant times the second deriva-
tives of v2δκκκ (tκκκ), b j (tκκκ , δκκκ) = 1

2 (∂
2
j, jv2δκκκ )(tκκκ). The set K ∩ (tκκκ + Bδκκκ (0N)) contains
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the closed intervals

I1,κκκ = [2−κκκ−1, 2−κκκ ] × {(0)N−1}, and

I j,κκκ = {1
2
(2−κκκ + 2−κκκ−1), 0, . . . ,

j︷ ︸︸ ︷
[−δκκκ , δκκκ ], 0, . . . , 0.}, for j > 1,

where the overset j. . . denotes the component at the j-th co-ordinate.
Now, it follows from (6.1) that

|v2δκκκ (x) − |x |2| ≤ ccδ2+σ
κκκ , x ∈

N⋃
j=1

I j,κκκ .

On the other hand, since P2 is the quadratic Taylor polynomial for v2δκκκ (x), we should
have

|v2δκκκ (x) − P2(x, tκκκ )| ≤ cδ3κκκ sup
y∈tκκκ+Bδκκκ (0N)

|∇3(y)|

≤ ccδ3κκκδσ−1
κκκ = ccδσ+2

κκκ , x ∈ tκκκ + Bδκκκ (0N).

The latter two inequalities imply

|P2(x, tκκκ ) − |x |2| ≤ ccδ2+σ
κκκ . (6.12)

Since both polynomials in (6.12) have degree 2 and (6.12) must hold for any δκκκ , we
have a contradiction: P2(x, tκκκ ) is harmonic, while |x |2 is not. ��
Remark It may be interesting to notice that a counterexample as above is impossible
for a lesser smoothness, namely, for r = 1. In fact, the sense of our construction
for r = 2 is finding a crazy compact set K such that a certain function admits local
approximation, in the sense of the paper, by smooth functions, but does not admit an
approximation in the same sense at least near one point, by harmonic functions. Let
now r = 1, and suppose that the local approximation by smooth functions�x,δ(y) sat-
isfying (1.1) is possible. Then, if we replace�x,δ(y) by its degree 1 Taylor polynomial
�̃x,δ(y) at the point x , the inequality (1.1) will still hold (with some other constant)
for �̃x,δ(y). However, the latter function is linear, and therefore, harmonic (and this
is THE difference between two values of r ), and it provides the local approximation
of f . So, it turns out that for r = 1, unlike r = 2, the existence of the required local
approximation by smooth functions implies the existence of a local approximation by
harmonic functions, thus making a counterexample impossible.

Acknowledgements N. Shirokov was supported by the grant RSF 23-11-00171 P

Funding Open access funding provided by Chalmers University of Technology. Russian Science Support
Foundation (20-11-00 171), Prof. Nikolay Shirokov.

Data availability No additional data is involved.

123



Higher order Hölder approximation… Page 37 of 45   126 

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix A Estimates for integrals in Sect. 2.2. Proofs

Proof of Lemma 2.2 For y ∈ B2δ(x), we have d(y) ≤ cδ, therefore,

∫
B2δ(x)

d(y)r−2ω(d(y))

|x − y|N−2
dy ≤ Cδr

∫
B2δ(x)

d(y)−2ω(d(y))

|x − y|N−2
dy.

For the last integral, we can use the estimate in [27], see there Lemma 6.2, which gives
us the required inequality. ��
Proof of Corollary 2.3 If y ∈ B2δ(x), then δ2−N ≤ C |x−y|2−N, therefore, (2.4) implies

∫
B2δ(x)

d(y)r−2ω(d(y))dy = δN−2
∫
B2δ(x)

d(y)r−2ω(d(y))

δN−2
dy

≤ CδN−2
∫
B2δ(x)

d(y)r−2ω(d(y))

|x − y|N−2
dy ≤ cδN−2+rω(δ).

��
Proof of Lemma 2.4 We set δ1 = c0δ. The integral in (2.6) can be represented
as Ik = ∑∞

κ=1 I(κ), where I(κ) is the integral over the spherical annulus Tκ =
B2−κ+1δ1

(x)\B2−κ δ1(x). For the latter integral, we have

Iκ ≤ c
1

(2−κδ1)N−2+k

∫
Tκ

d(y)k−2ω(d(y))dy (A.1)

≤ c
1

(2−κδ1))N−2+k

∫
B2−κ+1δ1

(x)
d(y)k−2ω(d(y))dy

≤ c
1

(2−κδ1))N−2+k
(2−κδ1)

k
∫
B2−κ+1δ1

(x)
d(y)−2ω(d(y))dy

≤ c
1

(2−κδ1))N−2+k

∫
B2−κ+1δ1

(x)
d(y)k−2ω(d(y))dy

≤ c
1

(2−κδ1))N−2+k
(2−κδ1)

k
∫
B2−κ+1δ1

(x)

(2−κδ1)
N−2

|x − y|N−2
d(y)−2ω(d(y))dy

≤ c
1

(2−κδ1))N−2+k
(2−κδ1)

k(2−κδ1)N−2
∫
B2−κ+1δ1

(x)

d(y)−2ω(d(y))

|x − y|N−2
dy
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≤≤ cω(2−κδ1)

(the last inequality was established in Lemma 6.2 in [27]). We sum over κ the
expressions in (A.1), which gives

Ik ≤ c
∞∑

κ=1

ω(2−κδ1) ≤ C
∫ ∞

1
ω(2−τ δ1)dτ

= c
∫ 1

2

0
ω(tδ1)

dt

t
= c

∫ δ1/2

0
ω(t)t−1dt ≤ cω(δ1/2) ≤ cω(δ).

��

Proof of Corollary 2.5 In fact, by Lemma 2.4, we have

Jk ≤ cδr−k
∫
Bc0δ(x)

d(y)k−2ω(d(y))

|y − x |N−2+k
dy ≤ cδr−kω(δ).

��

Proof of Lemma 2.6 Again, we represent the integral in (2.9) as the sum of integrals Iκ
over, now expanding, spherical annuli Tκ = B2κ δ(x)\B2κ−1δ(x). For a single integral
Iκ , we have, similarly to how we derived (A.1),

Iκ ≤ c
1

(2κδ1)N−1+k

∫
Tκ

d(y)k−2ω(y)dy (A.2)

≤ c
1

(2κδ1)N−1+k

∫
B2κ δ1 (x)

d(y)k−2ω(d(y))dy

≤ c
1

(2κδ1)N−1+k
(2κδ1)

k+N−2ω(2κδ1).

Next, (A.2) implies

I(κ) ≤ c
1

2κ
ω(2κδ1).

Finally, similarly to the preceding calculations, we have

∞∑
κ=1

I(κ) ≤ c
∞∑

κ=1

1

2κ δ1
ω(2κ δ1) ≤

∫ ∞
1

(2τ δ1)
−1ω(2τ δ1)dτ

= c
∫ ∞
2δ1

t−1ω(t)
dt

t
≤ c

ω(2δ1)

2δ1
≤ c

ω(δ1)

δ1
.

��

Proof of Lemma 2.7 Estimates follow directly from Lemmas 2.4 and 2.2. ��

123



Higher order Hölder approximation… Page 39 of 45   126 

Proof of Lemma 2.8 It goes over the same lines as the proof of Lemma 2.6. The integral
in (2.10) can be represented as

J (x) =
∑
j≥1

J j (x) :=
∞∑
j=1

∫
A j

d(y)r−2ω(d(y))|x − y|1−Ndy,

where A j is the spherical annulus,

A j = B2 j δ(x) \ B2 j−1δ(x)

For j ≥ 1, y ∈ A j (x), by (4.24), we have ≤ C |x − y|1−N ≤ δ(2 jδ)1−N, therefore,

J j (x) ≤ c(2 jδ)1−N
∫
A j (x)

d(y)r−2ω(d(y))dy.

Since the volume of A j (x) is no greater than C(2 jδ)N−1, we have

J j (x) ≤ cδ(2 jδ)1−N(2 jδ)r+N−2ω(2 jδ) (A.3)

= (2 jδ)r−1ω(2 jδ).

The sum in (A.3) is, in fact, finite. it contains only terms with 2 jδ ≤ 1, therefore
J j (x) ≤ C(2 jδ)−1. After we sum the expression in (A.3) over j ≥ 1, we obtain

J (x) ≤ δ−1
∑
j

2− jω(2 jδ)

≤ cδ−1
∫ ∞

0

ω(2tδ)

2t
dt

= δ−1c′
∫ ∞

1

ω(τδ)

τ 2
dτ ≤ c′′δ−1ω(δ).

��

Appendix B The Green function and its derivatives

B.1 General

In this appendix, we establish some estimates for the Green function G(x, y; ς) of
a second order elliptic operator and for its derivatives in the unit ball B ⊂ RN with
smooth boundary. Derivatives in the variables x, y are well studied; the estimates for
first and second derivatives, needed for our applications, are contained in the classical
paper [14]. We, however, need estimates for derivatives of a higher order; moreover,
in Sect. 3 we consider operators whose coefficients depend on an extra parameter ς in
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a small ball B ⊂ RN, and we need estimates for derivatives of the Green function in
all three variables.

The proofs will be presented further on in this Appendix. Since we consider only
the unit ball, we omit the superscript ◦ in the notation of the Green function.

B.1.1 Schauder estimates

Note that the estimates of derivatives not involving ς are already contained in [18],
see Theorem 2.9. So, it is only the derivatives Gς ,Gxς ,Gςς ,Gxxς ,Gxyς ,Gxςς that
we need to consider, with points x, y well separated. Namely, the point x should be
in a small neighborhood of the centerpoint O of the ball, while y should be near some
point y◦ on the boundary of the ball. Thus, the singularity of the Green function at
x = y is cut-away.

The result we are going to use systematically is a consequence of Schauder esti-
mates. We formulate the particular cases of interest, for a ball Br of radius r < 1,
derivatives of order 2 (k = 2).

Theorem B.1 (Interior estimate) Let L be a second order elliptic operator in Br , with
coefficients in the Hölder class Ck+γ , 0 < γ < 1 and let f ∈ Ck+γ (Bθr ), 0 < g <

1, θ < 1. Then for the solution u(x) of the equation Lu = f in Br the estimate holds

|||u|||2+k+γ,Bθr ≤ C
(||| f |||k+γ,Br + ‖u‖C(Br )

)
, (B.1)

where the notations as |||u|||γ,Br denote the norm of u in the Hölder class Cγ,Br etc.,
and the constant in (B.1) depends on the ellipticity constant of the operator L, and
Hölder norms of the coefficients and the parameter θ < 1.

Thus, this interior Schauder estimate states that the solution of a second order elliptic
equation has, in the Hölder scale, higher, by order 2, smoothness than the right-hand
side, with norm controlled by the corresponding norm of f in a larger ball. For the
proof, see [13], Theorem 6.2.

We also need the boundary Schauder estimate. We formulate it for the special case
when the domain is the intersection of two balls. Let B be the unit ball and Bε be
a ball of radius ε, centered at a point y◦ ∈ � ≡ ∂B. Denote by Uε the intersection
Uε = B ∩ Bε and by Uε/2 the intersection of B with the smaller ball with center y◦.

Theorem B.2 (Boundary estimate) Let u(x) be a solution of the equation Lu = f in
D = Uε with f ∈ Cγ , such that u(y) = 0 on � ∩ Br . Then

|||u|||k+2+γ,Uε/2 ≤ C
(||| f |||k+γ,D + ‖u‖C(B∩Uε )

)
.

This result follows immediately from the main local step in the proof of the standard
boundary Schauder estimate for a domain having a piece of hyperplane as a part of
boundary, by means of a change of variables straightening the boundary, see, e.g.,
[13], Corollary 6.7.
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B.2 Proof of Theorem 2.11

Proof The proof consists of two steps. On the first step, we establish estimates for
the first and second order derivatives of the Green function in ς variable; here we use
Krasovskii’s estimates. On the second step, by using Schauder estimates we perform
a kind of bootstrap and derive estimates for derivatives involving variables x and y as
well. Below, ∂ς denotes the derivative with respect to any of variables ς .

We start by finding estimates for derivatives of the Green function G(x, y; ς) in ς

variable. We have L(ς)G(ς) = I, the latter is the identity operator. We differentiate
this equality in ς variable; for the derivative or order one, we have

∂ςG(ς) = −G(ς)LςG(ς); Lς = ∂ςL, (B.2)

the latter is a second order operator with coefficients aς = ∂ςa(ς) in Cm−1. For the
Green function, (B.2) gives

∂ςG(x, y; ς) = −
∫
B
G(x, z; ς)Lς (z, ∂z; ς)G(z, y; ς)dz. (B.3)

We integrate in (B.3) by parts; the boundary term vanishing due to the Dirichlet
boundary conditions for G, so

∂ςG(x, y; ς) =
∫
B
〈aς (z)∇zG(x, z; ς),∇zG(z, y; ς)〉dz. (B.4)

For estimating the integral in (B.4), we use (2.11), which gives

|∂ςG(x, y; ς)| ≤ C
∫

�

|x − z|1−N|z − y|1−Ndz ≤ C |x − y|2−N ≤ C,

since |x − y| > r0 > 0.
With some more complications, we handle the second derivatives of G. We

differentiate (B.3) again, which gives

∂2ςςG(x, y;w) = −
∫
B
G(x, z; ς)Lςς (z, ∂z; ς)G(z, y; ς)dz

+ 2
∫
B

∫
B
G(x, z1; ς)Lς (z1, ∂z1 , ς)G(z1, z2; ς)Lς (z2, ∂z2; ς)G(z2, y; ς)dz1dz2.

(B.5)

Having |x − y| > 3
4 , we consider three domains in B × B:

D1 = {(z1, z2) : |z1 − z2| > 1
8 },

D2 = {(z1, z2) : |z1 − z2| < 1
4 , |z1 − x | > 1

8 },
D3 = {(z1, z2) : |z1 − z2| < 1

4 , |z2 − y| > 1
8 }.

These three domains, obviously, cover B × B. We introduce the decomposition
of unity, subordinated to this cover; ψs(z1, z2), s = 1, 2, 3, ψs ∈ C∞(B × B),
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ψs = 0 outside Ds ,
∑

s ψs(z1, z2) = 1. Order 1 and 2 derivatives of ψs are
bounded. Correspondingly, the integral in (B.5) splits into three terms, with factors
ψs(z1, z2), s = 1, 2, 3. We consider each of them.

For (z1, z2) ∈ D1, we integrate once by parts both in z1 and z2 variables. We omit
terms where the derivatives fall on the cut-off function or on the coefficients of L,
since these terms have a weaker singularity, and consider the most singular terms,
which typically have the form

M1(x, y) =
∫
D1

ψ1(z1, z2)∂z1G(x, z1; ς)∂z1∂z2G(z1, z2; ς)∂z2G(z2, y; ς)dz1dz2,

(B.6)
with bounded coefficients. Due to the estimate (2.11), the middle term in (B.6)
is bounded since |z1 − z2| > 1

8 in D1, while two other terms have singularity
O|x − z1|1−N, O|x − z1|1−N, with coefficients controlled by order 3 derivatives
of the coefficients of operator L. This implies that the term in (B.5), corresponding to
ψ1, is bounded.

Next, we consider the integral over D2. We integrate by parts twice in z1 variable
and once in z2 variable. Again, omitting less singular terms, where the derivatives fall
on the cut-off function or coefficients, we arrive at the integrals of the form

M2(x, y) =
∫
D2

ψ2(z1, z2)∂
2
z1G(x, z1; ς)∂z2G(z1, z2; ς)∂z2G(z2, y; ς)dz1dz2.

(B.7)
The first factor in the integrand in (B.7) is bounded, since here |x − z1| > 1

8 , while the
other terms, containing only order one derivatives, have singularities of order 1 − N,

thus, M2(x, y) is bounded.
Finally, we consider the integral over D3. Here the last factor in (B.5) is bounded.

We integrate by parts once in the second factor, and, ignoring again the terms where
the derivative falls on the cut-off function or coefficients, we have, as the most singular
term

M3(x, y) =
∫
D3

ψ3(z1, z2)∂z1G(x, z1; ς)∂z1G(z1, z2; ς)∂2z2G(z2, y; ς)dz1dz2.

(B.8)
Here, the last factor is bounded and the first and the second one have singularity of
order no greater that 1−N; all these terms have coefficients depending on derivatives
of coefficients of order not higher than 3. Therefore, all three expressions (B.6), (B.7),
(B.8) are bounded.

Next we pass to the study of derivatives of the Green function in x and y variables.
With y fixed, and x near the center of B, we consider the balls Br = Br (0) with

radius r less than 3/4 and Bθr = Bθr (0). For x ∈ Br , we consider the functions
u0(x) = G(x, y; ς), u1(x) = ∂ςG(x, y; ς), u2(x) = ∂2ςςG(x, y; ς).

As it is alreadyproved, the functionsu0, u1, u2 are bounded in Br .Wealso know that
u0(x) ∈ C3(D). After differentiating in ς the equality L(ς)G(x, y; ς) = 0, x ∈ Br ,
we see that u1(x) is a solution of the equation Lu1 = f1, with f1(x) = −(∂ςL)u0.
Thus, f1(x) ∈ C1,γ (Br/2), moreover, f1(x) = 0 on ∂B. We apply the Schauder
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estimate to the equation Lu1 = f1, which gives an estimate for the x-derivatives of
u1,

|||u1|||3+γ,Bθr ≤ C
(‖u1‖L∞(Br ) + ||| f1|||1+γ,Br

)
. (B.9)

The inequality (B.9) shows that the derivatives in x , up to the third order, are bounded
in Bθr , in fact, they are order 2Hölder better than f1.

In a similar way, we consider the function u2(x). It is a solution of the equation

L(ς)u2(x) = f2(x) ≡ −[(∂2ςςL(ς)]u0 − 2[∂ςL(ς)]u1. (B.10)

We have just proved that u1 ∈ C2+k+γ (Bθr ); so, by our assumptions on L, we have
f2 ∈ Ck+γ (Bθ2r ). Again, applying Schauder’s estimates, we obtain an inequality,
similar to (B.9), for second derivatives of u2.

In order to handle derivatives involving the differentiation in y, we just repeat
the reasoning above for the function v0(y) = G(x, y; ς) for a fixed x ∈ Br near the
centerpoint 0 as a function of y ∈ U(ε) = Bε(y◦)∩B. This function is a solution of the
equationL(y, ∂y; ς)v0(y) = 0, and after differentiation in ς,we arrive at the equation
L(y, ∂y; ς)∂ςv0 = − [

∂ςL
]
v0 ≡ g1. Now we can apply the boundary Schauder

estimate, since ∂ςv0 = 0 on the boundary, to obtain the estimate for v1 = ∂ςv0,

|||v1|||2+γ,U(ε/2) ≤ C(‖v1‖L∞(Uε ) + |||g1|||γ,Uε ). (B.11)

The function g1 on the right-hand side in (B.11) is bounded, uniformly in x ∈ Br (0),

moreover, has bounded derivatives in x , by Theorem 2.9, since x, y are separated.
This gives the required estimate for v1.

Finally, we consider the mixed derivative, Gςxy(x, y; ς) = ∂x∂y∂ςG(x, y; ς) of
the Green function, for x ∈ Br and y ∈ Uε

We apply again Schauder estimates, this time in the following setting. The function
v2(x) = ∂yG(x, y, ς) satisfies L(x, ∂x ; ς)v2 = 0. We differentiate the latter equality
in ς and for v3 = ∂ςv2 obtain the equation

L(x, ∂x ; ς)xv3 = g2 = −[∂ςL(x, ∂x ; ς)] (B.12)

The right-hand side in (B.12) belongs to Ck−2+γ uniformly in y variable in Uε ,
therefore, v3 belongs to Ck+γ in x variable which implies the required estimate

Gςxy(x, y; ς) ≤ C .

In a similar way, we can establish this kind of estimates for higher order derivatives
in x, y, provided the coefficients are sufficiently smooth. ��
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