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Motivated by recent developments in stochastic modeling of clock jitter in Analog-to-Digital Converters (ADCs)
as autoregressive processes of order one (AR(1)), we study the density and stability properties of AR(1)-jittered
sampling sets for Paley-Wiener signals. While the stability of sampling sets under i.i.d. perturbations of the integer
lattice is classical, no analogous analysis was previously available for the correlated jitter observed in practice.

We show that, despite having the correct asymptotic density both on average and almost surely, such sets almost
surely fail to be stable sampling sets. We complement this negative result with a finite-dimensional analysis,
providing explicit non-asymptotic conditions on the number of samples 2N + 1, the jitter standard deviation o,
and the confidence level 1 — 7 under which the smallest singular value of the 2N + 1) x 2N + 1) jittered sinc
matrix exceeds a prescribed threshold ¢ with probability at least 1 — 5, so that the matrix is well-conditioned

with high probability.

1. Introduction

In signal processing, an analog waveform is typically modeled as
a function of a continuous time parameter ¢t € R. Such functions, also
called analog signals, can be deterministic or random; in the latter case,
we usually speak of continuous-time stochastic processes. Analog-to-
digital converters (ADCs) are hardware systems that convert an analog
signal into a digital representation, and one of the basic steps in this
operation is sampling. Samples may be described as instantaneous point
evaluations of s at ¢, i.e. s(z,,), or as averages over the sampling interval
T, >0, i.e. T% n(;jl)r‘ s(t)dt [1]. In this work, sampling will always be
understood as point evaluation.

An analog signal s whose frequency spectrum is bounded can be fully
reconstructed from its samples using the classical Shannon-Whittaker-
Nyquist-Kotelnikov theorem (or some extension thereof), provided that
1. all the infinitely many sample values {s(z,)},c» are accessible, 2. the
sampling interval T is sufficiently small, and 3. the sampling instants
t, are either (a) exact multiples of T}, or (b) form an irregular sampling
set satisfying suitable stability conditions; density conditions provide
important necessary constraints, see e.g. Chapter 10 in [2]. The the-
ory concerning the reconstruction of bandlimited signals from samples
taken on irregular time grids is by now mathematically mature, having
been developed from multiple perspectives [2-9]. As an example, the
following theorem provides a counterpart to the Shannon-Whittaker-
Nyquist-Kotelnikov theorem for irregular sampling grids:

* Corresponding author.

Theorem 1 (10.9-10.11 in [2]).
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Although the product representation in (1) is generally not explicit,
it reduces to closed-form expressions in some special cases [2]. An exten-
sive compendium of sampling theorems can be found in [10], chapters
2 and 3.

In concrete applications, hardware practitioners still tend to rely on
the standard sinc interpolation series, mostly for reasons of complex-
ity and computational cost [11]. Furthermore, in practice the actual
sampling instants ¢, are unknown and must be estimated. There is also
significant evidence, both from measurements and from the properties
of oscillators, that the sampling instants ¢, are random in nature [12]
and should therefore be modeled as a stochastic process. Building on
[13,14], the authors of [15] recently proposed to model the correlated
component of the stochastic clock jitter caused by oscillator imperfec-
tions in ADCs using a two-sided discrete autoregressive process of order
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$2N+1$


$\sigma _\xi $


$1 - \eta $


$(2N+1) \times (2N+1)$


$\epsilon $


$1-\eta $


$t \in \mathbb {R}$


$s$


$t_n$


$s(t_n)$


$T_s > 0$


$\frac {1}{T_s} \int _{nT_s}^{(n+1)T_s} s(t) \, dt$


$L^2(-\pi ,\pi )$


$s$


$1.$


$\{s(t_n)\}_{n \in \mathbb {Z}}$


$2.$


$T_s$


$3.$


$t_n$


$T_s$


$\{ t_n \}_{n \in \mathbb {Z}} \subseteq \mathbb {R}$


\begin {equation}|n-t_n|\le D < 1/4 \tag *{[K]} \label {Xeqn1}\end {equation}


$n \in \mathbb {Z}$


$s : \mathbb {R} \to \mathbb {R}$


$\text {supp}(\mathcal {F}(s)) \subseteq [-1/2,1/2]$


\begin {equation*}s(t) = \sum _{ n \in \mathbb {Z}} s(t_n) \frac {L(t)}{L'(t_n) (t-t_n)}\end {equation*}


$\mathbb {R}$


\begin {equation}\label {eq:Lagr_infProd} L(t) = (t-t_0) \prod _{n=1}^\infty \left (1 - \frac {t}{t_n} \right ) \left (1 - \frac {t}{t_{-n}} \right ).\end {equation}


$2$


$3$


$t_n$


$t_n$


$1$


$t_n = T_s n + \xi _n$


\begin {equation}\label {eq:two-sidedAR1} \xi _n = \sum _{k=0}^\infty \varphi ^k \epsilon _{n-k}\end {equation}


$\{ \epsilon _n\}_{n \in \mathbb {Z} }$


$\epsilon _n \sim \mathcal {N}(0, \sigma _\epsilon ^2)$


$n \in \mathbb {Z}$


$0<\varphi <1$


$\varphi $


$1$


\begin {equation*}\mathcal {S}_\xi (e^{i \omega }) = \frac {\sigma _\epsilon ^2}{1+\varphi ^2 - 2 \varphi \cos (\omega )}, \quad \omega \in [-\pi ,\pi ],\end {equation*}


$\varphi \approx 1$


$\sum _{k \ge 0} \mathrm {var}(\varphi ^k \epsilon _{n-k}) = \sigma _\epsilon ^2 \sum _{k \ge 0} \varphi ^{2k} < \infty $


$n$


$\xi _n$


$\xi _n \sim \mathcal {N}(0, \sigma _\epsilon ^2 / (1 - \varphi ^2))$


$n \in \mathbb {Z}$


$\xi _n$


$t_n = T_s n + \xi _n$


$\mathcal {F}(s)(\omega )$


$s: \mathbb {R} \to \mathbb {C}$


\begin {equation*}\mathcal {F}(s)(\omega ) \coloneqq \int _{-\infty }^\infty s(t) e^{- 2 \pi i \omega t} \, dt.\end {equation*}


$\mathcal {F}$


$L^1(\mathbb {R}) \to L^\infty (\mathbb {R})$


$L^2(\mathbb {R})$


$B \subseteq \mathbb {R}$


\begin {equation*}\text {PW}_{B} \coloneqq \{s \in C(\mathbb {R}) \cap L^2(\mathbb {R}) \, : \, \text {supp}(\mathcal {F}(s)) \subseteq \text {cl}(B) \}.\end {equation*}


$L^2$


$\{t_n\} \subseteq \mathbb {R}$


$\mathrm {PW}_B$


\begin {equation*}s \in \text {PW}_B \Longrightarrow \|s\|_{L^2} \le K \|s(t_n)\|_{\ell ^2}\end {equation*}


$K$


$s$


\begin {equation}\label {eq:set_density} D(t_n) \coloneqq \lim _{r \to \infty } \frac {\text {card}(\{t_n \, : \, t_n \in [-r,r] \})}{2 r}\end {equation}


$B$


$D(t_n)$


$\{ t_n \} \subseteq \mathbb {R}$


$\mathbf {A}$


$\mathbf {a}$


$\mathbf {a}_N$


$\mathbb {R}^{2N+1}$


$-N$


$N$


$(2N +1) \times (2N +1)$


$\mathbf {A}_N$


$\mathbf {A}^{(N)}$


$\sigma _j (\mathbf {A}^{(N)})$


$j-$


$\mathbf {A}^{(N)}$


$\odot $


$\| \mathbf {A}^{(N)} \|_{\text {op}}$


$\sigma _{\max } (\mathbf {A}^{(N)})$


$\{ e^{i \lambda _n x} \, : \, \lambda _n \in \Lambda \}$


$\Lambda \subseteq \mathbb {R}$


$\{ e^{i \lambda _n x} \}$


$\Lambda $


$\lambda _n$


$t_n = n+\xi _n$


$t_n = n + \xi _n$


$\xi _n$


$\{t_n\}$


$\sinc $


$\{ \eta _n \}_{n \in \mathbb {Z}}$


$0$


$\sigma _\eta ^2$


$\theta _n \coloneqq n + \eta _n$


\begin {equation*}\frac {\mathbb {E}[\emph {card}(\{\theta _n \, : \, \theta _n \in [-r,r] \})] }{2 r} = 1 + O(r^{-1}).\end {equation*}


$\mathbf {1}_{ \{ |\theta _n| \le r \} }.$


$\mathbb {E}[ \sum _{n \in \mathbb {Z} } \mathbf {1}_{ \{ |\theta _n| \le r \}} ] = \sum _{n \in \mathbb {Z}} \mathbb {E}[\mathbf {1}_{ \{ |\theta _n| \le r \}}]$


\begin {equation}\label {eq:sumexp} \begin {split} \sum _{n \in \mathbb {Z}} \mathbb {E}[\mathbf {1}_{ \{ |\theta _n| \le r \}}] & = \frac {1}{\sqrt {2 \pi }\sigma _\eta } \sum _{n \in \mathbb {Z}} \int _{-r}^r e^{- \frac {(s - n)^2}{2 \sigma _\eta ^2}} \, ds \\ & = \frac {1}{\sqrt {2 \pi } \sigma _\eta } \int _{-r}^r \sum _{n \in \mathbb {Z}} e^{- \frac {(s - n)^2}{2 \sigma _\eta ^2}} \, ds \\& = \frac {1}{\sqrt {2 \pi } \sigma _\eta } \int _{-r}^r e^{- \frac {s^2}{2 \sigma _\eta ^2}} \boxed { \sum _{n \in \mathbb {Z}} e^{\frac {-n^2 + 2sn}{2 \sigma _\eta ^2}}} \, ds. \end {split}\end {equation}


$\vartheta (z;\tau )$


$\tau = i/(2 \pi \sigma _\eta ^2)$


$z = -is / (2 \sigma _\eta ^2)$


\begin {equation*}\begin {split} & = e^{-s^2 / (2 \sigma _\eta ^2)} \vartheta \left (- \frac {is}{2 \sigma _\eta ^2 }; \frac {i}{2 \pi \sigma _\eta ^2} \right ) \\ & = e^{-s^2 / (2 \sigma _\eta ^2)} \sqrt {2 \pi \sigma _\eta ^2} e^{s^2 / (2 \sigma _\eta ^2)} \vartheta (\pi s; 2 \pi i \sigma _\eta ^2) \\ & = \sqrt {2 \pi } \sigma _\eta \vartheta (\pi s; 2 \pi i \sigma _\eta ^2) \end {split}\end {equation*}


\begin {equation*}\begin {split} \int _{-r}^r \vartheta (\pi s; 2 \pi i \sigma _\eta ^2) \, ds & = \int _{-r}^r \left [1 + 2 \sum _{n=1}^\infty e^{-2 \pi ^2 \sigma _\eta ^2 n^2} \cos (2 \pi n s) \right ] \, ds \\ & = 2r + 4 \sum _{n=1}^\infty e^{-2 \pi ^2 \sigma _\eta ^2 n^2} \frac {\sin (2 \pi n r) }{2 \pi n} \end {split}\end {equation*}


$r \to \infty $


\begin {equation*}\frac {\mathbb {E}[\text {card}(\{\theta _n \, : \, \theta _n \in [-r,r] \})] }{2 r} = 1 + O(r^{-1}).\end {equation*}


$\eta _n$


$\{ \xi _n \}_{n \in \mathbb {Z}}$


$\sigma _\xi ^2$


\begin {equation*}\rho (k) \coloneqq \operatorname {Corr}(\xi _n,\xi _{n+k}), \qquad k \in \mathbb {Z},\end {equation*}


\begin {equation*}\sum _{k \in \mathbb {Z}} |\rho (k)| < \infty .\end {equation*}


$\theta _n \coloneqq n + \xi _n$


\begin {equation*}S(r) \coloneqq \frac {1}{2r} \sum _{n \in \mathbb {Z} } \mathbf {1}_{ \{ |\theta _n| \le r \} } \to 1\end {equation*}


$r \to \infty $


$\text {var}(S(r))$


$r$


\begin {equation}\label {eq:varsplit} \begin {split} \operatorname {var}(S(r)) &= \frac {1}{4r^2} \left [ \sum _{n\in \mathbb {Z}} \operatorname {var}\!\bigl (\mathbf {1}_{\{|\theta _n|\le r\}}\bigr ) + 2\sum _{m<n} \operatorname {cov}\!\bigl (\mathbf {1}_{\{|\theta _m|\le r\}}, \mathbf {1}_{\{|\theta _n|\le r\}}\bigr ) \right ] \\ &= \frac {1}{4r^2} \left [ \sum _{n\in \mathbb {Z}} p_{n,r}(1-p_{n,r}) + 2\sum _{m<n} \operatorname {cov}\!\bigl (\mathbf {1}_{\{|\theta _m|\le r\}}, \mathbf {1}_{\{|\theta _n|\le r\}}\bigr ) \right ]. \end {split}\end {equation}


\begin {equation*}p_{n,r} = \frac {1}{\sqrt {2 \pi } \sigma _\xi } \int _{-r}^r e^{ - \frac {(s-n)^2}{2 \sigma _\xi ^2 } } \, ds.\end {equation*}


$\sum _n p_{n,r}(1 - p_{n,r})$


\begin {equation*}\begin {split} p_{n,r}(1 - p_{n,r}) &= \frac {1}{2 \pi \sigma _{\xi } ^2} \int _{-r}^r \int _{\mathbb {R} \setminus [-r,r] } e^{ -\frac {(s-n)^2}{2 \sigma _\xi ^2} } e^{ -\frac {(t-n)^2}{2 \sigma _\xi ^2} } \, ds \, dt \\ &= \frac {1}{2 \pi \sigma _{\xi } ^2} \int _{-r}^r \int _{\mathbb {R} \setminus [-r,r] } e^{ -\frac {(s-t)^2}{4 \sigma _\xi ^2} } e^{ -\frac {((t+s)/2-n)^2}{ \sigma _\xi ^2} } \, ds \, dt. \end {split}\end {equation*}


\begin {equation*}\sum _{n \in \mathbb {Z}} e^{-((t+s)/2-n)^2/\sigma _\xi ^2} \le C(\sigma _\xi )\end {equation*}


$1$


\begin {equation}\label {eq:varest} \sum _{n} p_{n,r}(1 - p_{n,r}) \le C_1(\sigma _\xi ) \int _{-r}^r \int _{\mathbb {R} \setminus [-r,r] } e^{ -\frac {(s-t)^2}{4 \sigma _\xi ^2} } \, ds \, dt.\end {equation}


\begin {equation*}\int _{r}^{\infty }e^{ -(s-t)^2/(4 \sigma _\xi ^2) } \, ds \lesssim e^{ -(r-t)^2/(4 \sigma _\xi ^2) }\end {equation*}


$\int _{-\infty }^{-r}$


$r$


\begin {equation*}\begin {split} | \operatorname {cov}(\mathbf {1}_{ \{ |\theta _m| \le r \} },\mathbf {1}_{ \{ |\theta _n| \le r \} }) | &\le |\rho (n-m)| \sqrt { \operatorname {var}(\mathbf {1}_{ \{ |\theta _m| \le r \} }) \operatorname {var}(\mathbf {1}_{ \{ |\theta _n| \le r \} }) } \\ &\le |\rho (n-m)| \frac {\operatorname {var}(\mathbf {1}_{ \{ |\theta _m| \le r \} }) + \operatorname {var}(\mathbf {1}_{ \{ |\theta _n| \le r \} })}{2}. \end {split}\end {equation*}


\begin {equation*}\sum _{m<n} |\rho (n-m)| \operatorname {var}(\mathbf {1}_{ \{ |\theta _m| \le r \} }) = \sum _{m \in \mathbb {Z}}\operatorname {var}(\mathbf {1}_{ \{ |\theta _m| \le r \} }) \sum _{h=1}^{\infty } |\rho (h)| \le C_2(\sigma _\xi ,\rho ),\end {equation*}


$\operatorname {var}(\mathbf {1}_{ \{ |\theta _n| \le r \} })$


\begin {equation}\label {eq:varineq} \operatorname {var}(S(r)) \le C_3( \sigma _\xi , \rho ) / r^2,\end {equation}


$S(r) \to 1$


$S(n) \to 1$


$r_k \to \infty $


$\epsilon > 0$


\begin {equation*}\mathbb {P}[\{ |S(n) - \mathbb {E}[S(n)] | > \epsilon \} ] \lesssim \frac {1}{\epsilon ^2 n ^2}\end {equation*}


\begin {equation*}\sum _{n \ge 1} \mathbb {P}[\{ |S(n) - \mathbb {E}[S(n)] | > \epsilon \} ] < \infty .\end {equation*}


\begin {equation}\label {eq:borelcantelli} \mathbb {P} \left [ \bigcap _{n=1}^{\infty } \bigcup _{k=n}^\infty \{ |S(k) - \mathbb {E}[S(k)] | > \epsilon \} \right ] = 0,\end {equation}


$S(n) - \mathbb {E}[S(n)] \to 0$


$S(n) \to 1$


$r_k \to \infty $


$m_{k}^{-} = \lfloor r_k \rfloor - 1$


$m_k ^{+} = \lfloor r_k \rfloor + 1$


$m_{k}^{-} \le r_k \le m_k ^{+}$


$k$


$m$


$r_k$


\begin {equation*}S(r_k) \le \frac {1}{2 r_k} \sum _{n \in \mathbb {Z}} \mathbf {1}_{ \{ |\theta _n| \le m_k ^{+} \} } = \frac {m_k ^{+}}{r_k} S(m_k ^{+})\end {equation*}


\begin {equation*}S(r_k) \ge \frac {m_{k}^{-}}{r_k} S(m_{k}^{-}).\end {equation*}


$m_{k}^{-} / r_k$


$m_k ^{+} / r_k$


$1$


$S(m_{k}^{-})$


$S(m_k ^{+})$


$1$


$S(r_k)$


$\sum _{n \in \mathbb {Z}} \mathbf {1}_{ \{|\theta _n| \le r \}}$


$2 r S(r)$


$\mathrm {card}(\{\theta _n \, : \, \theta _n \in [-r,r] \})$


$\bigcap _{n \ne m} \{ \theta _n \ne \theta _m \}$


$1$


$r>0$


$\xi _n$


$\theta _n(\omega ) \coloneqq n+\xi _n(\omega )$


$\{\xi _n\}_{n\in \mathbb Z}$


$0<\varphi <1$


$1$


$\{s_k^\omega \}_{k \in \mathbb {N} } \subseteq \mathrm {PW}_{[-1/2,1/2]}$


\begin {equation*}\sum _{n\in \mathbb Z} |s_k^\omega (\theta _n(\omega ))|^2 \le \frac {\| s_k^\omega \|_2 ^2}{k} \quad \forall \, k.\end {equation*}


$\mathrm {PW}_{[-1/2,1/2]}$


$B = [-1/2,1/2]$


$\{\xi _n\}_{n\in \mathbb Z}$


$\boldsymbol {\xi } : (\Omega ',\mathbb P) \to \mathbb {R}^{\mathbb {Z}}$


$(\Omega ',\mathbb P)$


$\mu \coloneqq \mathbb {P}\circ \boldsymbol {\xi }^{-1}$


$\mathbb {R}^{\mathbb {Z}}$


$\mathbb {R}^{\mathbb {Z}}$


$E$


$\mathbb {P}(\boldsymbol {\xi }\in E)=\mu (E)$


$\mu $


$\boldsymbol {\xi }$


$S(x) = \sin (\pi x / 2) \Psi (x)$


$\Psi (x)$


$\mathrm {PW}_{[-1/2,1/2]}$


$S(2j)=0$


$j\in \mathbb Z$


$|S(x)| \le a / (1 + |x|^2)$


$a$


$x \in \mathbb {R}$


$k$


\begin {equation*}A_{\delta _k, N_k} \coloneqq \{ x \in \mathbb {R}^{\mathbb {Z}} : |x_{2j} | \le \delta _k, \ |x_{2j+1} - 1 | \le \delta _k, \ |j| \le N_k \}\end {equation*}


\begin {equation*}B_{N_k} \coloneqq \{ x \in \mathbb {R}^{\mathbb {Z}} : |x_j| \le |j| / 4, \ j \le -(2N_k+1) \text { or } j \ge 2N_k+2 \}.\end {equation*}


$S$


$S'$


$\delta _k ^2 = \|S\|_2 ^2 / (8 N_k k \|S'\|_\infty ^2) = C_1 / (k N_k)$


$\xi _n$


$(\xi _{-2N_k}, \dots ,\xi _{2 N_k + 1})$


\begin {equation}\label {eq:inv_cov_AR1} \boldsymbol {\Sigma }^{-1} _{4N_k + 2} = \frac {1}{\sigma _\epsilon ^2} \begin {pmatrix} 1 & -\varphi & 0 & \dots & 0\\ -\varphi & 1+\varphi ^2 & -\varphi & \dots & 0 \\ \vdots & \ddots & \ddots & \dots & \vdots \\ 0 & 0 & -\varphi & 1+\varphi ^2 & -\varphi \\ 0 & 0 & 0 & -\varphi & 1 \end {pmatrix}\end {equation}


$\det \left (\boldsymbol {\Sigma }^{-1} _{4N_k + 2}\right ) = (1-\varphi ^2)/\sigma _\epsilon ^{2(4N_k+2)}$


$\mu $


$-2N_k,\dots ,2N_k+1$


\begin {equation*}f_{4N_k+2} (\mathbf {x}) = \frac {\sqrt {1-\varphi ^2}}{(\sqrt {2 \pi }\sigma _\epsilon )^{4N_k+2}} \exp \left (-\mathbf {x}^t\boldsymbol {\Sigma }^{-1} _{4N_k + 2}\mathbf {x} / 2 \right ).\end {equation*}


\begin {align*}\sigma _\epsilon ^2 \mathbf {x}^t\boldsymbol {\Sigma }^{-1} _{4N_k + 2}\mathbf {x} &= x_1 ^2 + x_{4N_k+2} ^2 + (1 + \varphi ^2) \sum _{i=2}^{4N_k+1} x_i ^2 -2 \varphi \sum _{i=1}^{4 N_k + 1} x_{i} x_{i+1} \\ &\quad \le \big ( \delta _k ^2 + (1+\delta _k)^2 + (1+\varphi ^2)( 2N_k(1+\delta _k)^2 + 2 N_k \delta _k ^2) \\& \quad + 2 \varphi (4N_k+1) \delta _k (1+\delta _k) \big ) = \ell \end {align*}


$\mathbf {x} \in (0,1,\dots ,0,1) + [-\delta _k, \delta _k]^{4N_k + 2}$


\begin {align*}\mu (A_{\delta _k, N_k}) & \ge C_2 (\varphi ) \left ( \frac {\sqrt {2}\delta _k}{\sqrt {\pi } \sigma _\epsilon } \right )^{4N_k+2} e^{- \frac {\ell }{2\sigma _\epsilon ^2} } \\& = C_2 (\varphi ) \left ( \frac {C_3}{ \sqrt {N_k} } \right )^{4N_k+2} e^- \frac {1}{2\sigma _\epsilon ^2} \\& \left ( O(N_k)+ O\left (N_k^{1/2} \right ) + O(1) + O \left (N_k^{-1/2} \right ) + O\left (N_k^{-1} \right )\right ).\end {align*}


\begin {equation*}\log (\mu (A_{\delta _k, N_k})) \ge C_4 - C_5 N_k \log (N_k) - C_6 N_k\end {equation*}


$N_k$


$C_i$


$\varphi $


$\sigma _\epsilon $


$k$


\begin {equation*}\begin {split} \mu (B_{N_k}^c) & \le \sum _{j \le -(2N_k+1)} \mu (|x_j|>|j|/4) + \sum _{j \ge 2N_k+2} \mu (|x_j|>|j|/4) \\ &\lesssim \sum _{j \ge 2N_k+1} \exp (- C_7 j^2) \lesssim C_8 e^{-C_9 N_k^2} \end {split}\end {equation*}


$C_7, C_8, C_9$


\begin {align}\label {eq:pos_prob} \mu (A_{\delta _k, N_k} \cap B_{N_k}) \ge \mu (A_{\delta _k, N_k}) - \mu (B_{N_k} ^c),\end {align}


$N_k$


$N_k$


\begin {equation}\label {eq:tail}\sum _{|j| \ge 2 N_k } \frac {a ^2}{\left (1 + \left (3|j|/4\right )^2\right )^2 } \le \frac {\|S\|_2 ^2}{4k}.\end {equation}


$N_k$


$T : \mathbb {R}^{\mathbb {Z}} \to \mathbb {R}^{\mathbb {Z}}$


$(T x)_n = x_{n+1}$


$0<\varphi <1$


$\mu = \mathbb {P} \circ \boldsymbol {\xi }^{-1}$


$T$


$(\mathbb {R}^{\mathbb {Z}},\mu ,U)$


$U\coloneqq T^2$


$E_k \coloneqq A_{\delta _k, N_k} \cap B_{N_k} \subseteq \mathbb {R}^{\mathbb {Z}}$


$\mu (E_k)>0$


\begin {equation*}F_k \coloneqq \bigcup _{m \ge 1}U^{-m} E_k.\end {equation*}


$T$


$U$


$\mu (A) = \mu \circ T^{-1} (A)$


$A \in \mathcal {B}(\mathbb {R}^\mathbb {Z})$


$I = (n_1, \dots , n_d) \in \mathbb {Z}^d$


$n_1 < \dots < n_d$


$\pi _I : \mathbb {R}^\mathbb {Z} \to \mathbb {R}^{|I|} \cong \mathbb {R}^d$


$\mathcal {C}_d = \{ \pi _I^{-1} (A) \, : \, A \in \mathcal {B}(\mathbb {R}^d), \, |I|=d \}$


$\sigma (\mathcal {C}_1) = \mathcal {B}(\mathbb {R}^\mathbb {Z})$


$\mathcal {C} \coloneqq \bigcup _{d \ge 1} \mathcal {C}_d$


$\pi -$


$\mu (C) = \mu \circ T^{-1} (C)$


$C \in \mathcal {C}$


$\boldsymbol {\xi }$


$\mu (F_k)=1$


$\mathbb {P}(\Omega _k) = 1$


$\Omega _k \coloneqq \boldsymbol {\xi }^{-1}(F_k)$


$\omega \in \Omega _k$


$\overline {m}$


$U^{\overline {m}}(\boldsymbol {\xi }(\omega )) \in E_k$


$T^{2\overline {m}}(\boldsymbol {\xi }(\omega )) \in A_{\delta _k, N_k} \cap B_{N_k}$


$s_k^\omega (x) \coloneqq S(x - 2\overline {m})$


$(T^{2\overline {m}}\boldsymbol {\xi }(\omega ))_j = \xi _{j+2\overline {m}}(\omega )$


$T^{2\overline {m}}(\boldsymbol {\xi }(\omega ))\in B_{N_k}$


$j - 2\overline {m} \le -(2N_k+1)$


$j - 2\overline {m} \ge 2N_k+2$


$|\xi _j(\omega )| \le |j-2\overline {m}|/4$


$|\theta _j(\omega ) - 2\overline {m}| \ge 3|j-2\overline {m}|/4$


\begin {equation*}\sum _{\substack { j - 2\overline {m} \le -(2N_k+1) \\ \text {or } j - 2\overline {m} \ge 2N_k+2 }} |s_k^\omega (\theta _j(\omega ))|^2 \le \sum _{|\ell | \ge 2N_k+1} \frac {a^2}{\left (1 + \left (3|\ell |/4\right )^2\right )^2} \le \frac {\|S\|_2 ^2}{4k},\end {equation*}


$\{|\ell |\ge 2N_k+1\}\subset \{|\ell |\ge 2N_k\}$


$T^{2\overline {m}}(\boldsymbol {\xi }(\omega ))\in A_{\delta _k, N_k}$


$j - 2\overline {m} \in \{-2N_k, \dots , 2N_k+1\}$


$\theta _j(\omega )-2\overline {m}$


$\delta _k$


$S$


\begin {equation*}\sum _{j - 2\overline {m} \in \{-2N_k, \dots , 2N_k+1\}} |s_k^\omega (\theta _j(\omega ))|^2 \le (4N_k+2) \|S'\|_{\infty }^2 \delta _k^2 = \left (1 + \frac {1}{2 N_k}\right ) \frac {\|S\|_2 ^2}{2 k}.\end {equation*}


$\|s_k^\omega \|_2=\|S\|_2$


\begin {equation*}\sum _{j\in \mathbb Z} |s_k^\omega (\theta _j(\omega ))|^2 \le \left ( \frac {3}{4} + \frac {1}{4N_k} \right ) \frac {\|S\|_2^2}{k} \le \frac {\|s_k^\omega \|_2^2}{k},\end {equation*}


$N_k \ge 1$


$\overline {\Omega } = \bigcap _{k \ge 1} \Omega _k$


$\mathbb {P}(\overline {\Omega })=1$


$\xi _n$


$k$


$N_k$


$\delta _k$


\begin {equation*}\mathbb {P}(A_{\delta _k,N_k}) - \mathbb {P}(B_{N_k}^c) > 0,\end {equation*}


$\omega \in \overline {\Omega }$


$\boldsymbol {\xi }(\omega )$


$E_k$


$2\overline {m}$


$\boldsymbol {\xi }$


$\boldsymbol {\xi }_N$


$\operatorname {var}(\xi _n) = \sigma _\xi ^2$


$\mathbf {L}_N$


$s \in \mathrm {PW}_{[-1/2,1/2]}$


\begin {equation*}s(t) = \sum _{n \in \mathbb {Z}}s(n)\sinc (t - n),\end {equation*}


\begin {equation*}s(t) \approx \sum _{|n| \le N }s(n)\sinc (t - n)\end {equation*}


$N$


$s$


$\mathrm {span}\{\sinc (\cdot - n)\}_{|n|\le N}$


$\widetilde {\mathbf {s}}_N \coloneqq (s(-N + \xi _{-N}),\dots ,s(N+\xi _{N}))^t$


$\mathbf {s}_N \coloneqq (s(-N ),\dots ,s(N))^t$


$(2N+1) \times (2\thinspace N+1)$


\begin {align}\label {eq:sens_matr} &\mathbf {A}^{(N)} \coloneqq \nonumber \\& \begin {pmatrix} \sinc (\xi _{-N}) & \sinc (-1 + \xi _{-N}) & \dots & \sinc (-2N + \xi _{-N}) \\ \sinc (1 + \xi _{-N+1}) & \sinc (\xi _{-N+1}) & \dots & \sinc (-2N+1 + \xi _{-N+1}) \\ \vdots & \vdots & \ddots & \vdots \\ \sinc (2N + \xi _N) & \sinc (2N - 1 + \xi _N) & \dots & \sinc ( \xi _N)\end {pmatrix},\end {align}


$\widetilde {\mathbf {s}}_N = \mathbf {A}^{(N)} \mathbf {s}_N$


\begin {equation*}\sigma _{\min }(\mathbf {A}^{(N)}) \|\mathbf {s}_N\|_{\ell ^2} = \sigma _{\min }(\mathbf {A}^{(N)}) \|s\|_{L^2} \le \|\mathbf {A}^{(N)} \mathbf {s}_N\|_{\ell ^2} = \|\widetilde {\mathbf {s}}_N\|_{\ell ^2},\end {equation*}


$\|s\|_{L^2} \le \sigma _{\min }(\mathbf {A}^{(N)})^{-1} \|\widetilde {\mathbf {s}}_N\|_{\ell ^2}$


$\mathbf {A}^{(N)}$


$\mathbf {A}^{(N)}$


$\boldsymbol {\xi }_N \mapsto \text {det}(\mathbf {A}^{(N)} (\boldsymbol {\xi }_N))$


$\mathbb {P}(\{ \text {det}(\mathbf {A}^{(N)}) = 0 \})=0$


$N$


$\mathbf {A}^{(N)}$


$\boldsymbol {\xi }_N = (\xi _{-N}, \dots , \xi _N)$


$\operatorname {var}(\xi _n) = \sigma _\xi ^2 \le 10^{-2}$


$|n| \le N$


$\eta \in (0,1)$


$\epsilon \in (0, 2 - e^{16 \pi / 1000})$


$c \coloneqq \log (2-\epsilon )/\pi $


$\sigma _{\min } ( \mathbf {A}^{(N)}) \ge \epsilon $


$1-\eta $


\begin {equation}\label {eq:cond_on_N} N \le \frac {1}{2} \left [ \frac {\log (1 - \eta )}{\log \left (1 - \sqrt {\frac {8}{\pi }} \, \dfrac {e^{-c^2/(2 \sigma _\xi ^2)}}{\frac {c}{\sigma _\xi } + \sqrt {\frac {c^2}{\sigma _\xi ^2} + 2}} \right )} - 1 \right ].\end {equation}


$\epsilon $


$\sigma _\xi $


\begin {equation}\label {eq:komatsu_validity} \sqrt {\frac {8}{\pi }} \, e^{-c^2/(2 \sigma _\xi ^2)} < \frac {c}{\sigma _\xi } + \sqrt {\frac {c^2}{\sigma _\xi ^2} + 2}.\end {equation}


\begin {equation}\label {eq:sv_ineq} \begin {split} \sigma _{\min } (\mathbf {A}^{(N)}) & \ge \sigma _{\min } (\mathbf {I}_N) - \|\mathbf {A}^{(N)} - \mathbf {I}_N\|_{\text {op}} \\ & \ge 1 - \|\mathbf {A}^{(N)} - \mathbf {I}_N\|_{\text {op}}, \end {split}\end {equation}


$\mathbf {I}_N$


$(2N+1) \times (2N + 1)$


$\|\mathbf {A}^{(N)} - \mathbf {I}_N\|_{\text {op}}$


\begin {align*}&\mathbf {T}^{(N)} \coloneqq \begin {pmatrix} 0 & -1 & - 2 & \dots & -2N \\ 1 & 0 & -1 & \dots & -2N+1 \\ \vdots & \vdots & \vdots & \ddots & \vdots \\ 2N & 2N-1 & 2N-2 & \dots & 0 \end {pmatrix}, \\&\quad \mathbf {D}_{\boldsymbol {\xi }_N ^r} \coloneqq \mathrm {diag}(\xi _{-N}^r, \dots , \xi _N ^r),\end {align*}


\begin {equation*}\mathbf {A}^{(N)} - \mathbf {I}_N = \sum _{r \ge 1} \frac {1}{r!}\mathbf {D}_{\boldsymbol {\xi }_N ^r} {\text {sinc} ^{(r)}} \circ \mathbf {T}^{(N)},\end {equation*}


$\sinc ^{(r)}$


$r$


$\circ $


$\sinc ^{(r)}$


$\mathbf {T}^{(N)}$


$\delta _N \coloneqq \max _{|n| \le N} |\xi _n|$


\begin {equation*}\|\mathbf {A}^{(N)} - \mathbf {I}_N\|_{\text {op}} \le \sum _{r \ge 1} \frac {\delta _N ^r \|{\text {sinc} ^{(r)}} \circ \mathbf {T}^{(N)}\|_{\text {op}}}{r!} \le \sum _{r \ge 1} \frac {\delta _N ^r \pi ^r}{r!} = e^{\delta _N \pi } - 1,\end {equation*}


${\sinc ^{(r)}} \circ \mathbf {T}^{(\infty )}$


$(2 \pi i \omega )^r$


$[-1/2,1/2]$


\begin {equation*}\|{\text {sinc} ^{(r)}} \circ \mathbf {T}^{(N)}\|_{\text {op}} \le \|{\text {sinc} ^{(r)}} \circ \mathbf {T}^{(\infty )}\|_{\text {op}} = \max _{\omega \in [-1/2,1/2] } |2 \pi \omega |^r = \pi ^r;\end {equation*}


$\sigma _{\min } (\mathbf {A}^{(N)}) \ge 2 - e^{\delta _N \pi }$


$2 - e^{\delta _N \pi } \ge \epsilon > 0$


\begin {equation}\label {eq:prob_lb} \mathbb {P}[ |\xi _{-N}| \le c, \ |\xi _{-N+1}| \le c, \ \dots \ , |\xi _N| \le c] \ge 1 - \eta \end {equation}


$\eta $


$\xi _n$


\begin {align*}&\mathbb {P}[ |\xi _{-N}| \le c, \ |\xi _{-N+1}| \le c, \ \dots \ , |\xi _N| \le c] \ge \prod _{n=-N}^N \mathbb {P}[|\xi _n| \le c]\\& = \left [ \mathrm {erf} \left ( \frac {c}{\sigma _\xi \sqrt {2}} \right ) \right ]^{2N+1},\end {align*}


\begin {equation}\label {eq:after_komatsu} \left [ \mathrm {erf} \left ( \frac {c}{\sigma _\xi \sqrt {2}} \right ) \right ]^{2N+1} \ge \left [1 - \sqrt {\frac {8}{\pi }} \, \frac {e^{-c^2/(2 \sigma _\xi ^2)}}{\frac {c}{\sigma _\xi } + \sqrt {\frac {c^2}{\sigma _\xi ^2} + 2}} \right ]^{2N+1}.\end {equation}


$c$


$\sigma _\xi $


$0$


$N \to \infty $


$\mathbf {A}^{(N)}$


$\sigma _{\min } (\mathbf {A}^{(N)}) \ge \epsilon $


$1 - \eta $


\begin {equation*}N \le \frac {1}{2} \left [ \frac {\log (1 - \eta )}{\log \left (1 - \sqrt {\frac {8}{\pi }} \, \dfrac {e^{-c^2/(2 \sigma _\xi ^2)}}{\frac {c}{\sigma _\xi } + \sqrt {\frac {c^2}{\sigma _\xi ^2} + 2}} \right )} - 1 \right ].\end {equation*}


$\max _{|n| \le N} |\xi _n|$


$\boldsymbol {\xi }$


$\sigma _\xi \ll 1$


$\mathbf {A}^{(N)}$


\begin {equation}\label {eq:ford_surr} \mathbf {B}^{(N)} \coloneqq \mathbf {I}_N + \mathbf {D}_{\boldsymbol {\xi }_N^1} \mathbf {S}_N,\end {equation}


$(\mathbf {S}_N)_{mn} = (-1)^{m-n}/(m-n)$


$m \ne n$


$(\mathbf {S}_N)_{mm} = 0$


$\sinc $


$\mathbf {B}^{(N)}$


$\mathbf {A}^{(N)}$


$\mathbf {B}^{(N)}$


$\boldsymbol {\xi }_N = (\xi _{-N}, \dots , \xi _N)$


$\operatorname {var}(\xi _n) = \sigma _\xi ^2$


$|n| \le N$


$\epsilon , \eta \in (0,1)$


$\sigma _{\min } ( \mathbf {B}^{(N)}) \ge \epsilon $


$1 - \eta $


\begin {equation}\label {eq:lin_uppbonN} N \le \frac {1}{4} \left [ \eta \exp \!\left ((1- \epsilon )^2 / (2 \sigma _\xi ^2 \pi ^2)\right ) - 2 \right ],\end {equation}


$\mathbf {S}_N$


$2 \pi i \omega $


$\|\mathbf {S}_N \|_{\text {op}} \le \pi $


$\| \mathbf {D}_{\boldsymbol {\xi }_N^1} \mathbf {S}_N\|_{\text {op}}$


\begin {equation*}\mathbf {D}_{\boldsymbol {\xi }_N^1} \mathbf {S}_N = \sum _{ |n| \le N } g_n \, \mathrm {diag}((\mathbf {L} _N)_{:n}) \, \mathbf {S}_N \eqqcolon \sum _{ |n| \le N } g_n \widetilde {\mathbf {S}}_{N, n},\end {equation*}


$(\mathbf {L} _N)_{:n}$


$n$


$\mathbf {L} _N$


$\mathbf {L} _N \mathbf {L} _N^t = \boldsymbol {\Sigma }_N$


$(g_{-N}, \dots , g_N) \eqqcolon \mathbf {g}_N \sim \mathcal {N}(\mathbf {0}, \mathbf {I}_N)$


$\sigma _\xi ^2 = \sigma _\epsilon ^2/(1-\varphi ^2)$


$\mathbf {L} _N$


\begin {align}\label {eq:cholL} &\mathbf {L} _N = \nonumber \\&\begin {pmatrix} \sigma _\xi & 0 & 0 & \cdots & 0 \\ \sigma _\xi \varphi & \sigma _\xi \sqrt {1 - \varphi ^2} & 0 & \cdots & 0 \\ \sigma _\xi \varphi ^2 & \sigma _\xi \varphi \sqrt {1 - \varphi ^2} & \sigma _\xi \sqrt {1 - \varphi ^2} & \cdots & 0 \\ \vdots & \vdots & \vdots & \ddots & \vdots \\ \sigma _\xi \varphi ^{2N} & \sigma _\xi \varphi ^{2N-1} \sqrt {1 - \varphi ^2} & \sigma _\xi \varphi ^{2N-2} \sqrt {1 - \varphi ^2} & \cdots & \sigma _\xi \sqrt {1 - \varphi ^2} \end {pmatrix}.\end {align}


$\sum _n (\mathbf {L}_N)_{mn}^2 = (\boldsymbol {\Sigma }_N)_{mm} = \sigma _\xi ^2$


\begin {equation*}v(\mathbf {D}_{\boldsymbol {\xi }_N^1} \mathbf {S}_N) \coloneqq \max \Bigl \{ \bigl \|\textstyle \sum _n \widetilde {\mathbf {S}}_{N, n} \widetilde {\mathbf {S}}_{N, n} ^t \bigr \|_{\text {op}}, \, \bigl \|\textstyle \sum _n \widetilde {\mathbf {S}}_{N, n} ^t \widetilde {\mathbf {S}}_{N, n} \bigr \|_{\text {op}} \Bigr \}.\end {equation*}


$\sum _n \widetilde {\mathbf {S}}_{N, n} ^t \widetilde {\mathbf {S}}_{N, n} = -\sigma _\xi ^2 \mathbf {S}_N ^2$


$\sum _{n} (\mathbf {L}_N)_{mn} ^2 = \sigma _\xi ^2$


$m$


$\|\sum _n \widetilde {\mathbf {S}}_{N, n} ^t \widetilde {\mathbf {S}}_{N, n}\|_{\text {op}} \le \sigma _{\xi } ^2 \pi ^2$


\begin {equation*}\begin {split} \sum _{|n| \le N} \widetilde {\mathbf {S}}_{N, n} \widetilde {\mathbf {S}}_{N, n} ^t & = - \sum _{|n| \le N} \mathrm {diag}((\mathbf {L}_N)_{:n}) \mathbf {S}_N^2 \mathrm {diag}((\mathbf {L}_N)_{:n}) \\ & = - \underbrace {\left [\sum _{|n| \le N} (\mathbf {L}_N)_{:n} (\mathbf {L}_N)_{:n} ^t \right ]}_{\eqqcolon \widetilde {\mathbf {L}}_N} \odot \mathbf {S}_N ^2. \end {split}\end {equation*}


$(\widetilde {\mathbf {L}}_N)_{nn} = \sum _{j \le n} (\mathbf {L}_N)_{nj} ^2 = \sigma _\xi ^2$


$\widetilde {\mathbf {L}}_N$


\begin {equation*}\| \widetilde {\mathbf {L}}_N \odot \mathbf {S}_N ^2\|_{\text {op}} \le \max _n (\widetilde {\mathbf {L}}_N)_{nn} \, \|\mathbf {S}_N ^2 \|_{\text {op}} \le \sigma _\xi ^2 \pi ^2,\end {equation*}


$v(\mathbf {D}_{\boldsymbol {\xi }_N^1} \mathbf {S}_N) \le \sigma _\xi ^2 \pi ^2$


\begin {equation}\label {eq:linear_probbound} \mathbb {P} \left [ \| \mathbf {D}_{\boldsymbol {\xi }_N^1} \mathbf {S}_N\|_{\text {op}} \le 1- \epsilon \right ] \ge 1 - 2(2N+1) \exp \!\left (-(1- \epsilon )^2 / (2 \sigma _\xi ^2 \pi ^2)\right ),\end {equation}


$\sigma _{\min }(\mathbf {B}^{(N)}) \ge 1 - \|\mathbf {D}_{\boldsymbol {\xi }_N^1} \mathbf {S}_N\|_{\text {op}}$


$\ge 1 - \eta $


\begin {equation*}N \le \frac {1}{4} \left [ \eta \exp \!\left ((1- \epsilon )^2 / (2 \sigma _\xi ^2 \pi ^2)\right ) - 2 \right ].\end {equation*}


$\sigma _{\max }(\mathbf {A}^{(N)})$


$\sigma _{\max }(\mathbf {B}^{(N)})$


$\sigma _{\max }(\mathbf {A}^{(N)}) \le e^{\delta _N \pi }$


$\sigma _{\max }(\mathbf {B}^{(N)}) \le 1 + \|\mathbf {D}_{\boldsymbol {\xi }_N^1} \mathbf {S}_N\|_{\text {op}}$


\begin {equation*}1 \le \kappa (\mathbf {A}^{(N)}) = \frac {\sigma _{\max }(\mathbf {A}^{(N)})}{\sigma _{\min }(\mathbf {A}^{(N)})} \le \frac {e^{\delta _N \pi }}{2- e^{\delta _N \pi }}, \qquad 1 \le \kappa (\mathbf {B}^{(N)}) \le \frac {2 - \epsilon }{\epsilon },\end {equation*}


$\sigma _{\min } \le \sigma _{\max }$


$\mathbf {A}^{(N)}$


$\mathbf {B}^{(N)}$


$\sigma _\xi $


$\epsilon $


$10^3$


$10^{10}$


$\sigma _{\xi }$


$nT_s$


$\sigma _\xi \ll T_s$


$\sigma _\xi / T_s$


$1\,\%$


$\sigma _\xi $


$\kappa (\mathbf {A}^{(N)})$


$\kappa (\mathbf {B}^{(N)})$


$\sigma _{\min } (\mathbf {A}^{(N)}) \ge 2 - e^{\delta _N \pi }$


$\sigma _{\min } (\mathbf {B}^{(N)}) \ge 1 - \| \mathbf {D}_{\boldsymbol {\xi }^1 _N} \mathbf {S}_N \|_\text {op}$


$\sigma _{\min } (\mathbf {B}^{(N)})$


$\sqrt {1 - \| \mathbf {I}_N - \mathbf {B}^{(N)} (\mathbf {B}^{(N)})^t\|_\text {op} }$


$\mathbf {S}_N^t = - \mathbf {S}_N$


\begin {equation*}\mathbf {B}^{(N)} (\mathbf {B}^{(N)})^t - \mathbf {I}_N = [\mathbf {D}_{\boldsymbol {\xi }^1_N}, \mathbf {S}_N] - \mathbf {D}_{\boldsymbol {\xi }^1_N} \mathbf {S}_N^2 \mathbf {D}_{\boldsymbol {\xi }^1_N},\end {equation*}


$[\cdot ,\cdot ]$


$\{g_n\}$


$\mathbf {C}_n \coloneqq \mathbf {S}_N \, \mathrm {diag}((\mathbf {L}_N)_{:n}) - \mathrm {diag}((\mathbf {L}_N)_{:n})\, \mathbf {S}_N$


$\mathbf {C}_n$


$\mathbf {L}_N$


$\varphi \approx 1$


$\varphi $


$\sigma _\xi $


$\epsilon $


$Q$


$Q(\mathbf {M})$


$\mathbf {M}$


$Q(\mathbf {M})$


$\| Q(\mathbf {M}) - \mathbf {M} \|_{\text {op}}$


$[-R,R]$


$\| Q(\mathbf {M}) - \mathbf {M} \|_{\text {op}}$


$|\xi _i| \le R$


$i=-N, \dots ,N$


$\sigma _{\min }$


$\mathbf {A}^{(N)}$


$\mathbf {B}^{(N)}$


$\varphi $


$\sigma _{\min } (\mathbf {A}^{(N)})$


$\sigma _{\min } (\mathbf {B}^{(N)})$


$\kappa (\mathbf {A}^{(N)})$


$\kappa (\mathbf {B}^{(N)})$


$N=1000$


$1000$


$\varphi \in \{0.1, 0.25, 0.5, 0.9, 0.99\}$


$\sigma _\xi = 0.04$


$\mathbf {A}^{(1000)}$


$\mathbf {B}^{(1000)}$


$\varphi \approx 1$


$\mathbf {A}^{(1000)}$


$\mathbf {B}^{(1000)}$


$\sigma _{\min } (\mathbf {A}^{(N)})$


$\sigma _{\min } (\mathbf {B}^{(N)})$


$\varphi $


$\sigma _\xi ^2$


$\sigma _\xi $


$\varphi $


$N$


$\sigma _\xi = 0.01$


$\sigma _\xi = 0.04$


$\varphi $


$\sigma _\epsilon ^2 = (1 - \varphi ^2)\sigma _\xi ^2$


$\varphi \to 1$


$0$


$\xi _i \approx \xi _{-N}$


$i$


\begin {equation*}\frac {1}{N_{\text {MC iters}}} \sum _{n=1}^{N_{\text {MC iters}}} \frac {\sigma _{\min } - s}{\sigma _{\min }}\end {equation*}


$N_{\text {MC iters}} = 250$


$s = 2 - e^{\delta _N \pi }$


$\sigma _{\min } = \sigma _{\min }(\mathbf {A}^{(N)})$


$s = 1 - \|\mathbf {D}_\xi \mathbf {S}_N\|_{\text {op}}$


$s = \sqrt {1 - \|\mathbf {I}_N - \mathbf {B}^{(N)}(\mathbf {B}^{(N)})^t\|_{\text {op}}}$


$\sigma _{\min } = \sigma _{\min }(\mathbf {B}^{(N)})$


$\tau $


$\mathbb {Z}$


$\tau (\varphi )=(1+\varphi )/(1-\varphi )$


$N$


$\tau $


$N/\tau $


$\varphi $


$[0,1)$


$\varphi $


$N/\tau = 1$


$N/\tau = 100$


$\cdot / \, \cdot $


$\varphi \in [0,1)$


$N/\tau $


$100$


$\varphi $


$t_n = n + \xi _n$


$\mathrm {PW}_{[-1/2,1/2]}$


$N$


$N = 1000$


$\sigma _\xi = 0.04$


$0.8$


$1.5$


$\varphi \in [0.1, 0.99]$


$\varphi $


$\varphi $


$\sigma _\xi ^2$
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D. Gerosa and T. Eriksson

1 (AR(1)), so that 7, = T,n + &,, where

én = Z (pké‘n,k (2)
k=0

and {e,},c7 is a sequence of independent and identically distributed
Gaussian random variables, ¢, ~ N'(0, 53) forallne Z, with0 < g < 1
and ¢ typically close to 1. The process (2) has power spectral density
[16]

2
Sf( eiw) - O-E

— . we[-rm 7],
14 @2 — 2@ cos(w)

so that requiring ¢ ~ 1 correctly encodes the fact that this jitter is
“slowly varying” and that much of its energy is therefore concentrated
at low frequencies.

Since Y. var(ofe, ) =02 Y509 < oo, the Khintchine-
Kolmogorov convergence theorem ensures that the infinite sum in
(2) converges almost surely for every n, and thus the &, are well-
defined. Lévy’s continuity theorem then yields &, ~ N'(0, aez /(1 = ¢?)
for all n € Z. We remark that, since the &, are Gaussian and hence
unbounded, the jittered lattice 7, = Tyn + &, almost surely fails to satisfy
Kadec’s condition [K], so that Theorem 1 does not apply to the model
2).

1.1. Basic definitions

We recall here basic definitions.

Definition 1 (Fourier transform).
function s :

The Fourier transform F(s)(w) of a
R — C is formally defined as

F(s)w) := / - s(t)e” 2! gt

o0
F defines a bounded linear operator L!(R) - L®(R) that can be ex-
tended to all of L?(R) by standard density arguments. If B C R is a union
of finitely many measurable sets of finite and positive Lebesgue measure,
we define

Definition 2 (Paley-Wiener space). The Paley-Wiener space is the set

PW; :={s € CR)n L*R) : supp(F(s)) C cl(B)}.

In sampling theory, one basic question is whether a signal can be recov-
ered from its samples. For applications, however, uniqueness alone may
not be enough: the recovery should also be stable with respect to mea-
surement, numerical, or modeling errors. In other words, a signal with
large L?-energy should not be almost “invisible” on the sampling set.
This robustness requirement is encoded in the notion of stable sampling.

Definition 3 (Stable sampling). A set {t,} C R is of stable sampling for
PW, if

s €PWp = [Isll .2 < Klls@)ll 2

with K independent of s.

Sampling stability for Paley-Wiener functions is connected to the no-
tion of density, at least through a theorem of H. J. Landau [17], which
states that the density (3) of a sampling set must be at least equal to

the Lebesgue measure of B. In this note we adopt the following classical
definition of density.

Definition 4 (Sampling set density).
set {t,} C R is defined as

D(,) := lim card({t, : t, € [-r,r]})
e 2r

The density D(z,) of a sampling

3

whenever the latter limit exists.
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1.2. Symbols and notations

We adopt the notation of using uppercase boldface letters A for
matrices and lowercase boldface letters a for column vectors. Due to
the structural problem setup, we indicate with a,, vectors belonging to
R2N+1 indexed from —N to N. Similarly for 2N + 1) x (2N + 1) matri-
ces, that will be indicated by Ay or AY) if ambiguities may arise. We
use o;(A")) for the j—th singular value of A, and © for the Hadamard
component-wise product. The operator norm ||[A()|| op of a matrix equals
its largest singular value 6,,,,(AM).

1.3. Motivations

The study of the properties of systems of complex exponentials
{e#* : 1, € A}, with A C R, is classical and the corresponding theory
is well developed, cf. [18]. Roughly speaking, “good” properties of the
{e'*n*} imply “good” properties of the set A seen as a sampling set for
Paley-Wiener functions, and vice versa [2]. Much less is known when
the 4, are assumed to be random variables, although a fair amount has
been established in the i.i.d. case [7-9,19]; when correlation enters the
picture, the results are quite sparse. We are not aware of results address-
ing sampling stability for correlated random perturbations of the inte-
ger lattice; the present note is a modest attempt to fill this gap, taking
as a starting point the autoregressive jitter model of [15]. The math-
ematical machinery used in [7-9,19] does not generalize well to the
correlated scenario: independence is used there to reduce the analysis
to product measures and to invoke Borel-Cantelli-type arguments on in-
dependent events, neither of which is available for a correlated jitter
process. We therefore rely on the ergodicity of the shift acting on the
AR(1) path, which supplies the required almost sure statements without
any independence assumption. Concretely, we investigate whether the
autoregressively jittered lattice 7, = n + &, retains the stable sampling
properties of Definition 3 of the integer lattice.

1.4. Contributions

The contributions of this manuscript may be summarized as follows:

e We prove that the autoregressive jittered lattice 7, = n + &,, with
¢, defined in (2), has the correct critical density (3) on average
(Lemma 2.1) and almost surely (Lemma 2.2);

e We prove that {#,} is not of stable sampling for the Paley-Wiener
space (Theorem 2);

e We prove that the corresponding sinc matrices are well-conditioned
with high probability, both for the full sampling matrix (Proposi-
tion 3) and for its first-order Taylor surrogate (Proposition 4);

¢ We complement these results with a Monte Carlo study (Section 4) of
the empirical distributions of the smallest singular values and condi-
tion numbers, and we numerically quantify the conservativeness of
the bounds obtained above.

2. Critical density and global stability failure

As observed by Bass and Grochenig in [8], random sampling sets
may, on average, attain the critical (lower Beurling) density required
by Landau’s results and still fail to be stable. We show in this section
that this is precisely what happens for the AR(1)-jittered lattice.

Lemma 2.1. Let {n,},c7 be a sequence of jointly Gaussian real-valued
random variables with 0 mean and variance af’. Define 0, := n+n,. Then

Elcard({6, : 6, € [-r,r]})]

=1+0¢h.
2r +00™)
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Proof. Consider the nonnegative random variables 1, ;- By the
Tonelli theorem E[}] ., 1”9,1‘5,]] =Yz [E[IHMS,)] and
] - _(.le)z
2 Ellg1n 1 = ——— Z/ e ¥ ds
nez 27[0’,, nez v -r
- _(s=n)?
_ 1 / Ye 2 4 @
2z, - nez
1 r _5722 —r12+223n
= / e Ze 0 |ds.
2ro, -1 nez

The boxed term is the Jacobi’s theta function 9(z; ) with z =i/ (Zzwg)
and z = —is /(25,2,). The whole integrand becomes then equal to

=e—s2/(2g,2,)19 _i; i
262 2xo?
n n
_¢2 2 2 2
=e* /(20")‘/2750'72’85 /(20")19(7”;27:71'63)

— 4/ i 2
= 27r0',,19(7rs,2man)

by using modular properties of the Theta function. (4) becomes then

r r 00
/ 19(7”;271[(7,2,)!15 = / [1 +2 Z 2oy cos(2zns) | ds
=r -r

n=1

—2r44 Z ~22%02n 911’1;27”!7‘)
n

from which we have that, as r — oo,

E[card({0, : 0, € [-r,r1})]

2r

=14+0@¢h.

O

So far we have not exploited the autoregressive structure of our jit-
ter. Indeed, Lemma 2.1 assumes nothing more than joint Gaussianity of
the #,. In the next lemma we show that, under a mild summability as-
sumption on the autocorrelation function, the convergence to the correct
density can be upgraded from expectation to almost sure convergence.

Lemma 2.2. Let {£,},c7 be a centered stationary Gaussian process with
variance 05, and let

p(k) := Corr(§,,&,.1)s keZzZ,

denote its autocorrelation function. Assume that

2, 1(k)] < co.

kez

Define 0, :=n+¢&,. Then

S(r) :=— > 14,15 = |

nEZ

a.s. asr — co.
Proof. We study var(.S(r)) for a fixed r. We have
var(S(r)) = — [Z var(lyjg 1<) +2 Z cov(1yg, <y 1 IHHSV))]

nez m<n

5)
=2 [Z Par(l=po) +2 3 cov{Ljg, 10, l{wnsn)]-
nez m<n

with

_ (s=m?

! /e % ds.
V2ro, J-r

Pnr =
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To deal with the term }}, p, .(1 — p,,) we modify the argument in (4):

(s n)z (141)2
2‘;?
Puy(l = py,) = — e ¢ dsdt
2 a R\[— rr]
(c r)z ((1+5)/2=n)?

- (/2o
/ / e % dsdt.
271'6 R\[-r,r]
and

_ 22
Ze ((t+5)/2=m)*/o; <C(oy)

nez

because the infinite sum defines a continuous and 1-periodic function.
Therefore

DR p,,,><cl<a.f>// e

R\[-r,r]
To bound the right-hand side of (6) it is enough to observe that

/ 6=/ o < =P /G
.

(A ,)z

o dsdt. (6)

(and similarly for /") as a consequence of elementary bounds of the
Error function, and hence (6) is bounded from above by a constant in-
dependent of r.

We need now to estimate the series of covariances in (5), and to do
so we make use of Gebelein [20] as well as the AM-GM inequalities:

leov(lyjg,, 1<y 110, 1<)l < 10(n = ’")|\/Vaf(luem\sﬂ)Vaf(luenmr))

var(lyg, 1<) + var(yp, 1<)

< lp(n—m) 3

Thus

o]
X lptn=m)lvar(Lyg 1<) = D' var(Lypg, 1<) D Ip(W)] < Ca(oe, p).
m<n mezZ h=1
and similarly for the series with var(1;j, <.y). We can finally conclude
that

var(S(r)) < C3(oz, p)/ 17, %)

which together with Lemma 2.1 implies that S(r) — 1 in mean square,
and hence in probability. Convergence almost surely requires a bit more
work: we first show that S(n) — 1 almost surely along integers, and then
extend the result to arbitrary sequences r;, — oo.

As a consequence of Chebyshev’s inequality and (7), for a fixed ¢ > 0
we have that

PLS™) - ELSM]| > €)1 § ——

2n2
and thus

2 PI{|S(n) — ELS(m]| > €}] < o0.
n>1

The Borel-Cantelli lemma then gives

P[ﬂ JUIste) - ELS(1] > e} | =0, (8)
n=1k=n
which implies S(n) — E[S(n)] > 0 almost surely. Combined with
Lemma 2.1, this yields S(n) — 1 almost surely.

To conclude the argument, pick a sequence r;, — oo and define the
two integers m; = |r,] —1 and my = |ry] + 1, so that m; <r, < m] for
all k (the m’s depend, of course, on the sequence r;). Then

+
1 my

St <— 1 = —=S(m’
(rk) = Zrk ZZ (|9n|§m:) " (mk)

ne

and similarly

my B
S(ry) > ZS(mk ).

Since by construction both m, /r, and m} /r, tend to 1 and S(m), S(m})
converge to 1 a.s., then so does S(r,). O
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Remark 1. Strictly speaking, the sum ¥, ., 19, <> Which appears in
the proof of Lemma 2.1 and equals 2r.S(r) in Lemma 2.2, and card({0, :
0, € [-r,r]}) are not exactly the same quantity; however, since joint
Gaussianity implies that (1, {6, # 6,,} has probability 1, the two agree
almost surely for every r > 0.

We are now in position to prove the main negative result of this
section. In the following theorem we adapt the construction of Propo-
sition 2.2 in [8] to show that the stable sampling condition introduced
above is violated by the autoregressively jittered lattice. The bandlim-
ited functions used in the counterexample are precisely those of [8]; the
proof strategy, however, must be adapted to account for the fact that
the random variables ¢, are no longer independent.

Theorem 2. Let §,(w) := n+ &,(w), where {£,} 7 is the two-sided Gaus-
sian AR(1) process defined in (2), with 0 < ¢ < 1. Then with probabil-
ity 1 there exists a sequence of nonzero bandlimited signals {s?}.en €
PW|_,/3,1/2) Such that

13

2 IO, @) < == k.

nez
Consequently, the jittered lattice is almost surely not a stable sampling set for
PWi1/2.12-

Proof. We work in the critical normalization B = [-1/2, 1/2]. The pro-
cess {&,},ez is realized as a measurable map & : (Q/,P) » RZ on an un-
derlying probability space (@', P), and we denote by u := Po&™! its law
on RZ, All the events introduced below are sets in RZ; for such an event
E we write P(¢ € E) = u(E), and the finite-dimensional marginals of u
are the corresponding Gaussian laws of the relevant coordinates of &.
The function S(x) = sin(zx/2)¥(x), with ¥(x) as in the proof of
Proposition 2.2 in [8], is a nonzero element of PW_, » |, satisfying
S(2j) =0 for all j € Z, with |S(x)| < a/(1 + |x|?) for some positive con-
stant ¢ and all x € R. For each fixed k, we introduce the two events

. z. :
As, N, = {x €RT 1 xy;| <6y, Ixgjp — 1 S 6, ] < Ny}
and

By, 1= {x €R” ¢ [x;| < |jl/4, j < ~@N, + ) or j > 2N, +2}.

k

Since S is bounded, so is S/, by e.g. Theorem 11.1.2 in [21]. We then
choose 5,% = ||S||§/(8Nkk||S’||§o) = C,/(kN,). Using the autoregressive
structure of &,, the random vector (§_,y, . .., &N, +1) has precision ma-
trix [22]

1 —@ 0 0
| -9 1+¢*> —o 0
-1 _ . ) . .
24Nk+2 = ; : . . , : (9)
€10 0 - l+g -
0 0 0 - 1
and det (22,1\,k+2> =1 - /o2 equivalently, the marginal of

on the coordinates —2N,, ..., 2N, + 1 has density

Vi=F

exp (—x'=71 . x/2).
(V2ro, ) Nit2 p( AN+2 / >

San2(X) =

By using (9) we can write explicitly the quadratic form in the expo-
nential, which gives us

AN +1 AN +1
azx’E_l

242 2 2 _
AN +2X = X +x4Nk+2+(l+(p ) E x; —2¢ E XiXiq1
i=2 i=1

< (2 + (14807 + (1 +@HCN (1 +8,)* +2N,8D)
+ 204N, + D5, (1+68)) =7

ifxe0,1,...,0,1) + [5;, 6,1*Vk+2. Therefore

a2,
\/§5k> "3
e €

H(As N 2 Cz((ﬂ)<
o,

€
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(ov +0(N?) + 0 +0(N'?) +0(N)).

In logarithmic scale, the latter becomes
log(u(As, n,)) 2 Cq = CsNy log(Ny) — Cg Ny

for large N, where the constants C; are strictly positive and depend
only on ¢, o,, and k. On the other hand, by the union bound,

uBLO< Y x> Lil/H+ Y kx> 1il/4)

JS—QN+1) JE2N+2

_ 2
S Y ep(-Cr?) 5 G @M
JZ2Ng+1

for some other strictly positive constants C;, Cg, Cy. Combining the two,
u(As N, N By, ) = (A5 N)— M(Bf\,k), (10)
and by the asymptotics in N, the right-hand side is eventually strictly
positive. By choosing N, large enough we can also ensure that
2 IS5

< 2.
4k

a
uEaN, (1+G1l/47)°
We henceforth fix N, satisfying both (11) and (10). Consider now the
shift operator T : RZ - RZ defined by (T'x), = x,.,.;. The stationary
Gaussian AR(1) process with 0 < ¢ < 1 is mixing [23]; equivalently, its
law u = Po&™! is mixing, hence ergodic, with respect to T'. It follows that
the system (RZ, u, U) with U := T? is also mixing, and thus ergodic. Set
Ey = 45, n, N By, CRZ, so that u(Ey) > 0 by (10), and define

Fo:=JU™E,.

m>1

1D

By the characterization of ergodicity (cf. Theorem 1.5.(iii) in [24])*
we have u(F,) =1, and hence P(Q;) =1 for Q, := §‘I(Fk). Therefore,
for every w € @, there exists at least one m with U™ (&(w)) € E,, ie.
T2 (&(w)) € A, n, N By, . Define s2(x) := S(x — 2m). Since (T?"&(w)); =
& yom(w), the membership T2 (&(w)) € By, means that for indices with
Jj=2m < —@2Ny+1orj—2m22N; +2onehas | ()| < |j—2m|/4, so
16,() — 2m]| > 3|j — 2m| /4, and

2 1S3
a 2
Z [s¢(0;(@)|* < Z —= <
J2ME—Q2N+1) /122N, +1 (1 +(3|f|/4)2)
or j—2m>2Ny+2

where the last inequality follows from (11) since {|¢|>2N,+1} C
{|£] > 2N, }. Likewise, the membership T?"(£(w)) € A, n, means that
for indices with j —2m € {-2N,...,2N, + 1} the point §;(w) — 2m lies
within distance §, of an even integer, where .S vanishes; hence

2

YA
20, (@)* < 4N, + 215" 1% 6; = (1 + W) Zkz.
j=2mE(=2Ny....2N,+1} k

Combining the two estimates and using |[s?[l, =[S,

3 \ISIE el
2 0, 224+ — < ,
jezlsk( j@)I” < (4 * 4Nk> K =k

the last bound holding for all N, > 1. Taking Q = Nis1 @ yields the

desired conclusion, since P(Q) = 1. O

1 Theorem 1.5.(iii) in [24] requires the maps T and U to be measure-
preserving, i.e. u(A) = uoT~'(A) for all A € B(R?). This is true in our case but
it requires a bit of a tedious proof, that we sketch here: for I = (n,,...,n,) €
z? with n, < - < ny consider the canonical projections r, : R - Rl ~ R4
and the sets C; = {7;'(4) : A€ B[RY), |I| =d}. By definition o(C,) = B(R?)
and moreover C :=|J,,, C; is a z7—system, thus it is enough to prove u(C) =
uoT~1(C) forall C € C By Dynkin’s lemma (1.6(a) in [25]). The conclusion fol-
lows from the strict stationarity of &.
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Remark 2. The hypothesis on &, in Theorem 2 can be relaxed: the con-
clusion remains valid for any stationary mixing process for which, for
every k, there exist N; and §, such that

P(As,.n,) — P(BY ) >0,
in the sense of (10).

The previous proof shows that for each w € Q there exists a sequence of
pathological bandlimited signals whose energy is concentrated precisely
at the locations where the jitter £(w) exhibits the bad pattern E,. This is
an ad hoc deterministic construction, designed to disprove a worst-case
property, and it crucially relies on aligning the signal with a specific
shift 2m of &.

A natural question, left open here, is whether the AR(1)-jittered lat-
tice stably samples a random bandlimited signal with probability one
- for instance a stationary bandlimited Gaussian process, for which the
relevant comparison is between time-averaged signal power and the cor-
responding average sample power. The mechanism of Theorem 2 does
not apply in that setting, since a stationary signal cannot align with any
prescribed shift of the jitter path.

3. Finite-dimensional analysis

The negative result of Theorem 2 concerns the full Paley-Wiener
space and the infinite jittered lattice. In practice, however, one works
with finitely many samples and a finite-dimensional approximation of
the signal, and the question of stability must be reformulated accord-
ingly. The goal of this section is to develop such a finite-dimensional
counterpart and to identify regimes in which the associated sampling
matrix is well-conditioned with high probability. We remark that, un-
like Theorem 2, the results of this section require only that &y be a
centered Gaussian vector with var(¢,) = ¢2; the autoregressive structure
enters through the explicit form (20) of the Cholesky factor L, but not
through the resulting bounds.

If s € PW_; /5 1/2), the Shannon-Whittaker-Nyquist-Kotelnikov theo-
rem gives

s(f) = Z s(n) sinc(t — n),

nez

and in applications one typically resorts to the approximation

s(t) ~ E s(n) sinc(t — n)

|n|<N
for N sufficiently large. In this sense, s can be regarded as liv-
ing in span{sinc(- — n)}|,<y- The vector of jittered samples 5y :=
(s(=N +&_N), ..., s(N + &y))' is related to the non-jittered one sy :=
(s(=N),...,s(N))" through the random (2N + 1) x (2N + 1) sampling
matrix

AN =
sinc(é_y) sinc(—1 4+ &_y) sinc(=2N +¢&_y)
sinc(1 +&_n1) sinc(&_n41)

sinc(=2N + 1 +&_n41)
sinc(2]\.f +&N) sinc2N — 1+¢&N) sincifN)
12)

so that Sy = A™Ns . Then
Cmin A™Isy Il 2 = oin A™)Isll 12 < TAN sy ll,2 = By ll2.

where the first identity follows from Parseval. Rearranging yields
Isll 2 < GminAM)7 Sy |l 2 (cf. Definition 3), so the stability of finite-
dimensional reconstruction reduces to the conditioning of AN). Note
that, in general, A/N) is neither symmetric nor Toeplitz. Observe also
that &y ~ det(AM)(£y)) is analytic and not identically zero, and thus
P({det(AM) = 0}) = 0 for all N, making the mere invertibility a trivial
matter. We prove the following.
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Proposition 3. Let AYN) be the sensing matrix defined in (12), where &y =
(E_N>--- - EN) is a centered Gaussian random vector with var(€,) = o‘? <1072
for all |n| < N and arbitrary correlation structure. Let n € (0, 1), € € (0,2 —
e167/1000y gnd set ¢ := log(2 — €)/x. Then 6,,;,(AN)) > ¢ with probability at
least 1 —n if

log(1 —#)

8
log 1—\/;

| % % |

-1 13)

DD | —

2 2
/5D

Proof. Observe preliminarily that the assumptions on e and ¢, automat-
ically imply that

—e2 /(052 2
\/Eec/(2”5)<i+‘lc—+2. a4
4 o g?

By Weyl’s inequality for singular values,
O'min(A(N)) 2 omin(Iy) — ”A(N) - IN”op

(15)
21— [A™ -1y

llops

where Iy denotes the 2N + 1) x (2N + 1) identity matrix. We now study
IAN) — Ty lop- Introduce the auxiliary matrices

0 -1 -2 .. =2N
.| ! 0 -1 —2N +1
2N 2N-1 2N-2 .. 0

D€7V = diag(éiN, ,cfjv),
and observe that

™ _1. =% 1 inc® o)
A IN_Zr!Dg;Vsmc oT/,
r>1
where sinc” is the rth derivative of the sinc function and o denotes
componentwise application of sinc” to the entries of TV, Setting &, :=
max,, < 1¢,|, we obtain

8" |Isinc”oTM) | s
”A(N>_IN”0pSZ N : op SZ N' = N7,

r>1 r r>1 r
where the last inequality uses the fact that the (infinite) Toeplitz matrix
sinc®oT(*®) has Fourier symbol (2ziw)" on [—1/2,1/2], and that

lIsinc®oT™||,, < [Isine®oT®||,, = [270|" = 7"

max
wel-1/2,1/2]
see Theorem 1.1 in [26]. Substituting back into (15) gives ¢,,;,,(AN)) >
2 — N7, It remains to determine when 2 — ¢®¥” > ¢ > 0 with high prob-
ability, which is equivalent to requiring

Pllé_nl < [Ensil Sy oo JIENI Sl 21 -7 (16)
for n small.
By the classical $iddk theorem? [28] we obtain
N
PlE_yl <c [Eyl <c oo Lleyl <> [ PlEI <l
n=—N

2 1t is unclear to the authors whether the problem of finding a non-trivial
non-asymptotic lower bound for the left-hand side of (16) has been satisfacto-
rily solved in the literature when the ¢, are Gaussian and correlated. Without
the absolute values, the “excess” probability caused by the correlations was es-
timated by Li and Shao in [27], but they themselves remark that “[...] it may
be possible to have a comparisons of the two sided probabilities [with absolute
values], [...] however, at this time, we are unable to find a right formulation

[...]"
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2N+1

=|erf

c
o2

and Komatsu’s inequality [29] finally yields

2N+1
AN+ e
erf slioy8 ¢ ¢ a”
\/E - V4 ¢ 62 '
¢ PRy s
I3

For fixed ¢ and s, the right-hand side of (17) tends to 0 as N — oo,
so the lower bound is asymptotically useless. In the finite-dimensional
setting, however, it allows us to estimate how large the sensing matrix
A™) may be “allowed to be” in order to still have o,,;,,(A")) > e with
probability at least 1 — 5. A direct calculation from (17) gives

log(1 —n)

log 1—\/_
+2

L 5 i

BN | —

—c2/<2a )

O
3.1. First-order Taylor expansion analysis

Proposition 3 is based on a uniform tail bound on max,, <y £,| and
is consequently loose: it captures the worst single coordinate of & rather
than the collective effect on the operator norm. In the small-jitter regime
o; < 1, typical of hardware applications, a sharper analysis is possible
via first-order linearization. The sensing matrix A‘Y) may then be re-
placed with the first-order Taylor surrogate

B i=Iy +D,i Sy, (18)
N

where (Sy),u, = (=1)""/(m — n) for m # n and (Sy),,, = 0, obtained by
evaluating the first derivative of sinc at integer arguments. In signal-
processing practice, B®Y) often entirely replaces AXY).

Proposition 4. Let B!N) be the first-order Taylor surrogate defined in
(18), where £y = (é_p, ..., En) 1S a centered Gaussian random vector with
var(¢,) = o2 for dll |n| < N and arbitrary correlation structure. Let ¢,n €

(0, 1). Then o,,;, B™)) > e with probability at least 1 — n if

1 22 2\
N < 2[nexn((1 - 02/@02) -2, a9
which should be compared to condition (13).

Proof. The matrix Sy is Toeplitz and skew-symmetric with symbol 2ziw
(cf. the proof of Proposition 3), and therefore ||Sy llop < 7. What we
would like, however, is a direct bound on ||D g, S llop- We can write

D, Sy = Y gpdiag(Ly):,) Sy = Y, &Sy

|n|<N |n|<N
where (Ly)., is the nth column of the Cholesky decorrelation matrix
Ly,LyLy =Zy,and (g_y,...,gn) = gy ~ N(0,1y). In the AR(1) case
(), whose stationary variance is 6? =02/(1 - ¢?), the matrix Ly may
be obtained explicitly by “unrolling” the recurrence:

Ly =
o 0 0 0
orp oV 1 -2 0 0
A T = I

0: 0N N INT— @ 6N 1—@? o o1-¢?
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The argument below, however, only uses the identity ) (Ly )fnn =
CEN)um = o?, which holds for any Cholesky factor of a covariance ma-
trix with constant diagonal. To apply Theorem 4.1.1 in [30], which ad-
dresses random series with matrix coefficients, we need to estimate

v(Dg}VSN) :=max{“2n §N’,,FSV’NM p}

For the first term, we have ¥, §', Sy, = -o; 8%, because Y, (Ly)2,

o7 for all m; hence || ¥, S . "SN ,,||0p < o;x°. For the second term, we
observe that

> SySh,=— Y diag((Ly).,)S} diag(Ly).,)
[n]<N [n|<N

_ [ 2 (LN):,,(LN)’:n] ol
[n|<N
——

=:Ly

n N,,SNn

By construction (Ly),, = j<nL N)ﬁ,- = "5’ and the matrix Ly is posi-
tive semidefinite, being a sum of rank-one positive semidefinite matri-
ces. Therefore

ILy © Si/ “op < m’?x(LN)nn ”S%V ”op < 65”

where the first inequality is Theorem 5.5.18 in [31]. We conclude that
v, Sy) < 05271:2. Formula (4.1.6) in Theorem 4.1.1 of [30], together
N

with the previous calculations, gives
[|J>[||1)tfl Snllop < 1 - e] >1-202N + l)exp(—(l - 5)2/(2(;;”2)), @D
N
and since ¢,,;, BM) > 1- ||D‘5}VSN||Op by Weyl’s inequality, the right-
hand side of (21) is > 1 — 5 provided that
1
Nz [;1 exp<(1 - e)z/(za§n2)) - 2].
O

Remark 3. The same techniques used in the proofs of Proposi-
tions 3 and 4 yield probabilistic upper bounds for o, (A®)) and
Omax BN, namely o, (AN < e and 6, BM) < 1 + ||D§}V Sy llop-
Consequently, on the events considered in Propositions 3 and 4 respec-
tively,

1< K(A(N)) max((l;A(( )))) eONT

mm
where the lower bounds are immediate from o,,;, < 6., These provide
information not only on the invertibility of AN and B™), but also on
their condition numbers, and hence on their numerical stability. In par-
ticular, the regions depicted in Fig. 2 are also regions of high-probability
control on k(A™)) and k(B™).

2—¢
C 1<xkBMy< ,
2 — N7 < )< €

The Fig. 1 show that the bounds o,,,(AN))>2—e’¥" and
Omin(B™) 21~ [ID,1 Syllop are rather loose. The same figures nu-
N

merically suggest that a sharper lower bound for o,,;,,(B™)) is
1- ”IN - B(N)(B(N))t”op'
An analytic justification proceeds by exploiting the skew-symmetry
S’ = =Sy, which gives

N N 2
B¢ )(B( ))I _ = [DE}V,SN]—Dgg\’SNDgV,

where [-, -] denotes the commutator. The commutator is again a Gaus-
sian series in the variables {g,} of Section 3.1, with coefficient matrices
C, :=Sy diag((Ly).,) — diag((Ly).,) Sy, and is therefore amenable to
the same Theorem 4.1.1 of [30] that we used in the proof of Propo-
sition 4. The entries of C, involve differences of entries of Ly, which
encode the AR(1) coherence between adjacent jitter samples and are
small when ¢ = 1; these cancelations heuristically explain the empiri-
cally observed sharpness of the Gram-matrix bound in the highly cor-
related regime relevant to the ADC application. Translating them into
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Fig. 1. The figures above show that the obtained bounds are loose.
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Fig. 2. Contour plots of the right-hand side of (13) (first row) and (19) (second row) as functions of o; and e. In the pink region the bound falls below 103, while in
the light green region it exceeds 10'°. We remark that, in ADC applications, o, represents the average deviation from the ideal sampling instants »Ty, so that o, < T}
and o, /T, is typically of the order of 1 % or less. Higher values of 5, may correspond to harsher scenarios, but more likely reflect poor hardware designs.

an operator-norm bound with an explicit ¢-dependent improvement
over Proposition 4, however, appears to require non-standard Schur-
multiplier estimates that lie outside the scope of this note.

The figures below show a qualitative illustration of (13) and (19) for
different values of o, and e.

Remark 4. Real-world systems do not allow for infinite numerical pre-
cision, and typically some form of quantization follows the sampling
operation in ADCs. If Q is an infinite uniform quantizer and Q(M) is its
component-wise application to all the coefficients of a matrix M, it is
straightforward to extend both Propositions 3 and 4 to Q(M) by means
of a (deterministic) bound on ||Q(M) — Milop that follows from finite-
dimensional norm equivalence and quantizer resolution. If the quan-
tizer is finite within a finite range [—R, R], the bound on ||Q(M) — M]|,,,
will be “probabilistic”, i.e. for example subjected to the probability of
& < Rforalli=-N,...,N.

4. Numerical experiments

In this section we complement the analytical results of Section 3 with
Monte Carlo simulations. Our aims are threefold: to describe the empir-
ical distributions of ¢,,;,, and of the condition number for both A and
B™), to assess how these distributions depend on the autoregressive pa-
rameter ¢, and to quantify the conservativeness of the bounds obtained
in Propositions 3 and 4. The first two aims are addressed in Section 4.1
while the third one in Section 4.2.

4.1. Singular values and condition number distributions

In Fig. 3 we display the empirical cumulative distribution func-
tion (ECDF) of 6,;,(AM), 6., BM), x(AM)) and x(B™) respectively

with N = 1000, derived by simulating 1000 matrix instances for five dif-
ferent correlation levels ¢ € {0.1,0.25,0.5,0.9,0.99} and o =0.04. The
plots show that both random matrices A9 and B(1%00) are very well-
conditioned with high probability in all the correlation regimes tested
(including the high-correlation regime, ¢ ~ 1, which is of particular
interest to ADC applications), consistently with Propositions 3 and 4.
The distributions relative to A% and B'%% are moreover very simi-
lar, which supports the use of the first-order surrogate (18) in place of
the full sensing matrix. Finally, the higher the correlation, the larger
in(AM) and o,,;,(BN), with little-to-no overlapping between the
ECDF curves; we remark that this dependence on ¢ is not captured by

the bounds of Section 3, which only involve the marginal variance a/?.

4.2. Lower bounds quality

As Fig. 1 already suggests, the lower bounds used in Propositions 3
and 4 are somewhat crude, at least for “large” values of the process
standard deviation o, and analytically deriving how loose they are is
beyond the scope of this work. Such bounds are tractable proxies that
made it possible to rigorously demonstrate the well-conditioning of the
jittered matrix with high probability. This self-contained subsection is
meant to numerically assess the gap between such proxies and the true
underlying quantities, as a function of ¢ and the matrix size N.

Fig. 4 displays the results of this assessment. We ran two separate
Monte Carlo simulations in which we fixed the jitter process standard
deviation to o; =0.01 (top) and o; =0.04 (bottom), and swept over the
matrix dimensions and the geometric factor ¢. Notice that for an AR(1)
process 62 = (1 — *)o2, so that when ¢ — 1 the innovation noise vari-
ance shrinks to 0; in this case the process degenerates into the perfectly
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Fig. 3. Empirical cumulative distribution functions obtained via Monte Carlo.

2 — ™™ (Prop. 3)

mean relative gap

2 — ™7 (Prop. 3)

°
&
mean relative gap

=
i
&

1 — [ DeSullop (Prop. 4)

0.8 I 045
0.07
£ 0.6
006 2 N !
005 & 0.4 X
0.04 0.2
0.'22 X
- o.z - 045
0.04
0.18 S
. | . 0035 ¢
0.16 A :
003
. 0.14 . 0,025
0.12 0.02
X 0.1 . 0.015
001
o

D P SLALRENPOPSES
RSO EERIEEEAINISESEN

T— [BMBM) — %107

mean relative gap

V1 [BMB™)" — 1,

mean relative gap

mean
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correlated case & ~ £_y, for all i. In the heatmaps we plotted the mean
relative gap (MRG)
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with Ny jters = 250, where s =2 —eSN" is compared against o, =
Omin(AN), while s = 1 - [D,Syll,, and s = \/1 — Iy = BMBM) o

are compared against o, = 6., BN).

Fig. 4 confirms the preliminary conclusions drew from Fig. 1, in-
cluding the degradation of the performance of the lower bounds as the
process standard deviation increases.

4.3. Jitter cumulative correlation length and relation to the upper bounds
in Propositions 3 and 4

The cumulative correlation length r of a sequence indexed by Z is
defined as the bilateral sum of its correlation coefficients, and it mea-
sures the degree of self-similarity of such a sequence; or, in other words,
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Table 1

(Rounded) Values of ¢ at which N/z =1 and N/z =100 (reported as
-/ +), for the bound of Proposition 3. An entry at the right endpoint of the
tested range indicates that the ratio exceeds the corresponding threshold
throughout ¢ € [0, 1) (and analogously with entries at the left endpoint).

€ n o = 0.005 0. =0.01 o, =0.025 0. =0.04

1072 0.9999 /0.9999  0.9999 /0.9999  0.9999 /0.9999  0.9999 / 0.9957
1073 0.9999 /0.9999  0.9999/0.9999  0.9999 /0.9999  0.9995 / 0.9575

0.05 1074 0.9999 /0.9999  0.9999 /0.9999  0.9999 /0.9999  0.9957 / 0.6426
1075 0.9999 /0.9999  0.9999/0.9999  0.9999 /0.9999 0.9570 /0
1072 0.9999 /0.9999  0.9999 /0.9999  0.9999 /0.9999  0.9965 / 0.7064
025 1073 0.9999/0.9999  0.9999 /0.9999  0.9999 /0.9999  0.9658 /0
! 1074 0.9999 /0.9999  0.9999/0.9999  0.9999 /0.9999 0.6821/0
10 0.9999 /0.9999  0.9999 /0.9999  0.9999 /0.9999 0/0
1072 0.9999/0.9999  0.9999 /0.9999 0/0 N<O0
075 1073 0.9999/0.9999  0.9999/0.9999 N <0 N<O0
: 1074 0.9999/0.9999  0.9999/0.9999 N <0 N <0
1075 0.9999 /0.9999  0.9999 /0.9999 N <0 N<O0
Table 2

Same as in Table 1, but for Proposition 4.

€ n o = 0.005 o, =001 o, =0.025 o, =0.04

1072 0.9999 /0.9999  0.9999 /0.9999  0.9999 /0.9999  0.9999 / 0.9999
1073 0.9999 /0.9999  0.9999/0.9999  0.9999 /0.9999  0.9999 / 0.9999

0.05 107*0.9999 /0.9999  0.9999/0.9999  0.9999 /0.9999  0.9999 / 0.9999
1075 0.9999/0.9999  0.9999/0.9999  0.9999 /0.9999  0.9999 /0.9999
1072 0.9999 /0.9999  0.9999/0.9999  0.9999 /0.9999  0.9999 / 0.9985
025 1073 0.9999/0.9999  0.9999 /0.9999  0.9999 /0.9999  0.9999 /0.9853
’ 1074 0.9999/0.9999  0.9999/0.9999  0.9999 /0.9999  0.9985 /0.8628
1075 0.9999 /0.9999  0.9999 /0.9999  0.9999 /0.9999  0.9853 /0.1500
1072 .0.9999/0.9999  0.9999 /0.9999 N <0 N<0
075 1073 0.9999 /0.9999  0.9999/0.9999 N <0 N <0
’ 107*0.9999 /0.9999  0.9999/0.9999 N <0 N <0
1075 0.9999/0.9999  0.9999/0.9999 N <0 N<0

it provides an interval length within which all samples may be approx-
imately considered as “highly correlated”. For the process (2) it is easy
to see that 7(p) = (1 + ¢)/(1 — @). In this section we test whether the
results from Section 3 remain informative when compared against the
correlation length, i.e. whether N can be large enough to span one or
many correlation lengths. The quantity of interest will be the ratio of
the upper bounds in Propositions 3 and 4 to r. Notice that in our case
N /7 is a strictly decreasing function of ¢ over [0, 1). Tables 1 and 2 show
that the ratio N /r exceeds 100 throughout the tested range of ¢ in many
setups of interest, and by several orders of magnitude in most of them.

5. Conclusions and future work

This note examined the sampling properties of the AR(1)-jittered
lattice 7, = n + £, at two scales. At the infinite-dimensional scale, Lem-
mas 2.1 and 2.2 show that the jittered set attains the critical Nyquist
density both in expectation and almost surely, yet Theorem 2 shows that,
with probability one, it fails to be a stable sampling set for PW_, /5 | ;.
The mechanism behind this failure, adapted from [8], exploits the ergod-
icity of the shift on the AR(1) path to locate, almost surely, an arbitrarily
long block on which the jitter aligns with the zeros of a fixed bandlim-
ited function. At the finite-dimensional scale relevant to ADC applica-
tions, Propositions 3 and 4 give explicit, non-asymptotic conditions on
the sample size N under which the jittered sinc sampling matrix, and its
first-order Taylor surrogate, respectively, is well-conditioned with high
probability. The Monte Carlo experiments of Section 4 corroborate these
guarantees: for N = 1000 and o, = 0.04, the smallest singular values of
both matrices remain above 0.8 and the condition numbers below 1.5
across all tested correlation levels ¢ € [0.1,0.99], with conditioning im-
proving monotonically in ¢; this dependence on ¢ is not captured by

the bounds, which involve only the marginal variance "?'

Signal Processing 252 (2027) 110952

Future work will focus on understanding whether ergodicity can
again be exploited to show that the autoregressive jittered sinc fam-
ily also violates the upper frame (Bessel) bound, and whether the au-
toregressive structure can be leveraged to sharpen the conclusions of
Propositions 3 and 4.
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