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ABSTRACT In this work, the problems of channel estimation, radar sensing, and data detection are
addressed for monostatic integrated sensing and communications (ISAC) applications within orthogonal
time frequency space (OTFS) systems operating with a reduced cyclic prefix (RCP). Specifically, the
delay-Doppler (DD) input-output relationship is formulated in a discrete representation that enables
signalindependent disjoint parameter estimation by encapsulating fractional delay and Doppler effects
through distinct, structurally sparse matrices. This exact algebraic separability is directly exploited to
develop a low-complexity parameter estimation framework for the communication channel, which is
seamlessly adapted for monostatic radar sensing on backscattered data frames. To enhance path detection
robustly and safeguard estimation accuracy under low signal-to-noise ratio (SNR) regimes where traditional
stopping criterion (SC)-based methods fail, a deep learning (DL) architecture is integrated to perform
model order selection via multi-class classification. Furthermore, a path-wise variant of the iterative
Landweber method, designated as iterative matched filtering and combining (IMFC), is introduced for
low-complexity data detection by leveraging the identical structural sparsity unlocked by the decoupled
framework. Simulation results indicate the proposed estimation scheme achieves lower normalized mean
squared error (NMSE) than conventional channel estimation algorithms and sensing performance close to
the Cramér-Rao lower bound (CRLB). Finally, the IMFC equalizer is shown to deliver bit error rate (BER)
performance comparable to the traditional linear minimum mean squared error (LMMSE) benchmark while
dramatically reducing the computational load.

INDEX TERMS OTFS, integrated sensing and communications (ISAC), parameter estimation, deep
learning (DL), reduced-complexity equalization.

IGH-MOBILITY scenarios are becoming increasingly

prevalent with the ongoing development of next-
generation wireless networks [1], [2]. As such, novel
waveforms have been investigated to accommodate these
emerging use cases, including high-speed railways (HSR),
vehicle-to-infrastructure (V2I), and vehicle-to-vehicle (V2V)
communications where speeds up to 500 km/h are experi-
enced [3]. The conventional orthogonal frequency division
multiplexing (OFDM) scheme adopted in 4G/5G systems

robust to intersymbol interference (ISI) becomes impractical
in such conditions, as its performance degrades significantly
in high-Doppler channels [4] due to intercarrier interfer-
ence (ICI). orthogonal time frequency space (OTFES) is
a 2D modulation scheme proposed in [3] and [5] and
is considered a strong candidate waveform for 6G net-
works due to its resilience to high-Doppler effects in
high-mobility scenarios. OTFS has been shown [3] to deliver
superior performance in high-Doppler environments. Further-
more, OTFS is well-suited for sensing due to its inherent

© 2026 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
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delay-Doppler channel representation [6], [7]. Moreover,
OTES exhibits lower peak-to-average power ratio (PAPR)
compared to OFDM [8], [9]. This encourages considering an
integrated sensing and communications (ISAC) system where
a dual-functional transmitter is used for both communication
and sensing. While OTFS demonstrates significant poten-
tial in high-Doppler scenarios, its practical implementation
hinges on the development of efficient algorithms for channel
estimation and data detection. Channel estimation plays a
pivotal role as the receiver’s ability to decode data depends
on an accurate representation of the channel. Therefore, in
order to enhance the feasibility of OTFS for next-generation
wireless ISAC systems, novel low-complexity algorithms
must be developed for channel estimation, radar sensing, and
data detection.

A. STATE OF THE ART

1) CHANNEL ESTIMATION

Several algorithms have been proposed in the literature for
OTFS channel estimation. In [10] and [11], a threshold
method was proposed, achieving good performance in both
integer delays-Dopplers (DDs) and fractional Doppler sce-
narios. Channel sparsity is exploited in [12] to design an
orthogonal matching pursuit (OMP) algorithm for OTFS
channel estimation. sparse Bayesian learning (SBL) algo-
rithms for channel estimation have also been explored in
[13], [14], [15], and [16]. Low-complexity channel estima-
tion schemes, enabling disjoint delay-Doppler estimation in
fractional DDs scenarios, are proposed in [17], [18], and
[19]. Specifically, the low-complexity disjoint delay-Doppler
estimation schemes in [17] and [18] achieve decoupling by
strictly relying on the transmission of an isolated impulse
pilot with an appropriately sized guard zone. In such frame-
works, the delay-Doppler separability is a signal-dependent
property observed at the receiver side, which vanishes when
arbitrary data symbols are transmitted as usual in ISAC
systems. In more detail, in [17] and [18], an approximate
maximum likelihood (ML) estimation algorithm, derived
under the assumption of large OTFS frame size, is proposed.
In fact, if this condition holds, multipaths are well separated
in the delay-Doppler (DD) domain and the columns of the
constituent delay-Doppler parameter matrix (CDDPM) [20],
[21] become orthogonal [17], [18]. Under the assumption
of good separability of received pilot replicas due to fine
delay and Doppler resolutions, the algorithms in [17] and
[18] outperform the methods in [10] and [12] and SBL
methods. When delay and Doppler resolutions are not fine
enough, received pilot replicas spread into adjacent DD bins,
causing non-negligible interpath interference (IPI) that limits
estimation accuracy. To this end, channel estimation in high-
IPI scenarios has been addressed in [20] and [21]. In [20], a
delay-Doppler interpath interference cancellation (DDIPIC)
algorithm is proposed, employing refinement procedures to
cancel IPI. This approach outperforms the method from [17],
at the cost of higher complexity. Conversely, in [21], a
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variant of the DDIPIC algorithm, called progressive interpath
interference cancellation (PIPIC), is introduced to reduce
complexity and enhance estimation accuracy. It is shown
that a single global refinement step is sufficient to achieve
high estimation accuracy and suppress IPI, surpassing the
performance of DDIPIC. However, despite their resilience in
high-IPI scenarios, the algorithms in [20] and [21] perform
joint DD estimation.

Nevertheless, the methodologies proposed in [17], [18],
[20], and [21] are based on a DD input/output relation
that accounts for fractional channel parameters and is quite
complicated since it stems from continuous-time analysis [7],
[17], [18]. A more compact expression for the DD input-
output (I/O) relation in matrix form is provided in [22]. This
expression is valid for OTFS with a single cyclic prefix (CP)
(referred to in the literature as reduced cyclic prefix (RCP)-
OTFS [11], [22]) and assumes integer delays and Doppler
shifts. A compact DD I/O relation accounting for fractional
DDs has been derived in [23]. However, the relation between
the expression proposed in [23] has not been related to
the well-known integer DD based expression from [22].
Moreover, in [23], a joint DD estimation algorithm has been
developed for fractional DD channels. Finally, the approaches
in [17], [18], [19], [20], [21], and [24] use stopping criteria
to detect multiple paths. This may lead to poor estimation
performance at low signal-to-noise ratio (SNR) where small
amplitude paths may be missed.

Since deep learning (DL) has emerged as a powerful tool
for channel estimation, offering reduced computational cost
and latency while improving accuracy, several DL-based
approaches have been proposed in the OTFS literature to
enhance channel state information extraction [25], [26], [27],
improve robustness to noise [28], [29], refine model-based
estimates [30], and reduce computational complexity [24],
[31].

2) RADAR SENSING

As OTFS exhibits good properties for sensing [9], [32], sev-
eral approaches have been investigated. In [20], the DDIPIC
algorithm is shown to achieve good sensing performance
in an ISAC context in which the transmitter estimates the
radar parameters of the target receiver. Although in [20] a
single-target scenario has been considered, the DDIPIC algo-
rithm can be used for multi-target detection and parameter
estimation. Other radar sensing algorithms in single-antenna
systems are considered in [33] and [34], where matched
filter (MF) radar and generalized likelihood ratio test (GLRT)
based algorithms are proposed, respectively. In [34], ISI
and ICI effects are exploited to overcome the ambiguity
barrier of conventional sensing algorithms in OTFS systems.
OTFS-based ISAC in multiple input multiple output (MIMO)
systems has been considered in [35], [36], [37], and [38].
However, such approaches entail joint DD estimation of
radar target parameters [20], [34], [35], [36], [37], thereby
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compounding the computational burden through a multi-
dimensional search space.

3) DATA DETECTION

Various approaches have been investigated to reduce com-
plexity and enhance detection performance. Similar to
OFDM, simple single-tap equalization is considered in [11],
but its performance is acceptable only in quasi-static (very
low-mobility) multipath channels. For high-mobility sce-
narios, the traditional linear minimum mean squared error
(LMMSE) estimator [11] can be employed to achieve better
performance. In [39], [40], [41], and [42], various LMMSE
detector variants have been proposed to mitigate the high
computational complexity caused by the matrix inversion
required in LMMSE, while maintaining good detection per-
formance. However, biorthogonality [39] and integer channel
parameters [40] are assumed. A more efficient approach
exploiting sparsity in the DD domain is presented in [11] and
[43], where detection is formulated over a sparsely connected
factor graph and solved via the message passing (MP) algo-
rithm. However, the computational advantage of MP relies
strictly on the high sparsity of the DD channel matrix, which
holds only under ideal integer DD assumptions. In practical
scenarios with fractional DD shifts, energy leakage across
adjacent delay-Doppler bins causes the channel matrix to
become significantly denser. As a result, the factor graph
expands massively into a densely connected topology, caus-
ing the computational complexity of the iterative message
updates to explode and rendering the practical implementa-
tion of MP-based detection virtually infeasible.

B. CONTRIBUTIONS

In this work, the problem of channel estimation, radar sensing
and data detection in RCP-OTFS systems with fractional DDs
is investigated. Given the above description of the existing
OTFS literature, the following points are addressed in this
paper: (i) formulation of a compact expression for the DD
channel matrix accounting for fractional channel parameters
and enabling signal-independent separate DD estimation,
whereas conventional disjoint DD estimation algorithms
strictly rely on an impulse-pilot-based assumption [17],
[18]; (ii) enhancing path detection and channel estimation
accuracy at low SNR values, where conventional stopping
criterion (SC)-based approaches miss small amplitude paths;
(iii) design of a reduced-complexity equalization algorithm
for fractional DD case that relies on the intrinsic properties
of DD parameter matrices by relaxing the assumptions made
in [39] and [40]. Thus, the contributions of this work are as
follows:

¢ Signal-independent algebraic delay-Doppler
separability framework: Unlike existing disjoint
fractional DD estimation methods [17], [18] that
rely on continuous-time formulations, asymptotic
approximations valid only for large frame sizes, and
signal-dependent parameter matrices embedded with a
impulse pilot signal, a rigorous, closed-form algebraic
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decomposition of the RCP-OTFS channel matrix is
developed. It is demonstrated that fractional delay
and Doppler effects can be rigorously decoupled into
distinct, structurally sparse parameter matrices. This
separability is completely independent of the transmitted
signal, ensuring that DD decoupling and structural
sparsity can be exploited also in data-based ISAC
(i.e., when random data symbols are transmitted).
Leveraging this separability, a correlation-based
parameter estimation algorithm is proposed for OTFS-
ISAC, which reduces the multi-dimensional search over
the DD domain into two independent, one-dimensional
optimization problems.

e Enhanced model order selection at low SNR via DL:
As conventional channel estimation algorithms rely
on a SC to detect multiple paths, performance heavily
depends on the choice of the convergence tolerance
parameter for the SC, and at low SNR, multiple paths
are often missed. To enhance detection capabilities and
estimation accuracy at low SNR, a DL architecture is
introduced to estimate the number of propagation paths
by formulating the estimation problem as a multi-class
classification task.

e Reduced-complexity Landweber method for channel
equalization: A path-wise version of the Landweber
method, exploiting sparsity of DD parameter matrices
and exact DD separability, is proposed for data
detection to reduce the equalization complexity against
the LMMSE estimator. This algorithm, called iterative
matched filtering and combining (IMFC), iteratively
combines the outputs of matched filters (MFs)
parametrized by different delays/Dopplers to estimate
data symbols. This approach offers significantly lower
complexity than the traditional LMMSE estimator
while achieving nearly the same bit error rate (BER)
performance.

Importantly, the above contributions are not developed as
independent processing blocks, but originate from a unified
structure-exploiting OTFS-ISAC framework. The proposed
algebraic decomposition of the fractional DD RCP-OTFS
channel into path-wise components provides the core struc-
ture exploited throughout the receiver. First, its delay-Doppler
separability enables low-complexity disjoint parameter esti-
mation, complemented by the feedforward neural network
(FNN)-based model-order selection, and is directly employed
for radar sensing on backscattered frames. Finally, once
parameters are estimated, the same path-wise decomposition
and structural sparsity are reused for communication data
detection via the proposed IMFC equalizer.

Notation: The superscripts (-)*, ()7, and ()M denote
element-wise complex conjugation, transpose, and Hermitian
transpose, respectively. ||X||r, represents the Frobenius norm.
Iy is the identity matrix of order N. The operators vec(X)
and Vec;,}‘ ~(X) represent the vectorization of matrix X and the
reshaping of vector x back into a M x N matrix, respectively.
®, © and x represent the Kronecker (tensor), Hadamard
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FIGURE 1. The RCP-OTFS ISAC system including: a dual-functional ISAC
transceiver for data communication and radar sensing (OTFS TX and Sensing RX are
mounted on the same hardware) and a communication receiver.

(element-wise) and Cartesian products, respectively. Finally,
p(-) denotes the spectral radius, which is the maximum
absolute eigenvalue of the argument, and [-]4 denotes the
modulo-A operation.

Il. RCP-OTFS SYSTEM MODEL
The considered ISAC scenario includes a dual-functional
OTFS transceiver (made of a single-antenna transmitter for
communication and a radar sensing receiver mounted on
the same hardware platform) and a single-antenna commu-
nication receiver, as shown in Fig. 1. In this scenario, it is
assumed that there exists a geometric coherence time during
which the channel parameters (channel gains, delays and
Doppler shifts) can be considered constant [11]. Typically,
these geometric coherence intervals of the DD channel are
significantly longer than the transmission duration of indi-
vidual OTFS frames [11]. Specifically, while the complex
path gains inherently undergo deterministic phase rotations
from one frame to the next due to mobility, they can be
treated as invariant across consecutive frames modulo this
phase shift, which is known a priori and easily compensated
for once the Doppler shifts are estimated. Therefore, in order
to avoid interference between pilot and data symbols due to
fractional delays and Dopplers, the transmitter sends, within
this geometric coherence window, a single pilot frame for
channel estimation, followed by a sequence of data frames
[17], [20], [21], [24], [31]. It is worth noting that while
conventional embedded pilot-aided strategies are widely used
for integer channels, they become highly inefficient in frac-
tional delay-Doppler regimes [11]. Under an embedded setup,
mitigating the resulting severe interference would mandate
an excessively large guard zone around the pilot impulse,
thereby drastically increasing the transmission overhead and
undermining the spectral efficiency [11]. Conversely, the
considered separate pilot-and-data frame strategy entirely
bypasses data-to-pilot interference without incurring pro-
hibitive overhead penalties, taking full advantage of the long
geometric coherence time of the DD channel. A numerical
assessment that justifies the considered separate pilot and data
frames is provided in Section VI-A, where the frame duration
is compared with the typical geometric coherence intervals
of the DD channel.

At the receiver side, the communication receiver processes
the pilot frame for estimating the communication channel.
Afterwards, it uses the channel estimate to detect incoming
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data frames. In the meanwhile, the transmit signal is reflected
off multiple targets in the environment. The backscattered
data frames are used by the sensing receiver to estimate range
and velocity of the targets [20].

A. TRANSMIT SIGNAL MODEL
The OTFS system is characterized by M subcarriers and N
time slots. The subcarrier spacing is Af = 1/T, where T
represents the OTFS block duration. Therefore, the signal
bandwidth is MAf, and the overall frame duration is NT.
The OTFS modulator arranges MN information symbols
in the DD domain over the two-dimensional grid Ipp =
{mAT,nAv|0 <m<M-1, 0 <n < N—l}, where
At = 1/(MAf) and Ay = 1/(NT) represent the delay
and Doppler resolutions, respectively. Hence, the DD matrix
X € CM*N is obtained. The information symbols are selected
from an alphabet with Q constellation points. The n-th OTFS
symbol is given by the Heisenberg transform as
M-1
5o = ) [Xutl,, e gw®, 0<1<T, (1)
m=0
where gi(f) is the transmit pulse shaping waveform, and
Xt € CM*N ig the time-frequency samples matrix. The delay-
Doppler symbols are converted to time-frequency samples
using the inverse symplectic finite Fourier transform (ISFFT)
as Xy = FyXF} where [Fyl,, = Jze /¥ is the N-point
unitary discrete Fourier transform (DFT) matrix. The entire
time-domain OTFS signal is then given by
N-1
s(t) =Y su(t = nT). )
n=0

In RCP-OTFS [11], [22] systems the overall transmitted
signal is preceded by a single cyclic prefix of duration 7cp.
Hence, the transmitted RCP-OTFS signal is given as

s(2),
s(t+ NT),

0<t<NT
~Tep<t<0’

scp(f) = (3
The duration of the CP is chosen such that Tcp > o, where
o is the channel delay spread. Sampling (1) at t = gT /M
with ¢ = 0,1,...,M — 1 and stacking samples into a vector,
(1) can be expressed in matrix form as

sn = GoFy[ X, (4)

where G = diag {gtx(O),gtx (%) ye s 8ix (%)} The
overall transmit samples are then obtained as

S=1[s; 5 ... syl = GuFHXys = G XFY. (5)
By vectorizing (5), the transmit samples vector is given by
s = vec(S) = (FR’, ® Gtx)vec(X) = (Fl':,l ® Gtx)X. (6)

In case of rectangular pulse shaping Gy = I, thus (6)
reduces to the well-known inverse discrete Zak transform
(IDZT) [11]. Hereafter, OTFS with rectangular pulse shaping
is considered as it outperforms other pulse shaping wave-
forms [22].

12889



MARCHESE et al.: EXPLOITING STRUCTURAL SPARSITY AND DELAY-DOPPLER DECOUPLING

B. HIGH-MOBILITY COMMUNICATION AND RADAR
CHANNEL

The high-mobility communication and radar channel is made
of a certain number of mobile scatterers. Therefore, the delay-
time impulse response of the channel with P resolvable paths
can be obtained as'

P

h(t,7) = ) g™ 6(r - 1), (7)

i=1

where g;, 7; and v; are the complex channel gain, the
propagation delay and the Doppler shift of the i-th reflected
path, respectively. For radar sensing, 7; = % is the round
trip delay (RTD) where d; is the target range and c is the
speed of light; and v; = % f. where v is the radial velocity

of the target and f, is the carrier frequency.

C. RECEIVED SIGNAL MODEL

The received signal at both communication and sensing
receivers is expressed as

rep(t) = / h(t, T)scp(t — T)dt + n(r)
P
=) gisce(t = T)e”™™" 4 n(t), ®)

i=1

where n(t) is additive white Gaussian noise (AWGN) with
monolateral power spectral density (PSD) Nj.

lll. NOVEL RCP-OTFS ISAC MODEL FORMULATION
A. TIME DOMAIN ANALYSIS FOR RCP WAVEFORMS

In this section, the expression for the delay-time channel
matrix is derived. Let’s consider a multicarrier RCP wave-
form with MN symbols per frame. The received signal is

obtained according to (8). The received signal without CP is
given as [22], [34], [37]

P
r(t) =) gis(lt = Tilvr)e”™™ + n(2). ©)
i=1

By sampling at the symbol rate, the following discrete
observations, expressed in matrix form, are obtained

r=Hs +n, (10)

where H € CMNXMN g the delay-time channel matrix and
n ~ CN(0, c?Iy) € CYN*1 ig the AWGN vector.

Theorem 1: Given the I/O relation in (10), the delay-time
channel matrix is given by

P
H =) gD“D Fy, (D) (D) Fyy, (11)

i=1

'Here it is assumed that the time-bandwidth product is low such that
Doppler-induced time-scaling effects can be neglected [37] (i.e., s(t—7(¢)) =
s(t — 1), where 7(¢) = 7 — vt/ f. is the Doppler-induced time-varying delay).
Conversely, frequency-domain shifts caused by the Doppler effect, which
manifest as time-varying phase rotations in the time domain, cannot be
neglected, leading to the channel model in (7).
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where D = diag{[z/]X}~"} with z = e/i#v, L; = round ()
denotes the integer delay, [; = %T"AT denotes the fractional
delay, K; = round (%) denotes the integer Doppler and k; =
V"_A—KV"AV denotes the fractional Doppler.

Proof: See Appendix A. [

Theorem 1 generalizes the results in [22] by removing the
simplifying assumption of integer channel parameters. It can
be noted that a similar expression of the delay-time channel
matrix accounting for fractional channel parameters has been
proposed in [23], without investigating DD decoupling.

Corollary 1: If channel parameters assume integer values
(I; = 0,k; = 0), then the delay-time channel matrix reduces

to
P

H=) gD“m",
i=1

(12)

where I1 = [e; e3 ... eyy €] is the forward cyclic shift
permutation matrix and e; is a one-hot vector defined as
[ei]q = 61‘(/'

Proof: See Appendix B. [

From Corollary 1, it is evident that the derived expression
for the delay-time channel matrix in (11) serves as a gen-
eralization of (12) presented in [22]. Furthermore, it can be
observed that the effects of propagation delays and Doppler
shifts are encapsulated through the same diagonal matrix D.

B.: NOVEL FORMULATION OF THE DELAY-DOPPLER
ISAC MODEL

In this section, a novel formulation of the DD expression
for the ISAC channel, enabling disjoint DD estimation, is
derived based on the result presented in Theorem 1.

Given the received samples vector r from (10), the infor-
mation symbol vector is obtained by inverting (6) as [11],
[22]

y= (FN®IM)r. (13)

As shown in [11] and [22], combining (6), (10) and (13) the
I/O relation in the DD domain can be written as

(14)

where w = (Fy ® Iy)n is the AWGN noise vector in the DD
domain and

y = Hppx +w,

Hpp = (Fy ® Ly)H(Fiy ® Iy), (15)

is the DD channel matrix. It can be noticed that w is zero
mean with covariance matrix
Cy = E[ww"'] = (Fy ® L/)E[nn"](F}} ® 1)
= (FyFR @) = (v ®1y) = o’ Iyy.  (16)

Replacing (11) in (15), the DD channel matrix becomes
P

Hpp = ) gi(Fy ® L) DFly (D) Fpy (Fiy @ 1yy),  (17)
i=1
where [; = 7;/At = L; + [; and k; = v;/Av = K; + k; are the
normalized DDs. Thus, by defining

T; = (Fy ® Lyy)D"Flyy (D) Fyy (Fy ®1y),  (18)
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the DD channel matrix is given as

P
Hpp = Y gT.. (19)
i=1
Moreover, it is possible to define the following matrix
Q(a) = (Fy ® Li)D*Fhyy (Fy ® L) € CHVMN - (20)
such that
T = Q(k)Q" (). (2D

Remark 1: The effects of the propagation delay and the
Doppler shift are separable since it can be observed that
the matrix T; in (21) is the product of a Doppler term
Q(k;) and a delay term Q¥(/;). This notable property of
the formulation in (21) enables the separate estimation of
DD parameters. As a result, disjoint estimation can be
performed to reduce computational complexity, avoiding a
joint bidimensional search over the DD domain. Moreover,
unlike previous literature where the delay and Doppler terms
are decoupled within a measurement matrix [17], [18] (i.e.,
the CDDPM matrix [20]) that embeds the pilot signal itself,
the algebraic decomposition in (21) operates directly on the
channel matrix Hpp. Consequently, this matrix factorization
holds true irrespective of the nature of the input vector x. This
fundamental generalization ensures that separability can be
leveraged also when data are transmitted, thereby unlocking
disjoint estimation in data-based ISAC applications.

The disjoint parameter estimation is further discussed in
Section IV.

In conclusion, the following unified ISAC model for RCP-
OTFS systems is obtained?

,
Y= gQUk)Q ()x + w.

i=1

(22)

This model exhibits some interesting properties highlighted
in the following proposition.

Proposition 1: The expression for a generic element of
Q(a) is given by
N-1

1 Z _2nlp/Mky
—_— e N
NVMN

ki=0

[Qw@],, -

N-1
. 2ntky g/ M) . 2n(ky M+mod(p,M))(a+ko M+mod(g,M))
E e_] N e] MN

(23)
k=0

Moreover, if M is an integer multiple of N (typical in OTFS
system design), the number of non-zero elements in each row
is M and the positions of that elements are ¢ = Mmod(p, N)+
m where m =0,1,...,M —1.

Proof: See Appendix C. [ |

2The algebraic input-output relations in (11) and (21) specifically rely
on the cyclic property enabled by the RCP scheme. Other OTFS frame
variants, such as zero-padding (ZP-OTFS) or reduced zero-padding (RZP-
OTES), feature non-cyclic frame structures that yield different input-output
relations compared to the one in (22).
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FIGURE 2. The magnitude of the elements of Q(a) for M =16, N=4and a = 4.4.

Remark 2: Proposition 1 reveals the sparse structure of
the Q(a) matrix in the proposed DD channel model in (22).
In particular, it can be noted that the computation of each
element of Q(a) has complexity O(N?). Thus, the overall
complexity for the computation of Q(a) is O(M*N?). This
property is then exploited in Section IV for designing a
low-complexity channel parameter estimation algorithm. It is
important to mention that this sparsity stems only from the
definition of the Q(a) matrix in (20) and does not intertwine
with that of the DD channel matrix in (15), which arises from
the nature of wireless channel in the DD domain [3], [11].
Furthermore, the sparsity of the DD channel matrix depends
on the quantization resolution along the delay and Doppler
axes [44]; consequently, it cannot be exploited in the same
manner as the structural sparsity of the Q(a) matrix.

The structure of the Q(a) matrix is shown in Figure 2,
where it can be noted that, with a fractional value of a, there
are only M nonzero elements per row.

IV. CHANNEL ESTIMATION AND RADAR SENSING

In this section, a novel channel estimation and radar sensing
algorithm is developed by leveraging the unitary and the spar-
sity properties of Q(a). The goal of channel estimation is to
determine the channel parameters (P, g;, T;, v;) by processing
the received pilot signal. In this section, the pilot signal model
is introduced and the proposed channel estimation algorithm
is presented conditional on knowledge of P. Subsequently,
the estimation of P is discussed and the proposed technique
is extended for radar sensing at the ISAC transceiver.

A. PILOT SIGNAL MODEL FOR CHANNEL ESTIMATION
AT COMMUNICATION RECEIVER

The single-antenna transmitter sends a pilot symbol for
channel estimation in the DD domain. The DD pilot frame
is given by [17], [20], [21], [24], [31]

vVE, m=m, n=n
[Xp]m,n: g i p’

. (24)
0 otherwise

where (m,,n,) is the delay-Doppler resource element
(DDRE) in which the pilot is sent and E, is the energy of
the transmitted pilot signal. After transmission, assuming that
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the channel gains are normalized such that ZL lgil> = 1, the
received pilot signal power is equal to the transmitted pilot
signal power [17], [21]. The pilot signal power is defined as
the pilot energy divided by the frame duration, resulting in
E,/NT. On the other hand, the noise power is calculated as
the product of the noise spectral density Ny and the signal
bandwidth MAf. Consequently, the pilot signal-to-noise ratio
is expressed as:

E,
SNR, = L

Equivalently, SNR, = E,/tr(Cy) = E,/MNc?. Thus, the
noise variance is o2 = Np.

(25)

B. PROPOSED CORRELATION-BASED CHANNEL
ESTIMATION METHOD CONDITIONAL ON KNOWLEDGE
OF P

As previously discussed, a low-complexity channel estima-
tion algorithm can be developed by leveraging the sparsity
of the Q(a) matrix through the correlation of the pilot via
a bank of MFs. Furthermore, disjoint DD estimation can
be performed due to the separability property highlighted in
Remark 1. This allows the two-dimensional search over DD
domain to be reduced to two one-dimensional search along
delay and Doppler. For the time being, we assume the number
of propagation paths, P, is known.

The channel parameters of multiple paths can be estimated

as follows:

1) DD initialization: The integer part of the channel
parameters can be easily obtained by identifying the
maximum pilot energy in the received frame. The
search space is constrained to S = [0, Lyax] X

[-Kmaxs Kmax]- Thus, the following estimates are
obtained
2
I 1
Li ki = arg max_ YLtk | 5 (26)
where YU = vecy/ (y“P). In the first iteration,

y(O) =y.

2) Doppler refinement: Once the integer part is esti-
mated, the delay is fixed at L;, while the Doppler is
refined by estimating the fractional part. Specifically,
the observation is passed through a filterbank of DDs
parameterized by different Dopplers within the error
range. Then, a MF parameterized by the fixed delay
is applied. In this manner, the DD pilot is recon-
structed as QT(L)QM(K; + k)y*V for different values
of ke [—%, %] The estimate for the fractional Doppler
is obtained by maximizing the magnitude of the corre-
lation between the pilot x,, and the reconstructed pilot.

Specifically,
ki=arg max [xHQTEHQUEK + By @7)
tel-4]
This refinement can be performed hierarchically to
further improve accuracy by quantizing the error range

in each iteration. By following this procedure for Lj
iterations, the estimation error can be progressively
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3)

4)

5)

6)

reduced. Specifically, during the A-th iteration, the new
estimate is obtained as

2 _ e,
A arg max [XHQT (£)Q" (& + kak® )y, 28)

where the number of grid points is 2N, + 1 and « €
[Nk, Ni]. During the h-th iteration the resolutiop is
Ak®™ = 1/(2Ny)". Finally, the estimate k; = K; + k; is
obtained.

Matched filtering: Once the Doppler is refined, a
Doppler-compensated version of the observation is
obtained by passing y“~" through a MF parametrized
by the refined Doppler. Thus,

vo = QMdy .

Delay refinement: The delay is refined by estimat-
ing the fractional part. Specifically, the Doppler-
compensated observation ys_l) is passed through a
filterbank of MFs, each parametrized by different
delays spanning the error range. The reconstructed DD
pilot is then given by QT(L; + i)yij*]) for different
values of [ € [-1,1]. The estimate for the fractional
delay is obtained by maximizing the magnitude of the
correlation between the pilot x,, and the reconstructed
pilot. Thus,

(29)

Z = argl~ max )nyT(LA,,» + [)yg“) ] (30)

2°2

Similarly to the Doppler case, the delay can be refined
hierarchically for L, times. During the h-th iteration
the new estimate is obtained as

Gy _ Ch=1)
R

Al arg max xHQT(L; + eAlyy V), 31
where the number of grid points is 2N, + 1 and ¢ €
[-N, Nj] if 75}’_1) # 0, otherwise the number of grid
points is N;+1 and ¢ € [0, N;]. During the A-th iteration
the resolution is AI” = 1/(2N))". Finally, the estimate
[; = L; + 1; is obtained.

Gain estimate: Once the DD parameters of the path are
obtained ('i‘,- = Q(IAci)Q*(lAi)), a low-complexity estimate
of the channel gain can be derived by solving (22) for
gi in the noiseless single-path case. Thus, the channel
gain estimate is given as the orthogonal projection of
y onto Tix,. Thus,

o _ xRy (Tix)ty™D
T IR E,

(32)

IPI cancellation: In the multipath scenario, the channel
parameters of the different paths are estimated by
iterating through the previous steps P times. At the end
of each iteration, a residual DD pilot vector is obtained
as

D g,

YW=y (33)
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and it is used as the new observation for estimating
parameters of the next path [17], [18], [19], [21]. As
explained in [19] and [21], this procedure allows for
IPI cancellation.

Algorithm 1 Proposed Correlation-Based Method for Chan-
nel Estimation

Input: y, P, Lj, Lyax, Knax

y O =y

for i =1 to P do
Y60 = veey,!  (y6)

JA . 2
L;, K; = arg (LI,IIl?)}éS |[Y(171)]7np+L,np+K
K =0

for to L;, do

h=1
Ak = 1/(2Ny)"
K* =

arg m,?X’XZ'QT(!Z)Q” (K + Iﬁ:Ak(h))y(i*I) ‘

W = BPD AR

Al = 1/(2N;)"
0 = arg m?x’ngT (EZ + gAl(h))y((iz—l)’

[ = [0 4 Al

AE- fry -i/l +Alth) R

Ti = Q(ki) Q" (L)
- (Tux,) yOY
9% =8,

| y(7) = y(i_l) — gi Tixp
Output: Hpp = Zf; 9T,

The pseudocode of the proposed low-complexity disjoint
DD correlation-based channel estimation method is provided
in Algorithm 1.

Remark 3: The proposed channel parameter estimation
algorithm leverages the sparsity of Q(a) to reduce compu-
tational complexity, as characterized in Proposition 1. This
sparse structure arises when M is an integer multiple of N.
Conversely, if this condition is not met, the Q(a) matrix
becomes denser, and the sparsity property can no longer
be exploited to reduce computational complexity. Neverthe-
less, since the unitary property of Q(a) remains intact, the
proposed algorithm remains applicable, albeit at the cost of
increased complexity.

C. ESTIMATION OF P: DL-AIDED MODEL ORDER
SELECTION

In practical ISAC scenarios, the number of resolvable reflec-
tors P is unknown. Iterative channel estimation algorithms
often rely on a SC [17], [18], [19], [20], [21], [24] to estimate
P and detect multiple paths. A conventional approach relies
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on defining a threshold based on the energy of the residual
vector in (33). Specifically, when the energy of y® falls
below a designated tolerance value, the iterative process
terminates, and the estimated number of propagation paths,
P, is determined by the total number of iterations performed.
However, this approach raises the following concerns:

1) Threshold-dependent accuracy: The performance of an
iterative channel estimation algorithm that uses a SC to
estimate P heavily depends on the choice of the con-
vergence tolerance parameter. To minimize estimation
error, an exhaustive search for the optimal threshold is
often necessary [17].

2) IPI-induced estimation/detection trade-off - When a SC-
based approach is used, a lower threshold may reduce
channel estimation error, but it can also lead to an
overestimation of P. Conversely, a threshold optimized
to correctly identify the number of paths may not be
ideal for minimizing the overall estimation error. This
discrepancy arises because IPI limits the accuracy of
the estimated paths. In more detail, IPI leads to residual
pilot peaks that may be interpreted as small amplitude
paths, leading to an overestimation of P if the threshold
is not properly set. Therefore, a refinement procedure
should be carried out to discard false alarms [21],
increasing complexity.

3) Poor detection capabilities at low SNR: At low signal-
to-noise ratios, small-amplitude paths may be missed
if their amplitudes become comparable to the noise
level. This occurs because a few high-amplitude paths
may be sufficient to meet the stopping criterion, thereby
masking the presence of weaker paths.

To this end, the following DL-aided scheme is proposed
to estimate P. The estimation of P is formulated as a single-
label multi-class classification problem: a multipath channel
belongs to the class ¢ € C if it is characterized by P©
propagation paths, where C denotes the set of considered
model orders. A FNN is trained to solve this classification
task. Specifically, the element-wise magnitude of the received
pilot vector, denoted as |y| = y @ y* € RM¥*! is provided
as input to the network.? This choice is physically motivated
by the fact that the key information regarding the number
of propagation paths is inherently embedded in the power
profile of the received pilot signal, where distinct multipath
components manifest as energy peaks in the delay-Doppler
domain, whereas the phase information is highly volatile and
less indicative of the model order.

To formalize the processing pipeline of the FNN, let L
denote the total number of layers. The real-valued feature
vector |y| is fed into the first hidden layer, yielding the
activation vector a'l) € RM*1

1 1 1
a = oLy (Wl + b)), (34)
3Since the input layer dimension of the FNN is fixed to MN, changing
the OTFS frame size requires modifying the input layer and retraining the
network. This represents a known architectural constraint when applying

standard deep neural networks (DNNs) to multi-carrier systems [24], [27],
[31].
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where W € RMXMN and b € RV X! represent the weight
matrix and the bias vector of the first layer, respectively, while
oreLu(-) = max(0, -) denotes the element-wise rectified linear
unit (ReLU) activation function. For any subsequent hidden
layer [ € {2,...,L — 1}, the operational model transitions
recursively as

a® = OReLU (W(l)a(l—l) =+ b(l)) , (35)

where W € RV>*Net and b® € RM*! are the weights and
biases corresponding to the /-th layer.

To map the output of the final hidden layer into a math-
ematically sound posterior probability distribution over the
C = |C] classes, the output layer utilizes the Softmax activa-
tion function. The resulting network output vector p € R is
mathematically defined as

P = Cort (WP2ED 1 p®)

where W € REXNi-1 and b? € R€*! denote the parameters
of the final layer, and the c-th element of p is computed via
the Softmax operator oo (-) as follows

(36)

WO pD),

[ple = (37

Zf:l e[W(“a(L"’+b‘L)]k'
The term [p]. represents the estimated probability that the
channel contains a number of paths corresponding to the
c-th class. After training, the final estimate of P is obtained
during inference via the following selection rule

A

P = arg max[p].. (38)
ceC

Remark 4: It is worth noting that if the actual number
of propagation paths in the channel exceeds the maximum
cardinality predefined during the design phase, the proposed
FNN will inevitably saturate, leading to a degradation in
estimation accuracy. However, this behavior does not rep-
resent a specific drawback of the DL-based approach; rather,
it constitutes an intrinsic limitation of parametric channel
estimation frameworks in general. Even in conventional
SC-based methods, a maximum allowable number of paths
must be strictly enforced [17], [18], [19], [20], [21], [24].
This hard limit is practically necessary not only to bound
computational complexity but also to prevent algorithmic
divergence, such as infinite iterative loops triggered by noise-
induced residual peaks. Consequently, the saturation under an
unmodeled number of paths is a structural constraint shared
by both the SC-based baselines and the proposed scheme,
reflecting the fundamental trade-offs inherent to parametric
channel modeling.

D. MULTI-TARGET PARAMETER ESTIMATION AT
SENSING RECEIVER

In the considered ISAC scenario, the transmitted signal is
backscattered by a given number of sensing targets in the
environment. The radar parameters (range and velocity) of
the sensing targets can be estimated at the sensing receiver
by processing the received signal in (22) using the correlation
method. The target range and velocity can be obtained by
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estimating the RTD and Doppler frequency associated with
the target. In particular, since the co-located sensing receiver
has access to all transmit data symbols in (22), the integer
DDs can be estimated as

Li K = arg max_x"QT(MQ"Ky V. (39)
(L,K)ES

by maximizing the magnitude of the correlation between
the transmitted data frame x and the estimated data frame
QT (L)QH(K)y“ obtained as output of a MF. Afterwards,
the fractional delay and Doppler of the target are estimated
and refined separately using the disjoint hierarchical approach
in (28) and (31). Multi-target detection is achieved by using
(38) and iterating this procedure as described in Section IV-B.
Finally, ranges and velocities of the targets can be obtained
using

N /%,‘AV

. LA
dizTTc, Vi = 2fcc.

(40)

E. COMPLEXITY

Table 1 presents a complexity comparison between the pro-
posed channel estimation method, referred to as FNN-based
correlation method (CM-FNN), the high-IPI-resilient PIPIC
approach proposed in [21], and the two step estimator (TSE)
algorithm proposed in [17] and [18]. The complexity of
the proposed method is primarily driven by the hierarchical
refinement of channel parameters. Specifically, the complex-
ity of the proposed method increases with the sum of N
and N; due to the separate DD estimation, similarly to the
TSE method [17], [18]. On the other hand, the complexity
of channel estimation algorithms that perform joint DD
estimation (e.g., PIPIC) [17], [20], [21], [24] grows with the
product of the number of delay and Doppler grid points, as
they rely on a 2D search. Moreover, regarding model order
selection, the proposed FNN-based approach requires higher
complexity than conventional SC-based approaches in order
to provide a substantial performance gain at low SNR.

F. CRAMER-RAO LOWER BOUND FOR RADAR SENSING
To evaluate the fundamental limits of the monostatic radar
parameter estimation under arbitrary data transmission, the
expected Cramér-Rao lower bound (CRLB) is derived. With-
out loss of generality, a single-target scenario is considered.
The vector of radar kinematic parameters is defined by 6 =
[r,v]”. Following the normalization assumptions maintained
throughout the paper, the complex path gain is normalized to
unity (g = 1), removing it from the active parameter search
space.

The discrete DD input-output relationship for the target
echo in (22) is expressed as

y = pll k) +w, (41)

where u(l,k) = Tx = Q(k)Q*()x is the noiseless received
signal vector.

Since the communication data vector x is random and
varies across frames, the Fisher information matrix (FIM)
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TABLE 1. Complexity comparison for channel estimation.

Proposed CM-FNN TSE [17], [18] PIPIC [21]
L. FNN-based SC-based SC-based
Estimation of P
O((MN)?) O(MN) O(MN)
oint oint oint
Estimation of L;, K; Jom Jom Jom
O((Lmax + 1)(2Kmax + 1)) O((Lmax + 1)(2Kmax + 1)) O((Lmax + 1)(2Kmax + 1))
L P disjoint disjoint joint
Estimation of [;, k;
O(LhNk) +O(Lth) O(Nk)+O(Nl) O(LthNk)
Estimation of g; O(MN) O(MN) O(PMN) + O(P3)
Global refinement no no yes

J € R?*2 is formalized by taking the expectation with respect
to the signaling statistics of x
ol k)
a6, (|

2 au(l, b\ "
e 2[5

Under the assumption of independent identically distributed
(iid) information symbols, the data covariance matrix eval-
uates to C, = E[XXH] = EJdyn, where E; is the average
energy per symbol. Utilizing the linear expectation property
E[x"Ax] = tr(AE[xx"']), the elements of the average 2 x 2
kinematic FIM can be analytically rewritten as

aT \" o1
tr — —

00, ) 06,
The analytical dependency on the continuous delay and

Doppler metrics is embedded within the core diagonal matrix
D, as shown by (20). Let F = Fy ® I}; and define the phase

g MV )
Jun zq] — ) The partial

derivatives of the structural sparse parameter matrices Q(k)
and Q*(/) with respect to their normalized arguments are
explicitly given by

(42)

2FE

Jlpg = 0—;9% (43)

derivative operator as D’ = diag [

—ag,ik) = FD'D*'Fj),\F, (44)
T2 = F ) F (45)

Applying the chain rule with respect to the continuous
physical parameters 7 and v, the exact algebraic partial
derivatives for the channel transfer matrix T are obtained

T
g— - LQu )(aQ (’)), (46)
-
aT 1 (9Qk)
e - AV( )Q 0. 47)

Upon constructing the 2 x 2 kinematic FIM, the fundamen-
tal lower bounds for the target range d and radial velocity
v are directly extracted from the diagonal elements of the
inverted matrix J~! via the physical mapping relations

CZ
CRLB(d) = —[J*]l B (48)

CRLB(v) =

[J s 49)

4 f2
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V. DATA DETECTION AT COMMUNICATION RECEIVER

In the ISAC scenario under consideration, the single-antenna
communication receiver processes the pilot frame to obtain
the estimate Hpp. It then uses this estimate to equalize
incoming data frames within the channel coherence time.
The transmitter is assumed to send iid information symbols.
Therefore, Cx = E[xx"] = E;Iyy, where E, is the average
energy per symbol. Since each symbol encodes log,(Q) bits,
the average energy per bit is given by E;, = E/log,(Q). The
data signal-to-noise ratio is defined as the ratio between the
average signal power and the average noise power

E/NT _E,

SNR, = ==
‘T MAfN, ~ N,

(50)

Equivalently, SNR,; = tr(Cy)/tr(Cy) =
noise variance of o = Nj.

In this section, a low-complexity version of the Landweber
method [45], [46] that exploits the sparsity of Q(a) is pre-
sented for OTFS detection. In particular, a path-wise version
of the Landweber method, named IMFC, is developed to
reduce complexity. The proposed data detector is directly
connected to the channel estimation framework developed
in the Sections III and IV. In fact, the estimated path
parameters {2;, ki, [; }l | provide a path-wise representation
of the estimated DD channel through the same structurally
sparse matrices Q(lAci)Q*(lAi) introduced in Section III. Rather
than reconstructing and processing the full DD channel
matrix, the proposed detector directly exploits this parametric
representation, the structural sparsity and the DD decompo-
sition to enable low-complexity data detection, leading to
the path-wise IMFC formulation developed below. Channel
estimation and data detection are therefore regarded as two
consecutive stages of the same structure-exploiting receiver
architecture. The section is structured as follows: first, the
LMMSE equalization method is reviewed and considered as
the benchmark; then, Landweber method is presented and the
proposed IMFC algorithm is introduced and analyzed.

E /o2, leading to a

A. LMMSE DETECTOR

The LMMSE equalizer has been extensively investigated
[39], [40], [42], with various low-complexity variants
proposed to achieve satisfactory detection performance.
Although alternative OTFS detection schemes, such as MP,
offer low complexity under ideal integer conditions, they
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become practically infeasible in real-world scenarios with
fractional delay and Doppler shifts due to severe energy leak-
age and dense factor graph connectivity. Consequently, the
LMMSE detector serves as the most appropriate and reliable
benchmark for evaluating receiver performance in realistic
fractional-DD environments. The traditional LMMSE equal-
izer for (14) is given by [11], [47]

% = C,H}, (HppCHY, + Cy) 7y, (51)

where X denotes the estimated information symbols vector
and the DD channel matrix is given as (19). Using (16),
(50) and the symbol’s independence assumption, the LMMSE
estimate reduces to

-1
% =HY, (HDDHBD + SNR;IIMN> y. (52)

B. PROPOSED IMFC DETECTOR BASED ON
LANDWEBER METHOD

The Landweber method is a well-known iterative method for
solving ill-posed linear systems of equations [45], [46]. In
particular, given the noisy system in (14) and considering
that Hpp is typically not invertible, an estimate of x can
be iteratively refined using the following Landweber update
equations

g = gD 4 aHng(n—l)’
Em — y - HDDﬁ(n)’

(53)
(54)
where « is the step size and £™ is the residue vector. The

estimation error at time »n is given as
e =g" —x. (55)

By replacing (54) in (53), the estimate at the n-th iteration

becomes
™ = Q’HBDY + (IMN — Q'HBDHDD))A((H_D. (56)

By applying (56) recursively and assuming that " = 0, the
estimate can be written as

n—1
ﬁ(n) = Z (IMN - CL’HEDHDD)ZC},’HBDY. (57)
i=0
Thus, it can be noted that, if, as n — o
p(IMN - Q'HBDHDD) < 1, (58)

where it is reminded that p(IMN - Q'HBDHDD) denotes the
spectral radius of Iy — aH]")'DHDD, the algorithm converges
[46]. Equivalently, from (58), it can be noted that the learning
rate parameter (@) should satisfy

2
<~ ol o
p(HDDHDD)
to guarantee algorithmic convergence. Moreover, the geomet-
ric series in (57) converges to

(59)

—+o0

Z (IMN - O’HBDHDD)i
i=0
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= (Iyy — (Iyy — @H5Hpp)) ™!

_,  (HY Hpp)™!
= (eHRpHpp) ' = %‘ (60)
Thus,
£ = lim £ = (H, Hpp) 'HHy (61)

n—oo

Therefore, the iterative Landweber method converges to the
least squares (LS) solution [45]. Moreover, replacing (55) in
(61), the output error becomes

e = lim e™ = (HY,Hpp) 'HH w.

n—oo

(62)

Hence, denoting HY, ) = (HY,Hpp)~'HH, the Moore-Penrose
pseudoinverse of the channel matrix Hpp, the mean squared
error (MSE) after convergence is

[1e1P] = B[ wi’] = E[tr(Hpww 1)) |
= (BB ww ], )
= ot (B M)
= ot Hpp) ).

From (22), it is possible to decompose the Landweber
iterative update equations path-wise as follows

(63)

P
i(n) — ﬁ(n—l) +a Zg;‘kQT(l[)QH(ki)g(n_l)’ (64)

i=1
P
EW =y - s QU)Q (R". (65)
i=1

Therefore, the Landweber method can be decomposed in P
separate branches in which the residue vector passes through
a MF QHY(k;) tuned at the Doppler affecting the i-th path
and then it passes through a MF QT (/;) tuned at the delay
affecting the i-th path. In this way, P incremental updates
are obtained and combined using maximal ratio combining
(MRC) to maximize the SNR. This path-wise interpretation
of the Landweber method is called IMFC. The advantage of
this approach is that, from Proposition 1, each row of Q(a)
contains only M nonzero elements. Therefore, the complexity
of the matrix by vector multiplication requires a complexity
of O(M?*N) rather than (’)((MN)Z) as in the Landweber
method.

The proposed IMFC equalizer is summarized in Algo-
rithm 2. Theoretically, strictly satisfying the convergence
condition in (59) requires calculating the exact spectral radius
of H Hpp for each received frame. However, computing
this maximum eigenvalue entails a non-negligible compu-
tational cost. Therefore, for practicality, the step size « is
instead obtained using a time-decaying model as o = 7%,
where @ is the initial step size and § is the decay factor.
While a fixed empirical @y might momentarily violate the
theoretical bound for specific severe channel realizations, a
properly tuned g forces the step size to rapidly decrease.
This mechanism acts as a safety net: even if an initial
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TABLE 2. Complexity comparison for data detection under different parameter regimes.

Per-iterati Advant Advant
Grid Condition | Channel Profile er-itera Ton Overall Complexity vantage vs vantage vs
Complexity LMMSE Landweber
LMMSE Any Any N/A O((MN)3) - -
Landweber Any Any O((MN)?) O(n(MN)?%) Yes (if n < MN) -
P IMF M =gN
roposed IMFC a Sparse O(PM2N) O(nPM?2N) Yes Yes
(Sparse regime) (geN) (P < N)
P d IMFC Rich scatteri
roposed M #qN 1N SAlEE | o(P(MN)2) | O(mP(MN)?) | Yes (if n < V) No
(Dense regime) (P> N)

Algorithm 2 Proposed IMFC Detector
Input: y, €, npax, o, B

)2(0):0, 8(0):y, a=ay, n=20
while 7 < npax AND |EM™|| > ¢ do
n=n-+
for i=1to P do
5 = QM (k)Y
(n 1) _ QT( ) (n— 1)

)A((n)_x(n 1)+a2719*8n 1)
fori=1to P do

A(n) Q*( )X(n
(z?)l Q(ki)xY")
n P Aln
5( ):y—Zi 1 9iX (D)z
L Q= 1+/C;n
Output: x

transient divergence occurs, the algorithm swiftly enters the
theoretical convergence region, ensuring convergence without
the need for expensive spectral radius evaluations. Moreover,
the procedure is iterated for a finite number of steps until
IE™|| < € or n = Nmay.

C. COMPLEXITY: LMMSE VS IMFC

The complexity of the traditional LMMSE equalizer is in
the order of O((MN)?) due to matrix inversion. On the other
hand, the complexity of the standard Landweber method is
O(n(MN)?), increasing linearly with the number of itera-
tions. Instead, the path-wise IMFC equalizer directly exploits
the structural sparsity of Q(a) as established in Proposition 1
and Remark 3. Specifically, when M is an integer multiple of
N (M = gN with g € N), each row of Q(a) contains strictly
M non-zero elements, enabling highly efficient sparse matrix-
vector multiplications.

Under this structured parameter regime and assuming a
sparse multipath profile (P < N), the overall computational
complexity of the proposed IMFC reduces to O(nPM?*N) (or
O(PM?N) per iteration). It can be concluded that, provided
n < MN?/P, the proposed IMFC achieves a drastically lower
computational load than the traditional LMMSE equalizer
and standard iterative solvers (which generally incur at least
O((MN)?) per iteration [48]).
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However, in unconstrained parameter regimes where M
is not an integer multiple of N, the matrix Q(a) transi-
tions into a denser configuration, causing the per-iteration
complexity of IMFC to scale back toward the standard non-
sparse solver complexity of O((MN)?) per iteration. This
behavior stems from the fact that IMFC relies on path-wise
operations exploiting the structural sparsity of Q(a), whereas
general iterative solvers depend on the entire channel matrix
Hpp, which is typically non-sparse for fractional channel
parameters. A comparative overview of the computational
complexity under different operational conditions is summa-
rized in Table 2.

VI. SIMULATION RESULTS

In this section, numerical results are reported to validate the
proposed estimation/detection methodologies. The transmit-
ter works at carrier frequency f. = 5 GHz. The subcarrier

spacing is Af = 15 kHz, hence the time slot duration is
T = 66.67 us.

A. SIMULATION SCENARIO

A channel with P = 4 Rayleigh faded paths is considered.
The power delay profile (PDP) is [0, 2.4, 5, 7] us with relative
powers [0, —1, =5, =7] dB. The Doppler shifts of all paths are
generated assuming Jakes’ Doppler power spectrum (DPS)
using v; = Vpax €0s(8;), where 6; ~ U[0, 2r]. The maximum
user equipment (UE) speed is vipax = 500 km/h, leading to a
maximum Doppler spread of vye = "2 f. = 2.3164 kHz.
Unless otherwise stated, the OTFS frame is characterized
by M = 64 subcarriers and N = 16 time slots. Crucially,
this setup represents a genuinely fractional DD channel
scenario. Considering the grid resolutions A7 ~ 1.0417 us and
Av = 937.5 Hz, the corresponding normalized path delays are
l; = 10,2.304,4.800, 6.720], clearly exhibiting non-zero off-
grid components. Likewise, the normalized Doppler shifts
k; = v;/Av vary continuously within the non-integer range
[-2.47,2.47], ensuring that both delay and Doppler shifts
feature fractional components. Grid parameters for estimation
in Algorithm 1 are set to N;, Ny = 7. Finally, the convergence

4The parameters Ny, Nj, and L, are interconnected: a smaller grid requires
more hierarchical levels to reach the same resolution, while a larger Lj
increases the recursive overhead. The minimum density of the initial grid
is constrained by the Hessian of the cost function, as it must be sufficient
to capture the main lobe of the objective function to ensure convergence
of subsequent refinement steps. Here, Ny, N; are chosen according to this
reasoning and to optimize estimation accuracy while lowering complexity.
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parameters of Algorithm 2 are set to g = 1 and 8 = 0.05.
These values are selected empirically to strike a balance
between fast initial convergence (promoted by a relatively
large «g) and algorithmic stability (ensured by the decay
factor ). It is worth noting that in a practical real-time
system, if packet decoding errors occur due to a step-size
mismatch with the instantaneous channel conditions, these
parameters can be easily adjusted and lowered on-the-fly.
A detailed mechanism for the dynamic optimization of the
learning rate is out of the scope of this paper.

Within this simulation scenario, the system operates as
described in Section II.°

B. NETWORK ARCHITECTURE AND TRAINING
This section details the training process for the proposed FNN
model order selection scheme. The training dataset D is a
collection of § independent samples. Each sample consists
of a pair containing the received pilot observation vector and
its corresponding ground-truth label, represented as a one-hot
vector s
5=

D = {(y91p)) (66)

1
where |y € RMNX! is the s-th received pilot frame and
p® € {0, 1}€ is the label vector such that [p”]. = 1 if the s-th
channel realization contains P" paths. The FNN parameters
are optimized by minimizing the categorical cross-entropy
loss function over the training set

1 S C
£O) = -2 > Pl n(p L),

s=1 c=1

(67)

where 6@ denotes the set of network weights and biases, and
P = finn(ly"; 0) is the probability vector predicted by the
output layer.

The DL network for model order selection is assumed to
have two hidden layers. The input dimension is MN, as |y|
is provided as input, while the output dimension is C, as the
vector p is provided as output. The number of neurons per
hidden layer is {#¥, 4V} and each hidden layer employs a
ReLU activation function. The output layer utilizes a softmax
activation function to compute probabilities, following the
classification problem formulation. For the simulations, the
proposed DL architecture is trained on a dataset comprising
3 x 6000 samples, collected from three distinct datasets
(each containing 6000 samples) generated at discrete SNR,
levels (5 dB, 10 dB, and 15 dB, respectively). Each training
sample is created assuming channels with P ~ U[2,5]
paths, a uniform PDP, and continuous uniform random path
delays. Crucially, while training is restricted to these three
discrete SNR values, a uniform PDP, and random delays, the
network is evaluated over a continuous SNR range under a
non-uniform PDP with specific off-grid fractional delays, as

5In our simulations, the frame duration is set to N7 ~ 1 ms. Given that
the geometric coherence time of the channel parameters (i.e., path gains,
delays, and Doppler shifts) is typically on the order of tens of milliseconds
[11], [49], these parameters remain effectively stationary across multiple
consecutive frames. This physical property justifies the adopted transmission
strategy where a single pilot frame is followed by multiple data frames.
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FIGURE 3. Comparison of the threshold method [10], [11] and the proposed
correlation-based method in Algorithm 1 with prior knowledge of P. The normalized
MSE vs pilot SNR is shown for different values of L.

detailed in Section VI-A, thereby evaluating its generalization
capability against mismatched power profiles and operating
conditions. The training process runs for 2000 epochs with
a mini-batch size of 1000. The learning rate is initially
set to 0.001 and is reduced by a factor of 0.9 every 50
epochs. This simple architecture for the proposed DL-aided
scheme is chosen to prioritize low computational latency
during inference, ensuring that the model order selection
remains efficient for real-time ISAC applications. Moreover,
FNNs have been shown to be suitable for simple classification
tasks [50], which aligns with the objective of the proposed
DL-based approach.

C. CHANNEL ESTIMATION PERFORMANCE AT
COMMUNICATION RECEIVER

In the considered scenario, different performance metrics are
evaluated to measure channel estimation performance and are
listed as follows.

1) NMSE VS PILOT SNR

The accuracy of channel estimation algorithms is evaluated
using the normalized mean squared error (NMSE), computed
as

(68)

Hpp — Hppl2
NMSE=E|:” DD DD||F:|

IHpp|[%

Fig. 3 illustrates the normalized mean squared error
(NMSE) as a function of pilot SNR for the proposed method
in Algorithm 1, considering different numbers of hierarchical
levels (L, = 1,2, 3) with prior knowledge of P. As a baseline,
the conventional threshold method [10], [11] is also reported.
As expected, the performance of the baseline method is
limited by IPI, achieving a minimum NMSE of —15 dB
at SNR, = 20 dB. Conversely, the proposed correlation-
based method attains a lower NMSE. Specifically, when
L, = 1, the proposed method provides a performance gain
of nearly 10 dB over the entire SNR, range compared to
the baseline method. Increasing the number of hierarchical
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FIGURE 4. Comparison of the proposed FNN-based estimation of P against the
conventional SC-based approach. The normalized MSE vs pilot SNR is shown for the
optimum number of hierarchical levels Lj, = 2.

levels to L, = 2 yields an additional gain of approximately
2 dB at sufficiently high SNR,. However, using L; = 3 does
not result in further performance improvements beyond those
obtained with L, = 2, making L, = 2 the optimal choice.
Instead, selecting L;, = 3 increases computational complexity
without enhancing estimation accuracy.

Fig. 4 shows the NMSE as a function of pilot SNR when
estimating P. The proposed FNN-based approach in (38) is
compared with the SC-based approach (specifically, the TSE
method proposed in [17] and [18] performing disjoint DD
estimation and the PIPIC proposed in [21] that performs
joint DD estimation). Additionally, the performance of the
proposed approach with SC-based estimation of P is reported.
The threshold method and the proposed correlation-based
method with prior knowledge of P are included as upper
and lower benchmarks for comparison. As expected, due
to the generalization capabilities of the neural network, the
proposed FNN-based approach significantly outperforms the
SC-based approach at low SNR,, providing more stable esti-
mation accuracy across different SNR, values and exhibiting
a performance loss of only 2-3 dB compared to the ideal
case where P is known. Furthermore, for SNR,, in the range
[0, 6] dB, the SC-based approach underperforms the threshold
method. This is because, at very low SNR,,, the SC-based
approach fails to detect lower-amplitude paths that are
masked by the SC, allowing the simpler threshold method
to achieve a lower estimation error. On the other hand, at
high SNR,, SC-based approaches achieve better performance
at the cost of overestimating P. Additionally, in mid-range
SNR, conditions, the performance of PIPIC is nearly identi-
cal to that of the proposed approach with SC-based estimation
of P. Thus, in the proposed approach, disjoint estimation
reduces complexity without sacrificing performance. On the
other hand, performance of the TSE, which also performs
disjoint DD estimation, is lower than that of the PIPIC
and the proposed correlation method. Specifically, at high
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FIGURE 5. Channel estimation accuracy measured through the NMSE is shown as a
function of the number of Doppler bins. Both the baseline threshold method and the
proposed correlation-based method with Ly, = 2 are shown.

SNR the performance gain of the proposed correlation based
method against the TSE is about 4-5 dB of NMSE. This
performance gain arises because the disjoint DD estimation
in the TSE algorithm relies on an approximate ML formu-
lation that is valid only for large OTFS frames [17], [18].
In contrast, our proposed method leverages an exact alge-
braic separability that remains robust even in scenarios with
significant IPI.

2) NMSE VS OTFS FRAME SIZE

The estimation accuracy varies as the number of delay-
Doppler bins changes. Given that a low value of N is used
in the considered scenario, it is particularly relevant to
evaluate estimation accuracy as a function of the number of
time slots N.

Fig. 5 presents the NMSE as a function of the number
of Doppler bins for both the threshold method [10], [11]
and the proposed correlation-based method. Simulations are
conducted with a fixed M = 64 and at SNR, = 15 dB. It
can be observed that, since the threshold method is primarily
limited by IPI, increasing N from 8 to 64 provides a max-
imum performance gain of 3 dB. Conversely, the proposed
correlation-based method accounts for IPI, resulting in a per-
formance gain of 6 dB when increasing N. Furthermore, the
proposed correlation-based method achieves an improvement
of nearly 15 dB compared to the baseline method when
M = N = 64.

3) MODEL ORDER SELECTION

As the proposed approach uses the FNN for model order
selection, a comparison of the average number of detected
paths for both the baseline SC-based approach and the
proposed FNN-based approach is illustrated in Fig. 6. Specif-
ically, the figure shows the average number of detected paths
as a function of SNR,. As expected, the neural network
is able to accurately estimate the correct number of paths
on average. In contrast, the SC-based approach significantly
underestimates P at low SNR,. Therefore, the proposed
FNN-based approach effectively improves estimation perfor-
mance in low SNR,, conditions.
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FIGURE 6. Model order selection comparison between the conventional SC-based
approach against the proposed FNN-based approach. The true value of P is also
shown for the comparison.
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FIGURE 7. Average number of detected paths versus delay distance for the
SC-based approach and the proposed FNN-based method at different SNR levels
(SNRp =5 dB and SNRp = 18 dB). The dashed line represents the true value of P.

4) FNN RESOLUTION ANALYSIS

In this section, the resolution capabilities of the proposed
FNN-based model order selection are investigated. Fig. 7
illustrates the average number of detected paths as a function
of the delay distance between paths for both the SC-based
approach and the proposed FNN architecture. The scenario
includes P = 3 paths, where the first path delay is kept fixed
(I; = 0), while the second and third paths are positioned to
test the resolution limits of the estimator. Specifically, the
second path delay is set to I, = 7o/At (with 7, = 2.4us),
and the third path is placed at I35 = [, + Al, where Al
is a normalized delay distance. The PDP is defined as
[0,—1,—-5] dB, resulting in a 4 dB dynamic range between
the third and second paths. As observed in the simulation
results, the SC-based approach suffers from significant path
underestimation at low SNR (SNR, = 5 dB), regardless of
the delay distance, as the weaker path is often masked by
noise and IPI. Conversely, at high SNR (SNR,, = 18 dB), the
SC-based method tends to overestimate the number of paths
when the delay distance is small due to the IPI that creates
residual peaks in the DD domain. In contrast, the FNN-
based approach demonstrates superior robustness. Even at
low SNR, the neural network accurately identifies the correct
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FIGURE 8. Comparison of the proposed FNN-based model order selection scheme
against the SC-based approach. The NMSE performance is shown against pilot SNR
using the proposed correlation-based channel estimation algorithm with L, = 2.
Finally, FNN denotes the DL scheme, trained as discussed in Section VI-B; while
FNN,._g denotes the same FNN trained with a dataset including channels with P < [2, 8].
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FIGURE 9. Model order selection comparison between the conventional SC-based
approach against the proposed FNN-based approach in a channel with P = 6 paths.
Here, FNN,_g denotes the same FNN trained with a dataset including channels with
Pc[28].

number of paths as the delay distance increases beyond a
certain threshold. The generalization capabilities of the FNN
allow it to effectively distinguish between closely spaced
paths and noise-induced artifacts, providing a more stable
model order selection under varying SNR conditions. These
results further highlight that the proposed DL-aided archi-
tecture enhances path detection performance in challenging
high-IPI and low-SNR scenarios.

5) FNN PERFORMANCE UNDER INCREASED MODEL
ORDER

Since, as described in Section VI-B, the FNN scheme has
been trained on a limited dataset, in Fig. 8 and 9 channel
estimation and model order selection performance is inves-
tigated in a channel with P = 6 paths to analyze the impact
of FNN behavior when faced with an unseen class. Since
the model is constrained by its final layer to a fixed set
of outcomes, the estimated number of paths is expected to
saturate at the maximum trained cardinality (i.e., P = 5),
as the network cannot infer a new output class beyond its
predefined architectural limits. This behavior is highlighted
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FIGURE 10. Comparison of the proposed FNN-based model order selection scheme
against the SC-based approach under Rician fading. The NMSE performance is shown
against Rician K factor using the proposed correlation-based channel estimation
algorithm with Ly = 2.

in Fig. 9, where it can be noted that the average number of
paths detected by the FNN is around 5, regardless of the SNR.
On the other hand, the SC-based approach exhibits SNR-
dependent model order selection capabilities, underestimating
the number of paths at low SNR. Fig. 9 shows also the
average number of paths detected by the same FNN described
in Section VI-B and trained with a dataset with the same
size (18000 samples) but with a larger number of classes,
specifically P ~ U[2,8]. It can be observed that the model
order selection capabilities are increased as the FNN is
actually capable of detecting the correct number of paths on
average. On the other hand, it can be noted that the variance
of the estimate is increased since the same dataset size has
been used for a larger number of classes. These model order
selection capabilities affect the channel estimation error, as
depicted in Fig. 8, where it can be noted that at low SNR
the FNN-based approach allows achieving lower NMSE.
Moreover, the use of the same FNN, trained with a large
number of classes leads to a NMSE gain of almost 5 dB at
high SNR.

6) NMSE VS RICIAN K-FACTOR

The robustness of the proposed FNN-based channel esti-
mation method against varying propagation conditions is
investigated by considering a Rician fading channel. While
the Rayleigh model remains the reference high-mobility
scenario in this work, this Rician experiment is introduced
specifically as a generalization test for the neural network.
Since the FNN is trained exclusively under Rayleigh fading
statistics, evaluating it in the presence of a line-of-sight
(LoS) component allows us to assess its robustness against
a controlled statistical mismatch in the fading distribution.
Specifically, the impact of a predominant LoS component
on the NMSE is evaluated by varying the Rician K-factor.
For this analysis, the SNR is fixed at SNR, = 5 dB to
consider a low-SNR regime, while the Rician K-factor is
varied from —10 dB to 30 dB. The channel model consists
of P = 4 propagation paths, where the delay and Doppler
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shifts are generated according to the methodology described
in Section VI-A. The channel coefficients are modeled such
that the first path (i = 1) contains the LoS component.
Specifically, the i-th coefficient is expressed as

K——l—lengrWi, i=1

Wi, i>1

8 = (69)

where w; ~ CN (O, K;H) represents the diffuse scattering
component and 8 ~ U[0,2x] is the LoS phase. Finally,
channel gains are normalized according to Section IV-A.
Fig. 10 shows the NMSE against the Rician K factor for the
proposed correlation based channel estimation algorithm. It
can be noted that, the SC-based scheme achieves low NMSE
when the LoS component is dominant, as the LoS is correctly
identified and the diffuse scattering component are typically
missed, since they fall below the noise level. On the other
hand, when the channel starts becoming Rayleigh faded (as
K decreases), performance of the SC-based algorithm drops
and the NMSE increases to —10 dB. Conversely, the FNN-
based scheme achieves much lower and stable NMSE across
the entire range of K, with a performance gain of about 10 dB
for lower values of K.

D. SENSING PERFORMANCE AT THE ISAC
TRANSCEIVER

To evaluate sensing performance, a scenario with a target
at a range of d = 300 m and a velocity of v = 70 km/h
is considered. The OTFS frame parameters are set to M =
N = 32, and the transmitter employs quadrature amplitude
modulation (QAM) signaling with Q = 4.

1) SINGLE-TARGET RANGE/VELOCITY RMSE VS RADAR
SNR
The radar parameter estimation performance of the proposed
ISAC sensing algorithm is assessed using the root mean
squared error (RMSE) of the target’s range and velocity.
Fig. 11 presents the range and velocity RMSEs for dif-
ferent values of radar SNR. The radar SNR is defined
as SNR..q = %, where |g,<|2 represents the target power.
Performance is evaluated for different values of L, = 1,2,3
and compared against the CRLB and the PIPIC method [21],
which performs joint DD estimation, in order to investigate
whether there is any performance loss when shifting from
a joint 2D parameter search to the proposed low-complexity
dis- joint DD estimation. It can be observed that increasing L,
allows the proposed approach to achieve performance close
to the CRLB. Specifically, sub-meter localization accuracy
is attainable at SNR,,q values above 10 dB when L, > 2.
Moreover, the proposed method achieves the exact same
performance as the joint DD estimation performed by PIPIC.
Thus, the proposed disjoint DD estimation framework guar-
antees no performance loss while drastically lowering the
computational complexity from a 2D grid search to two
independent 1D line searches.
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FIGURE 11. The range/velocity RMSE against radar SNR are shown for different

values of L. The CRLB is reported as a lower bound to radar parameter estimation.

2) TARGET DISCRIMINATION IN MULTI-TARGET
SCENARIOS

As described in Section IV-D, the proposed FNN archi-
tecture is also applicable to multi-target detection. In this
context, Fig. 7 provides insights into DL-based multi-target
detection performance. Specifically, it can be observed that
the proposed FNN exhibits consistent detection capabilities
regardless of the SNR. Conversely, the performance of the
SC-based approach relies heavily on SNR conditions. The
proposed FNN is capable of resolving targets that are at least
one resolution cell apart across all SNR levels. In contrast, the
SC fails to distinguish adjacent targets, incorrectly identifying
them as a single entity in low SNR scenarios even with larger
delay separations.

E. COMMUNICATION PERFORMANCE

The receiver is assumed to execute a channel estimation
algorithm to obtain a channel estimate, followed by an equal-
ization method to compensate for the channel. Subsequently,
a symbol-by-symbol ML detector is employed to make hard
decisions.

1) BER VS Eg/Ny
Communication performance is evaluated in terms of the
BER as a function of the signal-to-noise ratio per bit
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FIGURE 12. The bit error rate as a function of the signal-to-noise ratio per bit is
shown for both the LMMSE and proposed IMFC equalizers in the following cases:
perfect CSl at the receiver, imperfect CSl estimated through the baseline threshold
method and through the proposed FNN-aided correlation-based method. The imperfect
CSl curves serve as a sensitivity analysis to channel estimation errors.

(Ep/Np). Fig. 12 illustrates the BER as a function of E,/Ny
for both the LMMSE and the proposed IMFC equalizers.
In the simulations, the transmitter is assumed to use a
4-QAM constellation, while the IMFC equalizer operates
with € = %”2 and npx = 50. The performance under
perfect channel state information (CSI) knowledge at the
receiver is provided as a lower bound on the probability of
error, serving as a reference for comparing the two equaliza-
tion techniques. It can be observed that, at sufficiently high
SNR, the proposed IMFC equalizer achieves a BER compa-
rable to that of the conventional LMMSE equalizer. In order
to investigate the sensitivity of the proposed IMFC equalizer
to channel estimation errors, Fig. 12 also compares BER
performance under imperfect CSI, where channel estimates
are obtained from different estimation algorithms. Specifi-
cally, the BER performance using LMMSE and the proposed
IMFC equalizers is shown for channel estimates obtained via
the conventional threshold method (TM) [10], [11] and the
proposed CM-FNN, assuming SNR, = 18 dB. It can be noted
that the proposed channel estimation method in Algorithm 1
achieves performance nearly equivalent to the ideal case of
perfect CSI for both the LMMSE and IMFC equalizers.
In contrast, the conventional TM method is constrained by
IPI and, therefore, fails to compensate for channel impair-
ments when IPI is significant. Consequently, the proposed
CM-FNN channel estimation algorithm achieves a substantial
performance gain over the conventional TM approach.

2) AVERAGE NUMBER OF ITERATIONS FOR THE IMFC
EQUALIZER

To assess the complexity of the proposed equalization scheme
compared to the LMMSE, the average number of iterations
is analyzed as a function of E,/Ny. Fig. 13 presents the
average number of iterations required by the proposed IMFC
equalizer under three conditions: perfect CSI at the receiver,
and imperfect CSI estimated using the conventional TM
and the proposed CM-FNN. It can be observed that the
complexity of the IMFC equalizer remains unaffected by
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FIGURE 14. The influence of the threshold € on the average number of iterations
and BER for the proposed IMFC equalizer.

imperfect CSI when using the proposed channel estimation
algorithm. Conversely, complexity increases when CSI is
estimated using the conventional TM method. However, it is
worth noting that the average number of iterations required
by the IMFC equalizer remains significantly lower than
MN?/P. Therefore, as discussed in Section V-C, the proposed
IMFC equalizer offers substantially lower complexity than
the conventional LMMSE while achieving nearly the same
BER performance.

3) INFLUENCE OF THE THRESHOLD

The choice of the threshold e for the stopping criterion of the
IMFC equalizer plays a crucial role in balancing the perfor-
mance/complexity trade-off. Specifically, a higher threshold
is expected to reduce complexity at the cost of degraded
BER performance, whereas a lower threshold may enhance
BER performance but at the expense of increased complexity.
Fig. 14 illustrates the average number of iterations and BER
performance of the proposed IMFC equalizer for different
values of the threshold e. Simulations are conducted at
E,/No = 12 dB. It can be observed that BER decreases as
€ is reduced. However, the improvement stabilizes around
€/ VMNo? = 0.5. Conversely, complexity starts to increase
significantly when the threshold is further reduced. Therefore,
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the optimal threshold choice is € = 0.5 VMNo?. This analysis
justifies the selected threshold value used for evaluating BER
performance.

VIl. CONCLUSION

In this work, the DD input-output relationship for OTFS-
ISAC with RCP is formulated by establishing an exact,
non-asymptotic algebraic decoupling of the fractional chan-
nel parameters. By directly exploiting the inherent cyclic
matrix structure induced by the RCP architecture, the channel
matrix factorization holds as a strict mathematical identity
rather than an asymptotic approximation (e.g., relying on
large frame dimensions N,M — o). Consequently, this
structural separation enables a low-complexity disjoint DD
estimation framework that operates completely independent
of the transmitted DD symbol sequence, thereby eliminating
the need for restrictive pilot-pattern constraints or dedicated
guard zones typical of conventional schemes. The DD chan-
nel effects are represented through a unitary sparse matrix,
enabling simple correlation-based channel estimation using
matched filtering. To further enhance performance, a FNN-
based architecture is introduced to estimate the number of
propagation paths, overcoming the limitations of conven-
tional stopping criteria and enhancing performance under
low SNR conditions. Simulation results demonstrate that
the proposed FNN-aided correlation-based approach achieves
accurate channel estimation and BER performance compara-
ble to the ideal case with perfect CSI knowledge. Sensing
performance is evaluated by computing the RMSE, and
the results show that increasing the number of hierarchical
levels allows performance close to the CRLB to be achieved.
Therefore, disjoint estimation allows reducing complexity
without degrading performance, compared to joint estimation
algorithms. Furthermore, by exploiting the sparsity of the
DD parameter matrix, a reduced-complexity equalizer based
on Landweber method, called IMFC algorithm, is proposed
for channel equalization. This approach achieves BER per-
formance comparable to that of the conventional LMMSE
equalizer but with significantly lower complexity.

Future works will consider disjoint fractional DD estima-
tion in multi-antenna OTFS receivers using superimposed
pilot schemes for PAPR reduction and increased spectral
efficiency compared to exclusive pilot schemes. Furthermore,
future research will investigate frame-size-independent model
order selection architectures to overcome the input-dimension
constraints of the proposed FNN scheme. Additionally,
exploring iterative receiver architectures that perform joint
channel estimation and data detection represents a promising
direction to further enhance OTFS system performance.

APPENDIX A
PROOF OF THEOREM 1

The cyclic shift property in (9) inherited by the RCP allows
a frequency-domain representation of the transmitted signal
[34], [37], thus s([t — Tilnr) = FHS (e /7). Sampling
(9) at T/M and discretizing frequency (with spacing Af/N),
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the following samples are obtained

P
r=Y alFyy(Fyys ©b(1;)] © (i) +n,

(70)
i=1
o ap MN-1 4 MN-1
where b(7) = [E_JZ”qWTf] and c(v;) = [eﬂ”qwi]
in q:O

are the frequency-domain ‘and temporal steering vectors,
respectively. By normalizing channel parameters as [; = 1 =
Li+1;, ki = % = K; + k;, the expression for the elements of

d(t;) and c(v;), it is possible to notice that

. AT an \Liti
e—ﬂnq%‘ri — e—ﬂnq%(L,'Jrl,))A‘r — (E_JI\%INq) i , (71)
A A . . Ki+k;
r,,. L (K.+Fk: on iTKi
eI pi2nay (Kt T)AY _ (e./MNq> . (72)

Therefore, the two Hadamard products in (70) can be
expressed as a matrix by vector product by defining the
e TMN-1
diagonal matrix D = diag %[e-’ /TN‘I] o (3
P
P ~ -~
r=">Y gDND"F}, (D) (D) Fyys +n.
i=1

Finally, (11) is obtained from (10) and (73).

(73)

APPENDIX B
PROOF OF COROLLARY 1

If delays and Dopplers are multiple of delay and Doppler
resolutions, it can be noticed that D% = I,y and (D*)" = Iy.
Hence, (11) reduces to

P
H=)  gDFh, (D) Fyy.

i=1

(74)

Moreover, it can be noted that FT,IN(D*)L"FMN is the eigen-
value decomposition of the circulant matrix 5. In fact,
N’ = Ft} AFyy where the diagonal matrix A is given as

A= diag( \/WFMNelL,-Jrl]MN)

- diag([z—qu];"fg_l) = (D)4, (75)

APPENDIX C
PROOF OF PROPOSITION 1

The generic element of Q(a) is obtained by

MN-1 MN-1

[Q@pg = Y [Flps Y D@]u[Flg.

s=0 t=0

where F = Fy ® Iy, D(a) = DF!}, and

(76)

(Fly = (Fniea109700 0 modcemy,modcg,m)

= [Fn]l/m).1q/M10mod(r,M),mod(q,M)» (77)

[ﬁ(a)]s,t =
MN-1

Zo (D1 Ry ] = D), s[Fyy1os = eﬁ

i 2ns(a+1)

(78)
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Plugging (78) and (77) back in (76)

[Q(a)]p,q =

MN-1
1

——— Z (En11p/m L5/ M1Omod(p,),mod(s,M)
NVMN &

MN-1

2ns(a+1)
Z e/ [Fnlie/my1g/M10mode.my,modig. b (79)

t=0

By introducing new indices k; and k, ranging from 0 to N—1
and substituting s and ¢ as s = kjM + mod(p, M) and ¢ =
koM + mod(g, M) in (79), the final form presented in (23) in
Proposition 1 is obtained. Moreover, (23) can be rewritten as

1
[Q(a)]p,q = W

N-1
o g (1 M-+ mod(p. ) (a-+mod(g. )
ki=0
N-1
Y (ki M+-mod(p.M)-Lg/ M1)

k=0

. (80)

-2k’ u

Finally, using the fact that Zk,;(l) e/~ = N if u is an integer
multiple of N and zero otherwise, it can be shown that, if M
is an integer multiple of N, the element [Q(a)] . is non-zero,

. Py
for a fixed row p, for M consecutive values of q.
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