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Abstract

We study Bayesian inference for probabilistic word embedding models, including skip-gram with negative sampling (SGNS)
and continuous bag-of-words (CBoW). These models are widely used for inference, but their posteriors are non-identifiable
under general linear transformations, which prevents meaningful Bayesian uncertainty quantification. We provide a simple
and principled identifiability constraint that yields a well-defined posterior without altering the data model. Building on this,
we develop scalable, fully Bayesian posterior sampling algorithms for SGNS and CBoW using Pélya—Gamma augmentation.
Our block Gibbs samplers yield exact samples from the posterior and scale well to large corpora due to their straightforward
parallelisation. We discuss the efficient implementation of the Gibbs sampler, and provide a fast TensorFlow reference
implementation. In a combination of simulations and empirical experiments, we demonstrate that the sampler is both accurate
and computationally efficient. It matches the accuracy of NUTS-HMC at a fraction of the computational cost and avoids
the variance underestimation of mean-field variational inference. On large real datasets, we show that posterior means yield
improved predictive performance, while posterior credible intervals provide meaningful uncertainty quantification for semantic
similarity.

Keywords Probabilistic modelling - Markov chain Monte Carlo - Bayesian statistics - Natural language processing - Gibbs

sampling

1 Introduction

Word embeddings are vector representations of words that
capture statistical relationships within textual data. Tradi-
tional word embedding methods, such as word2vec (Mikolov
etal. 2013) and GloVe (Pennington et al. 2014), provide point
estimates for each word, representing them as fixed vectors
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in a high-dimensional space. In recent years, word embed-
dings have been increasingly applied to inference tasks in
the social sciences to investigate a wide range of linguistic
and cultural aspects (Garg et al. 2018; Kozlowski et al. 2019;
Rodman 2020; Durrheim et al. 2023; Abramson et al. 2024;
Aceves and Evans 2024; Ma et al. 2025). However, standard
word embedding methods (e.g., word2vec and GloVe) do
not quantify the uncertainty associated with the embeddings,
which is essential for reliable inference and interpretation in
scientific settings.

Probabilistic word embeddings (Rudolph et al. 2016;
Bamler and Mandt 2017) extend traditional word embed-
dings and formulate word embeddings as a full probabilis-
tic model. Nevertheless, quantifying uncertainty in these
models poses significant challenges due to large datasets,
non-identifiability, and large parameter spaces commonly
involved in practical applications. Proposed by Bamler and
Mandt (2017), mean-field variational inference (MFVI) is
today the only Bayesian posterior estimation method of word
embeddings. Although computationally efficient, it is well
known that MFVI underestimates posterior variance (Wang
and Blei 2018), limiting its use in scientific settings. Fur-
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thermore, No U-Turn Sampler Hamiltonian Monte Carlo
(NUTS-HMC) can be used for embeddings but is usually
infeasible due to the high computational cost. Thus, while
there has been work on word embedding uncertainty, accurate
Bayesian uncertainty quantification for embeddings remains
elusive.

In this paper, we present the following contributions:

1. We study the identifiability of word embeddings in the
context of large-scale Bayesian inference and prove that
current embeddings are not identified. We present a
conceptually easy and computationally feasible way to
identify the skip-gram with negative samples (SGNS)
and the Continuous Bag-of-Words (CBoW) models, and
mathematically prove that this approach identifies the
models.

2. We propose a computationally efficient and scalable
Gibbs sampler for both the SGNS and CBoW models.
Further, we show that the Gibbs sampler matches the gold-
standard NUTS-HMC in accuracy while being faster, and
is more accurate than the established word embedding
estimation approach, mean-field variational inference.

3. We show that our proposed Gibbs sampler is more accu-
rate than MFVI and as accurate as HMC, but more
computationally efficient than HMC for large models and
data, a common setting in real-world applications.

2 Probabilistic word embeddings

Probabilistic word embeddings (Rudolph et al. 2016; Bamler
and Mandt 2017; Rudolph and Blei 2017) extend the stan-
dard word embedding models of (Mikolov et al. 2013) to a
probabilistic model.

Let (w,')fv:w1 be a dataset, a sequence of words, where each
word w; belongs to the vocabulary W = {1,...,V},V € N,
the set of all relevant words in the corpus.! For each word
w € W we associate two embedding vectors: A target vec-
tor p,, € RX and a context vector a,, € RX, where K
denotes the dimensionality of the embedding. We organize
the embedding vectors into matrices such that p € RY*X
is the matrix of target vectors and & € RY*X the matrix of

! Throughout the article, we use an implicit mapping from the set of
words W = {dog, cat, ...} onto indices {1, ..., V}, e.g. {dog >
1, cat — 2, cow — 3}. Hence, the word vector p,, for word v € W
is just the vth column of the matrix p. The numeric indices have no
meaning in word embeddings, and thus no information is lost.

@ Springer
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The complete set of parameters & € R2V*X is then defined
as

| P
e_L] @

For SGNS, the data is preprocessed to a list of word co-
occurrences D = ((wy, ... wy), (v, ..., vN), (X1, ..., XN))
e WV x WV x {0, 1}V. The SGNS likelihood , up to a pro-
portionality constant, models co-occurrences in the data via
the dot products of p and «

logp(D ] 0) =

Z( Z loga (p,, o) + Z log(1 — U(P;,‘h))) 3)

N
i=1 “yect veC;

positive samples negative samples

where C;r is the context window, or the set of positive
samples, for word w; at index i in the data, and o(x) =
(1+ e )~ is the logistic function. Specifically, the context
window is the set of words within the distance M € N from
the centre word, i.e.

(& z+ = {w,-, Ms -

Wi, Wig s s Wik M) 4

For each positive sample, n; € N negative samples
forming C;” are simulated randomly from the empirical
distribution £ of all words in W, sometimes with slight
adjustments (Mikolov et al. 2013). Here x; = 1 indicates
that (w;, v;) is a positive sample and x; = 0 a negative one.
It can further be computationally and conceptually beneficial
to formulate the likelihood as a sum over word pairs, i.e.

log p(D | 6) =

Z (n;rv loga(p) ay) +ny, log(l — a(plaﬁ)) )

(w,v)

where n;f) and ny;, denotes the number of times that (w, v) €
W x W appear in the positive and negative samples.
Another variant of the probabilistic word2vec is the Con-
tinuous Bag-of-Words (CBoW) model. There, the effect of
the context C* is aggregated to a sum of the context vectors

Aot =ac- =) o, ©)

veCi+
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where CZ.Jr and C;” are the context windows for positive and
negative samples, defined as Eq. (4). In CBoW model, the
context is usually the same for both positive and negative
samples, and the negative sampling is done for the target
word instead. The data is then preprocessed into center words
and their co-occuring context windows D = ((wy, ... wy),
(C1,...,Cn), (x1,...,x8)) € WN x WNXM (0 1}V,
This results in a likelihood

N
log p(D | 6) = Z(xi logo (p,,ec,) +
N ——

i=1
positive samples

@)
(1 = x;) log(1 — o(pllgaci))).

negative samples

where the w!’s are sampled from the empirical distribution
of words F.

For both Bayesian SGNS and CBoW, a common prior for
the embedding vectors is a spherical Gaussian prior

Pw ~NO L, wew,

B @®)
ay ~N@O X', weW
where A € Ry is a hyperparameter. Other priors used for
embedding vectors, and common in practical applications,
include dynamic priors (Rudolph and Blei 2017; Bamler and
Mandt 2017), grouped priors (Rudolph etal. 2017), and infor-
mative priors focused on interpretability (Bodell et al. 2019),
and graph priors (Yrjindinen and Magnusson 2022), most of
which are Gaussian.

3 Identification of the probabilistic SGNS
model

The SGNS likelihood in Eq. 3 only consists of dot products
between the target vectors p,, and the context vectors o,.
Because dot products are preserved under invertible linear
transformations, we can apply the following transformations
for any invertible matrix P in the general linear group of
degree K, denoted GL(K), i.e., P € GL(K):

o, =Pp, o =P Ta, 9)

Under these transformations the dot product is invari-
ant, (p/)"a), = (p,) ay, and the likelihood remains
unchanged. As a result, there are K x K degrees of freedom
corresponding to these transformations that do not affect the
likelihood. This makes the SGNS model non-identifiable in
the sense that the mapping from the parameter space onto
likelihoods is not one-to-one (Bickel and Doksum 2015).

2 2
1 1 -
0 0

-1 -1

-2 3' -2

-2 -1 0 1 2 2 -1 0 1 2

Fig. 1 The marginal distribution of p; ; and p, , displays a circular
shell-like symmetry (left), which is eliminated by fixing e to a MAP
estimate (right). The posterior mean is marked with a red cross. N =
2-10% V = 10, K = 2. Samples generated using Stan HMC

Similar symmetries of the likelihood can be found in other
models that are defined in terms of products of parameters.
Notably, some factor models also have GL(K) symmetries
in their likelihood, pertaining to the factor loading matrix
A and factor correlation matrix ®. These symmetries can be
eliminated via a combination of fixing values to zeros, nonze-
ros and rank restrictions to the parameter matrices (Peeters
2012). However, as the invariance in factor models pertains to
the covariance A®A " which is quadratic in A, in contrast to
the potentially nonsymmetric, bilinear ap | in word embed-
dings, the factor restrictions posed on A and ¢ cannot be
directly applied to p and a. Furthermore, due to the complex
effects of parameter restrictions on the posterior, Bayesian
approaches often instead use post-hoc rotation alignment
such as Procrustes rotations (ABmann et al. 2016), or a com-
bination of Varimax and label normalisation (Papastamoulis
and Ntzoufras 2022). However, these post-hoc rotations do
not solve the full GL(K) invariance, resulting in inflated pos-
terior variance in eg. the commonly used cosine distance (see
Appendix A for details).

In the context of word embeddings, Mu et al. (2019)
propose adding L, regularisation to identify the likelihood.
However, their proof only shows that the MAP estimate is
unique up to a rotation. The likelihood still retains orthog-
onal symmetries p(8 | x) = p(@0O | x), where 0’0 =
I. The posterior distribution exhibits a spherical-shell-like
structure, where even a very concentrated posterior will be
distributed on the shell of a hypersphere, as illustrated in Fig.
1. Intuitively, one might view this as any orientation of the
embeddings is valid.

We propose a simple solution: fixing K2 elements of
o to a constant value, which eliminates the GL(K) sym-
metries. Specifically, we consider 6 for which the K first
context vectors, oy, where I = {1,... K}, form a fixed
and predetermined invertible matrix M € RE*K  while
the rest of the context vectors form an unrestricted matrix
oy € RV=KXK j — (K +1,..., V). This adds a sim-
ilar, though not equivalent restriction on the parameters as
some Bayesian approaches to factor modeling (Geweke and

@ Springer
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Zhou 1996; Amann et al. 2016). In Proposition 1, we show
that the restricted model can represent any likelihood that the
unrestricted model can, and in Proposition 2, we show that
the likelihood of the restricted model is identifiable.

Proposition 1 Given any embedding &, p, and any invert-
ible matrix M € RX*K and either the SGNS or the CBoW
likelihood, the following embedding

M

Aoa e T

= M s =|. ._ 10
p=pe;, M) o I:o”aIle| (10)
has the same likelihood

p@D|p.0)=pD]|p, &) (1)

for any dataset D.
Proof in Appendix A.

Proposition 2 Given any invertible matrix M € RX*K  and
either the SGNS or the CBoW likelihood, any two embeddings

a = |:£/Ii| ,pand o/ = [i‘{} , p', for which a # o' or
J J
p # p’, the likelihood

p(D|p.a)# pD|p,a) 12)

for some dataset D.

Proof in Appendix A.

Without loss of generality, we can choose any set of K
context or word vectors to fix to have the same result, given
that they form a full-rank matrix. The identifiability correc-
tion enables a direct comparison of the parameter values.
This allows us to calculate R values (Gelman and Rubin
1992) to assess convergence to the stationary distribution
and effective sample sizes (Gelman et al. 2013, p. 286) for
specific parameters. It also makes it possible to calculate a
posterior mean 6, which would otherwise just be zero, as
p@ | D) = p(—6 | D) for any 6 and D without the fix.
To retain cosine similarities of the MAP estimate, which is
identified under Gaussian priors, we further propose to fix
the K context vectors to their MAP estimates. We empir-
ically verified that choosing different sets of anchor words
leads to nearly identical posteriors for cosine similarities, see
Appendix B.

3.1 Comparing identified and non-identified
embeddings

Rotation-invariant features are commonly used to ana-
lyze word embeddings. These include Euclidean distances
between the words (column distances) and cosine similarity
(Garg et al. 2018; Eisenstein 2018; Kozlowski et al. 2019).

@ Springer

The co-occurrence probability of any word pair (w, v) €
W x W is calculated as

P(wAv|6)=o(a)p,). (13)

Using this, we define the distance between two embeddings
as the root mean squared error (RMSE) of the co-occurrence
probabilities over all word pairs

RMSE,, (0,60 =

% 3 (PwAv|6) = PwAv]6)) (14)

v,weW

Notably, RMSE,, is invariant under invertible transforma-
tions P. When 6 = 0’ then RMSE,, (0, ') = 0, but when
RMSE,,(6,0') = 0,0 = [“’;,P 1
P € GL(K). Hence, we can compare both unidentified and
identified embeddings. We then use it as a similarity met-
ric between two embeddings. This is also the basis of our
convergence analysis when true parameters are present. We
interpret RMSECO(é, Otrue) = 0 as the estimate o having
converged to the true parameter 6y, .

for some transformation

4 A Gibbs sampler for word embeddings

For SGNS the posterior distribution of p,,, w € W is, con-
ditionally on &, independent of the other p,,,, w' € W, w’ #
w. This holds similarly for a,, as well

plole. D)o [] plp, | . D)
weW

pla|p. D)o [] pley | p.D)
veW

15)

Moreover, conditionally on « (or similarly on p), the likeli-
hood for p is identical to logistic regression when treating &
as covariates,

p(D | p,, &) l_[ o) p,) e (—a) p,) o (16)
veW

Like the logistic likelihood, the SGNS likelihood can thus
be represented as a Polya-Gamma mixture of exponentiated
polynomials of p and &

+ _
p(D | Pw, a) X 1_[ O'((x;rpw)"wvo-(_“;rpw)nwv
veW

= [] exptcwner] p,,) o, [exp(—anu /2] p,)?)]
veW

a7

where kyy = nf,/2 —ny, /2 and @y, ~ Polya-Gamma
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(1, + 15, 0).

Given the additional latent variables w,, the conditional
distributions of p,, and o, become Gaussian. Moreover, the
conditional distribution of w is also in the Polya-Gamma
family (Polson etal. 2013), so they can be efficiently sampled.
Since the conditional distributions of all variables are known,
a Gibbs sampler can be formulated, something observed in
logistic matrix factorization (Klami 2015; Liu et al. 2018).
The resulting Gibbs sampler is presented in Algorithm 1, and
a detailed derivation of the SGNS Gibbs sampler is provided
in Appendix C. 1.

Similar to SGNS, the CBoW posterior can also be repre-
sented as a Polya-Gamma mixture of Gaussian kernels

N
p(D|p. a)x l_[U(agipwf)XiU(_“gipwi)(l_xi)

. i=1 (18)
= [ [exp(kial, p,, ) By lexp(—oi - (af, p,,)7/2)]

i=1

where k; = x; — 1/2. As in SGNS, all conditional distri-
butions are straight-forward to sample from: & and p have
Gaussian distributions conditional on the other parameters,
while the w;’s are Polya-Gamma distributed. The full CBOW
Gibbs sampler is derived in Appendix C. 2 and presented in
Algorithm 2.

Algorithm 1 SGNS Gibbs sampler

Require:

1: Vocabulary W and vocabulary size V = |W|.

2: Number of observations N € N

3: Dataset D = (Dy,Dy,Dy) = ((wy,...wy), (vi,..
&1, ... xn) € WY x WN x {0, 1}V,

4: Embedding dimensionality K € N.

5: Number of iterations L € N.

Ensure: (p,,, auu/)lel samples.

6: for w € W do

7: Sample p,, o ~ N (R, . Zp,)

8: Sample Oy, 0 ™~ N(’Luw s Zolm)

9: end for

10: for/ € {1,..., L} do

11:  for w € W do

< UNDs

12: Let I, = {i : w; € Dy, w; = w}
13: A<—(..,ay,...), i€l

14: K (o (=30 iely
15: Sample @ ~ PG(1, Ap,, ;)

16: 8, < (ATding@A +3,!) l
17: my < S,,w(ATlc + 2/7“1,”“pu~)
18: Sample p,, ; ~ N(m,, , Sy, )
19:  end for

20:  for w € W do

21: Sample ey, ; similarly to p,, ;.
22:  end for

23: end for

Algorithm 2 CBoW Gibbs sampler

Require:

1: Vocabulary W and vocabulary size V = |W|.

2: Number of observations N € N and window size M € N.

3: Dataset D = (Dy,Dc,Dyx) = (wy,...wy), (Cy,...
X1, ..., xn)) € WN x WNXM w10 1}V,

4: Embedding dimensionality K € N.

5: Number of iterations L € N.

Ensure: (p,,;, oty )f-, samples.

6: for w € W do

7. Sample p,, o ~ /\/’(;pr, X))

8 Sample oty 0 ~ N (g, > Zay,)

9: end for

10: for/ € {1,..., L} do

11:  forw € W do

,CN),s

> Initialize from prior

12: Let I, ={i : w; € Dy, w; = w}

13: Q <« (...,0c;,...), i €l

14: K< (o (=30 iely,

15: Sample @ ~ PG(1, Qp,, ;)

16: 8, < (QTding@ 0 +%,!) 1

17: my, S, (QTk+2, p, )

18: Sample p,, ; ~ N(m, , Sy, )

19:  end for

20: for w € W do

21: Letl, ={i :C; € Dc,w € C;}

22: R<—(...,pwl_,...),ielv

23: x(—(..l,(xi—%),...),ielv

24: 8 (.oupl(aci —awi—1),...), i€l
25: Sample @ ~ PG(1, Rotyy ;1)

26: Sa, <« (RTdiag@R +2;') "

27 My, < S, (RT(k —80®) + X, g, )
28: Sample ay,; ~ N (g, Sa,) '

29:  end for

30: end for

4.1 Efficientimplementation

Some design choices critically affect the efficiency of the
Gibbs sampler. First, the operations in the algorithms are pre-
sented word-for-word, whereas in practice they are mostly
independent and can be executed in parallel in large batches
(see Appendix C for details). In fact, the only parameters
that are not conditionally independent given the other blocks
are the a,’s in Algorithm 2. Still, the most computation-
ally expensive calculations, the product R” diag(w)R and
the inversion and factorization of S;}i in Algorithm 2 only
depend on w and p, not the other «,,’s. In applications, infor-
mative priors are often applied on p, and even then, most
p,,’s are conditionally independent of each other.

Furthermore, both Algorithm 1 and 2 ostensibly rely on
matrix inversion to obtain m .y for both the p’s and o’s. How-
ever, these inversions are only used to calculate the product
with two vectors per iteration. Thus, sampling Gaussians via
the Cholesky decomposition of S(__1 is substantially more
computationally efficient. The mean and the random offset
can be obtained via a triangular solve given the Cholesky
factor of S (f)] .

@ Springer
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In the SGNS model, multiple co-occurrences of a word
pair can be aggregated to one observation with a count 7,
This speeds up both the Gibbs sampler and the Stan reference
implementations. The aggregation is explained in detail in
Appendix C. 1.3.

For CBoW specifically, there is a slight trade-off between
efficiency in terms of raw samples and the effective sample
size (ESS). If the sampling is splitinto B-sized batches so that
within each batch, the ¢, ’s are conditionally independent (i.e.
when the words do not share context windows), it is possible
to avoid factorising larger (B - K) x (B - K) sized matrices
and instead factorise B matrices of size K x K. This can
be far more computationally efficient, especially on a GPU.
On the other hand, organising the sampling in conditionally
dependent blocks is beneficial for the efficiency of a Gibbs
sampler in terms of the ESS (Roberts and Sahu 1997).

4.2 Computational complexity

For SGNS, aggregated over unique word pairs, the dominant
cost per Gibbs iteration is the calculation of the precision
matrix S(f)l, which scales as O(N,K?) and its Cholesky

decomposition, O(V K 3). Here N, denotes the number of
unique co-occuring word pairs, and by definition N, <
V2. Thus, the total asymptotic complexity for SGNS is
O(N,K?* + VK?).

For CBoW the complexity per iteration is O(NK? +
V K3), with N appearing directly, since the observations can-
not be aggregated in the same way as in SGNS. Thus, for
small N, SGNS and CBoW have a similar scaling, but as N
increases, SGNS is bounded by 0(V2K? 4+ VK?) whereas
CBoW continues to scale linearly with N.

For NUTS-HMC, the evaluation of the posterior gra-
dient has a complexity of O(N,K + VK) and O(NK),
respectively. In addition to that, the appropriate number of
leapfrog steps in NUTS-HMC increases with the model
dimensionality. This depends on the posterior, but is usu-
ally at least O(d'/*) where d is the number of parameters
(Neal et al. 2011). All in all, this makes for a complexity of
O (N, K>*VY*) or more. Since K is essentially a constant,
rarely exceeding 300, this is slower than the Gibbs sampler:
O(Ny,) vs O(Ny Vv1/4) See Appendix D for a detailed break-
down.

5 Experiments
In the experiments, we study the Gibbs samplers presented in
Sec. 4, and compare them with the current state-of-the-art for

estimation, namely MAP estimation, MFVI, and HMC sam-
pling. We use HMC implemented in Stan®> and the MFVI

2 https://mc-stan.org/

@ Springer

algorithm presented by Bamler and Mandt (2017), using the
Stan autodiff implementation of MFVI. As another base-
line we also ran Metropolis Adjusted Langevin Sampling
(MALA), whose results are presented in Appendix B. 1. It
generated very low effective sample sizes and was thus omit-
ted from the comparisons. All code for the experiments is
provided on GitHub?.

To study convergence and uncertainty estimates, we use a
simulated dataset with known parameters. We complement
the simulation experiments with empirical evaluations on two
real-world datasets, namely the standard embedding datasets
MovieLens (Harper and Konstan 2015) and US Congress
(Gentzkow et al. 2018).

5.1 Simulated data

In the simulation study, we use a set of randomly generated
word and context vectors. For each w € W, the word and
context vectors are simulated from

82 82
pw ~ N, <D e ~ N(0, =D. (19)

where K is the dimensionality of the embedding, and ¢ = 1
the signal-to-noise ratio. The embedding is scaled inversely
to the dimensionality so that the dot products, and thus the
signal-to-noise ratio, remain similar in magnitude regardless
of the dimensionality K.

For SGNS, we generate random word pairs (w;, v;) €
W x W by sampling uniformly. A Bernoulli random variable,
representing whether the pair is a positive or negative sample,
X; is then sampled fori € {1, ..., N}

(i, vy) ~ Uniform(W x W)
! (20)
X; ~ Bernoulli(o (,,p,,))

Each resulting dataset is then estimated using MAP estima-
tion, VI, HMC, and the Gibbs sampler, with the true K and
A. For the CBoW experiments, a context window of size 2
will be generated uniformly, and the rest of the simulation
will follow the same procedure as above.

In natural language, words often have frequencies propor-
tional to their inverse rank in the vocabulary, i.e. words tend
to follow Zipf’s law (Zipf 1935; Piantadosi 2014). As another
experiment, we simulate this by generating w; and v; with

1
pw;) o6 —————,
rank(ui,') +b @1
p(vi)

X,
rank(v;)¢ + b

3 https://anonymous.4open.science/r/embedding-uncertainty-
estimation-46ED/
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Table 1 The mean effective sample size of the Gibbs sampler by N for
the 1000 samples after a warmup of 1000

N ESS (SGNS) ESS (CBoW)
1, 000 963.8 964.7
2,000 963.6 964.9
5,000 964.0 962.3
10, 000 963.3 957.5
20, 000 958.9 943.0
50, 000 934.2 857.0
100, 000 880.2 706.8
200, 000 763.6 669.9
300, 000 679.1 683.6
400, 000 632.4 682.8
500, 000 603.1 659.0

Simulated data, K = 20, V = 200

where rank(-) is an enumeration of W, and a and b are pos-
itive constants. We set a = 1 and b = 2.7, as suggested by
Mandelbrot et al. (1953).

5.1.1 Sampling rate and effective sample size

The goal of the simulation is to investigate two aspects of the
Gibbs sampler: its efficiency and accuracy. First, the wall-
clock sampling rates of NUTS HMC and the Gibbs sampler
are illustrated in Fig. 2.

The Gibbs sampler outperforms HMC on all data sizes for
SGNS, and almost all data sizes for CBoW, and the difference
increases as N grows. Stan HMC scales roughly linearly
wrt. N, while the Gibbs sampler scales sublinearly. This is
because the cost of factorising § (__)1 is constant wrt. N, and
while the calculation of R diag(w)R and Q "diag(w) Q is
asymptotically linear in N, it scales better than that on real
data sizes. In addition to the already large performance gap,
the Gibbs sampler could be easily run on the GPU. As we
will see, running HMC on large datasets is practically not
possible due to poor scaling with respect to model and data
size.

In addition to the absolute number of samples, we calcu-
lated the autocorrelation-based effective sample size (Gel-
man et al. 2013, p. 286). Since the cosine similarities are
the most common downstream usage of word embeddings,
we calculated the cosine similarity cossim(p,,, p,) for all
word pairs (w, v) € W x W for each sample. The results are
presented in Table 1. For all data sizes, the Gibbs sampler
achieves an effective sample rate (ESS per no. of samples) of
60% or more, with smaller data sizes yielding more effective
samples per raw sample.

method
— HMC
120{ —— Gibbs

140 1

100 1
801

60 1

runtime (minutes)

40+

201

300k 400k 500k

N

0 100 k 200k

(a) SGNS

3000
2500
2000 1
1500 1

1000 1

runtime (minutes)

5001

of =
0 100k

200k 300k 400k 500k

N

(b) CBoW

Fig.2 Time required to generate 2000 samples with Stan-HMC and the
Gibbs sampler by the number of observations N for K = 20, V = 200.
Both algorithms run using the CPU

5.1.2 Convergence, coverage and cosine similarities

As the first measure of accuracy, we study the convergence
of the estimated embeddings 0 to the true value Otrue. To
do this, we use the divergence RMSE,, defined in Equation
(14). Figure 3 shows the convergence of the different esti-
mation methods in terms of RMSE.,. HMC and the Gibbs
sampler perform similarly, converging toward the true val-
ues, while MFVI appears to converge slightly slower as N
increases. With small sample sizes, MAP underperforms the
other methods, while on large sample sizes, it approaches the
performance of HMC and the Gibbs sampler. As expected,
HMC, MAP and the Gibbs sampler are asymptotically very
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Fig. 3 Log-log plotted RMSE,, for K = 5 and V = 100. Averaged
over 10 simulated datasets. Uniform simulation
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Fig. 4 Cosine similarity between p; and p,. SGNS, K = 5,V =
100, N = 10°. Gibbs sampler in green, HMC in blue and MFVI in
orange

close. Different model sizes and the Zifp’s law experiment
yielded similar results and are plotted in Appendix B.

As seen in Fig. 3, a loglinear pattern in RMSE,, emerges
once N is sufficiently large. This holds for all values of V
and K, as well as the Zipf’s law generated data (see details
in Appendix B). Log-log linearity corresponds to O (N ~?)
convergence of RMSE,, for some constant D. For all com-
binations of K and V, numerical estimates of D were close
to —0.5, i.e. RMSE,(N) ~ O(N~%3). Since Bayesian
point estimates B approach a 1/+/N scaled Gaussian as
N — oo (Kleijn 2012), the squared error E[(,é — B2 is
O(N~Y). Thus, its square root is O (N —0-5) which matches
the convergence rate that we observe for HMC, MAP, and
the Gibbs sampler, but interestingly, not for MFVI. More-
over, the increase in RMSE,, given an increase in V was
very close to 1, implying a convergence rate of O (N%3/V).

According to Bernstein-von-Mises theorem, under rela-
tively mild assumptions, credible intervals should have valid
coverage proportions as the number of observations N — 0o
(Kleijn 2012). Hence, we study the coverage intervals (90%)
of a;r P, as a function of data size, keeping V and K static.
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Fig. 5 Cosine similarity between p g and pg;. CBoW, K =5,V =
100, N = 10°. Gibbs sampler in green, HMC in blue and MFVI in
orange

The results over all word pairs and 10 simulated datasets are
shown in Table 2. HMC and the Gibbs sampler cover the true
value roughly 90% of the time regardless of K, V or N. For
MFVI, the confidence intervals are too wide for small values
of N, and for large values of N, MFVI only covers the true
value under 80.0%-85.0% of the time. This issue worsens as
N grows and follows a similar pattern across all combina-
tions of K and V. The tendency of MFVI to underestimate
uncertainty is in line with theoretical results on mean-field
variational inference (Wang and Blei 2018).

Finally, we compare the posterior distributions of cosine
similarities, a common use case for word embedding in
applied settings (Garg et al. 2018; Eisenstein 2018; Kozlowski
et al. 2019). As seen in Figs. 4 and 5, the posterior distribu-
tions of the cosine similarities obtained from HMC and the
Gibbs sampler are very similar. On the other hand, the poste-
riors obtained from MFVI differ drastically from these. This
is not surprising, given the use of an MFVI posterior approx-
imation, and it clearly shows the problem of using MFVI for
uncertainty estimation in SGNS embeddings.

5.2 Movielens dataset

Rudolph et al. (2016) embed the MovieLens data (Harper
and Konstan 2015) using a probabilistic embedding to
find thematically similar movies. Subsequently, we use the
MovieLens dataset as the basis for experiments with non-text
embedding models Rudolph et al. (2016) Some results of the
posterior of cosine similarities is illustrated in Fig. 6.
MovieLens is a relatively small dataset, allowing us to
compare the performance of HMC and the Gibbs sampler.
For smaller embedding models (K = 20), HMC is still
competitive, as shown in Tables 3 and 4. However, HMC’s
efficiency drastically drops as dimensionalities and dataset
size increase. For SGNS, HMC only produced a handful of
samples before the program was terminated due to hitting
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Table 2 Coverage (%) of the true co-occurrence probability P(w A v | 6yye) of the 90%-credible interval of P(w A v | ) in the simulated

experiment for different data sizes

Dataset Method 1k 2k Sk 10k 20k 50k 100k 500k IM
K =5,V =100 HMC 89.9 89.8 89.7 89.7 89.7 89.9 89.9 90.2 89.9
MFVI 90.2 88.3F 84.07 84.57 84.27 85.87 86.67 83.37 79.5%
Gibbs 89.7 89.6 89.7 89.5 89.6 89.9 89.6 90.1 89.7
K =10,V =100 HMC 90.0 90.0 90.0 90.0 90.0 90.1 90.2 90.0 90.1
MFVI 92.57 91.97 90.4 88.07 83.77 85.47 85.67 85.17 83.07
Gibbs 89.9 89.9 89.9 89.9 89.9 89.9 89.6 89.9 90.1
K =20,V =100 HMC 90.0 89.9 90.0 89.9 90.0 90.0 89.9 89.7 89.9
MFVI 93.37 93.27 92.87 92.37% 90.9 87.37 83.57 85.37 84.5%
Gibbs 89.4 89.4 89.4 89.4 89.4 89.4 89.4 89.7 90.0
K =5,V =200 HMC 90.2 90.2 90.2 90.3 90.2 90.2 90.1 90.1 90.0
MFVI 91.57 90.6 87.71 84.0% 84.5% 8391 86.2 85.47 83.1%
Gibbs 90.1 90.1 90.1 90.1 90.0 90.0 89.9 89.7 89.9
K =10,V =200 HMC 88.7 88.8 88.8 88.8 88.9 89.0 89.3 90.4 90.2
MFVI 92.37 92.17 91.47 90.0 87.47 82.6% 84.4% 85.67 84.9%
Gibbs 89.5 89.5 89.5 89.6 89.7 89.7 89.7 89.7 89.7
K =20,V =200 HMC 90.1 90.1 90.2 90.1 90.2 90.2 90.1 90.1 90.1
MFVI 93.5¢ 93.5+ 93.5% 93.27 92.6F 90.5 87.7% 85.17 84.4%
Gibbs 90.1 90.1 90.1 90.1 90.1 90.1 90.0 89.8 89.8

Averaged over 10 simulated datasets and all word pairs (w, v) € W x W. A deviation of over 1% is denoted by f and over 5% by #

N w e

Posterior density

ju
L

-02 -0.1 00 01 02 03 04 05
cossim(p_Titanic1997, p_AirForceOnel997)

Fig. 6 Cosine similarity between Titanic1998 and AirForceOnel 998
in the MovieLens dataset. CBoW, K = 100, V = 603, N = 1.2 - 10°

the time limit. While the Gibbs sampler also yields signifi-
cantly fewer samples per second under these conditions, its
performance remains acceptable.

Another advantage of posterior sampling is that it permits
the use of the posterior mean as a point estimator for the
word embeddings, rather than relying on the MAP estimator.
The posterior mean is the Bayes estimator under squared-
error loss. Thus, employing the posterior mean yields point
estimates that are optimal under a more appropriate loss for
continuous Euclidean parameters, providing estimators that

Table 3 Samples per second for the Movielens dataset for the SGN'S
model

K =20

Method Samples/s Words/s
HMC 0.833 502.5
Gibbs 12.55 7566.8
K =100

Method Samples/s Words/s
HMC < 0.0069* < 4.19%
Gibbs 1.010 662.64

Above: K =20, V = 603, N = 5 - 10*; below: K = 100, V = 603,
N = 10°. Words per second is samples per second normalised by V.
Gibbs results shown for § = 10. Both algorithms were run on the CPU.
Runs with an asterisk (*) did not finish before a time limit

are both more principled and more natural for embeddings
in RX (Bernardo et al. 1994).

In Table 5, we compare the posterior mean (Bayes) esti-
mator épM to the MAP estimator éMAP and the MFVI mean
estimator éMpw on the MovieLens data. The metric used is
the SGNS likelihood on held-out data. On all sample sizes
(N), the posterior mean estimator outperforms the MAP esti-
mator, giving an empirical argument for the use of a Bayes
word embedding estimator. However, as expected, the main
benefit can be seen in smaller data.
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Table4 Samples per second for

the Movielens dataset for the 1\15[ e?l(f((i) Samples/s  Words/s
CBoW model
HMC 0.0790 47.63
Gibbs 0.1538 92.77
K =100
Method  Samples/s  Words/s
HMC 0.0218 13.16
Gibbs 0.0881 53.10

Above: K = 20; below: K =
100. V = 603, N = 1.2 - 10°.
Words per second is samples per
second normalized by V

Table 5 Averaged hold-out log likelihood on the MovieLens data by
estimator and sample size

é\Bayes éMA P éM FVI
N = 85,000 —0.7320 —0.7801 —1.1142
N =170, 000 —0.6814 —0.7247 —1.1201
N = 425,000 —0.6458 —0.6721 —0.8715
N =850, 000 —0.6382 —0.6571 —0.6609

SGNS, K =20, =1

5.3 US Congress dataset

For the text data experiment, we use the US Congress speech
corpus of Gentzkow et al. (2018), a well-known text dataset
popular in the social sciences (Myrick 2021; Weiss and
Zoorob 2021; Card et al. 2022). We restrict the vocabulary to
the 5000 most common words in the dataset, and use a sub-
set of 1 — 10 million words. Further hyperparameters were
the context window size M = 2, and the number of nega-
tive samples ny; = 1. After this preprocessing, we obtained
a sample of 10 million observations. We set K = 100 and
A = 1, common value in applications.

Our experiments are threefold. First, we compare the
Gibbs sampler to HMC and MFVI in terms of posteriors
of cosine similarities. Second, we illustrate how these poste-
riors of cosine similarities are affect a common downstream
measurement of association tests. Finally, we compare the
VI mean, MAP and HMC and Gibbs sampler posterior mean
point estimates in terms of test set hold-out performance. For
the larger data sizes, we do not use HMC as it was infeasibly
slow.

The posteriors of the cosine similarities between some
word pairs are illustrated in Fig. 7, on a low dimensional-
ity K = 50 where all three algorithms could be run. The
Gibbs sampler and HMC yield similar posteriors for this met-
ric. On the other hand, MFVI yields substantially different
results from HMC and the Gibbs sampler, both in terms of the
posterior mean, and a smaller posterior variance. The latter
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Fig.7 Posterior distribution of the cosine similarity between words in
the US Congress data. Above: ’speak’ and "law’, below: ’that’ and ’it’.
SGNS, K = 50, N = 500,000. Gibbs sampler in green, HMC in blue
and MFVI in orange

result is in line with theoretical results on MFVI (Wang and
Blei 2018). The results are similar when K = 100, which
is illustrated in Appendix B. Since cosine similarity is one
of the primary ways of analysis of word embeddings, these
differences argue against the use of mean-field approxima-
tion for word embeddings in scientific settings where proper
uncertainty quantification is needed.

A common downstream use of word embeddings is to
quantify the association between a target word and two con-
trasting groups of words (Caliskan et al. 2017; Garg et al.
2018; Ma et al. 2025). Given a target word w and two sets
of words GT and G, an association score is defined as the
difference in mean cosine similarity,

1

m Z cossim(p,,, p,)

veGt

1 .
— F Z cossim(p0,,, P,)-
veG~

A+, (w) =

A positive value of Ag+ g-)(w) indicates that w is more
closely associated with G than G~ in the embedding space.
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Fig. 8 Posterior distribution of the association score A+ g-)(w) in
three cases for the US Congress data, computed from posterior samples
of the Gibbs sampler (N = 10,000,000, K = 100)

Table 6 Hold-out log likelihood on the US Congress data

K =50 OPM-Gibbs Opu-rmc Ovap

N =10 —0.7648 —0.7584 —0.8927
N=5-10 —0.7556 —0.7574 —0.8648
N =10° —0.72549 —0.7374 —0.7896
N=5-10° —0.6551 NA —0.6625
K =100 OpM.-Gibbs e Omap

N=5-10 —0.7374 NA —0.8209
N =10° —0.7136 NA —0.7836
N =5.10° —0.6594 NA —0.6948
N =10’ —0.6360 NA —0.6357

SGNS, A = 1, M = 2,n; = 1. PM-Gibbs is the posterior mean esti-
mator for the Gibbs sampler, PM-HMC is the posterior mean estimator
for the HMC

In isolation, a point estimate of Ag+ g-)(w) with no
uncertainty is difficult to interpret. With posterior samples of
all the embeddings, however, we can make natural probabilis-
tic statements about A g+ G-)(w). For example, one can ask
for P(A(g+,g-y(w) > 0| D), the posterior probability that
the target word is more associated with G compared to G ™.
For illustrative purposes, we conduct three such analyses,
with results presented in Fig. 8. The details of the analyses
can be found in Appendix F.

Finally, Table 6 presents the results of the hold-out per-
formance experiment on the US congress data. The Bayes
estimators using HMC and Gibbs both outperform the MAP
estimator and behave similarly, as expected. However, on the
full training data N = 107, MAP is on par with the Bayes
estimators. This is to be expected both based on theory and
the simulation results: the Bayes estimator and MAP con-
verge to the same result as N — oo.

6 Conclusion

In this article, we introduced the first scalable and accurate
Bayesian posterior sampler for probabilistic word embed-
dings leveraging Polya—Gamma—augmented Gibbs sam-
pling. By addressing the long-standing identifiability prob-
lem in SGNS and CBoW word embeddings, we established
conditions under which the likelihood becomes identifi-
able and demonstrated that this correction is essential for
obtaining meaningful posterior summaries. Our experiments
showed that the proposed sampler attains accuracy compa-
rable to NUTS-HMC while scaling substantially better to
realistic corpus sizes. In addition, it yields calibrated uncer-
tainty estimates that MFVI consistently fails to provide.
These results establish the proposed sampler as a practical
and principled alternative to existing inference techniques for
high-dimensional word embedding models.

Beyond uncertainty quantification, posterior sampling
enables the use of the posterior mean as a Bayes esti-
mator under squared-error loss, providing more stable and
statistically appropriate point estimates for embeddings in
Euclidean space. Across both simulated and real-world
datasets, these posterior-mean estimators consistently out-
performed MAP and MFVI in predictive evaluations, par-
ticularly in moderate-data regimes. Taken together, our
theoretical and empirical findings demonstrate that fully
Bayesian inference for word embeddings is both feasible and
beneficial, opening the door to more reliable statistical anal-
ysis of text and other co-occurrence data.

A Proofs
A. 1 Proofs of Proporisitions 1 and 2

Proof (Proposition 1) For any data D, the likelihood only
depends on the parameters via the product ap |, i.e.

psens(D | p, @) = gsons(D,ap ') (22)
pceow (D | p. o) = gcpow(D.ap’) (23)
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which in turn means that for both models
ap' =ad'(p) = pD|p.w)y=p@D|p.a) (24

for any data D. Thus, we need to show that the matrices & ,o—r
and &i)T are always equal

ap’ = :&16?,{1 M: (p@;' =17 (25)
= :&ngM_ @;'m~"'p (26)
_ :&Jﬁi‘:—[lM: MapT @7
= :&,a?,lf‘gzifll&,} p' 28)
_ Zﬂ T =apT (29)
and thus p(D | p,a) = p(D | p, a). O

Proof (Proposition 2)

0#6" = p(D10)#pD|0) (30)
By contraposition, this is equivalent to
p(D160)=pD|0) = 0=06 (3D
The likelihood is a function of the product
p(D|6)=gD.ap") (32)
which means that two likelihoods are identical for any data

Diffap” = ap' . Given thata; = &; = M, the equality
becomes

T T
T _ [(®1p; A1p;
o = (et aret) 3
S T T
o o
:( Iplr Ip'JF> (34)
a1p; A1p;
A AT & AT
— <0t1p1 O‘Ipl) (35)
= . WT . AT
o p; A1

&ip] =&1p] = p;=p; (36)
&ip; =aip; = p;=p, (37)
and thus

@ip] =6yp] = ay=ay (38)

@ Springer

ie, p=panda = a. O
A. 2 Inflated variance under skew transformations

Given a likelihood, defined as all parameter values that fulfil
o ,oT = A, the posterior becomes

plp.aap” = A) (39)
ocexp(—h (W prerll? + W e )) (40)

where p = P o0 = P~ Taer and Prefs Oref are some
reference embeddings that fulfilll¢p " = A. The cosine sim-
ilarity given P is then

T T
pref’xP Ppref,y

cossim(x, y; P) =
1P pref x I P pres y

(41)

Let Wy y.s = {P € REXK | cossim(x, y; P) = s}. Condi-
tional on the likelihood beingap T = A, the cosine similarity
then has the conditional posterior

Peossim(s | @p | = A) o (42)

/W exp(—3. (1P pretl + P aterl2))d P

The marginal posterior of the cosine similarity then becomes

Peossim () = (43)

f Peossim(s | ap’ = A)p(ap’ = A)d(ap’)

i.e. the marginalizing the conditional distributions | P, ap”
over the distributions of P and ap ". This is in contrast to
a fixed model, where the marginalization only happens over
ap ' given one specific value of P. This leads to an inflated
variance of the cosine similarity of the unfixed model in com-
parison to the fixed.

A notable special case is when asymptotically the likeli-
hood concentrates around the MAP estimate. Then p(ap ' =
A) approaches a § distribution. In that case, the posterior of
the cosine similarities of an unrestricted model still retains
the conditional variance of pcogsim (S | oc,o—r = A), while the
rotation fixed model makes the cosine similarity converge.
In other words, the unrestricted model will have posterior
variance of the cosine similarities even in the limit N — oo.

B Additional results and illustrations

In higher dimensions than K = 2, the hypersphere resulting
from the orthogonal symmetries O is not a circle, but a sphere
or a hypersphere instead. Hence, the 2D projection of the
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Fig.9 p4andpy,for K =5,V =100, N = 50, 000. The left figure
demonstrates the rotational symmetry which is eliminated by fixing a;
to a MAP estimate, shown in the right figure
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cossim(p_speak, p_law) cossim(p_that, p_it)

Fig. 10 Posterior distribution of the cosine similarity between words.
In dark, a Gibbs sampler with the last K context vectors fixed, and in
light, randomly selected K words fixed to a MAP estimate. Left: *speak’
and ’law’, right: ’that’ and ’it’. K = 50, N = 500, 000, K = 50

circular shell is closer to standard Gaussian than a torus, as
in the K = 2 case. The symmetries for K = 5 are illustrated
in Fig. 9.

To check the sensitivity of the results to the rotational fix,
we calculated posteriors for the cosine similarity of some
word vector pairs. In one run, we fixed the last K context
vectors as we do in the article. In another run, K words
were selected randomly from the vocabulary and their cor-
responding context vectors were fixed to the values of the
MAP estimate. The results are shown in Fig. 10. Visually, the
resulting posteriors are very similar. Moreover, the R mea-
sures were very close to 1: R = 1.0012 for both inspected
word pairs, which is an indication of no difference between
the two approaches.

Figure 11 shows RMSE,,, for different simulated datasets.
The RMSE,, is plotted by N /V for the different data sizes,
using the Gibbs sampler. Averaged over 10 , uniform simu-
lation.

Figure 12 shows the convergence of the different esti-
mation methods in terms of RMSE,, for the Zipf’s law
simulation.

The posterior of the cosine similarities, using K = 100,
can be seen in Fig. 13.

B. 1 Metropolis-adjusted Langevin dynamics (MALA)

As another baseline, we ran the Metropolis-adjusted Langevin
Dynamics (MALA) sampler. For each iteration, MALA sam-

0.1

N

0.05

—— V=100, K=5

—— V=100, K=10

—— V=200, K=5
V=200, K=10
V=200, K=20

10! 107 10° 104
N/V

0.02

Fig. 11 Log-log plotted RMSE,, by N/V for the different data sizes,
using the Gibbs sampler. Averaged over 10 simulated datasets, uniform
simulation

0.1 —— MAP
—— MFVI
—— HMC
—— Gibbs
0.05
0.02
10° 10* 10° 10°
N

Fig. 12 Log-log plotted RMSE,, for K = 5 and V = 100. Averaged
over 10 simulated datasets. Zipf’s law simulation

ples amomentum in a similar fashion as HMC, and then takes
one leapfrog step combining the momentum and the gradi-
ent. It can be viewed as a special case of HMC where the
number of leapfrog steps is set to 1 instead of adapting it at
each iteration like NUTS does.

Due to the theoretical connection, we implemented the
MALA algorithmusing Stan by restrictingmax_treedepth
to 1. The same Stan code and preprocessing was used as for
NUTS-HMC.

The algorithm was tested on the simulated data sets. Due
to alower number of gradient evaluations, it ran substantially
faster than NUTS-HMC. However, the samples it generated
were very highly autocorrelated. This meant that the effec-
tive sample size was extremely low. For example, on the
simulated data with V = 200, K = 20, the median ESS for
1000 samples was 4.67, being under 1.5 for some parame-
ters. The low effective sample sizes make the MALA sampler
unusable in these settings. Our observations are in line with
previous theoretical work, which finds that MALA requires
at least O (d'/3) gradient evaluations for mixing, in contrast
with O(d'/*) for HMC (Chen et al. 2023).
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Fig. 13 Posterior distribution of the cosine similarity between words
in the US Congress data. Above: ’speak’ and ’law’, below: ’that” and

’it’. SGNS, K = 100, N = 500, 000. Gibbs sampler in green, HMC in
blue and MFVI in orange

C Derivation of the Gibbs sampler
We consider binary observations x; € {0, 1}, representing

postive negative context label, with associated linear predic-
tors 71;. The likelihood is

x; | ni ~ Bernoulli(o (n;)). (44)

Following Polson et al. (2013), the Bernoulli likelihood
admits the representation

exp(x;n;)

— X eXp(K;n;
1+ exp(n;) p(kini)

1
f eXP(—Ewm?> pw; | 1,0)dw;,

where k; (= x; — % and w; ~ PG(1,0).

(45)
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Introducing Polya-Gamma latent variables «© =
(w1, ..., wy) yields the augmented posterior

p(p,a, o |x) o< p(p) pler)
N 46
[ p | 1,0)6Xp<Kmi—%wm,-2)~ o

i=1
Conditioning on (p, o) gives
wi | p,a,x ~PG(l,n). (47)

The form of the augmented posterior (46) is shared by both
SGNS and CBoW, but they differ in the linear predictor n;.

C. 1 SGNS Gibbs sampler

Each observation i = 1,..., N consists of the triplet
(w;, vi, xi). The linear predictor is

1N = gy, (48)
Substituting niSGNS into (46) yields a standard Polya-Gamma
augmented logistic regression model. Conditional on (e, w),
the updates for p coincide with those of Bayesian logistic
regression with regressors e, , and conditional on (p, w), the

updates for « coincide with those obtained using regressors
Py, (Polson et al. 2013).

C. 1.1 Conditional distribution of p,, .

Fix a word type w € W and let [, = {i : w; = w}. Collect
and define,

oszl_l
Ay = , (49)
T
Yilry |
Q, = diag(ey,, - .., o, ), (50)
Ky = (Kil,...,/q“wl)T. (51)

Assume the prior p,, o ~ N(;pr, X ,,)- The update for p,,
is then

pu) I o, w,x ~ N(mpwv Spw)a (52)
with

_ -1 T —1
Sp, = (Z, +A4,R,4,)7", (53)
mp, =Sp, (T, py + Ajicw). (54)
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C. 1.2 Conditional distribution of a, .

Similarly to p,,, fix a context word type v € W and let
I, = {i : v; = v} and define,

P,
R, = : ; (55)
T
’ow"uv\
@, := diag(@y, ..., 0y, (56)
ky = (Kijs - - K,'“v‘)—r. (57)

Assume the prior &, ~ N'(fy,, Z¢,), the update for e, is

oy |p7w7-xNN(m(XU7S(¥v)7 (58)
with

Sa, = (T + R QR (59)
Mo, = Sa, (T3 o, + R, k). (60)

C. 1.3 Aggregated updates

Further the SGNS likelihood can be efficiently expressed
in terms of aggregated counts n}, and n,, for each word-
context pair (w, v), yielding

logp(D | py,a) =

Z (an’U logo (et p,,) + 1y loga(—ochpw)).
veW

(61)

This corresponds to ny,, = ny;, +ny, independent Bernoulli
observations with linear predictor 1y, = oclT Py, and Ky, =
%(n‘u'jv —n;,,)- By the additive property of the Polya-Gamma
distribution the n,,, latent variables w; ~ PG(1, 0) associ-
ated with these observations can be aggregated into a single
variable

Wyy ~ PG(nyy, 0), (62)
yielding the representation

p(D | py, @)

o [T exptewver] o)
vew ' (63)

1
Eo,, [exp(—za)wv(ajpw)z)} .

Further, for the o and p updates we aggregate A,, and R,,.
For p, fix a context word v € W and define the set of target

words

Vw :={veW:ny, >0}

we get,
oy,
Ay = : ; (64)
T
U‘V“)l
Q, = diag(wwv)vevwa (65)
Ky = (va)vve- (66)

Similarly for e,
Wy i={w € W : ny,y > 0}.

The corresponding aggregated quantities are

Pu,
R, = : , (67)
T
pw\Wv\
Q, = diag(wwv)wew, (68)
Ky = (va)wEWU- (69)

Inserting these expressions into the associated posterior con-
ditionals gives the aggregated Gibbs updates.

C. 2 CBoW Gibbs sampler

Each observation now consists of a context C; C W, instead
of a context word. The aggregated context embedding and
linear predictor is

CBoW T
ae, =Y ay, 0PV i=al oy, (70)
veC;
We substitute r]iCBOW into (46) to get the augmented posterior

for CBoW.
C. 2.1 Conditional distribution of p,,.

Fix w € W and let I,,,, £,, and k,, be the same as earlier for
SGNS. Define,

Q, = : ; (71)
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Assuming p,, o ~ J\/'(;pr, X,,), the update is similar to
SGNS p with @, defining the regressors, we get

Py la, 0, x~N@my, .S, ), (72)
with

_ —1 T —1
Spu,' - (Zpu; + Qwszw Qw) ’ (73)
mp, = Sp, (B, (Hp, + Qpkuw). (74)

C. 2.2 Conditional distribution of a, .

Fix v € W. For eachi € I, define

ot(cjv) = Z oy, (75)
ueCi\{v}
Bi(v) = (agv))pri. (76)

Let R, 2,, k, be as for SGNS, and further let

§o=6" . ...8 )T (77)

Tl

Assuming the prior ¢y, o ~ ./\/(uaw , Xa, ), we form the con-
ditional

play |p, @, a_y, x) X play)

1 78
1—[ exp<KiniCB0W _ ECUi(nchow)2) ’ (78)
iel,
where nBW = o o, + 81.(") for i € I, and the remaining

factors in (46) are constant with respect to a,. Writing the
terms fori € [, in stacked form using (R, 2., k,, §,) gives
the a,-dependent part of the log-density, up to constants,

1 Tyl T
_E(av - ﬂuv) thv (ot — ﬂav) + K, (Roty + 6y)

| (79)
—5 (Rery + 80) " @y (Raty + 8y).

Expanding the quadratic term and collecting terms in o,
gives

1 _
—5“3(‘2«1} + R} Q,R))a,+

(80)
aj(zgv‘uav + R (ke — szva,,)) .
Completing the square yields
ay | p, o, x ~ N(mg,, Sq,), 81
with
Su, =Ty + R) R, (82)

@ Springer

Mo, = S, (z;v‘ Ko, + R (e, — szva,,)) . (83)

Note S, only depends on the prior covariance X, o and w,
which means it can be calculated, inverted and decomposed
independently and potentially in parallel for each a,.

D Computational complexity

Let S be the posterior variance of either p or «.

D.1 SGNS

The Gibbs sampler consists of four steps which are not neg-
ligible in terms of computational cost. The sampling cost
per word can be expressed in terms of the dimensionality K,
number of unique co-occuring words n,,.

1. Polya-Gamma sampling: O (n,) (CPU)

2. Calculating S(f)l via matmul: O (n, - K?)

3. Inverting s;)lz O(K?)

4. Cholesky decomposition S(.) = LL": O(S-K?)

While step 3. can be skipped if triangular solves are used
instead of , this has no effect on the asymptotic complexity.
To get the full complexity, most of these are just multiplied
by the vocabulary size V. However, n,, depends on the spe-
cific word. However, it occurs as a linear term, so O (n, - V)
evaluates to O (N,), where N, is the total number of unique
word pairs in the data.

Thus, the total asymptotic complexity can be dominated
by one of the following three factors

1. Polya-Gamma random variable sampling: O (NV,) (when
the CPU dominates)

2. Calculating the precision matrix S - oW, -K?

3. Inverting and decomposing the precision matrix: O(V -
K3

In practice, the polyagamma package seems to be fast
enough that the total complexity is

O(N,K*+VK?) (84)
Note that by definition, N, < V2,

D.2 CBoW

The Gibbs sampler consists of four steps which are not neg-

ligible in terms of computational cost. The sampling cost
per word can be expressed in terms of the dimensionality K,
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number of unique co-occuring words N, and the number of
co-occuring words in each batch ny,.

1. Polya-Gamma sampling: O (N) (CPU)
2. Calculating S(f)] via matmul: O(n - K2 + nyp, - K2B?)
3. Cholesky decomposition LLT = S (__)1: O0(K3*B?)

To get the full complexity, most of these are just multi-
plied by the vocabulary size V. However, n; depends on the
batch. However, it occurs as a linear term, so O (nj, - K2B?)
evaluates to O (N K2B?), where N is the total number of
co-occurrences of words in the same batch.

Thus, the total asymptotic complexity can be dominated
by one of the following three factors

1. Polya-Gamma random variable sampling: O (N) (when
the CPU dominates)

2. Calculating the precision matrix block-diagonal S(_.)l:
O(N - K?)

3. Calculating the precision matrix off-diagonal S (__)1 :O(Np-
K2B?)

4. Cholesky decomposing the precision matrix: O(V /B -
K3B3) = 0(VK3B?)

In practice, the polyagamma package seems to be fast
enough that the total complexity is

O(NK?+ N,B*K? + VK3B?) (85)
In the specific case where B = 1, this becomes
O(NK*+ VK?) (86)

i.e. roughly the same as SGNS for small N, and scaling simi-
larly as SGNS but in terms of N and not the number of unique
word occurences N,,.

E MovieLens preprocessing

We use the MovieLens 100K dataset. User ratings on a five-
point scale are binarized by setting a threshold at three, such
that ratings of three, four, or five are treated as positive and
ratings below three as negative. The vocabulary is defined
by the movie titles. To control dataset size, we keep only the
600 movies with the largest number of ratings and limit each
user to at most 25 rated movies and at least two ratings.

E. 1 SGNS Movielens

We construct pairwise word-context observations from user
co-ratings. For each user, movies rated with the same binary

rating label are treated as co-occurring. All pairs of such
movies are included as data points in both directions, yield-
ing word-context pairs (w;, v;) with a positive co-occurance
label x; = 1.

Negative samples are generated following the standard
negative sampling procedure by sampling the target word
from the empirical distribution of movies.

Each observation therefore consists of a target movie, a
context movie, and a binary co-occurance label, (w;, v;, x;).

E.2 CBoW MovielLens

For the CBoW model, user ratings are first sorted by time
stamp. For each rated movie we construct a context consist-
ing of the nearest positively rated movies in time. If the target
movie is positively rated, it is excluded from the set of con-
text candidates; if it is negatively rated, the context is still
formed only from positively rated movies but the resulting
observation is assigned co-occurrence label x = 0. The lat-
ter case is introduced to ensure that we also include movies
negatively rated, which are much fewer.

Negative samples are generated following the standard
negative sampling procedure by sampling the target word
from the empirical distribution of movies.

Each observation now consists of a target movie, a set of
context movies, and the co-occurrence label, (w;, C;, x;).

F Word association analyses

Using the US Congress data, we use the posterior distribution
of the association score to draw conclusions about a word
w’s association between two contrasting attribute groups G+
and G . The posterior is computed from the Gibbs sampler
(N = 10,000,000, K = 100). We examine three contrasts.
Military: male vs. female.
w = military, Gt = {man, men, male, he, him, his, father,
son, brother, husband, boy, gentleman}, G- = {woman,
women, she, her, herself, mother, daughter, sister, wife, girl,
gentlewomany.
Democrat: positive vs. negative.
w = democrat, Gt = {good, great, best, success, strong,
honor, fair, safe, freedom, respect, hope}, G~ = {bad, worst,
violent, violence, threat, danger, fail, corrupt, fraud, terror,
war}.
Medicaid: welfare vs. wealth.
w = medicaid, GT = {welfare, poverty, poor, low-income,
afdc, food, benefit, unemployment}, G~ = {rich, wealth,
wealthy, profit, bank, investor, corporate, market}.

We found, for example, that the posterior probability that
military is more associated with male-words than female-
words is 99%, as shown in Fig. 8.
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