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Abstract

Any choice needs information, and good choices need good information. That
holds for picking a path on a misty mountain, for deciding whether to trust
the weather forecast, and no less for a vehicle. For safety-critical decisions, the
information must be not only accurate but consistent: its reported uncertainty
must match its actual error. For an articulated heavy vehicle, part of this
information is the motion state. Stability-critical states like the coupling force,
the articulation angle, and the lateral velocities of both units are not measured.
These are the quantities this thesis estimates. Estimators for articulated
vehicles have approximated the coupling: they linearize, assume small angles,
prescribe inputs, or relax it by introducing a state. Paper A takes this last
approach, a damper formulation that carries the coupling force as a filter state.
Paper B keeps the exact coupling constraint and recovers the coupling force
with its uncertainty. Uncertain parameters are carried as consider parameters,
fleet-level knowledge in place of per-vehicle tuning. In large-scale simulation,
the estimator of Paper B reaches median errors below one centimeter per
second in lateral velocity, hundredths of a degree in articulation angle, and a
few hundred newtons in coupling force. It is consistent at the median there,
but over-confident on the tractor lateral velocity in the single test-track case.
It runs in real time for up to four units, though only two are evaluated for
accuracy. The main limitation is the static vertical-load assumption, under
which accuracy is lost when the load shifts almost entirely to one side. This
work shows that the exact coupling constraint is a viable basis for real-time,
consistent estimation. The vehicle then knows its footing in the mist, and how
far to trust it.

Keywords: Articulated heavy vehicles, tractor-semitrailer, coupling force,
state estimation, differential-algebraic equations, unscented Kalman filter,
consider parameters, filter consistency, real-time estimation.
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CHAPTER 1

Introduction

1.1 Background and Motivation

A large share of road freight in Europe is done by articulated heavy vehicles
(AHVs), often a tractor unit towing a semitrailer through a single mechanical
coupling, the fifth wheel. The articulated architecture makes the vehicle
economically attractive, since one tractor serves many trailers, and keeps it
relatively nimble. These benefits are why the trend is toward longer, heavier
combinations thanks to their lower fuel consumption, emissions and cost per
unit of cargo [1]. The articulation is also what makes the dynamics hazardous.
The trailer is connected to the tractor at a single point, and the yaw dynamics
of the two units interact through the force transmitted there. When this
interaction becomes unstable, the result is one of the characteristic AHV
accident modes [2], [3], [4]. These modes have been studied since at least
the 1980s [3], and remain relevant today, as safety and automation raise the
demands on onboard motion control [5]. Motion-control functions act on the
vehicle state, so its accuracy and consistency are crucial.

For an articulated vehicle some of the governing states are the articulation
angle, each unit’s lateral velocity and the coupling force. However, these
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quantities are hard to measure, and harder still to measure cheaply. Coupling
force is one such case, where force transducers can be used, but they are costly
and require calibration [6]. What vehicles can measure are their actuator inputs
like steering angle and applied torque. They also have access to inexpensive
sensors such as tachometers, accelerometers and gyroscopes. While these
measurements are important, they do not directly say anything about the
articulation angle, lateral velocity or coupling force. This is where virtual
sensing, or state estimation, comes in.

A virtual sensor does not measure the quantity but infers it, and the error of
the inference varies with the maneuver, the vehicle and the road. An estimator
therefore reports both a best guess and how far from it the true value is
likely to be. A control function that uses the estimate, for example a stability
function, acts when the estimate crosses a threshold, and it needs a margin
that reflects the uncertainty. If the reported uncertainty is smaller than the
actual error, the estimator is over-confident, and the function trusts a wrong
estimate and may act wrongly. If it is larger, the estimator is under-confident,
and the function intervenes late or not at all, which costs availability. The
reported uncertainty is therefore only useful if it matches the actual error,
which is what it means for the estimator to be consistent (Section 3.4).

1.2 Problem Statement and Challenges

The problem is to estimate the motion state of the vehicle online, from the
standard sensors of a production vehicle, and to report an uncertainty that is
consistent with the actual error. The articulation angle, the lateral velocity of
each unit and the coupling force are in focus, as they are the quantities that
are hard to measure. This thesis examines how the coupling constraint can be
kept in such a real-time estimator, and what accuracy and consistency this
gives over a fleet of vehicles and over driving situations.

Three properties make the problem hard: the units are coupled, the vehicle
is known only as a member of a fleet, and the driving situations excite the
coupling differently and differ in what the sensors reveal. Each is a challenge
the thesis addresses.

C1 The coupling constraint. Each unit is a body with its own mass and
inertia, and the fifth wheel ties them together so they cannot move
independently. The estimator predicts the motion step by step, but the
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coupling does not give the motion of each unit directly, only the condition
that the two stay joined. The challenge is to keep the coupling in the
model at a cost a real-time estimator allows, without a cost to accuracy.
Ideally in a form that addresses more units.

C2 Fleet variation. Each vehicle differs from others of the same model,
and from itself over time, through its load, tires and wear, and these
properties are not available to the estimator on board. The estimator
is designed once for the fleet rather than tuned for each vehicle, so it
has to stay accurate and report a consistent uncertainty without exactly
knowing the properties of the vehicle it runs on.

C3 Situations and sensors. The driving situations vary from steady cornering
to braking in a turn, slopes, low speed and reversing. They load the
coupling in different ways, and in some of them the standard sensors
say little, as the wheel speeds do near standstill. The challenge is to
stay accurate and consistent over all of them with the sensor set of a
production vehicle.

These challenges are revisited in Chapter 5. The contributions of this thesis
are the two appended papers. Paper A (Cl, C2) describes the coupling
approximately and accounts for the unknown vehicle properties in the reported
uncertainty. Paper B (C1-C3) keeps the exact coupling constraint in a real-
time estimator and evaluates it in simulation and on real data. Chapter 4
summarizes each paper and how it addresses these challenges.

1.3 Delimitations

The main limitation of this thesis is the static vertical-load assumption, dis-
cussed in Chapter 5. The evaluation is further delimited to a range of scenarios,
and scenarios outside it would require more complex estimators, simulations
or data collection:

1. Low-friction surfaces, ice and snow, are not evaluated.

2. Only nominal driving is evaluated. Wheel lift, sliding and locked wheels
are not considered.
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3. Properties that vary within a run, such as tire temperature and load
shifts, are not evaluated. Slowly drifting sensor offsets are not evaluated
either, since the runs are too short for them to develop.

4. Accuracy and consistency are not evaluated for more than two units.

5. Additional sensors are not considered.

1.4 Thesis Qutline

Chapter 2 outlines the vehicle dynamics field and how an articulated heavy
vehicle can be described, and goes over the constraint imposed by the joint and
why this is a problem. Chapter 3 details how the models used are combined
with the sensors to produce the required estimation. Chapter 4 summarizes
the two appended papers and states the author’s contributions. Chapter 5
states the conclusions, outlines future work and describes other avenues that
have been explored.



CHAPTER 2

Heavy Vehicle Dynamics Modeling

A tractor-semitrailer, the articulated heavy vehicle treated in this thesis,
consists of two units joined at the fifth wheel. The fifth wheel is a pivot that
transmits force between the units but leaves their relative yaw free. Each
unit therefore has its own yaw motion, and the two interact only through
the force at the coupling point. How strongly the two units influence each
other depends largely on the ratio of their masses and on how the mass is
distributed [7]. The articulation adds a trailer mode with low damping and
low natural frequency [7].

This lightly damped mode makes the relative motion of the units easy to
excite, which makes the vehicle susceptible to loss of control. The loss takes
two yaw-instability forms, jackknife (tractor spins) and trailer swing (trailer
spins) [8]. These forms are expressed in the articulation angle, but they start
with a loss of lateral tire force on one unit, and the coupling force is what
transmits the disturbance to the other. A laden trailer can also have a high
center of mass, so that rollover is a real concern and can occur at lateral
accelerations as low as 0.3 g [3].

The quantities that govern stability between units are the articulation
angle, the coupling force and the lateral velocity of each unit. Though the
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articulation angle is a clear indicator, it alone is not sufficient for identifying
yaw instability [4]. Of these quantities, the articulation angle is the easiest
to measure, but all are hard to measure, as stated in Chapter 1. This is the
premise of the thesis: these quantities can be inferred from other measurements
and modeling.

Section 2.1 places the model on a ladder of model fidelity, Section 2.2
describes a single unit as a rigid body, and Section 2.3 joins the units at the
fifth wheel, where the coupling constraint turns the model into a differential-
algebraic equation.

Notation

Following ISO 8855 [9], each unit carries a body-fixed frame with X forward,
Y left, and Z up, forming a right-handed system. Two reference points per
body are distinguished. The first-axle center Al is a load-independent origin
for body-fixed position vectors: unlike the center of mass, it does not move
when the payload changes, which makes it a convenient anchor for geometry
and for evaluation. The center of mass (CoM) O is where the equations of
motion hold (Section 2.2).

Notation follows the appended papers: bold symbols are vectors, a paren-
thesized superscript gives the coordinate frame, component superscripts x, y, z
select components, and subscripts give the unit and the position within it.
Thus Uil,o is the lateral velocity at the tractor’s center of mass and 'vé% the
trailer’s coupling-point velocity expressed in the tractor frame. Figure 2.1
shows the frame and the notation on the tractor. The equations are written in
vector form, one symbol per quantity with its frame and axis as superscripts,
rather than component by component as is common in vehicle dynamics texts.
The vector form is what the constraint formulation of Section 2.3 and its
extension to more units need, and it is the form the model is implemented in.

2.1 Model Fidelity

Vehicle models can be ordered as a ladder of model fidelity, where each rung
adds physical effects to the one below. Each added effect brings states or
parameters, and computational cost. For an estimator the question is therefore
not how much of the vehicle can be described, but which is the lowest rung
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Figure 2.1: The body-fixed frame of the tractor at the first-axle center Al, with Z
out of the page, the velocity and yaw rate at the center of mass, and
the position 71,01, of a wheel point Q where the tire force fi,q acts.

that carries the quantities to be estimated and predicts the quantities that are
measured.

The lowest rung is the linear single-track model, which lumps the wheels of
each axle into one [10, p. 329]. It can be described purely kinematically, or
dynamically to include forces, and then describes only yaw-plane motion, with
roll, pitch and bounce neglected. The kinematic form assumes ideally tracking
tires, so the lateral velocity is zero at each axle, and a vehicle with several
rear axles is given an equivalent wheelbase, that of a two-axle vehicle which
turns the same way [10, pp. 278, 285]. The lateral velocities that this thesis
estimates are therefore absent from it. The next rung is simply discarding
the lumping of the axles, describing each wheel individually as a dual-track
model. From here the model can be made nonlinear, although such models
are often linearized already in symbolic form, through linear tires and small
steering and slip angles, which narrows the range where they are valid [11].
Suspension can be included, adding roll, pitch and heave [12]. Describing each
movable part of the vehicle is another rung, where the multibody transport
models used in industry for handling analyses of different trucks are found [13].
One step further, the bodies themselves can be made deformable, for example
a frame that twists, which is rarely done outside specific evaluations.

Each rung also demands more knowledge of the vehicle and a more detailed
parameterization. In an estimator every added parameter has to be known, or
its distribution has to be carried by the filter (Section 3.3). Not every effect is
worth that cost. Load transfer, the shift of vertical load between the wheels in
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turns and under braking, has little influence on the vehicle in normal driving,
and modeling it dynamically adds states that are expensive to compute [11].
The model in this thesis therefore keeps the vertical loads static.

In this thesis a relatively low rung is chosen. Each unit is a rigid body
(Section 2.2), and the model is planar and nonlinear, with linear tires, but
it is dual-track rather than single-track. The wheel speeds are measured at
every wheel, so the model has to give the velocity of every wheel to compare
with them, which a single-track model cannot. For an estimator, extending
the model to both wheels is a minor cost. With static loads and linear tires
it adds no states, only the track widths and a slip and force evaluation per
wheel instead of per axle. In simulation a dual-track model usually comes with
load transfer and nonlinear tires, and it is these that make it expensive there.
Joining a second unit introduces a constraint between the two, the topic of
Section 2.3.

2.2 Rigid Body

The frame does not twist, and the cab and suspension do not move relative to
it, so every point of unit ¢ shares the same angular velocity w;. Translational
velocities v; then transfer between points on the unit by the usual kinematic
relation

V;,Q = V5,0 + Wi X T5054,Q, (2.1)

where Q is any point on the unit and r; o, q is the relative position between
the CoM and the point. Figure 2.1 shows such a point and its position vector
on the tractor, and Figure 2.2 the velocity, acceleration and yaw rate at the
CoM of each unit.

The planar motion of each unit follows from Newton’s second law for trans-
lation and Euler’s equation for rotation about the CoM. The road is taken as
a plane, possibly inclined, and the unit is assumed to stay aligned with it, so
the inclination enters only through the component of gravity along the road.
The inclination, the banking and grade of the road, is described by the roll
and pitch angles ¢7 and ¢Y of the tractor, rotations about its X and Y axes,
and the trailer is assumed to lie in the same plane. In the road plane this
gives three equations per unit, two for the velocity and one for the yaw rate.
The forces acting on the unit are the tire forces, including rolling resistance,
gravity when the road is inclined, and, in an articulated vehicle, the coupling

10
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Figure 2.2: The tractor (right) and the semitrailer (left), each a rigid dual-track
body, with the first-axle center A1, the coupling point C, and the center
of mass O with its velocity v; 0, acceleration a;,0, yaw rate w; and
yaw acceleration w; (accelerations dashed).

force. Air resistance is not modeled. Its effect is left to the model uncertainty
of the estimator (Chapter 3).

The articulation angle ¥5_,; (Section 2.3) is kept, while the absolute heading
is not considered. Only the roll and pitch rows of the ZYX Euler-angle
kinematics are needed to describe the dynamics of the vehicle. They map the
angular velocity w; = [w¥, w{, w?]T of the tractor, resolved in its own frame,
to the rates of the angles,

[anf] _ {1 sin ¢f tan ¢} cos ¢7 tan ¢! (2.2)

oY 0 cos ¢F —sin ¢ b
and the angles rotate gravity into the frames of the units,

91 = (Ry($V)R.(69)) 9, g2 = R.(¢5,1) g1, (2.3)

with g = [0, 0, —g]", where R,, R, and R, are the elementary rotations
about the respective axes, and 5_,; is the articulation angle (Section 2.3).
Since the units are assumed to stay aligned with the plane, the angles describe
the banking and grade of the road, not suspension roll. The roll and pitch
rates wi and wi have no dynamics in the model, their derivatives are zero,
and their drift is left to the process noise of the estimator (Chapter 3).

The velocities can be expressed either in ground-fixed or in vehicle-fixed
directions. In ground-fixed directions the acceleration is simply the derivative
of the velocity components [10, p. 335]. In vehicle-fixed directions the frame
rotates with the unit, and the acceleration picks up centripetal terms,

a; 0 = V;,0 +w; X v; 0, (2.4)

11
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where, in the plane, w; x v,0 = [~wiv]y, wivfo]" and the lateral term
wivi o usually dominates, as v¥ < v®. The vehicle-fixed form is the common
choice in vehicle dynamics, as the tire forces, the steering and the onboard
sensors all act in vehicle directions. The planar equations of motion of unit 4
are then
m;a;o = fi, fi=2_q fiq+migi
If wf =17, =229 (ri,0-i,q % fi,Q)Zv

with mass m; and yaw inertia I?. The resultant f; sums, per direction, the

(2.5)

forces f; q acting at the points Q and the in-plane components of gravity m;g;
from (2.3), and 77 is their yaw moment about the CoM. The equations hold
at the CoM, which is why the velocity states are expressed there.

In the dual-track model every wheel is one of the points Q, at its axle
position and on its side of the track. Its velocity from (2.1) gives the slip of its
tire (Section 2.2), and the tire force acting at the wheel enters the force sums
in (2.5), with its moment about the CoM in 77. The track positions set the
slip of each tire, and the two wheels of an axle add up to one axle force whose
yaw moment acts through the axle position. The vertical load of each wheel
is static. The axle loads and the vertical load at the fifth wheel follow from
the vertical force and moment balance of each unit at rest, given the masses
and the CoM positions, with the axles of a tandem sharing the load equally
and each axle load split equally between its two wheels. The inclination of the
road does not change them.

Tire Dynamics

Apart from gravity and air resistance, every external force acting on the vehicle
combination in the road plane passes through the contact patches of the tires.
A tire develops force by deforming, and the deformation is described by slip,
the motion of the wheel relative to the road. Longitudinal slip compares the
rolling speed Rwy, of the wheel, with radius R and rotational speed wy, to its
forward speed, and lateral slip, or the slip angle, compares the lateral velocity
of the wheel to its forward speed,

¥ = M, a = arctan i, (2.6)

|v*] |v*]

where v® and v¥Y are the velocity components of the wheel center resolved in
the directions of the wheel. Both are one of several definitions [10, p. 116]. On

12
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a steered wheel these directions are turned by the steer angle § about Z, so
the body-frame velocity of the wheel center from (2.1) is resolved as

Vyw = Rz(é)—r’vi,Qv fz,Q - RZ(a) .fW7 (27)

and the tire force fy, computed in the wheel directions, is rotated back into
the body frame before it enters (2.5). Only the front axle of the tractor is
steered, and § is an input, with a constant offset in it among the uncertain
parameters (Section 3.3). The parameters of a tire model are only valid with
the slip definition they were fitted with. Every definition divides by a speed, so
the slip grows without bound as the vehicle comes to a stop [10, pp. 140-142].
Models that are to work at low speed therefore regularize the slip, or describe
the tire by its deflection instead (see Section 5.2).

For small slip the lateral force is close to linear in the slip angle. Its slope at
zero slip, the cornering stiffness, grows with the vertical load f#, and the first
approximation is that it is proportional to the load. The lateral force is then

fy =—Cq, fZ «, (28)

with the cornering coefficient C,, the cornering stiffness per unit load [10,
pp. 157-158]. The sign follows ISO 8855, where a positive slip gives a negative
force [9]. In reality the relation is not linear, meaning that the stiffness grows
more slowly than the load. This has a consequence for an axle in a turn: the
inner wheel loses load and the outer wheel gains it, but the outer wheel does
not gain the stiffness the inner one loses, and so the cornering stiffness of the
axle decreases as the load transfer grows [10, p. 307]. A model with static
vertical loads, as the one in this thesis, does not capture this.

As the slip grows, the force saturates at the friction limit. Physical models,
such as the brush model, derive the saturation from the elasticity of the tread
and dry friction in the contact patch. Curve-fit models, most notably the
Magic Formula [14], instead fit a function to measurements. They are accurate
for the tire they are fitted to, but less reliable outside the conditions of that
experiment.

For the estimation problem in this thesis the choice of tire model is a trade-
off. Every parameter in the tire model is a parameter of the estimator, and the
cornering stiffness is already uncertain between tires [15], with wear and with
temperature. Both papers use a linear model with a load-proportional stiffness.
The longitudinal force is set from the drive and brake torques, not from the

13
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slip: the net torque divided by the wheel radius, without wheel rotational
dynamics, less a rolling resistance proportional to the vertical load. When the
tire both brakes and steers, the two directions share the same friction, and the
resultant force is bounded by the friction circle

(f7)+ () < (nf*)? (2.9)

with the friction coefficient p. A friction ellipse is more realistic, as the tire
is not isotropic [10, p. 165]. In Paper B the slip angle is regularized at low
speed, and the lateral force is capped by (2.9) with the longitudinal force given
priority.

2.3 Articulation

For a single unit with static vertical loads, (2.5) with a tire model is an explicit
ordinary differential equation (ODE): the forces follow from the state and
the inputs, and dividing by the mass and inertia gives the state derivative.
With load transfer the loads, and through them the tire forces, depend on
the accelerations, and the equation becomes implicit in them. An articulated
vehicle has one such set per unit. The frames of the units are related by the
planar rotation R.,(t3_,,), which maps components from the tractor frame
into the trailer frame, and whose transpose maps back. At the coupling point,
where the two units meet,

2 2 1
”%()J = Rz(q/)z—n)vi,é- (2.10)

The articulation angle ¥5_,; = 7 — 93 is the difference of the units’ headings
and evolves with the difference of the yaw rates,

U1 = wi —wi. (2.11)

Figure 2.3 shows the two units and the coupling force between them.

At the fifth wheel the two units share a point, so the velocity of the coupling
point must be the same whether it is computed from the tractor or from the
trailer. Kinematically this is no harder than the single unit. Applying (2.1)
on both units, the velocity of the trailer follows from the tractor velocity, the
two yaw rates and the articulation angle. The dynamics are harder. The
accelerations of both units depend on the coupling force, which acts on the

14
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-fic

Figure 2.3: The tractor-semitrailer combination, drawn apart at the coupling point
C, with its two drawings joined by the dotted line. The coupling force
fi,c acts on the tractor and — fi,c on the trailer, and the articulation
angle ¥5_,, lies between the longitudinal axes of the units (dash-dotted).

tractor and with opposite sign on the trailer. The force is unknown, and only
the requirement that the units stay connected determines it. The equations
of motion together with this constraint form a differential-algebraic equation
(DAE), which does not give the state derivative directly.

The constraint can be expressed in two ways [16, pp. 120-122]. (i) In the
augmented formulation each unit is a free rigid body with its own states, and
the coupling is a constraint equation with the coupling force as the unknown
that enforces it. (ii) In the embedding technique the constraint is used to
express the dependent coordinates through a minimal set of independent ones,
so it holds by construction and the coupling force drops out of the equations.
The constraint is not removed but absorbed into the minimal model, where
it enters the mass matrix and the forces through the articulation angle [16,
pp. 121-122]. The coupling force is not part of the formulation, but it can
be computed afterwards in a separate step [11]. Both formulations keep the
constraint exact. The model satisfies it, as an equation in (i) and through the
choice of coordinates in (ii).

In the augmented formulation the constraint is differentiated to the accel-
eration level and solved together with the equations of motion [16]. For a
combination of N units joined by N — 1 couplings,

 SIE-E e
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where w = ['UIO wj - 'u]—\r,’o w%] T stacks the velocities of all units, fo stacks
the N — 1 coupling forces, each expressed in the frame of the unit ahead
of it, M = diag(my,mq, I§,...,mn,mpn,I%) holds the masses and inertias,

f stacks the resultant forces f; and yaw moments 77 of (2.5) for each unit,
without the coupling force, with the velocity-dependent terms of (2.4) moved
to the force side, C is the 2(N — 1) x 3N Jacobian of the constraint that
each coupling point has the same velocity on both units it joins, and - is the
velocity-dependent term that differentiating that constraint to the acceleration
level produces. The structure is modular, with one block of M per unit and
one block of two rows of C per coupling, so adding a unit adds a block rather
than a new derivation.

For the tractor-semitrailer, N = 2, the unknowns are @ = [ ¢, &f ¥, o @5]"
and fc = fi c. The coupling point lies on the longitudinal axis of both units, so
of r1 = 7r1,051,c and r2 = r3,0-,2,c only the signed longitudinal components
r{ and r§ are nonzero. Written in the tractor frame, the constraint is that
the trailer’s coupling-point velocity, rotated into the tractor frame, minus the
tractor’s is zero. With ¢ = ¢3_,; for short, this gives

-1 0 0 costy siny r§siny

C:
0 -1 —rf —sing cosy 715coseyp|’

(2.13)

and for two units the velocity term is
v=-R"(v20+ws x73), (2.14)

where R = R, (¥5_,,) and R follows from (2.11). The transpose C' then
applies the coupling force f; ¢ to the tractor and its reaction —R f; ¢ to the
trailer, with their yaw moments, so the unknown is the coupling force itself.
The accelerations and the coupling force come out of the same linear solve,
which has a unique solution since the matrix is nonsingular for a physically
meaningful system [16, p. 246]. With static vertical loads, f depends only
on the state and the inputs, which keeps the system linear in the unknowns.
With load transfer, the tire forces would depend on the accelerations through
the vertical loads.

The minimal form (ii) follows from the same constraint. The trailer velocity
follows from the tractor states through the shared coupling point, and differ-
entiating it gives the trailer acceleration in terms of the tractor accelerations
and the trailer yaw acceleration,

'l.ig’o = R(’l.)lyo + wi X 7‘1) — Wy X 1y + R(’ULO +wp X 7‘1). (215)
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2.3 Articulation

Solving the trailer’s force balance for the coupling force, with (2.15) substituted,
and inserting it in the tractor’s equations and the trailer’s yaw equation leaves
a 4 x 4 system, in general (N +2) x (N +2) for N units, in the four independent

accelerations ¥ = [0f o, o] o, W7, W3] T, solved at every step,
M(¢p) v = b, (2.16)
with
m1 + mo 0 0 —mars siny
M — 0 mi1 + mo meor{ —MaT§ cos Y
0 mary IF +ma(rf)?  —marfrd cost
—marg sintg  —mor¥cosyy —maorfrycosy  IF + ma(r§)?
fr +f§cosz/1 + fgsin@b
b | T JEsing+ [ cosy
|5 g (st + Y cos)
w5~ r3fY
Here
fi:fi_miwi X 04,0, f2:f2—m2R(Ul,o+w1 ><7’1), (2.17)

where f; is the resultant force of (2.5) on unit ¢, without the coupling force,
f; moves the velocity-dependent term of the equations of motion to the force
side, and f also removes the velocity term of (2.15). The yaw moment of the
tire forces about the CoM is 77. This is the minimal-coordinate form (ii). The
matrix has the structure

M = diag(mi, my, I§, I5) + maJ ) I, (2.18)

where Jj, is the 2 x 4 Jacobian of (2.15) with respect to ©. It is therefore
symmetric and positive definite for every articulation angle, in any universe
where masses and inertias are positive, and the solve is always well posed.
The matrix depends on the state only through the articulation angle, and the
constraint shows in it as the trailer mass carried at the coupling point, ma (r¥)?
in the tractor yaw, and as the trailer yaw inertia about the coupling point,
I3 4+ may(r§)?. Paper B solves (2.16) numerically at every step and recovers
the coupling force from the trailer’s force balance, with the trailer acceleration
¥9.0 obtained from (2.15) at the solved p,

frc =RT(f2 = mab20). (2.19)
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Chapter 2 Heavy Vehicle Dynamics Modeling

Paper B runs the formulation for two to four units.

Together these parts give the process model. Its states are the tractor
velocity and yaw rate, the trailer yaw rate, the articulation angle, and the roll
and pitch angles of the road with their rates, and its inputs are the per-wheel
torques and the steer angle. The measurement model uses the same parts:
the wheel speeds follow from (2.1) and the wheel radius, the accelerometer
from (2.4) with gravity from (2.3), and the gyroscope reads the angular rates
directly. Chapter 3 takes the model from here.

The treatments of the constraint in the literature start from a model that
keeps the constraint exact, as (i) and (ii) do, and simplify downward. In this
thesis they are sorted into three groups. FEzact: the constraint is satisfied
exactly, as in both formulations above and in Paper B. Either can be made
explicit by solving symbolically. For two units the matrix in (2.16) has a short
closed-form inverse, but with the tire forces expanded in the states the explicit
form becomes very large [10, pp. 354-355], and minimal-coordinate models
are often left in implicit form because the explicit form is more expensive
to evaluate [11]. The coupling force comes from the solve or is recovered
afterwards. Reduced: the model is simplified so that the constraint becomes
easier to handle. It can be linearized around small articulation angles, kept
only kinematically so no forces appear, or replaced by prescribed inputs, where
a coupled quantity such as the speed and its rate is imposed from outside. A
linearized model approaches the exact one as the angles go to zero, while a
kinematic model or prescribed inputs have no such limit and the coupling force
is lost. Relazed: the coupled quantity becomes a state of the filter, for example
the coupling force as a random walk on a single unit, which drifts freely and
is corrected only by the measurements, optionally driven by a penalty on the
constraint mismatch. The damper model of Paper A is of this kind. The
penalty approaches the exact constraint as its gain goes to infinity, but a high
gain makes the system stiff, so that it needs very small integration steps. The
coupling force becomes a state.
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CHAPTER 3

State Estimation

This chapter sets up the estimation problem that Papers A and B solve, and
the theory the papers use but do not derive. Chapter 2 derived the models
that describe the deterministic approximation of an articulated heavy vehicle.
This chapter is about how the inference is run with those models. The problem
definition (Section 3.1) states the problem in the terms of state estimation, with
the vehicle of Chapter 2 as the system. Section 3.2 states the assumptions made
on the stochastics. Section 3.3 gives the filters and the consider parameters,
Section 3.4 how to judge whether the covariance is right, and Section 3.5 how
the constrained model of Chapter 2 enters the filter.

3.1 Problem Definition

The estimation problem follows the same form as stated in the papers. For a
discrete system at time step k

x, = G(xp—1,up—1,0) + wi_1, 2zp = H(xi,uy,0) + vg, (3.1)

the additive noise models are wy, ~ N (0, Q) and v, ~ N(0, Ry,). Five kinds
of quantities are distinguished:
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Chapter 8 State Estimation

States x evolve over time and are estimated.

Inputs u are measured and treated as deterministic.

Measurements z are measured and treated as uncertain.

Parameters 6 are constant but uncertain, for example the cornering stiffness.

Outputs y are functions of the states, inputs and parameters, whose distribu-
tions follow from propagating the posterior.

The goal is the posterior p(xy | z1.k, wo.x), the distribution of the state given
all measurements and inputs up to time k. It can be computed recursively in
two steps [17]. The prediction propagates the previous posterior through the
process model,

p(xy | 21:6-1) = /P(ﬂ?k | zr—1) p(®r—1|21:6-1) TR 1, (3.2)
and the update corrects it with the new measurement,

p(xr | z1:x) o< p(zk | 2r) P(Tk | 21:0-1), (3.3)

where the conditioning on the inputs and parameters is left out for brevity.
In practice the posterior is summarized by its mean &y, and covariance Py
The mean is the estimate, and the covariance is the reported uncertainty,
which is only useful if it matches the actual error (Section 3.4). The integral
has a closed form only in special cases, most notably the linear-Gaussian case,
where the recursion is the Kalman filter [18]. The nonlinear case is the topic
of Section 3.3.

3.2 Assumptions

The assumptions below are shared by the papers, unless stated otherwise, and
are stated once here so the sections that follow need not repeat them.

e Noise: The process and measurement noise are additive, zero-mean, white
and Gaussian, wy ~ N (0, Q) and vy ~ N (0, Ry), and independent of
each other. The process noise, together with the consider parameters,
absorbs what the model leaves out, for example load transfer and road
disturbances. The sensors are independent of each other, so Ry, is block
diagonal.

20



3.8 Kalman Filtering with Consider Parameters

o Time: The model is continuous and discretized with a first-order Euler
step. The step need not be fixed. When the sensors arrive asynchronously,
the filter predicts to each arrival and updates there, and the process
noise is then given as a continuous-time density Q. and scaled with the
step Ts, Qr = Q.Ts, so that the variance accumulated per unit time
does not depend on the step.

o Parameters: The parameters are constant over a run and known only
within a prior distribution. They are not estimated, but their uncertainty
reaches the state covariance (Section 3.3).

o Initial state: The prior is Gaussian with a diagonal covariance.

3.3 Kalman Filtering with Consider Parameters

This section gives the filters used in the papers in three steps: the Kalman
filter for the linear case, its nonlinear extensions, and the consider parameters
added on top.

Kalman Filter

If the process and measurement models are linear,
xr = Gxr_1 + wi_1, zr = Hxp + v, (3.4)

with the Gaussian noise of Section 3.2, the posterior (3.3) is Gaussian, and
the Kalman filter gives its mean and covariance exactly [18], by the recursion
below [17, p. 57]. The inputs and parameters are left out for brevity. The
prediction is

ZTrjp-1 = GZr_1x—1, Pyi-1=GP,_11G" +Q_1,  (35)
and the update is
2y = HZp 1,
Sy =HP,;, H™ + Ry,
Kj = Py H' S !, (3.6)
Bk = B + Ki (26 — 21),
Py = Pyt — KipSuK)
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Chapter 8 State Estimation

where 2,1 is the mean at time k given the measurements up to k — 1,
2k the predicted measurement, Sy its covariance, and K} the Kalman gain.
Under these assumptions the Kalman filter is the minimum mean-square-error
estimator. If the noise is not Gaussian, it is still the best estimator among
those that are linear in the measurements [18, Theorem 2].

Extended and Unscented Kalman Filters

If the process or measurement model is nonlinear, as is the case for the
articulated vehicle of Chapter 2, the posterior is no longer Gaussian. Its mean
and covariance no longer describe it fully, and they can no longer be propagated
exactly. Every practical filter is an approximation of that propagation, and
the choice of filter is a choice of approximation.

The extended Kalman filter (EKF) linearizes the models around the current
estimate and applies the Kalman filter to the result [17, p. 69]. With the
Jacobians

o
- ox

the mean and the predicted measurement pass through the models themselves,

7 JHiaH

Tp—1]k—1 Oox

Ja

(3.7)

)
Lk|k—1

Eppp—1 = G(Tr_1k-1, Ur—1,0), 2y = H(&p—1,ur, 0),  (3.8)
while J¢ takes the place of G in the covariance prediction of (3.5) as
Pyi1 =JIa Py 15138 + Qi1 (3.9)

and Jy that of H in the innovation covariance and the gain of (3.6).

The unscented Kalman filter (UKF) takes another route. Instead of lineariz-
ing the model, it approximates the moments of the transformed variable with
a set of weighted points, called sigma points. The points are chosen so that
their sample mean and covariance equal those of the state, and each point is
passed through the model [19]. For a random variable of dimension n with
mean & and covariance P, the 2n + 1 sigma points and their weights are [19]

R
:/\ =
X0 Z, Wo TL+/€7
1
-y P). wimo b
X :1:+( (n+r) . R (3.10)
1
ni:A_ P y ”nz:
Xnti = (n+r) i T 9n+ k)
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3.8 Kalman Filtering with Consider Parameters

where i = 1,...,n and (-); is the ith column of a matrix square root of (n+kx)P.
The weighted mean and covariance of the transformed points agree with a
Taylor expansion of the true moments to second order for any distribution of «,
and to third order when @ is Gaussian, since the odd moments then vanish [19],
[20]. The parameter & is a design choice that tunes the higher moments, and
for a Gaussian state the heuristic is n + k = 3 [19]. For n > 3 this makes
negative, which can give a covariance that is not positive semidefinite [19].
The scaled form of the transform [20] adds two parameters and reduces to the
form above when they are one and zero.

The UKF applies the transform in both the prediction and the update. With
the sigma points x; x—1 drawn from &;_),—1 and Pj_j;_1, the prediction is

Xi k-1 = G(Xio—1, Ur—-1,0),
2n

Zrik—1= Y WiXink—
! ; R (3.11)

2n

Py = Z Wi (X kph—1 — Er—1) (X pfr—1 — ik|k71)—r + Qr—1,
=0

and the update draws new sigma points x; , from &, and Pj;_; and
passes them through the measurement model,

Ci,k = H(X;]w“kv 0)7
2n
2y = Z Wik k.,
=0

S (3.12)
Sk = Z Wi(Cik — 2k) (Cisk — ﬁk)T + Ry,

1=0

2n .
Cr = Z Wi (X;k - @klk—l) (Ci,k - ﬁk) ,

=0

with the gain K} = Cks,;l and the mean and covariance updated as in (3.6).
This is the additive form of the UKF [17, pp. 87-88], which applies since the
noise is additive.

For this thesis the most important property of the UKF is not its accu-
racy, but that “the process and observation models can be treated as ‘black
boxes’” [19]. The filter only needs to evaluate the process model at the sigma
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Chapter 8 State Estimation

points, so the model can contain a solve at every evaluation. Section 3.5 shows
that the EKF can reach the same model.

Consider Parameters

The filter so far estimates the state with the parameters fixed at their nominal
values. The parameters @ are, however, uncertain, and an error in them biases
the state without the covariance knowing about it. One option is to estimate
them jointly with the state, or in a dual filter [20], [21], but parameters that
are weakly observable from the sensors are then hard to separate from the
model error. Augmenting the state with the parameters also makes their
dynamics singular, which can make nonlinear Kalman filters diverge, and
adding artificial noise to the parameters to avoid this turns them into time-
varying quantities [17, p. 186]. The consider, or Schmidt-Kalman, filter [22]
instead appends the parameters to the state, but never updates them. In its
unscented form, the unscented Schmidt-Kalman filter (USKF) [23], the aim
is to carry the uncertainty of the model and measurement parameters into
the state covariance without estimating the parameters [23]. The parameter
prior seeds additional sigma points and the cross-covariance between state and
parameters is kept, but the parameter mean and covariance are left unchanged
by both the prediction and the update.

What the consider parameters buy is a covariance that carries the param-
eter uncertainty the measurements cannot remove. They do not remove the
parameter error, so the bias it causes remains. The cross-covariance does enter
the gain, so the estimate differs from that of a filter that ignores the parameter
uncertainty, but the main benefit is that the reported uncertainty is honest
across a fleet of vehicles whose cornering stiffness, mass and inertia are known
only as distributions.

3.4 Consistency

A physical sensor comes with a datasheet. Its accuracy is known before it is
mounted, and a function that uses it can set its margins once. A virtual sensor
has no datasheet. Its accuracy depends on the maneuver, on the vehicle it
runs on and on how observable the quantity is at the moment, and the only
statement it makes about its own accuracy is the covariance it reports. For
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3.4 Consistency

the coupling force there is not even a production sensor to compare against, so
the covariance is the only quality signal a downstream function will ever get.
A stability function that acts on an estimated articulation angle or coupling
force sets its thresholds with a margin, and that margin is only as good as
the reported uncertainty. A filter that is over-confident reports a force within
limits when it is not, and one that is under-confident makes the function
intervene late or not at all. Accuracy, measured as RMSE over a fleet, says
nothing about either. This is why challenge C2 asks for consistency and not
only for accuracy, and why the covariance is validated with the same care as
the mean.

An estimator is consistent when its errors are unbiased and their second
moment equals the covariance it reports [24]. The test statistic is the normalized
estimation error squared (NEES),

T -1 -,
€x.k = ez,kPklkex,k, €z k = Tk — mk|k- (313)

If the filter is consistent and the errors are Gaussian, €, is x? distributed
with n, degrees of freedom, n, being the number of states. Averaged over an
ensemble of independent runs at a fixed time k, the statistic gets two-sided tail
bounds for a chosen error rate. A value below the lower bound means that the
filter is pessimistic, or under-confident, since the reported covariance is larger
than the actual error, and a value above the upper bound that it is optimistic,
or over-confident [24]. The thesis uses under-confident and over-confident.

The ensemble test needs the true state and many realizations at the same
time instant, which in practice means a truth-model simulation [24]. When
the runs differ by design, because consistency is asked across vehicles and
maneuvers, there is no common time to test across runs. The statistic is then
averaged over time within a run instead, which assumes that the error process
is ergodic [24]. Using the diagonal of P gives a per-state NEES,

1 N e? k
NEES; = — L
TN LB

(3.14)

where e, is the jth component of e, ; and Pj; the corresponding diagonal
element of Pj;. For a consistent filter each term is X7 distributed with
expectation one, so the target is NEES; = 1. Within a run the errors are
correlated in time, so the x? bounds of the ensemble test do not carry over
to the time average. The thesis instead judges the per-state NEES against
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Chapter 8 State Estimation

the band [0.5,2], a factor of two in either direction, which flags a filter whose
reported standard deviation is off by more than v/2. It tests the marginals only,
not the cross-covariance between states. On real data without a true state,
the normalized innovation squared plays the same role on the measurement
residuals [24], and where only a reference exists, the per-state NEES is limited
to the referenced states.

3.5 The Constrained Model in the Filter

Chapter 2 gives a model that is continuous, deterministic and constrained,
while the filters of Section 3.3 need the discrete, stochastic model (3.1). The
noise is additive, so the model only has to supply G, the next state from the
current one, and H, the measurement at the current state. The filters use
these only pointwise. The UKF evaluates them at the sigma points, and the
EKF also needs their Jacobians at the estimate. Neither needs them in closed
form.

In multibody estimation the DAE is converted to an ODE before filtering,
by projection onto independent coordinates or by a penalty formulation, both
of which remove the constraint force from the equations [25]. In terms of the
differential index, the multibody equations with the position-level constraint
are index 3, the acceleration-level system (2.12) is index 1, with the coupling
force as an algebraic variable fixed by one linear solve, and the minimal form
(2.16) is an ODE in the state, index 0, whose right-hand side is evaluated
by that solve rather than written out, since the force is eliminated and the
trailer velocity is computed from the tractor states rather than integrated.
The damper model of Paper A reaches an ODE by the other route, a penalty
that turns the constraint into stiff dynamics with the force as a state. Paper B
instead keeps the constraint and solves (2.16) numerically wherever the filter
evaluates G.

Assembled into the process model, the solution of (2.16) gives an explicit
ODE whose right-hand side contains the linear solve,

M(z,u,0) ' b(x,u,0)

& =F(z,u,0)= ) (3.15)
Fexpl(w7 u, 0)

where the first block is the solution of a linear system whose coefficients depend
on the state, the inputs and the parameters, and Fexp1 holds the derivatives
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3.5 The Constrained Model in the Filter

that are available in closed form. The form applies to any model with such a
subsystem. For the exact-constraint model the first block is the accelerations
v, with M depending on the state only through the articulation angle and
on the parameters through the masses, inertias and coupling positions, and
not on the inputs, b carrying the tire forces and velocity terms, and Fexpl
the kinematic rates, such as the articulation rate (2.11). The Euler step of
Section 3.2 then gives the process model

G(ep_1,up—1,0) = xp_1 +Ts F(xp_1,ur_1,0). (3.16)

The measurement model H uses the same solve when it includes accelerations,
as an accelerometer does.

The EKF also needs the Jacobians of G and H, and in (3.15) the first block
is the solution of a linear system, not a closed-form expression. Differentiating
the linear system behind that block and applying the implicit function theorem,
valid since M is nonsingular (Section 2.3), gives

— ., /0b OM _ -
-1(== _ == —1
OF M (833 ox M b) 317
expl

where every term carries the arguments (x, u, 8) of (3.15), dropped for brevity,
the derivative of M is taken one component of « at a time, and the same
expression holds with w or € in place of . The factorization that solves
the system is reused for its Jacobian. From (3.16) the process Jacobian of
Section 3.3 is OF

JG:I+T3%. (3.18)
The measurement Jacobian Jy is formed the same way. Where H includes
accelerations, as an accelerometer does, the chain rule brings in the first block
of (3.17), and the remaining rows are in closed form. An EKF whose Jacobians
are obtained this way is called the IFT-EKF in the rest of the thesis.

The constraint also has to survive the noise. The state of (2.16) holds only
the independent coordinates, and the trailer velocity is computed from them
rather than carried as a state, so every value of &, with or without wy,, satisfies
the coupling constraint. Had the trailer velocity been a state, the additive
noise would push the estimate off the constraint, and the filter would need a
projection or a constrained update [26]. The elimination therefore matters for
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Chapter 8 State Estimation

the stochastic model, not only for the solve: the constraint is imposed through
the choice of coordinates, and no constrained filter is needed. The coupling
force is recovered from the trailer’s force balance (2.19), so it is an output y
(Section 3.1) rather than a state. It has no process noise of its own, and its
mean and covariance follow from the propagated sigma points or from the
linearization, consider parameters included. In the damper model of Paper A
the force is a state with its own entry in @ and drifts between updates. The
process noise of the exact model then stands for unmodeled forces on the
independent coordinates, such as load transfer and road disturbances, and not
for the joint itself. Play or compliance in the fifth wheel is not representable
in this model.
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CHAPTER 4

Summary of Appended Papers

4.1 Paper A: Damper-Based Coupling Force
Estimation

Axel Ceder, Lars Hammarstrand, Mats Jonasson, Murat Kumru,
Leo Laine

Bayesian Motion Estimation for Articulated Heavy Vehicles; A
Damper-Based Model for Coupling Force

Published in Proc. 28th Int. Conf. Information Fusion (FUSION),
Rio de Janeiro, Brazil, 2025, pp. 1-8.

©2025 IEEE. DOI: 10.23919/FUSION65864.2025.11123934

Summary

Paper A estimates the articulation angle, the coupling force and the lateral
velocity of each unit of a tractor-semitrailer with a UKF. The coupling is
modeled by a penalty approximation, a directional damper between the units
with the coupling force as a filter state. The paper names this damper-based
coupling after the mechanism it was derived from. In effect, the damper
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Chapter 4 Summary of Appended Papers

enforces a balanced force on each unit. Cornering stiffness and mass are known
only as distributions and enter as consider parameters. The paper addresses a
gap in the literature, where the coupling force has received limited attention
and its uncertainty even less. The evaluation is in simulation on a few hundred
cases of steady cornering, sinusoidal steering and a slope, with limited variation
of vehicle properties. Of the challenges in Section 1.2, the paper addresses C1
with the penalty approximation of the constraint and C2 with the consider
parameters. It considers two units only.

Main Findings

Lateral velocity and the longitudinal coupling force are captured well. The
lateral coupling force is estimated less well, and the articulation angle estimate
is over-confident in the circle scenario. The missing lateral load transfer of
the planar model is the suspected cause. Low speed, reversing and heavy
braking were left out after preliminary tests showed that the formulation did
not handle them.

Author Contributions

Axel Ceder developed the model and the estimator, implemented and ran the
simulations and wrote the paper. Lars Hammarstrand, Mats Jonasson, Murat
Kumru and Leo Laine supervised the work and reviewed the manuscript. Volvo
provided the base VI'M simulator.

4.2 Paper B: Exact-Constraint Real-Time
Estimation

Axel Ceder, Lars Hammarstrand, Mats Jonasson, Murat Kumru
Solving for the Fifth Wheel: Real-Time FEzact-Constraint Coupling-
Force Estimation for Articulated Heavy Vehicles

Submitted journal manuscript, 2026.

Summary

Paper B keeps the coupling constraint exact. The process model is the minimal-
coordinate system of Section 2.3, solved numerically at every evaluation with
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4.2 Paper B: Ezact-Constraint Real-Time Estimation

the coupling force recovered from the trailer’s force balance, and the paper
shows that this is tractable for online estimation. The damper formulation of
Paper A is carried along as the baseline. The exact model is used in two filters,
the UKF, where the solve is a point evaluation at each sigma point, and the
IFT-EKF, where the Jacobians follow from the implicit function theorem. For
two units the minimal-coordinate system also has a closed form. Cornering
stiffnesses, trailer mass, yaw inertias and CoM positions, among others, are
consider parameters. The evaluation is a held-out Monte Carlo study over
eight maneuvers, including braking turns, grade and banking, low speed and
reversing, with varied load, cornering stiffness and noise, and a comparison on
real tractor-semitrailer data, where only the kinematic states have a reference
and the force has none. Run time is measured for two to four units. The paper
addresses all three challenges in Section 1.2: C1 with the exact constraint and
its run time at two to four units, C2 with the consider parameters, and C3
with the maneuver set and the real data.

Main Findings

The exact form has lower error than the damper form and is cheaper per step at
two units. At the median over the held-out cases the errors are small, below a
centimeter per second in lateral velocity, hundredths of a degree in articulation
angle and a few hundred newtons in coupling force. Divergence is rare and
occurs in braking turns. Under lateral excitation the reported uncertainty is
consistent or somewhat under-confident at the median, but it is not uniform
across cases. The coupling force is weakly observable near standstill, where the
wheel speeds drop out. On the test track the estimator is over-confident on the
tractor lateral velocity (NEES 2.95), just outside the band for the articulation
angle (2.04) and within it for the trailer lateral velocity (1.45), also when the
start of the sequence, where the inner wheels are near lift-off, is excluded. The
formulation is modular per unit and runs in real time on a desktop CPU at
three and four units, with the IFT-EKF the cheapest at every number of units.

What the estimator needs falls into three groups: the specification (geometry
and sensor mounting), quantities calibrated once on the vehicle (axle loads at
standstill, and on the test vehicle also the sensor noise and the wheel radius
from its own recordings, as the supplied values were not reliable), and fleet-wide
priors carried as consider parameters (cornering stiffness, yaw inertias, trailer
mass, CoM positions, the wheel radius’s deviation from its calibrated mean
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and its left-right difference, rolling resistance, and the steering offset). The
consider parameters keep the estimator consistent over the fleet, but they
do not reduce the parameter error itself, so the bias in an individual vehicle
remains.

Author Contributions

Axel Ceder developed the model and the estimators, built the simulation
and evaluation pipeline, ran the experiments and wrote the paper. Lars
Hammarstrand, Mats Jonasson and Murat Kumru supervised the work and
reviewed the manuscript. Volvo provided the base VIM simulator. The real
data is from tests run by Volvo and Revere.
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CHAPTER b

Conclusions and Future Work

This thesis set out to estimate the articulation angle, the coupling force and
the lateral velocities of a tractor-semitrailer from the standard sensor set,
with the exact coupling constraint kept in a real-time estimator. Paper A
skirts the constraint with a damper formulation, and Paper B shows that the
constraint can be used as it is. The exact formulation keeps the constraint
without simplifying the physics, runs faster than the damper formulation for
two units, and reports an uncertainty that holds at the median in simulation.
The formulation is modular per unit and runs in real time at three and four
units. Fleet-level knowledge, carried as consider parameters, is what makes
the reported uncertainty consistent over varying vehicle properties.

The first challenge was the coupling constraint. For two units the coupling
can be described exactly while allowing online estimation. The exact form is
more accurate and cheaper per step than the damper form, and the formulation
is modular per unit and runs in real time at three and four units, though its
accuracy beyond two units was not evaluated. The second challenge was fleet
variation. The estimator runs from the specification, from fleet-wide priors
carried as consider parameters, and from a few quantities calibrated once on
the vehicle. Its reported uncertainty is consistent at the median in simulation,
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erring on the under-confident side, but it is not uniform across cases, and
it does not hold on the test track. The consider parameters do not reduce
the parameter error itself, so the bias in an individual vehicle remains, and
more accuracy for the individual vehicle requires more information. The third
challenge was situations and sensors. The estimator is accurate across the
maneuvers of Paper B in nominal, high-friction driving. It loses accuracy when
the vertical load moves almost entirely to one side, and the coupling force is
weakly observable near standstill, where the wheel speeds drop out.

5.1 Future Outlook

This section lists the directions that follow from the estimators and findings in
this work.

Load transfer and roll: The physical model is in many respects a simple
model, which can be improved upon. Some improvements follow from the
delimitations, where the model has only been evaluated at high friction and
in nominal driving conditions. The main improvement, however, lies in load
transfer and roll. As mentioned, the estimator loses accuracy when the vertical
load moves almost entirely to one side. Attempts to make a simplified version
were made but did not give the desired results. In a more complete model,
where the vertical forces depend on the unknowns, the constraint is more
complex. On initial inspection the closed form is expected to be lost under
drive and brake torque, requiring an iterative solve per step, which the UKF
and IFT-EKF can still use.

Longer combinations and sensor selection: The described model is already
modular and runs in real time at both three and four units. A full evaluation has
not been done, but early results suggest similar performance with some tuning.
The A-double, a tractor with a semitrailer, dolly and second semitrailer, is of
particular interest, and a sensor sweep could show which sensors are valuable.

Low speed and friction: The coupling force is weakly observable near stand-
still, where the wheel speeds drop out. The tire model has only been evaluated
at high friction and low load transfer, and low-friction surfaces remain outside
the evaluation.

Real data and parameters: Consistency at the median holds in simulation
but not on the test track. The test-track vehicle is assumed to belong to
the same fleet as the simulated population, which may not fully hold. More
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data has to be collected, both to estimate the parameter distributions and for
validation. The consider parameters have been used to capture the fleet-wide
uncertainty. If a parameter is observable, it is a candidate for online estimation
instead.

The simulator and the real data are released in association with Paper B.
The simulated dataset can be regenerated from the simulator with a single
Python call, no license required. Simulator and data are meant to give other
researchers in the field a benchmark against which solutions, ours included,
can be directly compared.

5.2 Alternative Paths Explored

This section reports approaches that were tried and set aside, as they may
save others the effort.

FD-EKF on the exact model: Before the IFT-EKF was implemented, a
finite-difference EKF was in its place. It used the same exact-constraint model,
but instead calculated the Jacobians by numerical differentiation. It turned
out to be about as fast as the UKF and two to three times slower than the
IFT-EKF for every number of units. It also lost accuracy faster than the
alternatives in highly nonlinear situations. For a proper EKF solution, the
IFT-EKF beats it in everything except compilation time.

Slip as displacement: The idea is simple. Instead of a slip angle, the tire is
described by its deflection. Per wheel, the deflection s = [s%, s¥]T of the tire
at the contact is the state. It follows the first-order relaxation-length model of
the single-contact-point transient tire model [14, Sec. 7.2.1], applied in both
directions,

xr
$=wv, — |1()_:| s, vy = [U“’vgj vr] , f=-Cs, (5.1)
with v, the slip velocity of the wheel, v, = wR the rolling speed, C =
diag(Cy, Cy) the deflection stiffness and o the relaxation length. Pacejka [14,
Sec. 7.2.1] uses |V,|, whereas here |v,| is used. With that replacement at steady
state s = o v /|vy|, so f = —Cowvs/|vr|: Co is the slip stiffness, and the usual
slip quantities are approximately recovered, exactly at zero longitudinal slip,
without dividing by a velocity in the dynamics. As v, — 0, (5.1) reduces to
$§ = vg: the deflection integrates the displacement of the wheel relative to
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the ground, a spring to ground instead of a slip angle. This then avoids the
singularity of the slip angle without a regularized slip max(|vZ|,v.), and does
not misrepresent transients as steady-state. At high speed the lag becomes
small and the models converge. At low speeds each approach has its own
weaknesses, but the results are similar. The caveat is one state per direction
and wheel, so the estimator carries a considerably larger state space. The
approach may still be useful. For example, a cornering stiffness estimator might
be served well with a transient description of force instead of the steady-state
assumption.

Pseudo lateral load transfer: To consider load transfer without committing
to a full three-dimensional vehicle combination, the load transfer was described
as a combination of v*w? and a consider parameter. This did not improve
results, and added complexity. A description that includes the roll dynamics
is likely required.
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