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Gate tunability and nonlinearity in hybrid superconductor-semiconductor res-
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VITTORIO BUCCHERI

Quantum Device Physics Laboratory

Department of Microtechnology and Nanoscience (MC2)

Chalmers University of Technology

ABSTRACT

Superconducting microwave resonators and Josephson elements form the basis of a
broad range of quantum information technologies, including circuit quantum elec-
trodynamics, Josephson parametric amplification, bosonic quantum computing,
and engineered interactions between microwave modes. The properties of these
circuits are largely determined by material parameters and design geometry, while
magnetic flux often provides a means of in situ control. Electrostatic gating of-
fers an additional degree of freedom, motivating the investigation of gate-tunable
superconducting circuits, particularly through the integration of superconductors
with semiconductor elements.

In this thesis, we investigate the gate tunability and nonlinear response of super-
conducting microwave resonators incorporating indium arsenide (InAs) nanowires
with epitaxial aluminum (Al) shells. We explore two distinct forms of gate con-
trol in this platform: the modification of the superconducting properties of the Al
shell and the electrostatic tuning of Andreev bound states (ABSs) in Josephson
weak links defined in the InAs core.

We characterize the first form of gate control by measuring the gate-induced
changes in resonator frequency and internal losses. We demonstrate that the ob-
served response is well described by the Mattis—Bardeen model using an effective-
temperature approach, consistent with an increase in quasiparticle population.
Time-domain and modulation measurements further reveal characteristic response
times down to a few tens of nanoseconds, highlighting the potential of this mech-
anism for applications in cryogenic switching and superconducting electronics.

We then investigate the ABS-resonator interaction in both the linear and non-
linear regimes, demonstrating coupling strengths approaching the ultrastrong-
coupling regime and, most notably, gate and flux control over the ABS-induced
Kerr and cubic nonlinearities. In particular, we show that the Kerr contribution
can be tuned through zero while maintaining a finite cubic nonlinearity, and ob-
serve three-wave-mixing parametric amplification. These findings are particularly
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relevant for applications requiring three-wave mixing with suppressed Kerr effects,
such as Josephson parametric amplification.

Together, these results demonstrate the potential of hybrid superconductor—
semiconductor devices for engineering gate-tunable microwave circuits and con-
trolling their linear and nonlinear response.

Keywords: Superconducting resonators, InAs nanowires, Josephson junctions,
gate-tunability, Kerr nonlinearity, cubic nonlinearity
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Introduction

Superconducting microwave resonators are among the main building blocks of
superconducting electronics and quantum information processing [1]. In their
linear-response regime, they are well described as harmonic oscillators with high
quality factors, which gives them well-defined resonance frequencies and long pho-
ton lifetimes. They are widely employed for qubit readout [2], as quantum buses
[3] and memories [4], and in Purcell filters [5].

The other main player in superconducting circuits is the Josephson junction,
most commonly implemented as two superconducting electrodes separated by a
thin insulating barrier. Such tunnel junctions are described by the nonlinear
Josephson potential [6]

e13(p) = —Ejcos o,

where E; is the Josephson energy and ¢ the superconducting phase difference
across the junction. This nonlinearity is essential for superconducting qubits such
as transmons [7] and fluxoniums [8], whose anharmonic energy spectra allow two
levels to be addressed selectively. Furthermore, incorporating one or more junc-
tions into superconducting loops yields more complex nonlinear elements, such as
superconducting quantum interference devices (SQUIDs) [9] and superconducting
nonlinear asymmetric inductive elements (SNAILs) [10].

Resonators and Josephson elements are combined for two main purposes. Cou-
pling superconducting qubits to microwave resonators gives rise to circuit quantum
electrodynamics (QED) [11, 12], the circuit counterpart of cavity QED, where ar-
tificial atoms interact with confined microwave photons. Embedding a nonlinear
Josephson element in a resonator, on the other hand, allows the latter to in-
herit the nonlinearity of the former, enabling Josephson parametric amplification
[10, 13, 14], bosonic quantum computing [15], and engineered coupling schemes
between microwave modes [16].

A common challenge in these applications is to engineer the material properties
and circuit geometry to obtain the desired response, which can then be tuned in
situ through magnetic-flux bias. For example, in circuit QED architectures, the
circuit parameters determine the characteristic energy scales of superconducting
qubits, while magnetic flux can be used to tune their transition frequencies rela-
tive to the resonator. Similarly, in a SNAIL, the Josephson energies and junction
asymmetry are designed to achieve a sizable cubic nonlinearity while suppressing
the Kerr contribution, with the relative strength of these terms controlled by mag-
netic flux. In both cases, the accessible range of tunability remains constrained



2 Introduction

by the material properties and circuit design established during fabrication.

Electrostatic gating offers an appealing degree of freedom alongside magnetic-
flux biasing, in principle enabling more localized control with reduced cross-talk
and allowing high-impedance, strongly filtered bias lines to suppress microwave
leakage.

In this thesis, we investigate gate control by integrating indium arsenide (InAs)
nanowires with an epitaxial aluminum (Al) shell [17] into superconducting mi-
crowave resonators. In particular, these hybrid nanowires provide access to two
distinct forms of gate control: the modification of the superconducting properties
of the Al shell and the electrostatic tuning of Josephson weak links defined in the
InAs core.

In fact, the Al shell offers a rather unexpected route to gate control. In metal-
lic superconductors, the high carrier density leads to strong electrostatic screen-
ing, making conventional electrostatic modulation unlikely [6]. Nevertheless, in
2018, De Simoni et al. demonstrated the suppression of supercurrent in metallic
nanowires through an applied gate voltage [18]. This discovery sparked consider-
able interest, although the underlying mechanism remains debated, as discussed
in the review by Ruf et al. [19]. Notably, the suppression of supercurrent is often
accompanied by the onset of a finite gate leakage current, suggesting the possible
involvement of nonequilibrium processes. In the microwave regime, this gate-
induced response has been observed as a shift in the resonance frequency and a
reduction of the internal quality factor of superconducting resonators [20, 21}, re-
flecting changes in the reactive and dissipative components of the superconducting
impedance, respectively.

The second form of gate tunability is achieved by selectively removing a section
of the Al shell, thereby defining a semiconducting Josephson weak link whose
properties are governed by Andreev bound states (ABSs) [22, 23]. In the short-
junction limit, a single spin-degenerate channel hosts a pair of ABSs with energies

+eaps(p) = :I:A\/l — 7sin? (g),

where A is the superconducting gap and 7 is the channel transparency. The
latter can be controlled electrostatically, introducing an additional degree of free-
dom alongside the superconducting phase difference ¢, which remains adjustable
through magnetic flux. The resulting gate- and phase-dependent energy spec-
trum provides a basis for Andreev qubits [24, 25|, as well as for engineering the
nonlinear response of superconducting circuits [26].

We investigate the first form of gate tunability in PAPER I, where we show that
the gate response in our device is consistent with an increase in quasiparticle pop-
ulation described by an effective-temperature approach. We further investigate
the dynamics of this response, measuring characteristic times down to a few tens



of nanoseconds. In PAPER 1V, instead, we exploit the gate- and phase-dependent
ABS potential to control the nonlinear response of a resonator incorporating two
Al/InAs Josephson weak links. We demonstrate that the Kerr nonlinearity can
be tuned through zero while maintaining a finite cubic contribution, and observe
three-wave-mixing parametric amplification.

Complementing our ABS investigation, PAPER II develops and characterizes
NbTiN coplanar stripline resonators designed for experiments with hybrid devices.
Finally, PAPER III investigates the ABS—-resonator coupling, demonstrating cou-
pling strengths approaching the ultrastrong-coupling regime.

QOutline

This thesis is organized into six chapters, followed by the Conclusion and an
appendix containing the fabrication recipes. The four papers, each with a short
description of the candidate’s contribution, are appended at the end.

o Chapter 1 — Background introduces the theoretical concepts underlying
this work, including superconducting microwave resonators, superconductor—
semiconductor heterostructures, gate-controlled superconducting properties,
Andreev bound states, and nonlinear superconducting circuits.

e Chapter 2 — Methods describes the device fabrication processes, experi-
mental setups, and microwave measurement techniques used throughout this
thesis. It also presents the development and characterization of custom-made
copper-powder microwave filters.

o« Chapter 3 — Microwave characterization of Al-capped InAs
nanowires investigates the gate-induced changes in the microwave
impedance of superconducting nanowires, focusing on their effective-
temperature description and characteristic response times (PAPER I).

e Chapter 4 — Coplanar stripline resonators for hybrid devices presents
the characterization of NbTiN resonators developed for hybrid devices (PA-
PER II).

o Chapter 5 — Probing Andreev bound states discusses the interaction
between ABSs and microwave resonators, from adiabatic to dispersive read-
out (PAPER 1IV), and presents the experimental investigation of coupling
strengths approaching the ultrastrong-coupling regime (PAPER III).

e Chapter 6 — Andreev bound state-induced nonlinearities in super-
conducting resonators investigates the gate- and flux-dependent Kerr and
cubic nonlinearities of Al/InAs Josephson weak links, including their appli-
cation to three-wave-mixing parametric amplification (PAPER 1V).






1 Background

In this chapter, we provide the background necessary to follow the work presented
later. As mentioned in the introduction, superconducting microwave resonators
and Al-capped InAs nanowires are two of the main players of this thesis: the first
two sections present these systems and their relevant properties. The remaining
sections introduce the three topics this thesis investigates: gate-tunable supercon-
ducting properties, Andreev bound states and their microwave spectroscopy, and
nonlinearities in superconducting resonators.

1.1 Superconducting microwave resonators

Superconducting microwave resonators are structures that support electromag-
netic fields at discrete resonant frequencies. In this sense, they are the circuit
analogue of optical cavities: instead of confining light between reflecting mirrors,
they confine electromagnetic fields in a portion of the circuit, thanks to its geom-
etry and electrical properties [1].

We first consider resonator structures based on two transmission-line geome-
tries: the coplanar waveguide (CPW) [Fig. 1.1a)] and the coplanar stripline (CPS)
[Fig. 1.1b)]. Both consist of a superconducting layer deposited on top of a dielec-
tric substrate with thickness ¢ and relative permittivity .. In a CPW geometry,
the conducting layer is divided into a central conductor of width W and two lateral
ground planes, separated from the central conductor by gaps of width G. In con-
trast, a CPS geometry consists of two parallel conductors of width W, separated
by a gap GG. Both geometries are characterized by a characteristic impedance
Zy ~ \/ZTC, where [ and ¢ are the inductance and capacitance per unit length.
The capacitance is set by the geometry (W, G) and by the substrate thickness
and permittivity (¢, ;). The inductance has two contributions: a geometric one,
also set by W and (G, and a kinetic one, due to the inertia of the Cooper pairs. For
our thin superconducting films at low temperature, the sheet kinetic inductance
can be estimated as [6, 27|

hRY
0= "-N 1.1

where RY is the normal-state sheet resistance of the superconductor and Ay is the
superconducting gap at T' = 0, estimated using the BCS relation Ay ~ 1.764kgT,
with T the critical temperature. More generally, a transmission line is also charac-
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L=n/4 L=nr/4

e) f)

H
1

Figure 1.1: Schematic cross-sections of a) a coplanar waveguide (CPW), where
a central conductor of width W is separated by a gap G from two lateral ground
planes, and b) a coplanar stripline (CPS), where two conductors of width W are
separated by a gap G. In both geometries, the waveguide is made of a superconductor
(green) deposited on a substrate of thickness ¢ and relative permittivity e, (gray).
Schematic top views of a quarter-wavelength ¢) CPW and d) CPS resonator. In
the CPW resonator, the central conductor is capacitively coupled to a feedline (red)
carrying the probing signal on the left, and shorted to the ground plane on the right.
In the CPS resonator, the two conductors are capacitively coupled to two feedlines
(red) carrying out-of-phase signals on the left, and shorted to each other on the
right. For the odd mode, the dashed symmetry line represents a virtual ground. In
both cases, L. = A\/4 is the length of the resonator, and d is the distance between
the resonator and the feedline. e) Transmission-line model of a \/4 resonator with
characteristic impedance Zy coupled to a feedline with characteristic impedance Z¢
via a coupling capacitor C. and probed in reflection through the reflection coefficient
Si1. f) Lumped-equivalent circuit where the resonator is represented as a parallel
LCR circuit with effective capacitance C}, inductance L., and resistance R,. The

corresponding effective resonator impedance is Z, = /L, /Cy = 4Zy /7.



terized by a series resistance and a parallel conductance per unit length, which ac-
count for conductor and dielectric losses, respectively. In superconducting copla-
nar waveguides, however, conductor losses are strongly suppressed, and dissipation
at low temperature and low probing power is often dominated by dielectric losses
associated with two-level systems located at material surfaces and interfaces [28,
29].

Neglecting spurious modes, in a CPW the potential of the central conductor
oscillates with respect to the two ground planes, which sit at a constant value
(V =0). A CPS, on the other hand, can support either an even or an odd mode,
depending on whether the potentials of the two conductors oscillate in phase or
out of phase. In this thesis, we will consider the CPS odd mode, in which the two
conductors oscillate out of phase, namely at opposite potentials. By symmetry,
then, the potential vanishes at the center of the gap, which acts as a virtual
ground.

A resonator can be formed from a transmission line by imposing appropri-
ate boundary conditions at its ends [30]. Here, we discuss quarter-wavelength
waveguide resonators, which are waveguide segments of length L that support a
fundamental resonance when L = /4, where A is the mode wavelength. This
gives them their name, \/4 resonators. In a CPW, this condition can be realized
by leaving one end of the central conductor open and short-circuiting the other
end to the ground planes [Fig. 1.1c)]. Similarly, in a CPS, the two conductors are
left open at one end and short-circuited to each other at the other [Fig. 1.1d)]. In
both cases, the open end of the resonator is capacitively coupled to the feedline
circuitry via a coupling capacitor C., which is defined by geometry (W and the
distance d between the resonator and the feedline) and material properties (&;).
Through this feedline, the resonator becomes part of a microwave network char-
acterized by complex scattering parameters .S;;, which describe the interaction of
the probing microwave signals with the resonator.

A typical resonator can therefore be modeled as a transmission line of length
L = \/4 and characteristic impedance Zj, short-circuited at one end and capac-
itively coupled at the other to an external microwave feedline, through which
probing signals can interact with the resonator [Fig. 1.1e)]. While the same
transmission-line formalism applies to both geometries, Z; refers to the voltage
and current between the central conductor and the ground planes in a CPW, and
to the differential voltage and current between the two conductors in a CPS.

The system is then characterized by the angular resonance frequency w,, which
determines the frequency at which electromagnetic energy can be stored in the
resonator; the external quality factor ()., which describes the coupling to the
feedline through the rate k. = w;/@Q.; and the internal quality factor @, which
accounts for energy dissipation within the resonator through the loss rate k; =
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w;/Qi. The loaded quality factor @, which is defined as

11
Ql N Qi Qc7

accounts for both mechanisms and therefore characterizes the overall rate at which
energy leaves the resonator.

In a reflection configuration, we extract w, and the quality factors from mea-
surements of S11(w), which, close to resonance, can be described by the following
simplified! expression [31, 32]

(1.2)

2QZ/QC

T 2100 (wfer — 1)

—1. (1.3)

In principle, the characteristic impedance Z; can be calculated from the transmission-
line geometry using conformal mapping techniques, throughout this thesis, how-
ever, we obtain it from electromagnetic simulations of the resonator structure.
More information about these procedures will be given in Chapter 2.

Close to its fundamental resonance, an ideal, uniform \/4 distributed resonator
can be represented by an equivalent parallel circuit [Fig. 1.1f)], where the effective
capacitance C; = /(4w Zy) and inductance L, = 4Zy/(mw,) define the resonant
frequency and resonator impedance,

1 L. 47,
= Z= |22 1.4
W= (1.4)

whereas the effective resistance R, accounts for internal losses.

In this thesis, we used a CPW resonator in PAPER I, CPS resonators in PAPER
IT and PAPER IV, and a lumped-element resonator in PAPER III. In contrast to
the distributed transmission-line resonators discussed so far, in a lumped-element
resonator the inductive and capacitive contributions are spatially localized and
represented directly by an inductance L, and a capacitance C;. Within this de-
scription, the resonator mode corresponds to the periodic exchange of energy
between the electric field of the capacitor and the magnetic field of the induc-
tor. Despite this difference, the resonator is characterized by the same quantities
introduced above, in particular w,, Q;, Q. and Z,.

In Sec. 1.4, we will introduce Andreev bound states and discuss their cou-
pling to a resonator. It will then be necessary to treat the resonator quantum-
mechanically. Neglecting losses, the equivalent LC circuit can be quantized using
the node flux ®(¢) = [ V(t') dl’ as a generalized coordinate, where V is the volt-
age across the equivalent LC circuit, such that V = & [33, 34]. The Lagrangian

I Here, we neglect attenuation, cable delay, and impedance mismatch in the measurement en-
vironment. Full expressions for both pure-reflection and notch-type setups will be given in
Chapter 2.



of the system then reads

C, P?

L="02— 1.5
2 2L, (15)
The conjugate momentum is the charge on the capacitor,
oL ~
= — = Cr(I)’ ]_6
Q=2 (1.6
and the Legendre transformation H = Q® — £ gives the Hamiltonian
QZ (I)2
= — 1.7
26, 2L, (L.7)

The circuit is quantized by promoting ® and () to operators satisfying [<i>, Q] =1h
and introducing the bosonic annihilation and creation operators, @ and a', which
allow us to write

O =0y (a+al), Q= —iQu(a—al), (1.8)

hZ. h
O, = , PR 1.
pf 2 pr 2Zr ( 9)

Finally, substituting Eqs. 1.8 and 1.9 into the Hamiltonian in Eq. 1.7 gives

where

A

1
H. = hw, (a*a+2>, (1.10)

which is the Hamiltonian of a quantum harmonic oscillator.

Importantly, the zero-point flux fluctuations of the resonator mode scale as
®,of o /Z, and therefore increase with the resonator impedance. As we will
see, larger zero-point flux fluctuations can enhance the interaction with systems
coupled to the resonator flux, such as the Andreev bound states considered later
in this thesis. The resonator impedance Z, is therefore a key parameter in de-
termining the coupling strength, together with the fraction of the resonator flux
seen by the coupled system.
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1.2 Semiconducting nanowires

The resonators discussed in the previous section are fully superconducting devices
made from a single metallic layer. Since our goal is to study superconductor-
semiconductor hybrid devices, a semiconducting element needs to be embedded
into the resonator structures. In our case, this semiconducting element consists
of an Al-capped InAs nanowire, which we introduce in this section.

1.2.1 Overview of superconducting-semiconducting
heterostructures

Semiconductors typically have a much lower charge-carrier density than metals,
which allows their conductivity to be controlled electrostatically, as in field-effect
transistors (FETs) [35], or individual electrons to be confined and manipulated
through appropriately shaped electrostatic potentials, as in quantum dots [36]. At
the same time, in conventional superconductors, a large number of electrons form
Cooper pairs that condense into a single macroscopic quantum state [37], resulting
in remarkable properties such as dissipationless current flow (supercurrent) and
the Josephson effect. Superconductor-semiconductor hybrid structures combine
these different properties within a single device. An example of such a system is
the Josephson field effect transistor (JOFET), proposed in 1980 [38], where the
supercurrent through a semiconducting Josephson junction is controlled by an
electrostatic gate. Experimental demonstrations of JOFETs have been achieved
in various combinations of superconductor/semiconductor, including Al/InAs [39],
Al/SiGe [40], Al/InSb [41], Nb/InAs [42], and NbTiN/InSb [43].

A major limiting factor in realizing these heterostructures is obtaining a good
interface between the semiconductor and the superconductor. In fact, the transfer
of Cooper-pair correlations from the superconductor to the semiconductor, known
as the proximity effect [6], relies on a particular reflection mechanism at the inter-
face, called Andreev reflection, which will be discussed later. Oxide contamination
and Schottky barriers reduce the interface transparency, favoring normal reflection
over Andreev reflection and thereby weakening the proximity effect in the semi-
conductor. This limits the choice of materials and motivates the development
of fabrication techniques aimed at improving the semiconductor-superconductor
interface, including semiconductor doping [44] and the introduction of a thin Si
interlayer at the Al/InGaAs interface [45, 46]. Important breakthroughs in this
fabrication effort were reported between 2015 and 2016, with the development
of epitaxial aluminum growth in two platforms: InAs nanowires [17, 47] and
InAs/InGaAs two-dimensional electron gases (2DEGs) [48].

Besides the quality of the interface, another relevant semiconductor property
is the spin-orbit coupling, which is a relativistic effect that couples the spin and
momentum of an electron moving in an electric field. This interaction can lift the
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spin degeneracy of the semiconductor subbands even without an applied magnetic
field and, as we will discuss in Sec. 1.4, can also produce spin splitting of Andreev
bound states in finite-length semiconducting Josephson junctions, enabling the
realization of spin qubits [25]. On the superconductor side, instead, a large su-
perconducting gap and a high critical field are desirable for maintaining induced
superconductivity at elevated temperatures and in large external magnetic fields.
Promising alternatives to Al and Nb compounds include Sn [49] and Pb [50].

A broader overview of material challenges and applications of these heterostruc-
tures can be found in Ref. [51].

1.2.2 InAs nanowires with epitaxial Al shell

a) b) c)

Al
InAs

Figure 1.2: Schematic cross-sections of InAs nanowires (red) with an epitaxial Al
shell (green) covering a) the entire semiconducting core (full-shell), b) three facets
(half-shell), and c) two facets. Tilted scanning electron micrographs (SEMs) of d) an
array of as-grown half-shell Al/InAs nanowires and e) a single nanowire. The SEM
images are courtesy of Jesper Nygard and Thomas Kanne.

In this thesis, we investigate InAs nanowires capped with Al [17, 47], which
were fabricated at the Center for Quantum Devices of the Niels Bohr Institute
(University of Copenhagen).

The nanowires are grown on an InAs substrate in a molecular beam epitaxy sys-
tem by the Au-catalysed vapour-liquid—solid method [17]. They have a hexagonal
cross-section, with dimensions set by the growth conditions. Typical lengths of
5-10 pm and diameters of 60-100 nm are reported in Ref. [17]. The Al shell is epi-
taxially grown in situ in three different configurations: full-shell [Fig. 1.2a)], half-
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shell [Fig. 1.2b)] and two-facet [Fig. 1.2c)]. After growth, the Al/InAs nanowires
form a forest-like array extending from the substrate [Fig. 1.2d)], from which in-
dividual nanowires [Fig. 1.2e)] can be picked up and transferred to the device
substrate (see Chapter 2).

The shell geometry determines, in particular, how much of the InAs surface
remains exposed and can therefore be directly coupled to electrostatic gates. In
the full-shell geometry, the Al completely surrounds the InAs core and screens it
from external electric fields. By contrast, partial-shell geometries leave part of the
semiconductor exposed, allowing stronger electrostatic control of its carrier density
and confinement potential. The shell geometry and the resulting electrostatic
potential can also modify the spin-orbit interaction, including the strength of its
Rashba contribution and the orientation of the effective spin-orbit field [52, 53].
These properties, and more generally the shell geometry, are particularly relevant
in experiments targeting topological phenomena [54, 55|, as well as in studies
involving external magnetic fields [56].

In our experiments, however, the main practical distinction between the devices
is whether the InAs core is exposed to electrostatic gating through a weak link.
In PAPER I, we wanted to investigate the gate response of the superconducting
Al shell without directly gating the semiconductor (see Sec. 1.3), making the full-
shell geometry the natural choice. In PAPER III and PAPER IV, we investigated
Andreev bound states (Sec. 1.4) in semiconducting Josephson junctions, which
we fabricated from half-shell nanowires by selectively etching a portion of the Al
shell. Nonetheless, we do not expect the main results discussed there to depend
qualitatively on the shell geometry. In particular, the phenomena investigated in
PAPER III have also been observed in devices with weak links etched in full-shell
[23] and two-facet nanowires [57].
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1.3 Gate-tunable superconducting properties

Electrostatic gating is a key ingredient of semiconductor technology, where an
applied electric field can be used to locally control the carrier density and, con-
sequently, the electrical properties of a device [35]. Extending a similar approach
to superconducting circuits would combine the versatility of gate control with the
dissipationless transport of superconductors, a particularly attractive prospect for
cryoelectronic applications [58].

1.3.1 Gate-tunable supercurrent

This prospect gained new momentum in 2018, when De Simoni et al. demon-
strated gate control of the switching current in Ti and Al thin-film devices, origi-
nally attributing this behavior to an electrostatic field effect [18]. Following these
findings, similar results have been reported in several materials, geometries, and
platforms, while alternative explanations have been proposed for the underlying
microscopic mechanism, which remains under debate [20, 21, 59-70].

Thorough overviews of the experimental findings, possible applications, and
proposed microscopic mechanisms can be found in Andrea Iorio’s PhD thesis [71]
and in the review by Ruf et al. [19]. Following these references, and for the
purposes of this thesis, the phenomenology of gate-controlled supercurrent can be
summarized by a few common experimental features:

o The effect is observed in all-metallic superconducting devices.

o The effect occurs above a characteristic gate-voltage onset and is approxi-
mately symmetric with respect to gate-voltage polarity. The switching cur-
rent remains nearly constant below this onset and monotonically decreases
above it, eventually being fully suppressed.

e The suppression of the switching current is commonly accompanied by a
finite gate leakage current.

o The characteristic gate-voltage onset depends only weakly on temperature.

1.3.2 Microwave counterpart

These features have been predominantly established through DC measurements,
by observing the suppression of the switching current in superconducting bridges
[59-61, 63-69]. In this thesis, we focus on their microwave counterpart, where
the effect manifests itself through gate-induced changes in the resonant frequency
and losses of superconducting resonators. To illustrate the connection with the
phenomenology discussed above, we use the preliminary characterization of the
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Figure 1.3: a) Simplified schematic of the device. The resonator is capacitively
coupled to the feedline in a notch-type configuration and is characterized through the
feedline transmission. The scanning electron micrograph shows the nanowire (scale
bar: 300 nm) and is courtesy of our collaborators in Budapest. Inset: Schematic of
the nanowire cross-section. The Al shell and the InAs core have a thickness of 20 nm
and a diameter of 150 nm, respectively. b) Magnitude of the feedline transmission
parameter, |S2;|, as a function of probe frequency w for three gate voltages V. c)
Heat map of |S2;| vs V; and w. The gate leakage current I, is plotted against the
right axis.

device investigated in PAPER I and compare our observations with the existing
literature.

The system we investigate consists of a A/4 CPW superconducting resonator
[72], with an InAs nanowire covered by a full Al shell embedded close to the res-
onator current antinode [Fig. 1.3a)]. The nanowire is modeled as an impedance
Znw, which can be tuned through a side gate placed next to it. The resonator is
capacitively coupled to a transmission line in a notch-type geometry and charac-
terized by measuring the feedline transmission parameter S9;. Importantly, the
InAs core is screened from the gate-induced electric field by the Al shell, whose
thickness is orders of magnitude larger than the Thomas—Fermi screening length
[69]. Direct electrostatic modulation of the carrier density in the InAs core is
therefore expected to be negligible.

We first measure So; as a function of probe frequency w at V, = 0 V and iden-
tify a resonance dip around w, /27 =~ 6.84 GHz. Increasing the gate voltage to
Ve = 22 V and then 25 V produces a progressive shift of the resonant frequency
towards lower values, together with a broadening of the resonance [Fig. 1.3b)].
The gate dependence becomes clearer when [So| is shown as a function of both
w and Vg [Fig. 1.3c)]. The response exhibits an onset around |Vg| ~ 16 V and
is approximately symmetric with respect to gate-voltage polarity. Moreover, the
onset of the resonator gate response coincides with a rise in the gate leakage cur-
rent, which reaches a few nA [Fig. 1.3c), right axis]. We extract (see Chapter 2)
the resonant frequency w, and internal quality factor ¢); from the complex trans-
mission coefficient [Fig. 1.4a)-b)]. Both quantities decrease monotonically with
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Figure 1.4: a) Resonant frequency w, and b) internal quality factor @); as a function
of gate voltage Vj.

increasing | V| above the gate onset, going from w, /27 ~ 6.84 GHz and @; ~ 1000
at Vo = 0V to w,/2m = 6.75 GHz and @; ~ 100 around V, = £30 V. Finally,
we repeat the measurement at different temperatures [Fig. 1.5]. Increasing the
temperature reduces both w, and @) already at V, = 0 V, consistent with the
increase in kinetic inductance and quasiparticle losses. In contrast, the character-
istic gate-voltage onset and approximate symmetry of the gate response remain
largely unchanged over the investigated temperature range.
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Figure 1.5: a) Resonant frequency w, and b) internal quality factor @); as a function
of gate voltage V, for different mixing-chamber temperatures.

The gate dependence of the resonant frequency and quality factor therefore
displays features analogous to those observed in switching-current measurements,
consistently with previous reports on similar devices [20, 21, 62, 70]. Furthermore,
the simultaneous frequency shift and increase in losses indicate changes in both
the reactive and dissipative components of the nanowire impedance. The analysis
of these changes, together with the investigation of the gate-response dynamics,
is presented in PAPER I and Chapter 3.
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1.4 Andreev bound states

In analogy with electronic bound states of an electron trapped in a finite potential
well, Andreev bound states (ABSs) are localized fermionic states arising in a
weak link through repeated Andreev reflections of electron-like quasiparticles at
the interfaces with the superconducting leads [73, 74]. These states underlie
the microscopic description of the Josephson effect. However, individual ABSs
can be spectroscopically resolved most easily in systems with a small number
of highly transmitting conduction channels, such as atomic point contacts [24,
75, 76], carbon nanotubes [77, 78|, graphene Josephson junctions [79, 80], and
semiconducting Josephson junctions [22, 23, 25, 81-86]. Here, we focus on the
latter.

Figure 1.6: a) Top: Sketch of a semiconducting weak link. The semiconducting
region (red) of length L is sandwiched between two superconducting leads (green)
with energy gap A and phase difference ¢. The weak link hosts a single conduction
channel containing a scatterer at z( (blue star) with transmission probability 7. Bot-
tom: Schematic of the quasiparticle trajectories and the superconducting density of
states in the leads (green regions), with an energy gap 2A around the Fermi energy;
dark and light green indicate occupied and empty states, respectively. Electrons (full
circles) and holes (open circles) propagate back and forth through the weak link,
undergoing Andreev reflection at the superconductor-semiconductor interfaces (red
paths) or normal scattering at xo (blue paths). The quasiparticle spin is indicated
by the vertical arrows. Only trajectories of spin-up electrons and spin-down holes are
shown; an analogous set of trajectories exists for the opposite spin. Image inspired
by Refs. [23, 57]. b) False-colored scanning electron micrograph of an InAs nanowire
with an epitaxial Al shell (green), deposited on a substrate and locally etched to ex-
pose the semiconductor core and form a Josephson weak link.
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1.4.1 ABSs in semiconducting nanowires

To understand the formation of ABSs in a weak link, consider a semiconducting
region of length L sandwiched between two superconducting leads with energy
gap A and phase difference ¢ [Fig. 1.6a)]. Following Refs. [22, 23, 57], we de-
scribe each conduction channel in the weak link using a single-scatterer model,
with a scatterer located at xy and transmission probability 7. Electron-like and
hole-like quasiparticles propagating through the weak link can undergo Andreev
reflection at the semiconductor-superconductor interfaces [red paths in Fig. 1.6a)]
or normal scattering at z( [blue paths in Fig. 1.6a)]. Experimentally, we realize a
semiconducting weak link in our nanowires by selectively etching a portion L of
the Al shell, thereby exposing the InAs core [Fig. 1.6b)].

b) finite length + spin-orbit

a) zero length

finite length
+A — —

Andreev bound
state energy, €ags
o
T
1
T

JJ phase, ¢

Figure 1.7: Phase-dependent energy spectrum of Andreev bound states in a weak
link described by a single effective conduction channel: a) in the zero-length limit, b)
for a finite length junction, and c) for a finite length junction with spin-orbit coupling,
which lifts the spin degeneracy away from ¢ = 0 and 7. The spectra are obtained by
solving Eq. 1.12 using the parameters listed in Table 1.1. Adapted from Ref. [22].

Depending on the parameter A = L/, where £ = hop/A is the ballistic super-
conducting coherence length and vg is the Fermi velocity in the semiconducting
region, one can distinguish two regimes [22]:

o Zero length: For A = 0, each conduction channel in the weak link hosts
a spin-degenerate pair of ABSs [Fig. 1.7a)] with phase-dependent energies
given by

teaps = iA\/l 7 sin? (920) (1.11)

This expression also provides a good approximation in the short-junction
limit, A < 1.
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o Finite length: As the junction length increases, due to the quantization
condition yielding a level spacing ~ hve/L, additional spin-degenerate ABS
pairs fit inside the superconducting gap [Fig. 1.7b)]. Moreover, spin-orbit
coupling can lift the spin degeneracy away from ¢ = 0 and 7 [Fig. 1.7c)]. The
minimal model considered here that takes into account both effects includes
coupling between two transverse subbands of the semiconductor, giving rise
to two characteristic Fermi velocities, v; and vy, associated with spin-orbit-
coupled propagating modes [23, 57, 87]. The ABS energies in this case are
obtained by solving the transcendental equation

Tcos [(A1 — Ag)e F |+ (1 — 7)cos [(A1 + Ag) ex, ]

1.12
= cos[2arccose — (A1 + Ay) €], 12

where ¢ = eaps/A, x, = 229/L — 1 € [-1,1], and A; = LA/(hv;), with
1 = 1,2. Equation 1.12 also describes finite-length junctions without spin-
orbit splitting when A; = Ay, and reduces to the zero-length result of Eq. 1.11
when A1 = Ay = 0.

Interestingly, the familiar Josephson potential of a conventional tunnel junction
can be recovered from the short-junction expression. In this limit, at zero temper-
ature, each conduction channel contributes —eapg to the junction ground-state
energy, up to a phase-independent constant. An ideal tunnel Josephson junction
with a homogeneous barrier, an area of the order of 1 ym?, and a normal-state
resistance of the order of 10 k) can be viewed as a set of n ~ 10° parallel conduc-
tion channels with 7; ~ 1076 [88]. For such small transparencies, the ground-state
energy associated with one channel in Eq. 1.11 becomes

—EABS = —A\/l — 7 sin? (g)

—-A [1 — ;sin2 (g)} (1.13)

=—-A [1—1(1—008@)].

Q

The total ground-state energy of a junction hosting n conduction channels would
then read

Bt = =AY [1 — Z(l — COS 90)}
i=1

= —FEjcosp.

(1.14)

where Ey = (A/4) 3", 7;, and phase-independent terms have been omitted. Us-
ing the Landauer formula, Ry' = (2¢2/h) =", 7; [74], we can rewrite the Joseph-

son energy as
A(DO Am

Ey = A
J 4e RN ¢ 2eRN

(1.15)
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where ®y = h/(2e¢) is the superconducting flux quantum, Ry is the normal-state
resistance of the junction and I, = 2eEj/h is its critical current. Equations 1.14
and 1.15 recover the conventional Josephson potential and the zero-temperature
Ambegaokar-Baratoff relation for a tunnel junction with identical superconduct-
ing leads [6]. In this limit, the large number of weakly transmitting ABSs lie
very close to the superconducting gap edges. They are therefore hardly distin-
guishable individually from the quasiparticle continuum and cannot generally be
individually addressed experimentally.

1.4.2 Microwave spectroscopy of ABSs

As summarized in Ref. [55], there are three main experimental techniques to
probe ABS spectra: Josephson spectroscopy [81, 89], tunneling spectroscopy [79,
90], and microwave spectroscopy [22, 23, 91]. Here, we focus on the last one, which
consists in coupling ABSs to a superconducting microwave resonator, following
the standard cQED approach developed for superconducting qubits [1].

In particular, we consider a system in which the nanowire is embedded in a
superconducting loop and galvanically coupled to an LC' resonator via a shared
inductance Lg [Fig. 1.8a)]. The magnetic flux ¢ threading the loop, and conse-
quently ¢, is controlled by a current Iy flowing through a nearby flux line. The
weak link is also capacitively coupled to an electrostatic gate voltage V, which
tunes its transparency 7. An additional microwave tone at angular frequency wqy
is used to excite the weak link.

We first assume the short-junction limit with a single conduction channel, which
gives one spin-degenerate ABS pair with energies +eapg. Fach spin-degenerate
ABS is associated with two quasiparticle states of opposite spin. In the excitation
picture, this gives four possible many-body configurations: the ground state, with
no quasiparticle excitations; the excited state, with two quasiparticle excitations;
and two spin-degenerate odd-parity configurations with a single quasiparticle ex-
citation. In the short-junction limit considered here, the drive can induce a pair
transition from the ground to the excited state when wq = waps [orange arrow in
Fig. 1.8b)], where

hwaps = 2€ABs. (1.16)

Importantly, the ABS dispersion, and therefore its excitation energy, depends
strongly on the junction transparency 7 [Fig. 1.8c)]. As 7 increases, the positive-
and negative-energy ABS branches approach each other around ¢ = 7, where
the minimum pair-excitation energy is fuwaps(m) = 2A4/1 — 7. Consequently,
7 (and V) directly controls the detuning between the ABS transition and the
resonator, whose bare frequency is assumed to satisfy hw! < A [Fig. 1.8d)]. At
low transparency, waps > w” over the entire phase range, whereas, as 7 increases,
the ABS transition approaches the resonator around ¢ = 7 and can eventually
cross it.
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Figure 1.8: a) Schematic of a semiconductor junction embedded in a supercon-
ducting loop and coupled to an LC' resonator through a shared inductance Ls. The
junction phase and transparency are controlled through the magnetic flux ® thread-
ing the loop and the electrostatic gate voltage V;, respectively. A drive at angular
frequency wq is used to excite the junction. b) Schematic of the many-body energy
spectrum associated with a spin-degenerate ABS pair: ground state (solid line), ex-
cited state (dashed line), and two spin-degenerate odd-parity states (dotted line). A
pair transition between the ground and excited states can be driven at wq = wags,
as indicated by the orange arrow. c) ABS energies in the short-junction limit for
three values of the transparency 7. d) Corresponding Andreev excitation frequencies
for a pair transition (Eq. 1.16). The horizontal dashed line indicates the resonator
frequency w?. For clarity, we choose fiw? = 0.5A, whereas in a more realistic Al-based
cQED device w?/(2m) ~ 5-10 GHz and Aaj/h ~ 50 GHz. e) Resonator frequency
shifts induced by the ground-state ABS (Eq. 1.22).
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To quantify the ABS-resonator interaction, we write the Hamiltonian of the
uncoupled resonator and ABS system as

ﬁo = I:[r + [:IABS
1 (1.17)
= hw?dTCAL + ithBS (QO, 7') 5Z,

where ﬁr and H ABs are the resonator and ABS contributions, respectively, a (&T)
is the annihilation (creation) operator of the bare resonator mode, and &, is the
Pauli z operator acting on the two even-parity ABS states. The resonator and
ABS couple through the resonator zero-point flux fluctuations across the shared
inductance, which induce a phase perturbation:

o = o+ 0, (1.18)

with 0 = A (d - dT> 22, 51, 91, 92]. We can write

P,

A::]7<2ﬂ1ﬁ>, (1.19)
0

where p = Ly /(Ls+ L) is the inductive participation ratio for the simplified circuit

shown here, and ®,,; = \/hZ,/2 is the amplitude of the resonator zero-point flux
fluctuations, which depends on the resonator impedance Z,, as introduced in
Sec. 1.1.

By expanding the ABS Hamiltonian to second order in A, accounting for the
phase dependence of both the ABS energies and their eigenstates, the coupling
Hamiltonian reads [91, 92]

2 1 (A At N Hfps . 1) 2
HC:)\HABS(a—i—a)—i—i(a—i—a) , (1.20)
2
where the operator derivatives with respect to ¢ are

. d
Aips = 12 |6, + VT=rtan (£) &

~ dj;s T+ (2—7)cosy (1.21)
i A A
Hypg = i Jsin g o, +V1 —TO'y] .

Applying perturbation theory up to second order in A, we obtain the resonator
frequency shift when the ABS is in its ground state [22, 91]:

5wr = Wr (@) o UJ?

_ A2CABS +92< 9 1 1 ) (1.22)
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where 3PS = —d%epps/dp? is the curvature of the ABS ground state, 61 =

WARS T w?, and

ge = 2\/1 —T (— diifs> tan (;0) (1.23)
is the phase- and transparency-dependent coupling rate. The first term in Eq. 1.22
originates from the curvature of the ABS ground-state energy and dominates
when the ABS transition is far detuned, whereas the second term accounts for
virtual transitions and becomes important as the ABS transition approaches the
resonator. The resonator thus acquires a phase-dependent frequency shift, whose
modulation generally increases with 7 and can eventually develop in an avoided-
crossing pattern [Fig. 1.8¢)].

The resonator frequency shift depends on the ABS occupation and is therefore
different for its ground and excited states. In the dispersive regime, |0_| > g,
and within the rotating-wave approximation, the interaction gives the familiar
Jaynes-Cummings dispersive contribution 4y, with y ~ ¢g2/§_ [1]. Consequently,
driving the ABS transition changes the response of the coupled resonator.

This coupling mechanism provides two complementary ways of probing the
ABS. In single-tone spectroscopy, the resonator is probed without an additional
drive tone, and information about the ABS is inferred from the phase-dependent
frequency shift induced by its ground state. In two-tone spectroscopy, an addi-
tional drive tone is used to excite the ABS transition, while the resulting change in
the resonator response provides an indirect readout of the excitation. By sweeping
the drive frequency, the phase-dependent ABS excitation spectrum can therefore
be mapped out.
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Figure 1.9: a) Positive branches of the Andreev spectrum in the finite-length regime,
with spin-orbit coupling lifting the spin degeneracy. Solid and dashed arrows indicate
spin-conserving and spin-flipping single-quasiparticle transitions, respectively. The
spectra are obtained by solving Eq. 1.12 using the parameters listed in Table 1.1. b)
Corresponding single-quasiparticle excitation frequencies, hw;; = €; — €;, separated
into two panels to avoid overlapping curves.
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Besides the pair transitions discussed so far, the presence of multiple ABSs in
finite-length junctions allows a second type of excitation: single-quasiparticle tran-
sitions between different ABSs [Fig. 1.9a)]. Since microwave excitation conserves
fermion parity, these transitions require a quasiparticle to be already trapped
in the weak link, for example through quasiparticle poisoning. In the presence
of spin-orbit coupling, the lifting of spin degeneracy allows a richer set of spin-
conserving and spin-flipping transitions, giving rise to characteristic bundles in
the excitation spectrum [Fig. 1.9b)] [22, 23, 57].

Although the expression for the ABS-induced resonator frequency shift in Eq. 1.22
can be generalized to account for multiple ABSs and the spin-splitting [22], we
do not employ this formalism here. For spectra without resolved spin splitting,
we adopt an effective short-junction approximation, describing the dominant ABS
dispersion as [22, 84, 93-95]

+esfh o — j:Aeﬁ‘\/l — 7sin? (g), (1.24)

where[96]
A

VA + A2+ (AT —7)

This approximation is most justified near ¢ = 7 for the lowest pair transition and
does not resolve spin-orbit splitting or the higher ABSs of a finite-length junc-
tion. Since our devices are not strictly in the short-junction limit, this expression
describes the pair-transition data in PAPER III and provides an effective model
for PAPER IV. In PAPER III, excitation spectra with resolved spin splitting are
instead fitted using the full transcendental equation (Eq. 1.12).

Ao = 5 < A. (125)

Plot A Ay Ty T
Fig. 1.7a) 0 0 - 095
Fig. 1.7b) 1.7 1.7 0.45 0.83
Fig. 1.7¢) 1.7 3.56 0.45 0.83

Fig. 1.9 22 356 045 0.7

Table 1.1: Parameters used to plot ABSs in Figs. 1.7 and 1.9 from Eq. 1.12.
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1.5 Nonlinearities in superconducting resonators

In Sec. 1.1, we modeled superconducting resonators as harmonic oscillators, which
are linear systems in the sense that their dynamics is governed by a linear differ-
ential equation of the form i + w3z = 0. Indeed, starting from the Lagrangian
of an LC resonator, a similar equation of motion follows directly from the Euler—
Lagrange equation:

—ZZ 22—
Crio ®  dtgd 09 .1
L=—""0%— S
> ¥ oL, TI.C
The linearity has also a counterpart in the quantum description. Neglecting the

constant term in Eq. 1.10, the Hamiltonian reads

H = hw,a'a, (1.27)

® = 0. (1.26)

and is therefore linear in the photon-number operator f = a'a. Consequently, the
energy levels are equally spaced, with a transition frequency w; that is independent
of the photon number.

This linear regime underlies several applications of superconducting resonators,
including qubit readout [2] (and also the ABS readout discussed in the previous
section), quantum buses [3], memories [4], and Purcell filtering [5]. However, su-
perconducting resonators also inherit a nonlinearity from the kinetic inductance
of the superconducting film from which they are fabricated. We neglect this con-
tribution in this thesis, as the discussed systems operate in a regime where it
is negligible. In other devices, instead, kinetic-inductance nonlinearity is delib-
erately exploited, for example in traveling-wave parametric amplifiers (TWPAs)
[97], kinetic-inductance detectors (KIDs) operated in the nonlinear regime [98],
and gate-tunable kinetic-inductance parametric amplifiers [99].

Josephson junctions, on the other hand, are intrinsically nonlinear elements.
For a tunnel junction, this nonlinearity originates from the Josephson potential
Eq. 1.14, depending on Ej and ¢ [6]. More general potential shapes U(y) can
be obtained by combining one or several Josephson junctions in superconducting
loops. The nonlinear properties of such a potential are identified by expanding it
around the equilibrium point @iy,

> cp d"U
Ulp) =), (¥ — @min)", Cp = , 1.28
(©) ngon!( ) do|, (1.28)

where @i, is determined by the equilibrium condition ¢; = 0.

When a nonlinear element is embedded in a resonator, the coefficients of its
potential modify the properties of the resonator. In particular, after quantization,
the resonator Hamiltonian can be written as [100, 101]

H = hiya'a+ hgs(a +a')® + hga(a +a)t + - - -, (1.29)
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where @, includes the linear inductive response associated with the quadratic
coefficient co. Treating this contribution as a weak perturbation of a bare resonator
with frequency w?, we obtain

Or >~ w) + ——, (1.30)

where A is the zero-point phase fluctuation across the nonlinear element. We
already encountered an example of this mechanism in the previous section, where
the curvature of the ABS ground-state potential, —d?eaps/dyp?, gives the first
contribution to the ABS-induced frequency shift in Eq. 1.22.

The higher-order expansion coefficients, instead, give rise to the nonlinear
Hamiltonian terms, with

hgn = —cy, n > 3. (1.31)
n!

Both the linear and nonlinear properties imparted to the resonator can therefore
be related to the expansion coefficients of the potential.

The leading nonlinear contributions are associated with the cubic coefficient
c3, which enables three-wave mixing (3WM), and the quartic coefficient ¢4, which
contributes to the Kerr nonlinearity. The quartic term also enables four-wave
mixing, which we do not discuss here. In a 3WM process, energy is transferred
from a pump tone at w;, to signal and idler tones at ws and wjs, subject to the energy-
conservation condition wy, = ws + wj. The Kerr nonlinearity, instead, manifests as
a photon-number-dependent shift of the resonance frequency. To leading order,
this shift is written as dwgerr >~ Kn, where K is the Kerr coefficient and n is the
mean photon number in the resonator.

These nonlinearities enable a broad range of applications, including parametric
amplification [9, 10, 13, 14, 102-104], bosonic-mode quantum computing [15, 105—
108], and both linear [16, 109] and nonlinear [110] coupling schemes. In particular,
the cubic nonlinearity can be exploited for 3WM parametric amplification [9, 10,
13, 14], non-Gaussian interactions [15], and beamsplitter interactions between
bosonic modes [109]. The Kerr nonlinearity, on the other hand, can often be
detrimental, for instance by limiting the dynamic range of parametric amplifiers
and degrading the fidelity of bosonic-mode operations. Achieving a sizable cubic
nonlinearity while suppressing the Kerr term is therefore an important goal in the
design of nonlinear superconducting circuits.

One strategy to address this challenge is to engineer the shape of the effective
potential U(p) through the Josephson energies of the individual junctions and
tune it in situ using external magnetic fluxes threading superconducting loops.
This allows operating points with a sizable cubic interaction and a suppressed
effective Kerr term to be reached. Circuit designs based on this principle include
the radio-frequency superconducting quantum interference device (rf-SQUID) [9],
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the superconducting nonlinear asymmetric inductive element (SNAIL) [10], the
asymmetrically threaded SQUID (ATS) [106], and the linear inductive coupler
(LINC) [16].

This brings us back to one of the leitmotifs of this thesis. The devices men-
tioned above rely on tunnel junctions, whose Josephson energies are largely fixed
at fabrication, while external magnetic flux provides in situ control of the effective
circuit potential. Semiconductor Josephson junctions offer an additional exper-
imental knob: electrostatic gating can modify the channel transparencies and,
consequently, the shape of the junction potential.

1.5.1 ABS-induced nonlinearities

We consider again the system introduced in the previous section, in which a semi-
conductor Josephson junction is coupled to an LC resonator through a shared in-
ductance, and both the superconducting phase ¢ across the junction and its trans-
parency 7 can be controlled [Fig. 1.10a)]. We adopt an effective short-junction
description and consider a single spin-degenerate ABS pair, whose even-parity
ground- and excited-state energies are —efhg and +e4kq, respectively [Eq. 1.24;
Fig. 1.10b)]. Restricting the ABS system to its ground state, the total potential
of the superconducting loop is

Ulp) = @S)Q W = Aeff\/l — 7 sin? (920) (1.32)

where pext = 27P /P and we have assumed Ljoop =~ Ls. The expansion coefficients
¢, are evaluated at a stable minimum oy,;, of this potential.
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Figure 1.10: a) Schematic of a semiconductor junction embedded in a supercon-
ducting loop and coupled to an LC' resonator through a shared inductance Lg. The
junction phase and transparency are controlled through the magnetic flux ® thread-
ing the loop and the electrostatic gate voltage V4, respectively. b) Negative (black)
and positive (gray) phase-dependent ABS energies.

We now approach the same system from a different perspective. In the pre-
vious section, we investigated how the ABS modifies the linear response of the
resonator, resulting in a shift of its resonance frequency. Here, instead, we con-
sider the junction and the loop inductance as an effective rf-SQUID nonlinear
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element, whose potential can be expanded around its minimum to estimate the
nonlinearities imparted to the resonator.

Considering the nonlinear contributions up to fourth order, we approximate the
cubic and Kerr nonlinearities associated with the ground-state potential as [26]

)\3
hgg = ECS? (133)
and A )
A He
hKenp = — [y — —2 1.34
o =y (= 52). (1.34)

where the second term in Eq. 1.34 accounts for the contribution of the cubic
nonlinearity to the effective Kerr coefficient.

This ground-state-potential description neglects dynamical contributions aris-
ing from transitions between the ABS states. The approximation is generally more
reliable at low transparency and away from ¢ ~ 7w, where the ABS transition is
typically far detuned from the resonator. Virtual transitions introduce an addi-
tional dispersive contribution, analogous to the second term of the ABS-induced
frequency shift in Eq. 1.22. An accurate calculation of the nonlinear coefficients
would require expanding the full coupled ABS-resonator Hamiltonian, which is
beyond the scope of this thesis. Instead, following a phenomenological approach,
we supplement Eq. 1.34 with the leading dispersive Kerr contribution of a trans-
versely coupled two-level system, obtained within the rotating-wave and dispersive
approximations [92, 111]:

hg?

hK = hKaNp +
(WABS - w? )

. (1.35)

Note that the simplified transverse two-level model used for the dispersive cor-
rection does not provide additional contributions to the cubic coefficient. Such
contributions may nevertheless arise from a systematic expansion of the full ABS—
resonator Hamiltonian.

For the parameters considered in this thesis, at moderate transparency, the
Kerr nonlinearity remains weakly negative over most of the phase range and de-
velops a positive maximum around ¢ = m, resulting in two symmetric zero cross-
ings [Fig. 1.11a)]. As 7 increases, the phase dependence becomes progressively
sharper and the magnitude of the Kerr nonlinearity increases. At sufficiently
high transparency, the ABS transition crosses the resonator frequency, and the
dispersive contribution in Eq. 1.35 develops a discontinuous, avoided-crossing-like
pattern. At higher transparency, the model also predicts additional zero crossings,
suggesting further operating points with suppressed Kerr nonlinearity.

In contrast, the magnitude of the cubic nonlinearity vanishes at ¢ = 0, 7, and
27, and develops two symmetric maxima on either side of ¢ = 7 [Fig. 1.11b)].
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Figure 1.11: a) Phenomenological ABS-induced Kerr curves retained from the PA-
PER IV model, Eq. 1.35, for four values of the transparency 7, shown over the full
range (top row) and around zero (bottom row). Singularities near resonance lie out-
side the dispersive approximation. b) ABS-induced cubic nonlinearity, Eq. 1.33, for
the same values of 7. The parameters are close to those of the system investigated in
this thesis: Aeg/h = 10 GHz, A = 0.028, w?/27 = 6.5 GHz, and L, = 350 pH.

Increasing 7 enhances |g3| and shifts these maxima toward m, where the phase
dependence of the ABS energy becomes increasingly sharp.

Importantly, at moderate transparencies [see 7 = 0.75 and 0.83 in Fig. 1.11], the
Kerr zero crossings occur at phases where the cubic nonlinearity remains finite. At
higher transparency, the appearance of four zero crossings suggests that operating
points combining suppressed Kerr and sizable cubic nonlinearity may also exist in
this regime. Such a combination is particularly favorable for three-wave mixing.
We use this model to describe the nonlinear response measured in PAPER 1V, as
discussed in Chapter 6.
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In this chapter, we present the experimental methods employed throughout this
work. We begin with an overview of the device fabrication processes, followed by
a description of the experimental setups. Finally, we introduce the measurement
techniques and data-processing procedures used to characterize and analyze our
devices.

2.1 Fabrication process

Here, we present an overview of the fabrication processes used for the devices
investigated in this thesis. Detailed recipes for the processes developed within
this work are reported in Appendix A.

As already mentioned in Sec. 1.2, the Al/InAs nanowires were grown at the
Center for Quantum Devices of the Niels Bohr Institute (University of Copen-
hagen), by the group of Jesper Nygard. The nanowires were provided to us ready
for transfer onto our devices, and their growth is therefore not included in the
fabrication processes discussed here. The remaining fabrication steps were per-
formed, unless otherwise specified, at the Myfab cleanroom facility at Chalmers
University of Technology.

Our fabrication process can be divided into four main steps:

e Substrate preparation: Cleaning and preparation of the substrate for
thin-film deposition.

» Base-layer processing: Deposition and patterning of superconducting thin
films to define the resonators, microwave feedlines, and coarse control cir-
cuitry.

o Nanowire transfer: Placement of the nanowires onto the device chip using
a nanomanipulator.

« Nanowire processing: Definition of Josephson weak links, when required,
and fabrication of electrical contacts and fine control circuitry.

2.1.1 Device I: Gate-tunable CPW resonator

This device was investigated in PAPER I, and discussed in Sec. 1.3 and Chapter 3
of this thesis. Its fabrication was carried out by Francois Joint, who performed the

29
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substrate preparation and base-layer processing, in collaboration with colleagues
at the Budapest University of Technology and Economics, who were responsible
for nanowire transfer and processing. The following description is adapted from
the Supplementary Material of PAPER 1.

The device is part of a 7 x 7 mm? chip [Fig. 2.1a)], hosting four resonator-gate
structures, labeled D1, D2, D3, and D4. Device D2 serves as a reference resonator
without a nanowire (NW) [Fig. 2.1b)], while in D1, D3, and D4 the resonators
are shunted to ground through a NW [Fig. 2.1¢) and d)].

The sample was fabricated on a high-resistivity Si substrate [Fig. 2.1e)]. First, a
200-nm-thick oxide layer was thermally grown on a 2-inch Si wafer using a furnace.
Next, a 150-nm-thick aluminum film was evaporated across the entire wafer. Using
a maskless UV lithography system, the microwave circuitry, including feedlines,
gate lines, and resonators, was patterned. The patterns were transferred to the
aluminum layer by immersing the wafer in an aluminum etchant solution for
approximately two minutes. Subsequently, alignment markers were patterned
using electron-beam lithography (EBL), followed by the lift-off of a 25-nm-thick
gold layer. This step prepared the wafer for the transfer and integration of the
nanowires into the existing circuitry. The NWs were transferred onto the chip
using a nanomanipulator and subsequently integrated into the cQED structure
through 100-nm-thick Ti/Al contacts. These contacts were patterned by EBL
and fabricated by a lift-off process. Before metal evaporation, Ar ion milling was
performed to reduce the contact resistance.

Ti+Al
Al
InAs

Figure 2.1: Device 1. a) False-colored optical micrograph of the chip, showing four
A/4 CPW resonators (D1-D4) coupled to a common feedline (red). The resonator
(green) and gate line (yellow) of D1 are highlighted. Blue arrows indicate the nanowire
regions, while the black arrow marks the reference (bare) resonator D2. b) Optical
micrograph of D2’s voltage node. ¢) Optical micrograph of the nanowire (red arrow)
shunting the resonator to ground, with a nearby gate line. d) SEM micrograph of the
contacted nanowire. e) Schematic cross-section of the material stack.
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2.1.2 Device Il: NbTiN coplanar stripline resonators

The NbTiN CPS resonators investigated in PAPER II were fabricated by Ivo
Cools, who also developed the fabrication recipe during his PhD, with contribu-
tions from Rodrigo M. Lépez-Béez’s master’s thesis project. An overview of the
fabrication process is provided in the following subsection on Device IV, which is
based on the CPS resonator design investigated in PAPER II. Further details on
the development and optimization of the recipe can be found in Ivo’s PhD thesis
[112].

2.1.3 Devices Ill and IV: NbTiN resonators with Josephson
weak links

Device III refers to the fabrication process used for the three devices investigated
in PAPER II1, fabricated by Oleg Shvetsov and Ankit Khola, whereas Device IV
is the device investigated in PAPER IV. Since their fabrication processes differ
mainly in the base-layer processing, we describe them together in this subsection,
focusing on Device IV and highlighting the differences with Device III where
relevant.

Substrate preparation

Our devices are fabricated on single-side-polished, 430 + 25 pum-thick C-plane
sapphire wafers. The substrates are cleaned using Standard Clean 1 (SC1) of the
RCA protocol [113], followed by solvent cleaning. These steps remove organic
residues and particulate contamination [114, 115].

Base-layer processing

The base layers of our devices consist of NbTiN, deposited onto the substrates
by DC sputtering from a Nbg; gTi;g1 target in an atmosphere of Ny and Ar. The
main parameters used to control the film properties are the deposition time, which
determines the film thickness, and the substrate temperature. In particular, we
distinguish between hot sputtering, where the substrate is maintained at 660 °C
during deposition, and cold sputtering, where the substrate is water-cooled. Cold
sputtering generally produces more disordered films, resulting in a higher kinetic
inductance, whereas hot sputtering favors more ordered films with lower kinetic
inductance. Similarly, thinner films exhibit a higher sheet kinetic inductance than
thicker ones. Regardless of the sputtering process, the NbTiN layers are patterned
using either optical or electron-beam lithography, followed by inductively coupled
plasma reactive ion etching (ICP-RIE) with an Ar/Cly gas mixture. The only
etching parameter adjusted between different samples is the etching time, which
depends mainly on the thickness of the NbTiN layer. The process is monitored by
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measuring the intensity of a laser beam reflected from the sample surface, allowing
us to detect when the NbTiN layer has been fully etched and stop the process
accordingly:.

e Device III: For the devices discussed in PAPER III, the base layer consists
of two NbTiN films with different thicknesses. First, a 90-nm-thick NbTiN
film was deposited and patterned (optical lithography) to define the ground
plane, the coarse gate and flux lines, and the alignment markers. A second,
6-nm-thick NbTiN film was subsequently deposited and patterned (electron-
beam lithography) to define the resonator. Both depositions were performed
by cold sputtering.

e Device IV: For the device discussed in PAPER IV, a single 10-nm-thick
NbTiN film was deposited by hot sputtering and patterned (electron-beam
lithography) to define the superconducting circuitry. Ti/Au alignment mark-
ers were fabricated before patterning the NbTiN using a standard lift-off
process.

a) b)
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Figure 2.2: Typical electrical resistance R as a function of temperature 7', measured
on four-point test structures patterned in the NbTiN resonator layers obtained from
a) hot-sputtering and b) cold-sputtering process. The superconducting transitions
give critical temperatures of approximately 7. = 15 K and 6 K, respectively. These
measurements were performed in a Quantum Design Physical Property Measurement
System (PPMS) by Ivo Cools and Oleg Shvetsov for hot and cold sputtered film,
respectively.

The sheet kinetic inductance of the two resonator layers can be estimated from
their sheet resistance and critical temperature T,.. The sheet resistance was mea-
sured directly on the NbTiN films using a four-point probe, averaging measure-
ments taken at several positions across the wafer. The critical temperature was
instead extracted from temperature-dependent resistance measurements on Hall-
bar test structures patterned from reference NbTiN films deposited using the
corresponding resonator-layer recipes (Fig. 2.2). Using Eq. 1.1, we estimate sheet
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kinetic inductance of approximately 10 pH /O for the hot-sputtering process and
up to 400 pH/O for the cold one. Assuming that 7, remains unchanged for films
deposited using the same recipe, we characterize subsequent resonator layers by
measuring only their sheet resistance and use it to estimate their kinetic induc-
tance. These values are then used in electromagnetic simulations to guide the
choice of resonator geometry and estimate the resonance frequency and charac-
teristic impedance.

Device IV [Fig. 2.3a)-c)] uses the quarter-wavelength differential CPS resonator
design investigated in PAPER II, whereas Device III employs a lumped-element
resonator based on a similar differential geometry [Fig. 2.3d)]. Both resonator
types were introduced in Sec. 1.1.

a) b)

Figure 2.3: Optical micrographs of the NbTiN resonators. a) Quarter-wavelength
differential CPS resonator (green) coupled to feedlines (red) used in Device IV and
based on the design investigated in PAPER II. Yellow and black rectangles are magni-
fied in b) and ¢), respectively. b) Magnified view of the CPS conductors, highlighting
their width W and separation G. c¢) Magnified view of the coupling capacitors with
the feedlines. d) Resonator used in Device III, based on a similar CPS geometry as
Device IV but operating in the lumped-element regime.

As a final step of the base-layer processing, the wafer is diced in 10 x 6 mm?

chips, which are then ready for nanowire transfer.

Nanowire transfer

The half-shell Al/InAs nanowires are transferred from their growth substrate onto
the device chip using a commercial transfer system from HQ Graphene, mounted
on an air-suspended optical table. The transfer station consists of an optical
microscope and two independently controlled stages: one holding the growth sub-
strate and device chip, and the other holding a needle with a tip size of 100 nm
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from American Probe & Technology [Fig. 2.4a) and b)]. The sample stage allows
translation along the z, y, and z axes and rotation around the z axis, while the
needle stage allows translation along x and y and rotation around all three axes,
with an additional independent rotation of the needle around its own axis. Both
stages are controlled via joystick with micrometric precision. The microscope is
equipped with two cameras, allowing the transfer process to be monitored on
separate screens.

Figure 2.4: a) Photograph of the nanowire transfer station, consisting of an optical
microscope and two joystick-controlled stages holding the samples and the manipu-
lation needle. b) Photograph of the needle approaching the growth substrate under
the microscope, with a slightly out-of-focus PhD candidate in the background. c)
Optical micrograph showing a nanowire being picked up from the growth substrate
by the needle. d) Optical micrograph of three nanowires transferred onto the device
chip, near a CPS resonator and surrounded by alignment markers. e) False-colored
scanning electron micrograph of two nanowires (green) after selective etching of the
Al shell. The footprint of the etching windows (pink) is still visible and includes
drainage areas designed to facilitate the flow of the etchant.

During the transfer, the needle is brought into contact with a nanowire on
the growth substrate, which is then picked up and moved onto the device chip
[Fig. 2.4c)]. The transfer relies on van der Waals forces, which initially promote
adhesion of the nanowire to the needle and subsequently to the device chip. The
nanowires are deposited near the resonator, using the lithographically defined
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alignment markers as references for positioning [Fig. 2.4d)]. Several nanowires are
typically transferred onto each chip, providing multiple candidates for subsequent
processing. Their positions are then inspected to determine the alignment of the
lithographic patterns used in the following fabrication steps.

Nanowire processing

After transferring the nanowires onto the device chip, we define the Josephson
weak links by selectively removing a portion of the epitaxial Al shell. The etching
windows are patterned by positive electron-beam lithography, and the exposed Al
is removed by wet etching in a TMAH-based solution (MF319), [Fig. 2.4e) and also
Fig. 1.6b)]. The nanowires are then inspected by scanning electron microscopy to
evaluate the quality of the etched regions and select the most promising candidate
for further processing.

Finally, we fabricate the fine circuitry, including the superconducting contacts
connecting the nanowire to the resonator, as well as the gate and flux-bias lines.
These structures are patterned by EBL and fabricated by lift-off of a Ti/Al bilayer,
consisting of 6 nm of Ti and 200 nm of Al. Immediately before metal deposition,
we perform Ar ion milling to remove the native oxide from the remaining Al shell
of the nanowire, ensuring good electrical contact between the epitaxial shell and
the deposited Ti/Al electrodes.

The main differences between the two final devices lie in their resonator ge-
ometry and the number of weak links coupled to them. Device III employs a
high-impedance lumped-element resonator coupled to a single Josephson weak
link [Fig. 2.5d) and e)], whereas Device IV incorporates a differential CPS res-
onator coupled to two Josephson weak links defined in the same Al/InAs nanowire
[Fig. 2.5a)—c)].
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Figure 2.5: Devices I and IV. a) Optical micrograph of Device IV, consisting of a
differential CPS resonator coupled to two Josephson weak links. The resonator and
feedlines, previously highlighted in Fig. 2.3a)—c), are visible in the central and left re-
gions, while the coarse gate and flux lines extend towards the right. The red rectangle
indicates the region enlarged in panel b). b) False-colored optical micrograph of the
nanowire region, showing the superconducting loops (yellow), flux lines (blue), gate
lines (purple), and ground shielding (gray). The black rectangle indicates the region
enlarged in panel ¢). ¢) False-colored scanning electron micrograph of the Al/InAs
nanowire (cyan), showing the two Josephson weak links (red), Ti/Al contacts (yel-
low), and gate lines (purple). d) Scanning electron micrograph of a representative
Device III, consisting of a high-impedance lumped-element resonator coupled to a sin-
gle Josephson weak link. The yellow rectangle indicates the region enlarged in panel
e). e) False-colored scanning electron micrograph of the Al/InAs nanowire (cyan),
showing the Josephson weak link (red), Ti/Al contacts (yellow), and side gate. The
micrographs in panels d) and e) are courtesy of Oleg Shvetsov and Ankit Khola.

2 Methods
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2.2 Experimental setup

The measurements presented in this thesis were performed in three different Blue-
fors dilution refrigerators, named Luna, Embla, and Ask, operating at base tem-
peratures of approximately 10 mK. While Luna was already operational and main-
tained by our colleagues at the 202Q-Lab [116], Embla and Ask were assembled
and configured as part of this thesis project through a collaborative effort within
the Dlungeon-Lab (ex Geresdi Lab).

In the following, we describe the cryogenic wiring and room-temperature in-
strumentation of each experimental setup. The measurement techniques, instead,
are discussed in the next section.

&) 'ow-pass filter } Amplifier (dB) i _"§ | BT: bias-tee

- band-pass filter .
Isolator —\IW\— Resistor
Cu filter + Ground
. _ @ Circulator = Attenuator (dB)
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( Directional Coupler Hybrid Cryostat plate

Figure 2.6: Symbols used in the schematics of the three experimental setups.

2.2.1 Luna

The measurements reported in PAPER I were performed in Luna. The microwave
input line was attenuated and filtered at different temperature stages, while the
output signal had four-stage isolation (LNF-CIISC4_8A plus LNF-ISISC4_8A)
and was amplified by a cryogenic HEMT amplifier (LNF-LNC4_8A) at 4 K
[Fig. 2.7a)]. An additional amplification stage was added at room-temperature
as well. The DC and RF gate signals were combined through a bias tee (Marki
BT0018) at the mixing chamber, with a cutoff frequency of 40 kHz. The sample
was mounted and wire-bonded in an OQTO sample box [117][Fig. 2.7b) and c)],
which was anchored to the mixing-chamber plate of the cryostat.

The DC gate voltage was supplied by a Stanford Research DC205 source, while
the leakage current was determined from the voltage drop across a 4.6 k{2 series re-
sistor, measured using a Keithley 2000 multimeter [Fig. 2.8a)]. Frequency-domain
spectroscopy was performed using a four-port Keysight P5024A vector network
analyzer (VNA), measuring the feedline transmission coefficient Sy; [Fig. 2.8b)].
Time-domain measurements were performed with a Presto digital transceiver [118]
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Figure 2.7: a) Schematic of the cryogenic wiring of Luna, showing the microwave
input and output lines, gate lines, attenuators, filters, and amplification stages. Solid
lines represent SMA coaxial cable, while dash-dotted lines represent twisted pairs.
Other symbol definitions are given in Fig. 2.6. b) Photograph of the OQTO sample
box with the lid removed and the sample mounted inside. Box connectors are SMA.
c¢) Optical micrograph of the device chip mounted and wire-bonded inside the OQTO
sample box.

by Intermodulation Products, which generated the readout and gate pulses and

recorded the output signal [Fig. 2.8c)].
rate of 1 GS/s.

The transceiver operates at a sampling
The gate pulses were amplified by a room-temperature ampli-

fier, also from Intermodulation Products, with a response time of approximately
2 ns. Finally, sideband spectroscopy was performed using two ports of the VNA in
continuous-wave (CW) mode to generate the readout and gate excitation tones,
while a third port operated in spectrum-analyzer mode to measure the output

signal [Fig. 2.8d)].
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Figure 2.8: Room-temperature instrumentation used in Luna for a) DC gate bias-
ing and leakage-current measurements, b) frequency-domain spectroscopy, c) time-
domain spectroscopy, and d) sideband spectroscopy. Solid lines represent SMA coax-
ial cables, while dashed lines represent BNC coaxial cables. Other symbol definitions
are given in Fig. 2.6.

2.2.2 Embla

The measurements reported in PAPERS III and IV, as well as part of those
in PAPER II, were performed in Embla. Here, we describe the configuration
used for PAPER IV, while similar configurations were employed for PAPER II
and III. As in Luna, the microwave input line was attenuated and filtered at
different temperature stages, while the output line included a circulator-isolator
assembly (LNF-CIISC4_12A) and two additional isolators (Raditek RADCA4-8-
cryo), a HERD2 infrared filter [119], and a HEMT amplifier (LNF-LNC4__16B) at
4 K. An additional microwave line was used to inject pump and drive tones through
a directional coupler!’ (Krytar 180120) [Fig. 2.9a)]. Additional information about
the filtering will be given in Sec. 2.2.4.

The resonators were driven differentially using a 180° hybrid coupler (Krytar
4060200), which splits the input signal into two components with opposite phases.
The hybrid couplers and sample boxes were enclosed in an aluminum shield, ther-
mally anchored to the mixing-chamber plate and covered with p-metal shielding
tape to suppress stray magnetic fields [Fig. 2.9b)].

The space available inside the aluminum shield limits the number of samples
that can be investigated in a single cooldown to two devices of the type used in
PAPER IV [Fig. 2.10a)]. As discussed earlier, these devices host two Josephson
junctions, each requiring independent gate and flux control. For this reason, we

1 This is the most important difference with the setup used in PAPER III, where the drive tone
was combined with the DC gate signal at the mixing chamber level via a bias-tee.
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Figure 2.9: a) Schematic of the cryogenic wiring of Embla, showing the microwave
input, output, pump/drive, and DC control lines. Solid lines represent SMA coaxial
cables, while dashed and dash-dotted lines represent twisted pairs for the flux and gate
control lines, respectively. The flux-control twisted pairs are superconducting below
the 4 K stage. Other symbol definitions are given in Fig. 2.6. b) Photograph of
Embla with the cryostat opened, showing the aluminum shield enclosing the samples
and hybrid couplers.

developed a six-port sample box, with two RF ports, two gate lines, and two flux
lines [Fig. 2.10b)]. SMA connectors were used for the RF and gate lines, while
MCX connectors were used for the flux lines. In contrast, the devices investigated
in PAPERS II and III hosted either no junction or a single junction, for which a
four-port sample box with SMA connectors was sufficient [Fig. 2.10c)]. In addition
to the on-chip flux lines, the sample boxes can be equipped with an external coil
consisting of several hundred turns of Nb-based superconducting wire to provide
magnetic flux bias [red arrow in Fig. 2.10a)].

The resonator reflection coefficient S1; was measured using a Keysight P5004A
VNA, with additional filtering and two room-temperature amplifiers (2xLNF-
LNR4_14B) on the output line [Fig. 2.11a)]. The DC gate voltages and flux-bias
currents were controlled by an SPI rack [120], using D5a DAC modules combined
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Figure 2.10: a) Photograph of the microwave components mounted at the mixing-
chamber stage of Embla, with the aluminum shield removed. Two hybrid couplers
(pink arrows) and two sample boxes of the type used in PAPER IV are mounted
on opposite sides of a copper bracket. The yellow arrow indicates the sample box
facing the camera, while the red arrow indicates the superconducting coil mounted
behind the second sample box. The green highlighted region shows the combination
of low-pass filters used for a gate line. b) Six-port copper sample box used for the
device investigated in PAPER IV, with the lid removed. RF and gate lines use SMA
connectors, while flux lines use MCX connectors. c¢) Four-port copper sample box
used for the devices investigated in PAPERS II and III, with the lid removed.

with S1f and IVd modules, respectively [Fig. 2.11b)]. The DC lines were addition-
ally filtered at room temperature using 7 filters. The pump and drive tones were
generated using a Rohde & Schwarz SGS100A signal generator equipped with an
SGU100A frequency upconverter unit [Fig. 2.11c)].
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Figure 2.11: Room-temperature instrumentation used in Embla for PAPER IV. For
PAPER II and III, there was no band-pass filter and the attenuators were adjusted
in order to avoid amplifier compression. a) Resonator readout using a VNA with
additional filtering and amplification. b) SPI rack used to control the gate voltages
and flux-bias currents. c¢) Microwave signal generator and frequency extension unit
used for pump and drive excitation. Solid lines represent coaxial cables, while dashed
and dash-dotted lines represent twisted pairs. Other symbol definitions are given in
Fig. 2.6.

2.2.3 Ask

The magnetic-field characterization of the resonators reported in PAPER II was
performed in Ask, a dilution refrigerator equipped with a vector magnet from
American Magnetics and a bottom-loading system [Fig. 2.12a)—c)]. The vector
magnet allows magnetic fields up to 9 T along the z axis and up to 1 T in an
arbitrary direction. The bottom-loading system enables rapid sample exchange,
requiring approximately 24 hours between successive samples reaching base tem-
perature.

This setup was primarily configured for DC transport and magnetotransport
measurements [56]. However, the probe head provides several SMP connectors
[Fig. 2.12d)], six of which are connected to standard Bluefors cryogenic coax-
ial lines, accessible through SMA connectors at the top of the refrigerator. We
equipped Ask with microwave wiring for both transmission and reflection measure-
ments, including attenuators, a circulator-isolator assembly (LNF-CIISC4_12A
4-12 GHz), and a HEMT amplifier at 4 K (LNF-LNC0.3_14A). For our measure-
ments, the resonator and a 180° hybrid coupler were mounted inside the bottom-
loading probe [Fig. 2.12¢)], and the same Keysight P5004A VNA used in Embla
was employed for the readout.
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Figure 2.12: a) Schematic of the cryogenic microwave wiring of Ask, showing the
input and output lines, attenuation, amplification, and vector magnet configuration.
The room temperature measurement configuration for the measurement with the
VNA is also shown. Other symbol definitions are given in Fig. 2.6. b) Photograph of
Ask, showing the dilution refrigerator and the bottom-loading system (pink arrow)
attached to it. The green arrow indicates approximately the position of the probe
inside the cryostat. ¢) Detail of the bottom-loading probe (green arrow) outside the
cryostat. d) Probe head with SMP connectors for the microwave lines and a 100-pin
connector for DC control. e) Interior of the sample probe, showing the 180° hybrid
coupler (red arrow) and the copper sample box (yellow arrow).

2.2.4 Copper-powder filters

Filtering is essential in cryogenic microwave experiments to suppress electrical
noise and unwanted electromagnetic radiation reaching the device [121-123]. In
our setups, the DC lines are filtered in stages. In particular, for the gate lines
we use reactive low-pass filters (VLFX-105+, Mini Circuits) to suppress noise
starting from relatively low frequencies (the passband is DC-105 MHz), 7 filters
(4209-003, Tusonix) provide attenuation over an intermediate frequency range
(approximately 10 MHz-10 GHz), and absorptive Cu-powder filters, which are
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used to suppress higher-frequency radiation. The microwave input, output, and
drive lines can also incorporate reactive filters to select the desired frequency
bands, together with Cu-powder filters for broadband attenuation. Unlike reac-
tive filters, which primarily reflect out-of-band signals and may exhibit leakage
at higher frequencies, Cu-powder filters dissipate electromagnetic energy over a
broad frequency range. We developed and characterized our own Cu-powder fil-
ters, as described below.

We start from hollow cylindrical copper housings (6 mm diameter) with four
different lengths: 3, 4, 5, and 6 c¢cm [Fig. 2.13a)]. Each cylinder has a larger
opening for soldering and filling, together with a series of smaller holes to release
trapped air and monitor the filling process. Female-to-female SMA connectors are
screwed into both ends, with their central contacts joined by a 0.8 mm diameter
copper wire (Distrelec, 155-50-330) [Fig. 2.13b)]. We first solder the wire to one
connector, cut it to the appropriate length, and assemble the filter before soldering
the other end through the larger hole. The shortest assembled filter, including
the SMA connectors, has a total length of approximately 5 cm [Fig. 2.13c)].

We fill the housing with a mixture of epoxy (3M Scotch-Weld 2216 B/A) and Cu
powder (Sigma-Aldrich, 326453), with grain sizes ranging from 10 to 25 ym. We
define the Cu mass concentration as the percentage of Cu powder mass relative to
the total mass of the mixture. After obtaining a homogeneous mixture, we inject
it into the housing through the larger hole using a syringe, and leave it to cure at
room temperature. We label the fabricated filters as “FxxYn”, where xx indicates
the Cu mass concentration in percent (or ZZ for empty filters), Y identifies the
cylinder length (A =3 ¢cm, B=4 cm, C =5 c¢cm, D = 6 cm), and n is the serial
number of the filter.

To characterize the effective dielectric properties and microwave losses of the
filters, we measure their scattering parameters S;; at room temperature using
a VNA, calibrated with an SMA connector. As expected for passive, reciprocal
elements, the filters exhibit |Sia| =~ [S91|. In addition, we find approximately equal
reflection magnitudes, |S11| ~ |Sa2|. Here, port 1 is defined as the connector on
the side with the smaller holes, while port 2 corresponds to the connector on the
side with the larger opening.

We extract the relative permittivity €, from the periodic oscillations in the
reflection coefficients S;; [Fig. 2.13d)—f)], whose frequency spacing Af is given by
[30]

Af (2.1)

c
B 2Leff \/g_r’
where ¢ is the speed of light in vacuum and L.g is the effective propagation
length, accounting for the SMA connectors extending into the copper housing.
We estimate L.g from the empty filters, assuming ¢, = 1, and find it to be
approximately 1 cm shorter than the cylinder length. We then use this value to
extract e, for different Cu concentrations.
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Figure 2.13: a) Copper housings with lengths of 3, 4, 5, and 6 cm. b) Schematic
cross-section of the Cu-powder filter, showing a 3 cm copper housing, the SMA connec-
tors, and the central copper wire. ¢) Photograph of an assembled filter (F83A2), with
a total length of approximately 5 cm. d)—f) Room-temperature scattering parame-
ters S;; measured for an empty filter (FZZA20), a filter with 50% Cu concentration
(F50A7), and one with 83% Cu concentration (F83A9), respectively.

On the other hand, we estimate the attenuation constant o from the trans-
mission coefficient Sy;. Approximating the filters as lossy coaxial transmission
lines, with propagation constant v = « + i3, and neglecting impedance-mismatch
oscillations, we write [30, 124]

Sop oc e et = 201ogyg |Sa1| ~ —8.686 aLeg. (2.2)

We then estimate «( f) by fitting the approximately linear frequency dependence of
the transmission magnitude in decibels. Assuming a homogeneous, nonmagnetic
effective medium and neglecting conductor losses, « is related to the dielectric

loss tangent by
12m f
= —/er(1 —itand
« Re{c\/s( zan)}

0
~ —f\/sr tan o,
c

(2.3)

where the second expression holds in the low-loss limit, tand < 1.

Both &, and tan § increase significantly at high Cu concentrations [Fig. 2.14a)].
Although the model provides an effective description of the complete filter, includ-
ing the Cu-epoxy mixture and the conducting structures, rather than the intrinsic
dielectric properties of the mixture, the extracted values are consistent with those
reported for similar Cu-epoxy composites [125].



46 2 Methods

The —3 dB cutoff frequency decreases with increasing Cu concentration, from
approximately 12 GHz at 50% to 2 GHz at 83%. We further characterize the
transmission of filter F83D16 at 3 K, observing a slight shift of the cutoff towards
higher frequencies compared to room temperature [Fig. 2.14b)]. This behavior
is consistent with the increase in Cu conductivity upon cooling, which reduces
microwave dissipation, as previously reported for similar filters [126]. Impor-
tantly, measurements at 10 mK reveal no discernible magnetic-field dependence
of the filter’s attenuation profile up to 9 T. In contrast, an Eccosorb filter ex-
hibits a pronounced magnetic-field dependence, with clear reduced attenuation
at few hundreds of mT. This magnetic-field resilience makes Cu-powder filters
particularly suitable for cryogenic microwave experiments requiring large external
magnetic fields. These measurements were performed in Ask, using a transmission
configuration.

We confirm the expected broadband attenuation of Cu-powder filters by ex-
tending the room-temperature measurements up to 65 GHz [Fig. 2.14c)]. Both
50% and 83% Cu-powder filters maintain substantial attenuation throughout the
measured frequency range, whereas a commercial reactive low-pass filter (Mini-
Circuits ZLSS-8G-S+) exhibits significant high-frequency leakage above approxi-
mately 25 GHz.

Finally, we investigate the thermal transport properties of the Cu-epoxy mix-
ture to assess the thermalization of the filter’s central conductor. We fabricate a
cylindrical probe with 83% Cu concentration by casting the mixture in a plastic
syringe, which is removed after curing [Fig. 2.14d) left]. One end of the probe is
screwed onto the mixing chamber plate of a dilution refrigerator, at temperature
Teo1a, while the other is equipped with a heater and a thermometer to control and
measure Tiot.

At steady state, assuming negligible parasitic heat leaks and a small tempera-
ture difference AT = Tyt —Teo1d, the applied heater power B, equals the conducted
heat flow Py [Fig. 2.14d) right], giving

Aprobe

Ph = Pk ~ G(TO)(Thot — Tcold); G(To) = R(T()) s (24)

Lprobe

where G is the thermal conductance at the average temperature Ty = (Thot +
Teold)/2, and Aprope and Lpgone are the cross-sectional area and length of the
probe, respectively.

By repeating the measurement at different temperatures, we extract the thermal
conductivity x(T) [Fig. 2.14e)]. We fit the data with a power law, x(T) = Ax TP,
obtaining A = 143 pWcem ' K-(*B) and B = 2.25 + 0.06. The resulting tem-
perature dependence is consistent with that expected for insulating epoxy resins
[127], suggesting that thermal transport remains dominated by the epoxy ma-
trix despite the high Cu concentration. Consequently, although the outer copper
housing is in principle well thermalized to the mixing chamber, thermal transport
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Figure 2.14: a) Effective relative permittivity ¢, (left axis) and loss tangent tan o
(right aXiS), extracted from room-temperature scattering-parameter measurements as
a function of Cu mass concentration. b) Transmission coefficient |Sa;| of the Cu-
powder filter F83D16 at room temperature, 3 K, and 10 mK with magnetic fields of 0
and 9 T (left), compared with an Eccosorb filter measured at 10 mK under magnetic
fields of 0, 0.5, and 1 T (right). The 3 K measurement is de-embedded, whereas the 10
mK measurements include attenuation from the microwave setup. The Eccosorb filter
was fabricated by fellow members at 202QLab and Quantum Technology Laboratory.
¢) Room-temperature transmission coefficient |Sa1| measured up to 65 GHz for two
Cu-powder filters (F50D17 and F83D16) and a commercial reactive low-pass filter
(Mini-Circuits ZLSS-8G-S+). We thank Robert Rehammar for assisting us during
these measurements. d) Photographs of the cylindrical Cu-epoxy probe with 83% Cu
concentration (left) and schematic of the thermal conductance measurement (right).
One end is anchored to the mixing chamber at T, 4, while a heater applies power P,
to the opposite end, whose temperature T is measured. The resulting conducted
heat flow is denoted by Px. e€) Thermal conductivity x of the Cu-epoxy mixture with
83% Cu concentration as a function of temperature (blue dots). The dashed line
represents a power-law fit, x(T) o< TZ, with B = 2.25 + 0.06.

through the mixture may limit the thermalization of the central conductor. This
is relevant because, according to the fluctuation-dissipation theorem, a dissipative
element not only absorbs incoming electromagnetic noise but also emits thermal
noise determined by its own temperature [128]. Insufficient thermalization could
limit the effective noise suppression of the filter, although our measurements do
not directly establish the temperature of the central conductor.
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Another design consideration is impedance matching. Since the relative per-
mittivity depends on Cu concentration, the characteristic impedance of the filters
also varies [see how Sj level change in Fig. 2.13d)—f)]. In principle, the inner diam-
eter of the copper housing should be adjusted for each concentration to maintain
a 50 ) impedance.

We leave the optimization of the impedance matching and a quantitative in-
vestigation of the filter noise temperature for future work. For the experiments
discussed here, we selected 50% or lower for the resonator microwave input and
output!, and 83% for the DC gate and flux lines, where stronger high-frequency
attenuation is required. Although we have not systematically quantified the im-
provement introduced by these filters in our measurement setups, Ivo reports in
his thesis that their implementation suppressed the quasiparticle-related contri-
bution to the temperature-dependent resonator frequency shift, allowing the TLS
response to be resolved and fitted [112].

2.3 Measurements and analysis

2.3.1 Single-tone spectroscopy

Single-tone spectroscopy consists of probing a resonator with a microwave tone
swept in frequency and measuring the transmission Sp; or reflection S7; coeffi-
cient of the feedline. By repeating the frequency sweep while varying an external
parameter, we obtain a map of the resonator response, from which we can ex-
tract changes in its resonant frequency and quality factors. The probe power can
also be varied to investigate the power dependence of the resonator response. At
sufficiently low power, the resonator operates in the small-signal regime, where
its response is linear and the scattering parameters are independent of the probe
power. Increasing the power can reveal nonlinear effects, such as Kerr-induced
frequency shifts and bifurcation, as well as power-dependent losses.

In cQED, single-tone spectroscopy is commonly used to investigate resonators
coupled to atomic-like systems, such as Andreev bound states, whose energy spec-
trum and occupation affect the resonator response. We employ this approach in
PAPERS III and IV to study the gate- and flux-dependent response of the hybrid
junctions. More generally, single-tone spectroscopy is used throughout this thesis
to characterize the resonator response as a function of gate voltage (PAPER 1),
magnetic field and temperature (PAPER II), and probe power (PAPERS II and
V).

1 In PAPER IV we use an HERD2 in the output line instead of a Cu-filter.
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Resonator parameters extraction

We extract the resonant frequency w, and quality factors @); and ). by fitting the
complex resonator response, including both its magnitude and phase, using the
circle-fit method [31, 32, 129]. For the notch-type transmission geometry used
in PAPER I [Fig. 2.15a)] and the purely reflective configuration used in PAPER
[I-IV [Fig. 2.15b)], the scattering coefficient is described by

B i Q1™
Qe (1+ 2iQr5)

Sij(w) = Ae'e "M [1 : (2.5)

where 191 = 1 for S and 717 = 2 for S11. The parameters A, o, and tq account for
the attenuation, phase offset, and electrical delay introduced by the measurement
setup, while ¢ accounts for asymmetries in the resonance line shape.
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Figure 2.15: Representative resonator fits. a) Magnitude (top) and phase (bottom)
of the transmission coefficient Sy; for the notch-type resonator used in PAPER 1. b)
Magnitude of the reflection coefficient Si; (left) and corresponding representation in
the IQ plane (right) for a CPS resonator used in PAPER II. Experimental data are
shown in blue, with circle-fit models represented by solid [a)] or dashed [b)] lines.

For our CPS resonators, an important parameter is the resonator impedance Z,,
which determines the amplitude of the zero-point fluctuations and therefore af-
fects the coupling strength to the ABSs investigated in PAPERS IIT and IV. The
relevant impedance depends on the resonator mode, since odd- and even-mode
excitations produce different current distributions, as illustrated by the electro-
magnetic simulations [Fig. 2.16a)-b)]. In our experiments, we exploit the odd
mode, and therefore estimate its impedance using Sonnet simulations with a dif-
ferential excitation, applying opposite polarities to the two conductors [Fig. 2.16¢)]
[22]. We extract then the differential characteristic impedance Zj gig, which gives
Zy = 4Zy gig/m for our A/4 CPS resonators. For the lumped-element resonator of
Device I1I [Fig. 2.16d)], instead, we get directly Z, = 2./L,/C; without requiring
any conversion from the transmission-line impedance. The factor 2 here accounts
for the differential geometry.
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Figure 2.16: Simulated surface current density .J,, in the CPS resonators. a) Odd-
mode excitation of a quarter-wavelength CPS resonator. The central grounding strip
carries negligible current, consistent with the virtual-ground symmetry of the differ-
ential mode. b) Even-mode excitation of the same resonator, showing a substantial
current in the central grounding strip. c) Differential excitation configuration used
to extract the differential characteristic impedance Z gi. d) Odd-mode excitation of
the lumped-element resonator. The nearly uniform current density along the induc-
tive arms is consistent with the lumped-element approximation. e) Qualitative color
scale of the surface current density, ranging from zero to its maximum value Jyax.
All simulations were performed in Sonnet. Panels a)-b), d)—e) show screenshots of
the simulation results.
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Finally, the resonator parameters allow us to estimate the average intracavity
photon number 7 from the applied microwave power at the device [130],

AQ? Pu Zt
Qc hwlZ,’

n =

(2.6)
where P,, is the probe power reaching the resonator, Z; is the feedline impedance.

2.3.2 Two-tone spectroscopy

Two-tone spectroscopy introduces an additional microwave drive alongside the
resonator readout tone. Typically, the readout frequency is fixed close to the
resonator resonance, while the drive frequency is swept. When the drive excites
a transition in a coupled atomic-like system, the resulting change in its state
population modifies the resonator response, allowing us to identify the transition
frequency. We use this technique in PAPERS III and IV to investigate ABS
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transitions. More generally, two-tone measurements do not necessarily involve
spectroscopy of discrete energy levels. In PAPER I, for instance, we use a sec-
ond tone as a gate excitation to modulate the resonator response and generate
sidebands, while in PAPER IV, we apply a second tone as a pump to induce
parametric amplification and characterize the cubic nonlinearity.

2.3.3 Gate-response characterization

In PAPER I, we investigate the dynamics of the gate response using pulsed and
continuous microwave excitation. In both cases, the gate excitation is applied on
top of a DC working point above the gate-response onset (see Sec. 1.3), with
the DC and RF signals combined through a bias-tee at the mixing chamber
[Fig. 2.7a)].

As we saw in the fabrication section, the chip hosts four resonators, D1-D4,
of which D1, D3, and D4 incorporate Al/InAs nanowires, while D2 serves as
a reference without a nanowire. Temperature-dependent spectroscopy reveals a
frequency shift in the nanowire-loaded resonators, whereas D2 remains approxi-
mately unchanged (Fig. 2.17). This indicates that the kinetic inductance contri-
bution is dominated by the nanowires rather than the thicker Al resonator films.
Initially, the gate lines were connected to a common bias-tee through a cryogenic
switch, allowing us to investigate the gate response of the different devices. How-
ever, only D1 exhibited a reproducible gate response, and in a second cooldown
we grounded D2-D4, focusing our measurements on D1.
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Figure 2.17: Feedline transmission spectra at different temperatures and V, =0 V.
The nanowire-loaded resonators (D1, D3, and D4) shift towards lower frequencies with
increasing temperature, whereas the reference resonator D2 remains approximately
unchanged.

Time-domain measurements

We first investigate the gate dynamics directly in the time domain. The mea-
surement sequence consists of three pulses: a trigger pulse, a readout pulse, and
a gate pulse [Fig. 2.18a)-b)]. All three pulses are generated by Presto, which
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also records and processes the output signal. The readout signal is generated
through digital up-conversion, while the output signal is acquired through digital
down-conversion, both using the same intermediate frequency, in the range 100
125 MHz. The down-converted signal is then demodulated and filtered to suppress
unwanted frequency components, resulting in an effective time resolution of ap-
proximately 8 ns. During the trigger window, which defines the acquisition period,
we apply a readout pulse at frequency w,, to the feedline and a square pulse of
amplitude A, and duration 7, to the gate line. By averaging the output signal
Sout over 10°-10° repetitions and repeating the measurement for different wy,, we
obtain a two-dimensional map Sout(t, wyo) [Fig. 2.18¢)].

This representation allows us to examine the resonator response from two com-
plementary perspectives. Vertical line cuts provide the resonator spectrum at a
given time, from which we extract the instantaneous resonant frequency w, and
loaded quality factor @) through Lorentzian fits. By comparing the steady-state
frequency shift induced by the gate pulse [Fig. 2.18d), left] with the DC gate
response discussed in Sec. 1.3 [Fig. 1.4a)], we calibrate the attenuation of the RF
gate line and determine the effective pulse amplitude. Horizontal line cuts, on
the other hand, show the time evolution of the resonator response [Fig. 2.18d),
right]. Two characteristic features can be distinguished here: the initial resonator
ring-up and the subsequent response to the gate pulse. The ring-up transient
relaxes exponentially towards its steady-state value, with a characteristic time
that limits the temporal resolution of the resonator. From an exponential fit, we
obtain 7es >~ 10 ns [Fig. 2.18e)].

We then focus on the gate response. We choose pulse durations between 500
and 800 ns, sufficiently long for the response to reach a steady value while limiting
distortions associated with the bias-tee [Fig. 2.18f)]. We fix the readout frequency
close to resonance and use gate pulses with |As| = 250 mV, corresponding to a
small perturbation around the DC gate working point. At this amplitude, the
responses to positive and negative pulses are approximately symmetric, consistent
with the linear-response regime [Fig. 2.18¢g)]. For each working point, we apply
both pulse polarities and fit the rising response to the positive pulse and the
falling response to the negative pulse with exponential functions. From these fits,
we extract the characteristic rising and falling times, s and 7g, respectively. The
opposite edges of the two pulse polarities are affected by the bias-tee response and
are therefore excluded from the analysis.

Sideband spectroscopy

As a complementary approach, we investigate the device dynamics using contin-
uous gate excitation. Unlike the pulsed measurements, this method probes the
gate response at frequencies well above the 40 kHz cutoff of the bias-tee, providing
an independent estimate of the characteristic response time. The measurement
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Figure 2.18: a) Pulse sequence used for the time-domain measurements. b) Sim-
plified schematic of the measurement setup. c¢) Heat map of resonator time traces
recorded for different readout frequencies w,, at gate voltage V; = 23.5 V. The trig-
ger period is 5 us, a 4 us-long readout pulse starts at 0.6 us, and a gate pulse with
Ay = —1.5 V and 7, = 500 ns starts around 2 ps. Arrows indicate the line cuts shown
in panel d). d) Line cuts from panel c). Left: vertical line cuts at 1 us (blue) and
2.2 ps (red), showing the resonator shift induced by the gate pulse. Lorentzian fits
yield w,/2m = 6.82 GHz and @)1 = 716 (blue), and w,/27 = 6.80 GHz and @)} = 652
(red). Right: horizontal line cut at 6.815 GHz, showing the resonator ring-up and
gate response in the time domain. e) Zoom of the resonator ring-up in panel d), with
an exponential fit yielding a characteristic time 7.5 = 10 ns. f) Gate response for
three different pulse durations 7, = 50, 100, and 200 ns. g) Time traces at V; =21V
showing the resonator response under positive (dark gray) and negative (light gray)
gate pulses. Gate parameters are |Ag| = 250 mV and 7, = 800 ns. Exponential
fits to the rising (cyan) and falling (purple) responses yield the characteristic times
TR = 103 ns and 77 = 116 ns, respectively.

relies on the gate dependence of the resonant frequency: a continuous gate exci-
tation at frequency w, periodically modulates w, around the DC working point
[Fig. 2.19a)].

To implement this scheme, we apply a continuous tone at w, to the feedline and
a second tone at wy to the gate. The system can then be viewed as an effective
mixer, with w, and w, playing the roles of the local oscillator and intermediate
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Figure 2.19: a) Schematic of the measurement principle: continuous gate excita-
tion modulates the resonator response due to the gate dependence of the resonant
frequency, w;(Vg). b) Mixer-equivalent circuit of the system under continuous mod-
ulation. c¢) Output spectrum for Vy = 27 V, w,/2m = 2 MHz, and P, = —5 dBm.
The readout tone and first-order sidebands are indicated by blue and red arrows, re-
spectively. d) Averaged amplitude of the upper and lower first-order sidebands [red
arrows in panel c)] as a function of gate modulation frequency wy.

frequency, respectively [Fig. 2.19b)]. By measuring the output signal with a spec-
trum analyzer, we observe the readout tone at wy, together with the two first-order
sidebands at w, £ wg [Fig. 2.19¢)].

By sweeping w, and measuring the average amplitude of the two first-order side-
bands, we characterize the frequency dependence of the gate response [Fig. 2.19d)].
The sideband amplitude decreases with increasing w,, reflecting the finite response
time of the system. Assuming a first-order low-pass response [131], we estimate
the characteristic time from the 3-dB cutoff frequency wy 34p as

1

Wg 3dB

Tsb — (2.7)
For V; = 27 V, we obtain wg3qp/2m =~ 3 MHz, corresponding to 7y, =~ 50 ns, in
agreement with the time-domain measurements.

For these measurements, the readout and gate powers are chosen to predomi-
nantly excite first-order sidebands. By increasing the excitation powers, higher-
order sidebands appear at w; &= nw,, with n up to four [Fig. 2.20a)]. Their ampli-
tudes also decrease with increasing modulation frequency [Fig. 2.20b)]. These
higher-order sidebands reflect frequency mixing beyond the small-modulation
regime and are not considered in our analysis of the characteristic response time.
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Figure 2.20: a) Higher-order sideband excitation for V; = 27 V, wy/27 = 1 MHz,
P, = 10 dBm, and P, = —20 dBm. Upper sideband peaks from the first to the
fourth order are indicated by red, yellow, green, and violet arrows, respectively. b)
Amplitude of the first- to fourth-order sidebands as a function of gate modulation
frequency wg, using the same color code as in panel a).

2.3.4 Preliminary characterization of semiconducting
weak-links coupled to resonators

In this section, we describe the preliminary single-tone spectroscopy measure-
ments used to characterize the devices investigated in PAPERS III and IV and
identify suitable operating points. For convenience, we also reproduce the device
micrographs introduced earlier and summarize their measurement configurations
schematically [Fig. 2.21a)—c) for PAPER III and Fig. 2.22a)-b) for PAPER 1V].

Weak-link pinch-off and gate response

The first step in characterizing our devices is to identify the active and pinched-
off regimes of the weak links. In the active regime, a supercurrent flows through
the junction, producing a periodic modulation of the resonator response with the
applied magnetic flux [Fig. 2.21d)]. Applying increasingly negative gate voltages
progressively depletes the InAs weak link, reducing the number and transparency
of its conducting channels. Eventually, the junction becomes pinched off, effec-
tively behaving as an open circuit. This regime is identified by the disappearance
of the flux modulation and the saturation of the resonant frequency with gate
voltage [Fig. 2.21e)]. The corresponding resonator parameters define its bare re-
sponse, without appreciable loading from the weak link.

The flux-dependent resonance frequency typically exhibits maxima near ¢ =
2n7 and minima near ¢ = (2n + 1)7, with n an integer. Near the maxima, the
ABS pair transitions are generally far detuned from the resonator, and the gate
dependence predominantly reflects changes in the inductive loading [Fig. 2.21e)].
Near the minima, the transition energies are reduced and can be tuned through
the resonator frequency, producing avoided crossings [Fig. 2.21f)]. The same qual-
itative behavior is observed in PAPER IV, where the presence of a second weak
link introduces an additional degree of control.
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Figure 2.21: Preliminary characterization of the hybrid resonator investigated in
PAPER III. a) Micrograph of Device III, with the weak-link region highlighted. b)
False-colored micrograph of the weak link, superconducting contacts, and side gate.
The device fabrication is described earlier in this chapter. ¢) Equivalent circuit show-
ing the differential resonator, the shared inductance 2/, and the flux-biased weak link.
The resonator is probed at w, while an additional drive at wq can be applied through
the gate. d) Single-tone spectroscopy showing the periodic resonance-frequency shift
as a function of the applied flux, with the weak link active. e), f) Gate-dependent
spectra at ¢ = 0 and ¢ = 7, respectively. Panel e) shows the transition from the
pinched-off to the active regime, while panel f) reveals several avoided crossings. The
color scale represents the background-subtracted reflection response.

Flux and gate crosstalk compensation

Device IV contains two independently gated weak links, each embedded in a
superconducting loop [Fig. 2.22a)-b)]. However, each flux line also couples to the
neighboring loop, and each gate weakly affects the neighboring junction. We can
compensate for this cross-talk by applying the following linear transformations:

;P 1 —0.11\ (4 | 1 —0.042\ [(V;
app | — ) app | — : (2~8>

I —0.22 1 Is 1% —0.03 1 Vs
Here, the superscript app denotes the settings applied to the physical lines,
whereas I; and V; denote the compensated coordinates. Sweeping one compen-
sated coordinate therefore generally requires changing both physical source set-
tings. The compensated gates provide access to four configurations: both junc-

tions pinched off, either JJ; or JJ, active individually, and both junctions active
[Fig. 2.22¢)-1)].
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Figure 2.22: Independent control of the two weak links in Device IV. a) False-
colored scanning electron micrograph showing JJ; and JJs and their respective gates.
b) Equivalent circuit of the resonator coupled to two weak links through shared
inductances Ls. The loop fluxes are controlled by two flux lines. c)—f) Single-tone
spectroscopy versus the compensated flux coordinates I (left) and I (right), with c)
only JJs active, d) both junctions active, €) both junctions pinched off, and f) only
JJq active.

Flux-to-phase conversion

In our experiments, the magnetic flux .y through the superconducting loops
is controlled by the current applied to a flux line or coil. To compare our mea-
surements with the theoretical models, we therefore need to convert this current
into the superconducting phase difference ¢ across the weak link. The externally
imposed phase is given by @ext = 27 Peyx/Po. However, a finite loop inductance
can introduce a screening correction, such that ¢ differs from @ey;. To estimate
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this correction, we consider the total potential energy of the loop,

1 [Dp)? .
Uior(p) = 5 I (27T> (p — pext)? — eXis(), (2.9)
oop

where Liop is the loop inductance and —efq is the ABS ground-state energy
Eq. 1.24. The equilibrium phase ¢, is then obtained by solving the minimization

condition 5
OUsot _ (%) Pmin — Pext 8561538
ago $Pmin 27T LlOOp 8@ $Pmin

In PAPER IV, we assume that the loop inductance is dominated by the shared
NbTiN inductance Ly ~ 350 pH. Using representative values of 7 and Aqg, we find
that @min remains close to gext [Fig. 2.23a)]. Even considering a scenario where
Lioop = 3L, which would be like assigning to the entire loop the kinetic inductance
per square of the NbTIiN portion, the maximum phase deviation remains below 3%
of 7 [Fig. 2.23b)]. This supports the approximation ¢ =~ @e. A similar conclusion
was obtained in Appendix D of PAPER III, where the screening correction was
estimated from the weak-link inductance inferred from single-tone spectroscopy.

We therefore convert the flux current into superconducting phase using the
measured oscillation period,

= 0. (2.10)

I—1,
lo, |

where I3, is the current period corresponding to one flux quantum and /j identifies
¢ = 0 modulo 27. Note that neglecting the screening correction in the flux-to-
phase conversion does not imply neglecting the shared inductance in the coupling
and nonlinearity models.

o~ 2T (2.11)
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Figure 2.23: Effect of loop inductance on the flux-to-phase conversion. a) Equi-
librium junction phase @i, obtained from Eq. 2.10, compared for Liyo, = 0 (gray
dashed line) and Lioop = Ls (salmon line). b) Absolute phase deviation |@min — Pext|,
normalized to 7 and expressed as a percentage, for Lioop = 0, L, 2L, and 3Ls. The
calculation uses 7 = 0.9, Aeg/h = 40 GHz, and Ls = 350 pH.
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2.3.5 Extraction of resonator nonlinearities

In this section, we describe the measurements and analysis used to extract the
resonator nonlinearities investigated in PAPER IV.

Kerr nonlinearity

At a fixed gate and flux configuration, we sweep the probe frequency for in-
creasing probe power P, and track the resonant frequency [Fig. 2.24a)]. The
power-induced frequency shift is defined relative to its low-power value,

Siere(Pn) = we(Pan) — wi( P — 0). (2.12)

We convert the probe power into the average intracavity photon number n using
Eq. 2.6. The input power reaching the device is estimated from the VNA output
power and the nominal input-line attenuation, including an additional 6 dB to
account for cable losses. The uncertainty in this estimate, of the order of a few
dB, introduces a systematic uncertainty in n and consequently in the extracted
Kerr nonlinearity.

We extract K by fitting the power-induced frequency shift to

Swierr = K7 + K'n?, (2.13)

where the quadratic term accounts phenomenologically for higher-order correc-
tions to the initial linear dependence [Fig. 2.24b)]. The fit is restricted to the
regime where the resonance can be reliably tracked without strong distortion or
bistability.

As a control measurement, we repeat the power sweep with both junctions
pinched off. No appreciable frequency shift is observed over the investigated
power range [Fig. 2.24c)|, indicating that the intrinsic nonlinearity of the bare
resonator is below our measurement sensitivity in this regime.

Cubic nonlinearity

As discussed in Chapter 1, 3WM couples the probe signal at w to an idler at
wi = wp — w, allowing energy from the pump to amplify the probe. At each flux
bias, we first locate the low-power resonance and then acquire spectra with the
pump off and on, choosing w, = 2w, [Fig. 2.25a)].

We define the on-off power gain as

_ ISR W)l

M g

The difference between the ON and OFF traces expressed in decibels therefore
gives the gain profile. Around its maximum, we fit the gain in linear power units
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Figure 2.24: Extraction of the Kerr nonlinearity in PAPER IV. a) Single-tone spec-
troscopy versus probe power with both junctions active, showing a power-dependent
resonance-frequency shift. b) Power-induced frequency shift versus estimated aver-
age intracavity photon number n. The dashed line represents a fit to Eq. 2.13. c)
Control measurement with both junctions pinched off, showing no appreciable power-
dependent frequency shift over the investigated range.
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Figure 2.25: Three-wave-mixing measurements used to estimate the cubic nonlin-
earity. a) Resonator spectra versus flux current with the pump off (top) and on
(bottom), with the pump frequency following twice the resonator frequency. b) Bot-
tom: OFF (gray) and ON (yellow) traces at the flux bias marked in panel a). Top:
corresponding on-off gain (green) and Lorentzian fit (black), from which the peak
gain (G is extracted.

with a Lorentzian function,

Go—1
1+ [(w— wo)/F]Q’

Gw) =1+ (2.15)

where G is the peak gain, wy its center frequency, and I' the half-width at half-
maximum of the excess gain [Fig. 2.25b)].
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We then estimate |g3| from the small-signal gain relation [14],

Go~1 4719l — 205,/ 2.16
" +[(5p/2)2+/€2/4—4|g|2]2, 9= 20 (216)

where 0, = wp, — 2w, and K = w, /@) is the resonator linewidth. The average
intracavity pump photon number is estimated using [132]

_ Ke P, Wy
" (wp — wr)? + (K/2)% hwy’ e Qe (2.17)
where P, is the estimated pump power reaching the device.

For these measurements, we choose the pump power to obtain gains of approx-
imately 10 dB or lower, limiting corrections associated with stronger pumping.
Since the pump power reaching the device is estimated from the nominal line at-
tenuation, the extracted |gs| is subject to a systematic uncertainty. Furthermore,
the extraction relies on an approximate gain model that neglects pump-induced
frequency shifts.







3 Microwave characterization of
Al-capped InAs nanowires

In this chapter we summarize the results published in PAPER I, starting from
the microwave phenomenology of gate-tunable superconducting properties we in-
troduce in Sec. 1.3, where we show that our device exhibits a decrease in both
resonant frequency w, and internal quality factor ); with increasing gate voltage.
In the same section, we also show that a qualitatively similar behavior is ob-
served when increasing the temperature at zero gate voltage. These temperature-
and gate-driven responses [see data points in Fig. 3.1a)-b)] form the basis of the
analysis presented below.

3.1 Effective temperature approach
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Figure 3.1: a) Temperature-driven data with V; = 0: relative frequency shift dw, /w;
(left axis) and inverse quality factor §(1/Q;) (right axis) are plotted vs temperature
T. Equations 3.1 and 3.2 are globally fitted to the data, according to Mattis—Bardeen
model. Fit results: o = (0.14 £ 0.04) and 7, = (1.31 £ 0.05) K. b) Gate-driven
data for 7' = 10 mK: dw,/w, (left axis) and 6(1/Q;) (right axis) vs V; (bottom axis).
For each data point in §(1/Q);), we obtain an effective temperature Tog (top axis),
assuming that the gate effect is equivalent to an increase in temperature and using
Eq. 3.2. The predicted dw;/w;, based on Eq. 3.1, with the parameter obtained from
the fit in panel a), and T = T,g is plotted as a dashed line. Figure adapted from

PAPER L.

The simultaneous decrease in w, and (); is consistent with an increase in the

63
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nanowire kinetic inductance and dissipation, respectively, suggesting an increased
quasiparticle population. To test this interpretation, we describe the nanowire
through its complex conductivity, onw = 01+102. Within the generalized Mattis—
Bardeen framework, the relative frequency shift and the variation in internal losses

can be written as [133, 134]
dwy  adoy

o 20y (3:-1)
and . 5
01
5 —) =a—2t, 3.2
(Qi) 02 ( )

where « is the participation ratio of the gate-affected kinetic inductance to the
total resonator inductance [21, 135, 136]. In the limits kg7 < Ay and hw < Ay,
the conductivity components can be approximated as [21, 133, 134]

— = h(&) K 3.3

and
09 7TA0

_ Nqp QAO —¢
- o (1+ o fo(g)>], (3.4)

where o, is the normal-state conductivity, Ny is the density of states at the
Fermi level, Ag = 1.764kgT. is the zero-temperature superconducting gap, & =
hw/(2kgT), and Iy and Ky are modified Bessel functions. In thermal equilibrium,
the quasiparticle density is

A
ngp(T') = 2Noy/ 27k T Ay exp <_k7]3%> . (3.5)

We first use the temperature-driven measurements at V; = 0 to determine
the two device parameters o and 7. independently of the gate response. By
simultaneously fitting Eqs. 3.1 and 3.2 to the relative frequency shift and internal
losses [Fig. 3.1a)], we obtain v = 0.14 and T, = 1.31 K, consistent with the device
geometry and the properties of a 20-nm-thick Al film [137, 138]. We assume that
the relevant kinetic-inductance contribution originates predominantly from the
nanowire, as supported by the characterization of reference resonators without
nanowires in Sec. 2.3.3. From the extracted a, and neglecting the nanowire’s
geometrical inductance, we estimate its kinetic inductance to be on the order of
a few hundred pH, consistent with Ref. [139].

With a and T fixed, we then apply the model to the gate-driven measurements
by introducing an effective temperature T.g. This phenomenological parameter
is commonly used to characterize nonequilibrium quasiparticle populations [136,
140-143]. For each gate voltage, we extract Tog from the measured increase in
internal losses using Eq. 3.2, and then use the resulting Teg (V) in Eq. 3.1 to

On huw
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predict the frequency shift. The prediction agrees well with the measured gate-
dependent response without additional fitting parameters [Fig. 3.1b)].

The gate-induced changes in both kinetic inductance and dissipation can there-
fore be described consistently in terms of an effective quasiparticle temperature.
Importantly, this agreement does not establish that the nanowire is in thermal
equilibrium: T,g is a parameter describing its effective microwave response, rather
than a direct measurement of the quasiparticle energy distribution.

3.2 Device dynamics

Having characterized the steady-state gate response, we now investigate its dy-
namics using the two techniques introduced in Sec. 2.3.3. Square-pulse gate exci-
tation allows us to extract the rising and falling characteristic times, 7 and 7,
from the time-domain response. Continuous gate modulation, on the other hand,
produces sidebands from which we estimate a characteristic time 7g,, assuming a
first-order low-pass response.

In the time-domain measurements, we observe no appreciable difference between
mr and 7p. Both decrease with increasing DC gate voltage, from approximately
170 ns at Vo = 19 V to 35 ns at V; = 27 V [Fig. 3.2a)]. To compare this
behavior with the effective-temperature description, we repeat the measurement
as a function of temperature at a fixed gate voltage V; = 21 V. The characteristic
times remain approximately constant around 130 ns up to 7" ~ 500 mK, before
decreasing to approximately 50 ns at 800 mK [Fig. 3.2b)]. At this gate voltage,
the effective temperature extracted from the steady-state measurements is Tog ~
510 mK, which is comparable with the onset in the temperature-driven time-
response, T ~ 500 mK.

To investigate whether quasiparticle relaxation can account for these timescales,
we compare the measurements with the expected quasiparticle recombination time
[144],

70 No(ksTe)?

T =
qp 2 ’
Ngp 24§

(3.6)

where 7y is the material-dependent electron—phonon interaction time. For a ther-
mal quasiparticle population, substituting Eq. 3.5 into Eq. 3.6 gives

w= r\2a, ) VT TP T
We convert the gate voltage into Ty using the procedure of the previous section
and compare the model with the average response time (g + 7¢)/2. For 79 =

30 ns, the recombination time has the same order of magnitude and a similar
temperature dependence as the measured response [Fig. 3.2c)]. This agreement is
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qualitative, since the measured times characterize the resonator response and are
not a direct measurement of the quasiparticle recombination time.

The value 79 = 30 ns is smaller than the approximately 440 ns commonly re-
ported for Al [121, 144, 145]. However, shorter times have been observed in Al
films with increased impurity concentrations [146], and nonequilibrium quasipar-
ticle or phonon populations may further modify the relaxation dynamics [144,
146, 147]. Moreover, although the InAs core is screened from the gate electric
field, it could also provide an additional relaxation channel.
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Figure 3.2: a) Rising (7g) and falling (7p) characteristic times as a function of
gate voltage V,, with the corresponding effective temperature Tegq on the top axis.
The arrow indicates the working point used in panel b). b) Characteristic times
as a function of temperature at V; = 21 V. ¢) Average characteristic time (rg +
7r)/2 as a function of effective temperature, compared with the expected quasiparticle
recombination time (dash-dotted line) calculated for 7 = 30 ns. d) Characteristic
response time 7y, extracted from the sideband 3-dB bandwidth as a function of gate
voltage.

Finally, sideband spectroscopy provides an independent estimate of the gate-
response timescale. We find that 7y, decreases with increasing V; [Fig. 3.2d)],
consistently with the time-domain results. In particular, at Vy = 27 V, the mea-
sured 3-dB bandwidth of approximately 3 MHz corresponds to 7y, ~ 50 ns.

In summary, we have investigated the gate response of a full-shell Al/InAs
nanowire through its influence on the microwave properties of a superconducting
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resonator. We demonstrated a gate-driven frequency tunability exceeding 90 MHz,
accompanied by an approximately 85% decrease in the internal quality factor
and an increase in the gate leakage current up to 4 nA. Similar behavior has
been reported in TiN [21], Nb [20, 70], and V [62] gate-controlled Dayem bridges
embedded in resonator structure.

The relation between the frequency shift and the increase in internal losses
is well described by the Mattis—Bardeen model using an effective temperature,
consistent with a gate-induced increase in the quasiparticle population. Sim-
ilar descriptions were suggested in Refs. [20, 21|, whereas Ref. [62] attributes
the response to heating induced by electron field emission, described within the
Fowler-Nordheim model.

The pulsed measurements reveal characteristic response times down to 35 ns,
while sideband spectroscopy gives a comparable timescale of approximately 50 ns.
These results are consistent with quasiparticle relaxation dynamics and compa-
rable to the timescales reported for Nb Dayem bridges in Ref. [70]. Together
with local voltage control, they suggest opportunities for RF switches and cry-
oelectronic applications [19]. However, the associated increase in losses and the
possible influence of gate leakage on noise performance remain to be assessed for
practical devices.






4 Coplanar stripline resonators for
hybrid devices

Investigating ABSs in the microwave regime requires resonator structures that
provide strong coupling to semiconducting weak links and allow electrostatic
gate control. Magnetic-field resilience is an additional advantage, particularly
for studying spin-dependent and topological phenomena. In PAPER II, we in-
vestigate NbTiN CPS resonators as a platform for these hybrid devices, focusing
on their microwave losses and magnetic-field resilience. Here, we summarize the
main results.

Figure 4.1: Optical micrographs of a representative differentially driven NbTiN CPS
resonator. a) Overview of the resonator (cyan) and microwave feedlines (red). The
colored boxes indicate the regions enlarged in panels b) and c). b) Short-circuited end
of the CPS, showing the conductor width W and separation GG. c¢) Capacitive coupling
between the open end of the CPS and the feedlines, with a central DC grounding line.

We fabricate our \/4 CPS resonators [Fig. 2.3a)—c) and for convenience Fig. 4.1]
from thin NbTiN films, following the process described in Chapter 2. By varying
the conductor width W and separation G, we obtain resonator impedances ranging
from approximately 80 to 680 €2. As discussed in Sec. 1.1, increasing the resonator
impedance enhances its zero-point phase fluctuations and can therefore strengthen
the coupling to the ABSs.

69
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Figure 4.2: Representative microwave loss analysis for a NbTiN CPS resonator with
W =2 um and G = 2 um. a) Internal quality factor @; as a function of the average
photon number 7, fitted using the narrow-band TLS model [Eq. 4.1]. b) Resonance
frequency shift as a function of temperature, fitted using the wide-band TLS model
[Eq. 4.2]. The extracted fit parameters are reported in each panel. Note the different
notation between the main text and panel b), where 0 f = dw/27 and f,(0) = wy/27.
Adapted from PAPER II.

We characterize the resonator losses through two complementary measurements.
First, we measure the internal quality factor ); as a function of the probing power,
expressed in terms of the average photon number n [Fig. 4.2a)]. The increase
in @); with n is characteristic of the saturation of dielectric two-level systems
(TLSs) resonant with the microwave mode, which we refer to as narrow-band

(nb) TLSs. At low temperatures, we describe this dependence using the following
TLS saturation model [130, 148]:

1 Ftan dp),
~ = (an_O)ﬁb + 6other7 (41)
@ 1)

where (F'tan dp)up represents the effective narrow-band TLS loss contribution, n.
is the characteristic photon number for TLS saturation, and 3 describes the sat-
uration behavior, which can be influenced by interactions between TLSs. Finally,
Oother accounts for additional loss channels.

Second, we measure the temperature-dependent resonance frequency shift, which
probes the dispersive response of TLSs over a broader frequency range, referred
to as wide-band (wb) TLSs [Fig. 4.2b)]. In this case the TLS model reads [28]:

5W(T) o (Ftanéo)wbl (1 hx,d() ) ( hw() >‘|
w Rt gmier) M) B2

where V¥ is the digamma function, (F tan dg)yp represents the effective wide-band
TLS contribution, and éw(T") = w;(T") — wp denotes the resonance frequency shift
relative to the zero-temperature value wy = w,(0). For comparison with the
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experimental data, we reference both the measured and modeled frequency shifts
to Ty = 10 mK, treating wy as a fitting parameter.

The observed power dependence and non-monotonic temperature response in-
dicate a significant contribution from dielectric TLSs to the resonator losses at
zero magnetic field. Across the devices studied in PAPER II, we extract effec-
tive narrow-band TLS loss contributions on the order of 107% and wide-band
contributions on the order of 107-107°. Both contributions generally decrease
with increasing conductor width W and separation G, consistent with a reduced
electric-field participation of lossy interfaces. Together with the measured inter-
nal quality factors reaching nearly 10° in the single-photon regime, these results
demonstrate that CPS resonators can combine relatively high impedance with low
microwave losses.

Another important requirement for hybrid devices is compatibility with mag-
netic fields, which may be needed to lift the spin degeneracy of ABSs or access
topological regimes. Compared with Al, NbTiN has a higher critical temperature
and upper critical field, making it a suitable material for this purpose. The CPS
geometry also avoids the large coplanar ground planes of conventional CPW res-
onators, which can host vortices and contribute to microwave dissipation under
magnetic field, as illustrated by magneto-optical imaging experiments on NbTiN
resonators [149].

We assess the magnetic-field response by measuring the relative resonance fre-
quency shift and internal quality factor under in-plane [Fig. 4.3a)] and out-of-
plane [Fig. 4.3b)] fields. We compare two resonators with the same conductor
separation G = 2 pym and different widths, W = 0.25 ym and W = 1 pum. For
in-plane fields, both devices exhibit a similar response, with the magnitude of
the relative frequency shift remaining below approximately 3 x 10~* up to 1 T,
while @Q; remains on the order of 10°. In contrast, out-of-plane fields produce a
substantially stronger response, which depends on the conductor width. For the
W =1 pm device, the relative frequency shift reaches approximately 5% around
60 mT, accompanied by a reduction in (); of more than two orders of magnitude.
The narrower device exhibits a weaker frequency shift and maintains a higher );
over a wider magnetic-field range. In both orientations, the frequency shift is
approximately quadratic in field,

Owy

2
= —kywBjw (43)

Wr

with the stronger out-of-plane response consistent with orbital depairing across
the conductor width rather than the film thickness.

Besides magnetic-field compatibility, CPS resonators offer practical advantages
for integrating hybrid devices. The absence of a coplanar ground plane facilitates
the patterning of multiple electrostatic gates without interrupting the resonator
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Figure 4.3: Magnetic-field response of NbTiN CPS resonators under a) in-plane and
b) out-of-plane magnetic fields, for conductor widths W = 0.25 um (blue triangles)
and W = 1 um (green circles), both with G = 2 um. Upper panels: Relative resonance
frequency shift dw,/w;, with solid and dashed lines representing quadratic fits to the
data. The inset in panel a) shows the same data on a magnified vertical scale. Lower
panels: Corresponding internal quality factor Q);.

current paths'. Moreover, in the odd mode, the differential excitation creates a
virtual ground along the symmetry line (Sec. 1.1). This allows a physical ground-
ing line to be placed along this line without significantly perturbing the resonator
mode, providing a DC ground reference for the nanowire circuit. When a weak link
is embedded in a superconducting loop sharing part of the resonator inductance,
the differential mode couples to its phase-dependent supercurrent. In principle,
this configuration probes only the diagonal current component of the weak-link
susceptibility matrix, which should facilitate the resolution of spin-dependent ABS
responses [96].

! In our devices, we designed the gate and flux lines as CPWs to preserve the possibility of
applying microwave excitation directly to the weak links, while facilitating impedance match-
ing to the 50 2 measurement environment. However, since microwave excitation can also be
applied through the resonator, these control lines could, in principle, be designed exclusively
for DC operation, further simplifying the layout.
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The differential resonator concept investigated in PAPER II was subsequently
used in the compact lumped-element design of PAPER III and in the CPS-based
device of PAPER IV. These implementations provided the microwave platform
for the ABS spectroscopy and nonlinear measurements discussed in the following
chapters.






5 Probing Andreev bound states

In this chapter, we investigate the interaction between ABSs and superconducting
microwave resonators, building on the devices and measurement techniques intro-
duced in the previous chapters. We first discuss the gate- and phase-dependent
resonator response measured in PAPER IV, before presenting the high-impedance
devices developed in PAPER III to enhance the ABS-resonator coupling.

5.1 From adiabatic to dispersive readout of ABS

Following the framework introduced by S. Park et al. in From Adiabatic to Dis-
persive Readout of Quantum Circuits [91], we investigate how the ABS-resonator
interaction evolves with gate voltage and superconducting phase (Sec. 1.4). We
consider the single-junction configuration of PAPER IV, with JJ; active and JJy
pinched off [Sec. 2.3.4 and Fig. 2.22a)-b)]. These measurements were performed
in Embla (Sec. 2.2.2).

We consider Datasets I, II, and III, measured at V; = 0.35, 2.2, and 1.25 V,
respectively. Two-tone spectroscopy reveals features around ¢; = 7 that move
towards lower drive frequencies from Dataset I to III [Fig. 5.1]. In Dataset III, the
transition reaches the resonator frequency near 6.76 GHz, although the avoided
crossing is not resolved in the two-tone spectrum. Within the accessible frequency
range, these features are consistent with ABS pair transitions described by the
effective short-junction relation in Eq. 1.24, with increasing effective transparency
from Dataset I to III.

The corresponding single-tone spectroscopy shows an increasingly pronounced
resonator frequency shift dw, from Dataset I to II, followed by an avoided-crossing-
like response in Dataset 111 [Fig. 5.2]. To describe this evolution, we compare the
measurements with effective single- and two-channel ABS models.

Single-channel model. We first fit the single-channel model introduced in Sec. 1.4
[Egs. 1.19, 1.22, and 1.23] to the measured frequency shift. We initialize the ef-
fective gap Acg and transparency 7 using the two-tone spectroscopy, and the
coupling parameter \ using its geometrical estimate of approximately 0.028. As
discussed in Sec. 1.4, the effective short-junction description is best justified near
w1 = 7w, where Aqg is given by Eq. 1.25. We extend it phenomenologically over
the full phase range, using Aqg to account for finite-length effects and, potentially,
corrections associated with the superconducting leads and Coulomb interactions
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Figure 5.1: Two-tone spectroscopy of JJ; for Datasets I, II, and III, measured around
w1 = 7. The dashed lines represent the effective single-ABS pair-transition frequency;,
hwaps = 2Aeff\/1 — 75in?(¢p1/2), calculated using 7 = (0.8,0.86,0.97) and Aeg/h =
(16, 15,13) GHz for Datasets I, 11, and III, respectively.

[96, 150, 151]. Likewise, 7 describes an effective junction transparency rather
than an independently identified channel. Although A is determined in principle
by the resonator geometry, we allow it to vary between datasets to account for
limitations of the model. The fitted values remain close to the geometrical esti-
mate. This approach describes Datasets I and II well, but reproduces Dataset III
only qualitatively [solid lines in Fig. 5.2]. Extracted parameters are reported in
Table 5.1.

Table 5.1: Single-channel model. Effective ABS parameters extracted from the
single-channel fits (Eq. 1.22) to JJ; (solid lines in Fig. 5.2).

Dataset Aeg/h (GHz) 7 A

I 16 0.739 0.032
IT 15 0.809 0.035
III 9 0.925 0.035

Two-channel model. To describe Dataset III, we extend the model to two in-
dependent effective channels, each characterized by a transparency 7, and an
effective gap Aeg,,!. Following Metzger et al. [22], such an extension can also
phenomenologically capture contributions from unresolved higher-energy ABSs.

1 This description differs from that reported in the current version of PAPER IV, where a
common effective gap was assumed for both channels. However, we realized that the effective
gap phenomenologically accounts for channel-dependent properties, and removed the common-
gap constraint here. This modification does not affect the main results or conclusions of
PAPER 1V or this thesis.
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The combined ground-state potential is

2
eaaBs(p) = — ) Aeff’m\/l — Ty sin? (é)) (5.1)
m=1

Neglecting interactions between the channels, the induced resonator frequency
shift becomes

() = 3 5 (), 52)

where the contributions are calculated using Eqs. 1.22 and 1.23, with channel-
dependent 7, and Aeg,, and a common A. We fix 71 and A.g; to the estimates
from two-tone spectroscopy, and fit 72, Acg 2, and A. The second channel produces
little change for Datasets I and II, but substantially improves the agreement for
Dataset III [dashed lines in Fig. 5.2].

The fitted parameters are summarized in Table 5.2. The effective gaps re-
main below the aluminum gap, consistent with reduced values reported for other
Al/InAs weak links [22, 84]. These results provide the junction parameters used
to analyze the nonlinear response in Chapter 6.

Dataset I Dataset 11
WBp—T——— 7T 7 p T T T T 7
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Figure 5.2: Single-tone spectroscopy of JJ; for Datasets I, II, and III (left to right),
showing the phase-dependent resonator frequency shift relative to its bare value. Solid
and dashed curves are the one-channel and two-channel effective ABS models, respec-
tively.

Table 5.2: Two-channel model. Effective ABS parameters extracted from the two-
channel fits (Eq. 5.2) to JJ; (dashed lines in Fig. 5.2).

Dataset Aegi1/h (GHz) 71 Aego/h (GHz) 1 A
I 16 0.8 17 0.39 0.025

IT 15 0.86 25 0.40 0.027
I1I 13 0.97 20 0.85 0.020
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5.2 Approaching the ultrastrong-coupling regime
between an ABS and a microwave resonator

The measurements discussed above yield ABS-resonator coupling strengths of the
order of g./2m ~ 100 MHz near ¢ = 7 [Eq. 1.23]. As discussed in Sec. 1.4, increas-
ing the resonator impedance enhances the zero-point phase fluctuations across
the shared inductance and, consequently, the coupling strength. Larger coupling
facilitates the resolution of ABS transitions and may enable faster resonator-
mediated operations. When ¢, becomes a significant fraction of the bare resonator
frequency, conventionally g./w, 2 0.1, the system approaches the ultrastrong-
coupling regime. This regime is of interest for fast quantum gates [152], quantum
metrology [153], and quantum memories [154].

To explore stronger coupling, PAPER III investigates three devices, labeled
Devices 1, 2, and 3, that combine Al/InAs weak links with our high-impedance
NbTiN lumped-element resonators. Their weak-link lengths range from 250 to
450 nm, while their differential resonator impedances all exceed 12 k€2, compared
with approximately 290 2 in PAPER IV. Their main parameters are summarized
in Table 5.3.

Table 5.3: Parameters of the three devices investigated in PAPER III. The differ-
ential resonator impedance Z;, coupling parameter Ajm), and weak-link length [y
are estimated from the device geometry and resonator characterization. The effective
gap Aeg and transparency 7 are extracted from two-tone spectroscopy, while Ay is
obtained from single-tone spectroscopy. The maximum coupling g.(7) is calculated
from the fitted parameters. To remain consistent with Chapter 1 and PAPER 1V,
we use the dimensionless coupling parameter A\ = 2mp®,,¢ /Py rather than the flux
amplitude p®,,¢ reported in PAPER III.

Device Zr >\(sim) lwl Aeﬁ/h T )\(ﬁt) [ <7T) /27T
(kQ) (nm) (GHz) (GHz)
1 12.28 0.100 250 25.20 0.99942 0.155  1.95

12.76 0.132 320 11.69 0.95690 0.177  0.97
3 13.27 0.094 450 - — . -~

Pair transitions

In Device 2, two-tone spectroscopy reveals an ABS pair transition crossing the
bare resonator frequency w’ /27 = 8.619 GHz [Fig. 5.3a)-c)]. The resulting avoided
crossings yield a directly measured coupling of g./2m =~ 490 MHz. The correspond-
ing single-tone spectrum also resolves the hybridized modes, with a splitting of
approximately 2¢./2m = 980 MHz at the crossing [Fig. 5.3b)]. No additional
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Figure 5.3: Pair-transition spectroscopy of Device 2. a) Two-tone spectrum show-
ing the ABS pair transition and its avoided crossings with the resonator mode.
The red line represents the effective short-junction transition frequency, hwaps =

2Aeff\/l — 7sin%(¢/2), with Aeg/h = 11.6940.03 GHz and 7 = 0.9569 4 0.0005. The
white double arrow indicates the splitting at one avoided crossing, corresponding to
gc/2m &~ 490 MHz. b) Corresponding single-tone spectroscopy, with the green line
representing the fitted resonator frequency shift with A\ = 0.177 4+ 0.001 . The right
panel shows a vertical line cut at the phase indicated by the blue dashed line, re-
solving a frequency splitting of approximately 2g./2m = 980 MHz, highlighted by the
double arrow. c) Alternative representation of the two-tone data in panel a). Left:
Phase derivative of the measured response, highlighting the spectroscopic features.
Center: Extracted transition frequencies, distinguishing the predominantly ABS-like
(red) and resonator-like (blue) branches. The black line represents the effective short-
junction fit to the ABS transition, while the yellow data correspond to the resonator
even mode, which does not appreciably couple to the ABS. Right: Magnified view of
one avoided crossing, with the splitting 2¢. /27 indicated by the double arrow.

transitions are resolved up to a drive frequency of 21 GHz, supporting an effective
single-ABS description within the accessible range.

We first fit the effective short-junction model to the pair-transition dispersion,
obtaining A.g/h = 11.69 GHz and 7 = 0.9569. Keeping these values fixed, we
fit Eq. 1.22 to the single-tone frequency shift using A\ as the only free parameter
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[Fig. 5.3b)]. The model reproduces the observed splitting and predicts a maximum
coupling of ¢g./2m = 968 MHz at ¢ = 7 [Eq. 1.23], approximately 11% of the
resonator frequency.
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Figure 5.4: Pair-transition spectroscopy of Device 1. a) Two-tone spectrum showing
the ABS pair transition around ¢ = 7. The red line represents the effective short-

junction transition frequency, fiwaps = 2Aeﬁ‘\/1 — 75in?(p/2), with Agg/h = 25.2 &
0.2 GHz and 7 = 0.99942 + 0.00006. b) Corresponding single-tone spectroscopy,
showing a sharp feature around ¢ = 7 associated with the highly transparent ABS.
The green line represents the fitted resonator frequency shift with A = 0.155 £ 0.001.

In Device 1, no avoided-crossing splitting is directly resolved. We therefore
apply the same fitting procedure, extracting Aqg/h = 25.2 GHz and 7 = 0.99942
from the two-tone spectrum, followed by A from the single-tone response [Fig. 5.4].
Equation 1.23 then gives an estimated maximum coupling of g./27 ~ 1.95 GHz,
approximately 24% of the resonator frequency. At this coupling strength, how-
ever, the perturbative treatment is no longer quantitatively reliable. The value
should therefore be considered a model-dependent estimate rather than a direct
measurement.

Single-quasiparticle transitions with spin-orbit splitting

Besides pair transitions, we observe single-quasiparticle transitions (SQPTS) in
Devices 2 and 3, whose longer weak links support multiple spin-orbit-split ABSs.
We identify three bundles of spectroscopic lines: bundle A in Device 3 [Fig. 5.5a)]
and bundles B and C in Device 2 [Fig. 5.5b)]. Their phase dependence is consistent
with transitions between neighboring ABS doublets, which we describe using the
finite-length junction model introduced in Sec. 1.4.

We fit Eq. 1.12 with A/h = 52 GHz fixed, taking A;o, x;, and 7 as fitting
parameters. Bundle A is described by spin-conserving transitions between the two
lowest ABS doublets [1 1 (}) — 21 (J)]. Bundles B and C have an overall upward

curvature, consistent with spin-conserving transitions between the second and
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third doublets [2 1 (}) — 3 1 (J)]. We attribute B and C to contributions coming
from two independent conduction channels. The fitted parameters are reported
in Table 5.4. No spin-flipping transitions are resolved in these measurements.

Although we did not perform time-resolved parity measurements, the SQPT
spectra also allow us to estimate the spin-photon coupling through the disper-
sive resonator shift. Within second-order perturbation theory, the shift dwS@FT
induced by an SQPT is given by [83]:

2wsqPT
5 SQPT ~ 2 Q 5.3
I e — @0 )

where wsqpr is the transition frequency, w?/2m = 8.619 GHz is the bare resonator
frequency, and g, is the spin-photon coupling rate. We consider the minimum of
the lower SQPT in Device 2 [pink arrow in Fig. 5.5b)], where the driven transition
produces a phase shift of approximately 10° in the reflected signal [Fig. 5.5¢)].
Using the undriven resonator response to convert this phase shift into a frequency
shift [Fig. 5.5d)], we obtain 6wS®FT /27 ~ 770 kHz. Equation 5.3 then gives
gc/2m = 77 MHz, comparable to values reported in similar systems [83, 155].

Table 5.4: Parameters obtained by fitting the SQPT bundles with Eq. 1.12. Adapted
from PAPER III.

A B C
Ay 5.7£0.3 2.44 £ 0.07 2.8£0.1
Ay 1.5+£0.3 3.06 £ 0.09 3.2£0.1

7 035£0.04 0.243 £0.009  0.265 £ 0.006
ry 0.489£0.005 0.261540.0001  —0.000837
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Figure 5.5: Single-quasiparticle spectroscopy of a) Device 3 and b) Device 2, showing
two-tone (top) and corresponding single-tone (bottom) spectra. Three SQPT bundles,
labeled A, B, and C, are identified in the two-tone spectra. The dotted lines represent
fits of the spin-conserving transitions using Eq. 1.12, with parameters reported in
Table 5.4. The pink and blue arrows in panel b) indicate the phase bias considered
in panels c¢) and d), respectively. ¢) Phase shift induced by the single-quasiparticle
transition at the phase bias indicated by the pink arrow in panel b). d) Corresponding
resonator phase measured without the drive tone [see blue arrow in panel b)], used to

convert the phase shift in panel c¢) into the induced resonator frequency shift JwSQFT,



6 Andreev bound state-induced
nonlinearities in superconducting
resonators

In this chapter, we investigate the nonlinear response of the resonator incorporat-
ing two Al/InAs Josephson weak links, as reported in PAPER IV.

6.1 Single-junction configuration

We begin with Datasets I, II, and III in the single-junction configuration, with
JJ1 active and JJo pinched off. Their ABS spectroscopy and resonator frequency
shifts are discussed in Chapter 5; here, we examine the corresponding Kerr and
cubic nonlinearities.

We extract the Kerr nonlinearity K and cubic nonlinearity g3 using the proce-
dures described in Sec. 2.3.5. The Kerr response follows a trend approximately
opposite to that of the resonator frequency shift [Fig. 6.1a)-b)]. In Datasets I and
I, K is weakly negative around ¢; = 0 and 27, and reaches a positive maximum
near @7 = w. The modulation becomes stronger from Dataset I to II. In Dataset
III, the Kerr response instead develops a discontinuous pattern associated with
the avoided-crossing-like feature of the frequency shift.

By contrast, |gs| exhibits two approximately symmetric peaks around ¢; =
7, whose positions and amplitudes depend on the gate voltage [Fig. 6.1¢)]. No
parametric gain is observed sufficiently close to ¢; = m, preventing a reliable
extraction of |g3| in that region. The range without measurable gain widens from
Dataset I to III. We attribute this trend to the combined effects of stronger Kerr
nonlinearity and reduced internal quality factor.

Of particular interest are operating points where K crosses zero while |gs| re-
mains finite. For Datasets I and II, the zero crossings occur near ¢; = 0.87 and
1.2m, where |g3|/2m reaches approximately 35 and 70 kHz, respectively. These
points are suitable for three-wave mixing with suppressed Kerr effects.

To interpret these measurements, we use the effective single- and two-channel
ABS models developed in Chapter 5. The parameters are fixed to those extracted
from two-tone spectroscopy and the resonator frequency shift (Tables 5.1 and
5.2); no additional fitting parameters are introduced for the nonlinear response.
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For a single channel, we apply Eqgs. 1.35 and 1.33 from Sec. 1.5 [solid lines in
Fig. 6.1b)-c)].
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Figure 6.1: Linear and nonlinear response in the single-junction configuration for
Datasets I, II, and III. a) Resonator frequency shift dw, as a function of the supercon-
ducting phase difference ;. b) Kerr nonlinearity K, with an enlarged view around
K =0 in the lower panels. ¢) Cubic nonlinearity |g3| extracted from parametric gain
measurements. Experimental data are shown as points, while solid and dashed lines
represent the single- and two-channel ABS models, respectively, calculated using the
parameters reported in Tables 5.1 and 5.2.

For two independent effective channels, on the other hand, we generalize these
equations to

)\3
hgg = 663, (61)
and
A4 52 2 gt
hK = — | ¢y — h om 6.2
2 (C“ 352>+ ,,;53’,”’ (6:2)
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where ¢, denotes the nth derivative of the total loop potential,

% ? (p— SOext)2
2 2L

o"U,
+ e9aBs(¥), Cp = Z_—loop

n Y
a(p @min

Uil = ( (6.3

with e9aps defined in Eq. 5.1 and Lg approximating the loop inductance, as in
Sec. 1.5. The quantities g.,, and J_ ,, are the coupling strength and detuning of
the mth effective ABS pair.

Both models capture the main qualitative trends, but their agreement deterio-
rates from Dataset I to III [Fig. 6.1]. Unlike the frequency-shift analysis, where a
second channel is especially useful for Dataset III, its effect on the nonlinearities
is less systematic. For Datasets I and II, including the second channel reduces
the predicted peaks of both K and |gs|, improving the agreement for Dataset I
but worsening it for Dataset II. For Dataset I1I, the two-channel model improves
the description of the lateral Kerr branches, but overestimates the central branch
and predicts positive values around ¢; = 7 that are not observed. It also re-
duces the predicted |gs| peaks, although the limited gain data prevent a clear
comparison. These discrepancies highlight the limitations of the phenomenologi-
cal model, which neglects terms arising from a full higher-order expansion of the
coupled ABS-resonator Hamiltonian. Such terms could become more relevant for
the nonlinear response than for the linear frequency shift.

In the complementary single-junction configuration, with JJ; pinched off and
JJo active, we obtain qualitatively similar results (Datasets IV, V, and VI; see the
Supplementary Material of PAPER IV). Here, in addition, Dataset VII! [Fig. 6.2]
demonstrates that the four Kerr zero crossings predicted by the model for Dataset
I are not merely an artifact of our approximation, but can also be observed ex-
perimentally. Two-tone spectroscopy reveals an ABS-like transition with a min-
imum frequency below 4 GHz, consistent with an effective single-channel model
with Aeg/h = 12 GHz and 7 = 0.98 [Fig. 6.2a)|, whereas, even in this case, a two-
channel model reproduces the measured frequency shift [Fig. 6.2b) and Table 6.1].
Notably, the measured Kerr nonlinearity exhibits four zero crossings, returning to
positive values around po = 7 [Fig. 6.2¢)]. However, similarly to Dataset III, the
model overestimates the magnitude of the Kerr nonlinearity in this region. No
cubic nonlinearity data were acquired for this dataset.

Junction | Dataset | Aer1/h (GHz) | Aeg2/h (GHz) | 7 To A
JJo VII 12 35 0.98 | 0.85 | 0.018

Table 6.1: Effective two-channel parameters describing the frequency shift and Kerr
nonlinearity in Dataset VII [Fig. 6.2].

1 Note that this dataset is not included in PAPER IV.
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Figure 6.2: Dataset VII, with JJo active and JJ; pinched off. a) Two-tone spec-
troscopy as a function of ¢o. The dashed line represents the effective short-junction
ABS transition with A.g/h = 12 GHz and 7 = 0.98. b) Resonator frequency shift
dw,. ¢) Kerr nonlinearity K, exhibiting four zero crossings within one phase period.
Solid lines in b)-c) show the corresponding two-channel effective-model predictions
with parameters reported in Table 6.1.

6.2 Double-junction configuration

We now investigate the configuration in which both JJ; and JJy are active, al-
lowing us to control the resonator nonlinearities through two independent super-
conducting phase differences, p; and ¢,. We measure K and |g3| by sweeping the
phase across one junction while keeping the other at a fixed bias [Fig. 6.3].

We first characterize K (1) and |gs(¢1)| with @2 = 0 [Fig. 6.3a),c)], identify-
ing suitable ¢ biases to highlight the interplay between the junctions (colored
arrows in the panels). In particular, changing ¢; from 0 to 7 introduces an ap-
proximately constant offset of —70 kHz in the Kerr nonlinearity measured as a
function of 9 [Fig. 6.3b)]. Similarly, biasing JJ; near either of the two maxima
of |g3(p1)|, at ¢1 = 0.777 and 1.237, modifies the amplitude and symmetry of
932 [Fig. 6.3d)].

We note that, when either junction is biased at zero phase, the nonlinear re-
sponse follows a trend similar to that observed in the single-junction configuration,
allowing us to characterize the individual contributions. We describe these mea-
surements using the effective single-channel short-junction model [gray lines in
Fig. 6.3a),c) and salmon lines in Fig. 6.3b),d)|, with the parameters reported in
Table 6.2.

Neglecting interactions between the two junctions and corrections associated
with the loop inductances, we then approximate the total nonlinearities as the
sum of the individual contributions,

Kiot >~ Ki(¢1) + Ka(g2), G3tot = g3,1 (1) + g3,2(2). (6.4)
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Figure 6.3: Nonlinear response in the double-junction configuration. a) Kerr non-
linearity K as a function of ¢1, with w2 = 0. b) Kerr nonlinearity versus o, for
1 = 0 and 7. Panels a) and b) are measured at V; = 1.58 V and V5 = 1.94 V. c)
Cubic nonlinearity |gs| as a function of ¢, with ¢ = 0. d) Cubic nonlinearity versus
g, for o1 = 0, 0.777, and 1.237. Panels ¢) and d) are measured at V; = —0.05 V
and Vo = 1.15 V. The three datasets in panel d) are displayed over successive phase
periods for clarity. Experimental data are shown as points, while solid lines represent
the sum of the individual junction contributions calculated using the effective single-
channel short-junction ABS model [Eq. 6.4]. Colored arrows in a) and c¢) highlight

JJq phase, @4 (1)

JJ; phase, @, (1)

the ¢ biases used in b) and d).
Dataset | Junction | Aeg/h (GHz) | T A
K JJp 16 0.88 | 0.033
JJo 10 0.92 | 0.023
JJp 17 0.87 | 0.030
73 7 B 0.93 ] 0.033

Table 6.2: Parameters used to describe the Kerr and cubic nonlinearities in the
double-junction configuration [Fig. 6.3], within the effective single-channel short-

junction model.

This approximation reproduces the main features of the measured response
[solid lines in Fig. 6.3], indicating that the nonlinear contributions of the two
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junctions can be treated as approximately independent. The double-junction
configuration therefore provides additional flexibility in controlling the resonator
nonlinearities. In particular, the contribution of one junction can compensate
the Kerr nonlinearity of the other, shifting the operating point where K, =~ 0.
Furthermore, combining the cubic contributions allows us to maintain a sizable
|g3.tot| OVer a broader range of phase biases.

6.2.1 Three-wave mixing amplification

We also characterize the parametric amplification enabled by the cubic nonlin-
earity in the double-junction configuration. We select gate voltages V; = 0.25 V
and V5 = 0.5 V, and phase biases 1 =~ 0.87 and ¢9 ~ 0.757, to obtain a small
Kerr nonlinearity while maintaining a sizable g3. By sweeping the pump power
and detuning 0, = w, — 2w,, we observe a maximum in the on-off gain close to
the three-wave-mixing condition w, = 2w, [Fig. 6.4a)]. The gain decreases rapidly
as the pump is detuned from this condition, consistently with three-wave mixing
parametric amplification.

We select a working point corresponding to optimum pump detuning and power
[red star in Fig. 6.4a)] and characterize the amplifier dynamic range by increasing
the probe power. We observe a progressive reduction in the peak gain (extracted
as described in Sec. 2.3.5), with an estimated 1-dB compression point of —138 dBm
[Fig. 6.4b)].

We then characterize the on-off gain and signal-to-noise ratio (SNR) improve-
ment as functions of probe frequency [Fig. 6.4c)]. For each frequency, we record
400 complex samples using the VNA in continuous-wave mode, with the pump on
and off. From their mean and variance, we calculate the on-off gain GG, as defined
in Eq. 2.14, and the SNR improvement as

[(S) 2 Var(SH™)

ASNR =
SNR = 15O P Var (S9Y)

(6.5)

where () and Var denote the mean and variance of the complex samples, respec-
tively. We obtain a maximum on-off gain of approximately 25 dB, a bandwidth
of approximately 2 MHz, and an SNR improvement reaching 20 dB.

These results can be compared with previous hybrid parametric amplifiers. In
planar Al/InAs heterostructures, Phan et al. reported 20 dB gain, 4 MHz band-
width, and a 1-dB compression point of —125.5 dBm [156], while Hao et al.
achieved over 20 dB gain, 6 MHz bandwidth, and —119 dBm compression power
[157]. More recently, Rousset-Zenou et al. demonstrated Al/InAs nanowire am-
plifiers with 20 dB gain, a bandwidth of a few MHz, and a compression point
of —137 dBm [158]. Unlike these four-wave-mixing amplifiers, our device ex-
ploits cubic nonlinearity, constituting, to our knowledge, the first demonstration



89

of three-wave-mixing amplification in a superconductor—semiconductor hybrid de-

vice.
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Figure 6.4: Amplifier characterization in the double-junction configuration, at V; =
025V, V5 = 0.5V, p1 =~ 0.8, and ps ~ 0.75m. a) Peak on-off gain versus pump

power and detuning ¢, =

wp—2w,. The red star marks the operating point selected for

the subsequent measurements. b) Peak on-off gain versus probe power, showing the
estimated 1-dB compression point at approximately —138 dBm. ¢) On-off gain (top)
and SNR improvement (bottom) versus probe frequency, extracted from repeated
continuous-wave measurements.

A well-established example of three-wave-mixing amplification is the SNAIL
amplifier [10, 13, 14], which combines sizable cubic nonlinearity with Kerr sup-

pression (see Sec. 1.5).

By compensating the Kerr nonlinearity under strong

pumping, Sivak et al. achieved a 1-dB compression point of —102 dBm and near-
quantum-limited noise performance.

Our performance characterization, however, is limited by the absence of a fully
calibrated microwave chain and through-reference measurement. Thus, the re-
ported gain and SNR improvement are relative pump-on/off measurements, while
the compression point is an estimate subject to input-power calibration uncer-
tainty. Nevertheless, the independent gate and flux control of both junctions
offers promising flexibility for optimizing three-wave-mixing amplifiers.
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6.2.2 Towards Andreev molecule devices

The approximation of independent junction contributions adopted in our analysis
is supported by their separation of approximately 4 um, significantly exceeding
the superconducting coherence length. Furthermore, two-tone spectroscopy with
both junctions active reveals spectral features associated with ABS transitions in
both junctions (Fig. 6.5), without clear signatures of hybridization, although the
broad linewidths prevent us from excluding weak coupling between the ABSs.

Reducing the junction separation to a length comparable to the superconduct-
ing coherence length could allow their ABSs to hybridize, forming an Andreev
molecule [159]. In this regime, the energy—phase relation depends on the su-
perconducting phases across both junctions, giving rise to a nonlocal Josephson
effect in which the supercurrent through one junction can be controlled by the
phase across the other. Andreev molecules have been experimentally investigated
in InAs nanowires [160] and planar InAs/Al heterostructures [161], revealing hy-
bridized subgap states and nonlocal current—phase relations. Beyond their fun-
damental interest, these systems offer opportunities for engineering nonlocal su-
perconducting transport, Josephson diode effects, and coupling between Andreev
qubits. In our platform, fabricating more closely spaced junctions would allow
us to investigate the nonlinear response of Andreev molecules, whose hybridized
energy-phase relation could introduce additional contributions to the Kerr and
cubic nonlinearities.
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Figure 6.5: Two-tone spectroscopy of Device IV in the double-junction configuration,
measured as a function of the current applied to a coil controlling the magnetic flux
through both superconducting loops. Spectral features associated with ABS transi-
tions are visible in both junctions, but their broad linewidths prevent any coherent
coupling between them from being resolved.



Conclusion

Here we summarize the main results of this thesis and discuss outlook and direc-
tions for future experiments.

Summary

The main results of this thesis can be summarized in four points:

o We have demonstrated gate-driven frequency tunability exceeding 90 MHz in
a superconducting resonator incorporating an Al/InAs nanowire with a con-
tinuous superconducting Al shell, without a semiconducting weak link. This
response is accompanied by an approximately 85% reduction in the internal
quality factor and a gate leakage current of a few nA. The observed changes in
frequency and losses are consistent with the Mattis—Bardeen model using an
effective temperature, suggesting an increased quasiparticle population. Fur-
thermore, time-domain and sideband measurements revealed response times
down to 35 ns, compatible with quasiparticle recombination dynamics. These
results highlight the potential of gate-controlled superconducting elements
for fast microwave applications, although the influence of gate-induced losses
and leakage current on device performance, particularly noise, requires fur-
ther investigation.

o We have developed fabrication procedures, cryogenic measurement setups,
and two differentially driven NbTiN resonator platforms for the microwave
investigation of ABSs in Al/InAs Josephson junctions: a distributed coplanar
stripline (CPS) resonator and a compact lumped-element resonator. Using
these platforms, we have demonstrated gate and magnetic flux control of the
ABS-induced resonator response, observing a behavior consistent with pre-
vious experimental reports. We have described this response using effective
single- and two-channel short-junction models.

« We have demonstrated strong coupling between ABSs and high-impedance
lumped-element NbTiN resonators, observing avoided crossings correspond-
ing to an ABS-resonator coupling strength of g./2m ~ 490 MHz, with theo-
retical estimates suggesting maximum coupling strengths approaching 2 GHz.
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We also resolved transitions associated with spin-orbit-split ABSs, estimat-
ing a spin—photon coupling of 77 MHz. These results demonstrate the poten-
tial of high-impedance resonators for approaching the ultrastrong-coupling
regime and investigating Andreev spin degrees of freedom.

« We have characterized the Kerr (K) and cubic (g3) nonlinearities induced
by ABSs in Al/InAs Josephson junctions, demonstrating their dependence
on both gate voltage and magnetic flux. In particular, we identified oper-
ating points where the Kerr nonlinearity approaches zero while the cubic
contribution remains sizable. We further demonstrated three-wave mixing
parametric amplification with an on-off gain of up to 25 dB, representing,
to our knowledge, the first experimental demonstration of this process in
a hybrid superconductor-semiconductor device. The measured nonlineari-
ties are qualitatively described by an effective ABS model. These results
establish semiconducting Josephson junctions as promising elements for tun-
able nonlinear microwave circuits, with potential applications in parametric
amplification and bosonic-mode manipulation.

Outlook

The demonstration of ABS-induced nonlinearities is arguably the main contribu-
tion of this thesis. As already discussed, completing the characterization of our
system requires a full fourth-order expansion of the resonator—ABS Hamiltonian
to better understand the nonlinearities within the short-junction approximation.
Furthermore, a fully calibrated input attenuation and output amplification chain
would enable a quantitative characterization of the nonlinearities, particularly the
performance of the three-wave mixing amplifier.

Beyond these improvements, two directions are particularly appealing: explor-
ing the role of the spin structure of ABSs in finite-length junctions and investi-
gating the hybridization of ABSs in closely spaced Josephson junctions, forming
Andreev molecules. Both effects are known to modify the ABS energy—phase
spectrum, potentially altering the nonlinear response of the resonator. Exploring
these regimes in future devices could reveal richer nonlinear behavior and offer
additional degrees of freedom for engineering superconducting microwave circuits.
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Appendix A

Fabrication recipes

Glossary

acc: Spin-coater acceleration (rpm/s).
DI: Deionized water.

EBL: Electron-beam lithography.
ICP: Inductively coupled plasma.
IPA: Isopropyl alcohol.

NW: Al/InAs nanowire.

PMMA: Polymethyl methacrylate.
PVD: Physical vapor deposition.
QDR: Quick Dump Rinse.

RIE: Reactive ion etching.

rpm: Revolutions per minute.

SC1: Standard Clean 1.

sccm: Standard cubic centimeters per minute.

SEM: Scanning electron microscopy.

A.1 Auxiliary recipes

Cleaning routines

e SC1 cleaning:
1. Prepare DI HoO:NH,OH (25%):H202 (30%) in a 100:20:20 ml ratio.
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2. Immerse at 75-80 °C for 10 min.
3. Rinse using a QDR bath.

e Cleaning 0:
1. Rinse in acetone.
2. Rinse in TPA.
3. Dry with No.

e Cleaning 1:
1. Sonicate in acetone for 3 min at maximum power.

2. Sonicate in TPA for 3 min at maximum power.
3. Dry with Ns.

e Cleaning 2:
1. Soak in acetone at 50 °C for 5 min.
2. Soak in IPA at 50 °C for 5 min.
3. Dry with No.

Resist coating recipes

« PMMA A6 (BEK):
1. Pre-bake at 180 °C for 3 min.
2. Spin at 1000 rpm (acc = 500) for 3 s.
3. Spin at 5000 rpm (acc = 1500) for 60 s.
4. Bake at 180 °C for 8 min.

« ma-N2403:
1. Pre-bake at 180 °C for 3 min.
2. Spin at 3000 rpm (acc = 2000) for 60 s.
3. Bake at 90 °C for 1 min.

« E-Spacer:
1. Spin at 3000 rpm (acc = 2000) for 60 s.

« AZ1512HS:
1. Pre-bake at 180 °C for 2 min.
2. Spin at 4000 rpm (acc = 1000) for 45 s.
3. Bake at 110 °C for 1 min.



97

o S1813:
1. Spin at 3000 rpm (acc = 2000) for 60 s.
2. Bake at 115 °C for 2 min.

Resist development recipes

« PMMA A6 + E-Spacer:
1. Rinse in DI water for 2 min.
2. Develop in IPA:DI (4:1) for 5 min.
3. Dry with Nj.
« ma-N2403 4+ E-Spacer:
1. Rinse in DI water for 2 min.
2. Develop in MF319 for 70 s.

3. Rinse in DI water for 2 min.

4. Dry with No.

e AZ1512HS:
1. Develop in MF-CD-26 for 28 s.
2. Rinse in DI water for 1 min.

3. Dry with No.

NbTiN sputtering (DCA Cluster)

1. Reactive DC magnetron sputtering.

2. Substrate temperature:
« Hot: 660 °C, followed by 30 min annealing.

o Cold: water-cooled sample stage.
3. Ar flow: 60 sccm; Ny flow: 37 scem.

4. Operating pressure: 6.7 pbar.

ot

. Pre-sputter the target for 120 s with the shutter closed.

D

. Open the shutter and deposit NbTiN for the duration specified below.
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ICP-RIE etching (Oxford Plasmalab 100)

1. Operating pressure: 20 mTorr.
2. Cly flow: 4 sccm; Ar flow: 50 scem.

3. Etching duration specified below.

A.2 Device fabrication

Substrate preparation

1. SC1 cleaning.
2. Cleaning 0.

Base-layer processing: Device IV
NbTiN deposition
1. NbTiN hot sputtering for 34 s (~10 nm).

2. Cleaning 1.

Alignment markers

1. Coat PMMA A6 (BEK).
2. Coat E-Spacer.

3. EBL exposure (Raith EBPG 5200):
e Beam current: 20 nA.
« Dose: 450 uC/cm?.

4. Develop PMMA A6 + E-Spacer.
5. Og plasma: 50 W, 45 s.
6. Evaporate Ti/Au (Lesker PVD): 6/74 nm.

7. Lift-off:
a) Soak in mr-Rem 400 overnight.
b) Heat at 95 °C for 20 min.

d) Cleaning 1.

)
¢) Sonicate in mr-Rem 400 for 5 min at maximum power.
)



99

Resonator patterning

1. Coat ma-N2403".
2. Coat E-Spacer.

3. EBL exposure (Raith EBPG 5200):
a) Resonator: 40 nA beam and 400 uC/cm? dose.
b) Ground plane: 250 nA beam and 375 uC/cm? dose.

Develop ma-N2403 + E-Spacer.
O9 plasma: 50 W, 90 s.
NbTiN ICP-RIE for approximately 1 min.

Rinse in DI water.

S A

Resist stripping:
a) Soak in mr-Rem 700 for approximately 2 h.
b) Sonicate in mr-Rem 700 at 50 °C for 5 min, 50% power.
c¢) Cleaning 1.

Wafer dicing
1. Coat S1813 as a protective layer.
2. Dice the wafer into individual chips (Disco DAD3350).

Base-layer processing: Device llI
NbTiN pre-plane fabrication
1. NbTiN cold sputtering for 600 s (~150 nm).

2. Coat AZ1512HS.

3. UV lithography (MLA150):
« Dose: 54 mJ/cm?.
o Defocus: +2.

e Optical autofocus.

4. Develop AZ1512HS.

! The original process used HSQ [112], which was later replaced by ma-N2403 following a
decision by the cleanroom staff to reduce the use of HSQ.
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Oy plasma: 50 W, 20 s.

. NbTiN RIE for approximately 4 min.

Immediately rinse in DI water and dry with Nj.

O, plasma: 50 W, 1 min.

. Resist stripping: Cleaning 1.

Wafer dicing

1.

2.

3.

4.

Coat AZ1512HS as a protective layer.
Dice the wafer into individual chips.

Cleaning 1.

O, plasma: 50 W, 1 min.

Resonator fabrication

1.

2.

3.

NbTiN cold sputtering for 15 s (~4 nm).
Cleaning 1.
Coat ma-N2403.

Coat E-Spacer.

. EBL exposure:

¢ Beam current: 3 nA.

« Dose: 375 uC/cm?.

. Develop ma-N2403 + E-Spacer.

NbTiN RIE for approximately 80 s.

. Immediately rinse in DI water.

. Resist stripping:

a) Soak in mr-Rem 400 at 80 °C for 10 min, followed by 2 min sonication.

b) Cleaning 1.
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Nanowire transfer
1. Cleaning 1.
2. Transfer NWs onto the chips using the nanomanipulator.

3. Determine NW positions relative to the alignment markers by optical mi-
CTOSCODY.

Nanowire processing
Josephson weak-link definition
1. Cleaning 2.
2. Coat PMMA A6 (BEK).

3. Coat E-Spacer.

4. EBL exposure of the etching windows:
o Beam current: 1 nA.
o Dose: 450 uC/cm?.

e Nominal window length: 180 nm.
5. Develop PMMA A6 + E-Spacer.

6. Al shell etching:
a) Immerse in MF319 for 55 s.
b) Rinse in DI water for 10 s.

c
d

Rinse in DI water for 30 s.
Soak in DI water bath.

)
)
)
)
7. Resist stripping: Cleaning 2.

8. Inspect the junctions by SEM and select the NWs for final processing.

Ti/Al contacts and local control lines
1. Coat PMMA A6 (BEK).
2. Coat E-Spacer.

3. EBL exposure:
o Small structures: 1 nA, 450 pC/cm?.
o Large structures: 20 nA, 450 pC/cm?.
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4. Develop PMMA A6 + E-Spacer.
5. Og plasma: 50 W, 45 s.

6. Metallization (Lesker):
a) Ar ion milling for 30 s.
b) Evaporate Ti/Al: 6/200 nm.

7. Lift-off:
a) Soak in 1165 overnight.
b) Heat in 1165 at 95 °C for 20 min.

¢) Cleaning 2.

8. Inspect the completed structures by optical microscopy.
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ABSTRACT

Several experiments have recently reported on gate-tunable superconducting properties in metallic devices, holding promise for the realiza-
tion of cryogenic switches, tunable resonators, and superconducting logic. In particular, the suppression of the critical current as a function of
the gate voltage has been widely investigated. However, time domain studies are discussed only in a few cases. In this paper, we present a
microwave characterization of a gate-controlled Al-capped InAs nanowire embedded in a 4/4 coplanar waveguide resonator. We observe a
shift in the resonator frequency and an increase in its internal losses as a function of the gate voltage, which we relate to a change in the imag-
inary and real components of the nanowire impedance, respectively. We demonstrate that these changes are described by the Mattis—Bardeen
model with an effective temperature. We further study the resonator response to fast-varying gate signals and measure characteristic response
times of the order of 40 ns, both in time domain and parametric modulation experiments. Our study elucidates the impact of the gate on the
complex impedance of the nanowire in the superconducting state, as well as its dynamic performance, providing a foundation for the design
of gate-controlled superconducting devices.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0267684
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Superconductors, thanks to their low energy losses and the
Josephson effect, are widely used in cryoelectronics and quantum
information processing."” In these applications, device-design
considerations require a specific optimization of superconducting
properties such as transition temperature, kinetic inductance, and
critical current. For example, kinetic inductance affects the reso-
nant frequency of superconducting resonators,” and the spacing of

energy levels in transmon qubits depends on the critical current of
Josephson junctions.”

Although these properties are partially limited by material and
geometry,” there are strategies to tune them locally and in real time. In
superconducting quantum interference devices, for example, a mag-
netic field is used to control the critical current in one or more
Josephson junctions arranged in a superconducting loop.”® On the
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other hand, hybrid superconducting-semiconducting systems take
advantage of the low carrier density in the semiconducting channel to
tune the critical current with an electric field.”

Recently, several experiments’ ' have reported electrostatic gate
control even in fully superconducting devices. The mechanism behind
such findings, which was originally explained as a field effect,” " is still
under debate.'* *” Nonetheless, gate-controlled superconducting devi-
ces promise the same flexibility of semiconductor-based technology in
terms of local and real-time control. In fact, compared to magnetic
field-controlled devices, gate lines are more compact than flux lines
and can be designed to affect only a small portion of the sample.
Furthermore, both active region and gate can be made of the same
metal—the superconductor—which significantly simplifies the fabrica-
tion compared to the hybrid semiconducting-superconducting sys-
tems. These advantages make gate-controlled superconducting devices
appealing for cryoelectronics applications such as superconducting
switches,”' tunable resonators,”” and fast superconducting electron-
ics.””* A review summarizing the findings, outstanding questions,
and possible application of this phenomenon is given in Ref. 24.

One of the systems in which the gate control has been investi-
gated is the indium arsenide (InAs) nanowire with a full-shell of
epitaxial aluminum (A])."”"” These studies demonstrate the gate
effect on highly crystalline superconductors”” and are valuable for
the possible application of the effect in more complex quantum
devices. In fact, hybrid Al/InAs nanowires are a promising plat-
form for implementing gatemon’® and Andreev qubits,””** in
which the gate tunability could be an additional experimental con-
trol knob. Moreover, a recent experiment” on Al/InAs nanowires
shows superconducting-normal state switching dynamics on a
nanosecond timescale. These findings motivate further investiga-
tion of these systems in the microwave regime.

In this paper, we investigate an InAs nanowire—of the same type
discussed in Refs. 17, 19, and 29—with the microwave techniques used
in Ref. 23. Our device is based on a hybrid semiconducting-
superconducting nanowire with impedance Zyw, consisting of a
150 nm diameter InAs core, which is covered with a 20 nm Al full shell
[see Fig. 1(a)]. Since the thickness of the Al shell is orders of magnitude
larger than the Thomas—Fermi length in Al, the InAs core is screened
from the electric field and does not play any role in the gate response
of the nanowire,"” contrary to other configurations.” The nanowire is
embedded in the current antinode of a 1/4 coplanar waveguide reso-
nator and gated in a finger-type configuration. The resonator is capaci-
tively coupled to the feedline we use for the readout. We perform our
measurements in a dilution cryostat with 10 mK base temperature.

We measure the feedline transmission parameter, Sy;, with a vec-
tor network analyzer (VNA) as a function of the frequency f and DC
gate voltage V, applied to the gate. We observe a dip in |Sy |, corre-
sponding to the resonator mode, which shifts as a function of V, [see
the heat map in Fig. 1(b)]. In particular, the resonator mode shows a
sign-symmetric gate response with an onset around *16 V, together
with a rise of gate leakage current up to a few nA [see the purple
dashed line and the right axis of Fig. 1(a)]. We extract by fit’" [see
supplementary material Figs. S2(b) and S2(c)] resonant frequency fies
and internal quality factor Q; from the resonator trace for each V;
[see Figs. 1(c) and 1(d)]. Both fis and Q; decrease monotonically,
from fi.s = 6.84 GHz and Q; = 1000 at zero gate to fi.; = 6.75 GHz,
Q; = 100 around Vy = =30 V.

ARTICLE pubs.aip.org/aip/apl

We interpret our result as a consequence of quasiparticle genera-
tion in the gated nanowire due to Cooper pair breaking. An increase in
the quasiparticle density 7y, has a double effect on Zyxw: it increases
the kinetic inductance Ly, causing a resonant frequency shift, dfye, and
introduces a parallel dissipative channel, i.e., a conductance G, which
causes an internal quality factor shift, 5Q;.” Note that we assume the
nanowire fully contributes to the kinetic component of the device
inductance [see supplementary material Fig. S2(a)].

By translating the shift in Zxy in terms of a shift in the complex
conductivity ¢ = g + io,, we apply the generalized Mattis—Bardeen
model’”*” and rewrite the shift in Jres» Qi as

Ois 200,
foo 20 W
and
1 60’1
(=) =222, 2
(Qi> * (3 @

respectively, where o is the participation ratio between the gate-
affected kinetic inductance and the total inductance of the resona-
tor.””***> A detailed derivation of Egs. (1) and (2) can be found in
Refs. 36 and 37. Here, assuming thermal equilibrium, real and imagi-
nary parts g , are functions of temperature T and critical temperature
T, e, 0; = 0i(T, T.) [supplementary material Egs. (S1) and (S2)].

In order to obtain T, and o, we measure Ofys and 6(1/Q;) in a
temperature-driven experiment where V; =0 V, and the increase
in ng, is due to the temperature rise in the cryostat. We fit Egs. (1)
and (2) to our temperature-driven data [see Fig. 1(e)] and obtain
o = 0.14 and T, = 1.31 K, compatible with aluminum thin films.”**?

Then we apply the same model to our gate-driven data, using an
effective-temperature approach. The concept of effective temperature
is introduced in mesoscopic physics to characterize systems driven
out-of-equilibrium.”’** This method has been successful in describing
the quasiparticles dynamics in superconducting resonators used as
kinetic inductance detectors. For example, the effective temperature
has been indirectly measured from the quality factor of the resonator ™
or obtained as a fitting parameter of a thermal model.”’ In our case,
after obtaining 7. and o from the temperature-driven experiment, we
use Eq. (2) to estimate the effective temperature T from the mea-
sured internal losses 6(1/Q;). In turn, by using the obtained «, T, and
Tes, we find that Eq. (1) describes the gate-driven shift in frequency
[see black dashed line following the red data points in Fig. 1(f)], which
validates our analysis. Similar experiments about gate-effect on super-
conductors in the microwave regime are reported in Refs. 16 and 22.
However, in Ref. 16, the Mattis—-Bardeen model is used to estimate res-
onator inductance and resistance from material properties, geometry,
and temperature, which then feed a simulation that predicts resonant
frequency and quality factor. On the other hand, Ref. 22 applies
Egs. (1) and (2) for a remote-gate configuration calculating an effective
quasiparticle density and assuming the temperature to be constant. In
this case, the model slightly deviates from the experimental data, which
the authors attribute to a heating effect.

To summarize this section, the frequency domain characteriza-
tion of our device shows a gate-driven frequency tunability in excess of
90 MHz, with a contextual ~85% decrease in internal quality factor,
both related to a rise in the leakage current from the gate.
Furthermore, we can describe the gate-driven relation between Ofyes

Appl. Phys. Lett. 126, 232602 (2025); doi: 10.1063/5.0267684
© Author(s) 2025

126, 232602-2

80:25:20 9202 AN .z



Applied Physics Letters

ARTICLE

pubs.aip.org/aip/apl

a) c) e) &
R L[N L B B S m . =
]hé 6.84 - e o o - =7 0 B3 i x
o r ] 2o C 9415 =
L= 6.82 7 g x r 1 [¢]
S 3 N ] T -~ _ L ] =
2 680 [ $ ] g8 7'F 110
S - e 2] RS N -
7] 3\ F e o ] o 2 r 1 g
€< 678 F 3] e 2fF 05
[0} [ e 4 "(‘6 e} + b 12
S e o S . 3 ) o
T 6.76 [, ] CHE r =
= E o @ .5 _3 L0 . 0.0 S
6.74 L— '20' o (') L '2'0' 0.0 0.2 0.4 0.6 5
Temperature, T (K) §
Gate voltage, Vq (V)

b) Transmission, |Sx| (dB) d) f) Effective temperature, Ter (K)
-6 -4 -2 0 0.0 02 04 0609
— — — 6 5
] < _ 1000 b PR _' & 0:4' - b R
- [ e e e = e} E g ] > E 45 =
N L 4 = C F ] 2o -2F e ] =
T 685 o>y soofp E s % F «J, C
5 - 7 58 E7 ] 2 L4 O
= C 2 < £% eof / 3 s 8 s Model 1. &
. 6.82 | s 8 " I ] S 602 L -
3 E 0 5 S 40f 3 o 3 £ === a5 (Ten To) st1, ¢
S 679 f 5 O T £ 7 ] =65 -sf r3° 9
S (D 3 200 F . - - L » o
e g & : 1 &% -of e[
T 6.76 -4 < E oo ] © = C 3 ©
w . I © @ Lo ? 39 <
© _20 0 20 P S rrerartl SN RN 5
-30 -15 0 15 30 ~ 0 5 10 15 20 25 =

Gate voltage, Vg (V)

Gate voltage, V4 (V)

Gate voltage, Vg (V)

FIG. 1. Device spectroscopy. (a) Simplified schematic of the device. Zoom-out: scanning-electron micrograph of the nanowire (scale bar: 300 nm). (b) Heat map of the feedline
transmission spectrum, |Sy1|, vs gate voltage, Vg, and frequency, f. On the right axis, we plot the leakage current Iy vs V;. (c) and (d) Resonant frequency fes and internal qual-
ity factor @; as a function of V. () Temperature-driven data with Vg = 0: relative frequency shift ofies /fies (left axis) and inverse quality factor 6(1/Q:) (right axis) are plotted
vs temperature. Equations (1) and (2) are globally fitted to the data, according to Mattis-Bardeen model. Fit results: « = (0.14:0.04) and T, = (1.310.05) K. (f) Gate-
driven data for T = 10 mK: dfes /fres (left axis) and 6(1/Q;) (right axis) vs Vg (bottom axis). For each data pointin 6(1/Q;), we obtain an effective temperature Tef (top axis),
assuming that the gate effect is equivalent to an increase in temperature and using Eq. (2). The predicted dfres /fres, based on Eq. (1), with the parameter obtained from the fit

in panel (€), and T = Ty is plotted as a dashed line.

and 6(1/Q;) with an effective temperature in the framework of the
Mattis-Bardeen model, which indicates the local heating of the nano-
wire caused by the leakage current.

We now investigate the dynamic response of our system. We dis-
cuss two different techniques for such a measurement: pulsed and con-
tinuous gate excitation. In both cases, we send our gate excitation on
top of a DC working point Vg, which is above the onset of the gate
effect. Excitation and DC signals are combined to the same gate line at
the mixing chamber level via a bias-tee [see supplementary material
Fig. S6(a)].

Pulsed measurements consist of three pulses: a trigger pulse, a
readout pulse, and a gate pulse [see Fig. 2(a)]. We generate all pulses
with a microwave digital transceiver, Presto.”* The trigger pulse defines
the time span during which we record the output signal sy, from the
feedline. While the trigger is on, we send a readout pulse with fre-
quency fr, to the feedline input and a square pulse with amplitude A,
and duration 7, to the gate line. We average s,y over 10° — 10° repeti-
tion of the triggered sequence and repeat the measurement for differ-
ent fy,, obtaining a 2D map sou (£, fro) [see Fig. 2(b)].

When f, ~ fres, the readout signal excites the resonator, leaving
a signature of the resonant frequency and bandwidth in soy.
Consequently, the data at a given time, Sou(t = fx, fro), provides a
“snapshot” of the resonator’s spectroscopy at time ¢, [see Sout(, fro) Ver-
tical linecuts on the left side of Fig. 2(c)]. In particular, we fit Lorentzian
functions to these frequency traces [see supplementary material

Fig. S3(a)], from which we obtain the instantaneous f., and loaded
quality factor Q. By comparing dfrs due to the gate pulse at steady-
state with the VNA measurements discussed in the previous section
[see left side of Fig. 2(c) vs Fig. 1(c)], we calibrate the attenuation of
the RF line we use to drive the gate, obtaining the effective pulse
amplitude.

On the other hand, individual time traces sou(Z,fro ~ fres)
describe the dynamics of our system, namely the resonator ring-up
spike around ¢ = 0.6 us and the gate response around t = 2 us [see
the Sout(Z, fro) horizontal linecut on the right side of Fig. 2(c)]. The
ring-up decays exponentially to a steady-state level with a characteristic
time that defines the resonator response time.”” From an exponential
fit [see supplementary material Fig. S3(b)], we obtain 7., = 10 ns,
which is compatible with Q/(27fies) = 16 ns obtained from the
Lorentzian fits.

We then fix f;, ~ frs and choose Ay = 250 mV, which induces a
variation in [s,y| up to a few percents while still leaving the system in
the linear response regime. Furthermore, we set 500 ns < 7, < 800 ns,
which is long enough to allow |s,| to saturate to a steady value during
the pulse excitation but short enough to avoid distortions due to the
bias-tee. With these pulse settings, we investigate the characteristic
time of the gate response in the resonator time trace as a function of
Vg and cryostat base temperature T. In particular, for each V or T, we
measure the response for both positive and negative pulse (£ A,). We
fit exponential functions to the rising and falling edges of the positive
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FIG. 2. Device dynamics: time domain spectroscopy. (a) Pulse sequence used for the time-domain measurements. (b) Heat map of resonator time traces recorded for different
readout pulse frequencies f,, at gate voltage Vy = 23.5 V. With reference to the scheme in panel (a), the trigger period is 5 us, a 4 us long readout pulse starts at 0.6 s and a
gate pulse with Ay = 1.5 V and 7y = 500 ns starts around 2 us. Arrows indicate line cuts discussed in panel (c). (c) Line cuts from panel (b). Left: vertical line cuts at 1 us
(blue) and 2.2 us (red) showing the resonator shift due to the gate pulse. Right: horizontal line cut at 6.815 GHz showing resonator ring-up and gate response in time domain.
(d) Time traces at V; = 21 V showing resonator rising (left) and falling (right) response under positive and negative gate pulses, respectively. Gate parameters are |Ag| = 250
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Rising and falling time as a function of V; and effective temperature Tes. The black arrow indicates the gate working point used for the temperature-driven data reported in
panel (f). (f) Rising and falling time as a function of the temperature at a fixed V5 = 21 V.

and negative pulse-response shape, respectively, obtaining rising and
falling characteristic times, tg ¢ [see Fig. 2(d)]. We discard the falling
(rising) part of the positive (negative) pulse response, which are
affected by the bias-tee in the gate line [see supplementary material
Fig. S3(d)].

Since we work in linear regime, we find no clear difference
between tg and tg: they both decrease monotonically with increasing
Vg [see Fig. 2(e)], ranging from 170ns at V; = 19 V to 35ns at V; =
27 V. We then fix Vg = 21 V and measure the characteristic times by
stepping the temperature up to 800 mK. We do not observe any clear
different behavior between g and g in this case, either: they remain
constant at around 130 ns up to 500 mK, then monotonically decrease
to 50 ns at 800 mK [see Fig. 2(f)]. Even in time domain, temperature-
driven results are compatible with the effective temperature approach.
In fact, as discussed in the previous section, V=21V corresponds to
Ter = 510 mK, which is compatible with the onset in the
temperature-induced decrease in 7y i for T = 500 mK.

We compare our data with the expected quasiparticle recombina-
tion time, g, ~ 7o / fgp, Where 7g is the electron-phonon interaction
time in A" By using the thermal equilibrium ng, (T, T), with the crit-
ical temperature, T¢, obtained from the temperature-driven frequency
spectroscopy, we find that 7y = 30 ns leads to a 7y, ranging from
100ns at T =500 mK to 10ns at T'=1 K (see the supplementary
material), which is compatible with the characteristic times we obtain in
our experiment as a function of Tes. Whereas 7, is often measured to
be on the order of 450 ns in aluminum,”® ** 30ns is still within the

reported range of values for high concentration of aluminum oxide
impurities film."” On the other hand, also an increase in phonon or
quasiparticle density due to nonequilibrium process can effectively
decrease 7 and rqp.“"”‘S 0

We now perform a continuous gate excitation around Vy, = 27 V
by swapping our pulses with continuous tones. In particular, we send a
resonant tone f; to the feedline input and a tone f; to the gate, which
modulates the device impedance and, consequently, the resonator
response. This configuration is equivalent to a mixer where f; and f;
play the role of local oscillator and intermediate frequency, respectively
[see Fig. 3(a)].

We observe sidebands at f; * f; in the feedline output signal for
fg =2 MHz [see Fig. 3(b)], which proves that f, modulates f;. The
amplitude of the sideband peaks decreases monotonically with increas-
ing f, [see Fig. 3(c)]: it ranges from —50dBm at low frequency to
—68dBm at f; ma = 25 MHz with a —3dB point f, 3q5 = 3 MHz,
from which we estimate to be an equivalent characteristic response
time of (ané.%d};)_] =50 ns,”’ on the same order of what was
obtained in the time domain. Sideband result, which is not limited by
bias-tee (bias-tee cutoff is 40 kHz < f,), validates time domain experi-
ments (see the supplementary material for sideband spectroscopy at
different V, and power).

In summary, we discuss the gate response of a Al-capped InAs
nanowire embedded in a quarter-wavelength microwave resonator.
Spectroscopy characterization of such a system shows a frequency
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FIG. 3. Device dynamics: sideband spectroscopy. (a) Schematic of the measure-
ment. Left: continuous gate excitation modulates the resonator response due to the
gate-dependence of the resonator frequency, fies (V). Right: mixer-equivalent circuit
of our system under continuous modulation. (b) Sideband excitation for Vy = 27 V,
fy = 2 MHz, and Py = —5 dBm. Resonator and sideband peaks are indicated with
blue and red arrows, respectively. (c) Averaged upper and lower sideband ampli-
tude [see red arrows in panel (b)] as a function of gate modulation.

tunability on the order of 90 MHz at the price of a degradation in Q
from 1000 to 100. The onset of the gate response coincides with a rise
of the leakage current up to a few nA. We describe the system by the
Mattis-Bardeen model with an effective temperature approach, sug-
gesting that the gate response in our device is explained by a heating
effect. We note, however, that our use of an effective temperature to
model the change in the nanowire impedance does not imply that the
quasiparticle population is in thermal equilibrium. In fact, other stud-
ies suggest that gating effects on superconductors are related to out-of-
equilibrium processes.' ' >'*'” We study the dynamic response of the
resonator under both pulsed and continuous gate excitation. Pulsed
excitation is performed in time domain, and it shows a gate-dependent
response time down to 35ns. Even in this experiment, a comparison
with temperature-driven measurements suggests that the effect is
related to a temperature increase. Continuous excitation confirms the
values obtained in time domain, showing sidebands with a —3dB
point at 3 MHz, which gives a characteristic modulation time of 50 ns.
Comparison with the expected quasiparticle recombination time sug-
gests that our time domain results agree with the quasiparticle

pubs.aip.org/aip/apl

dynamics if we take into account oxygen contamination in our alumi-
num film or nonequilibrium effects.

Our findings, together with Ref. 23, demonstrate gate-response
performances down to tens of nanoseconds, which makes gate-
controlled superconducting devices a promising candidate for
superconducting switch (see the supplementary material) and cryoe-
lectronics.”* Moreover, further investigation of the gate dynamics in
materials with lower electron-phonon characteristic time and higher
critical temperature, such as tantalum (Ta), titanium-nitride (TiN),
and niobium-titanium-nitride (NbTiN),””***** could potentially
improve the response time.

See the supplementary material for additional information about
device fabrication and measurement setup. It also includes supporting
data and extended methodologies regarding frequency domain spec-
troscopy, time domain spectroscopy, and sideband spectroscopy.
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A. Device

The device discussed in the main text is part of a 7x7 mm? chip [see Fig. Sla)]. The chip hosts four resonator-
gate devices and we name them D1, D2, D3 and D4. Device D2 is a reference resonator without nanowire (NW)
[see Fig. S1b)], while for D1, D3 and D4 the resonator is shunted to ground via a NW [see Fig. Slc) and d)]. The
sample is fabricated on a Si substrate [see Fig. Sle)]. First, we thermally grow a 200 nm-thick oxide layer on a 2-inch
high-resistivity silicon wafer using a furnace. Next, we evaporate a 150 nm-thick aluminum film across the entire
wafer. Using a maskless UV lithography system, we pattern the microwave circuits, including feedlines, gate lines,
and resonators. The patterns are transferred to the aluminum layer by immersing the wafer in an aluminum etchant
solution for approximately two minutes. Subsequently, we pattern alignment markers using e-beam lithography,
followed by the lift-off of a 25 nm-thick gold layer. This step prepares the wafer for the deposition and integration of
nanowires with the existing circuitry. We deposit the NWs on the sample with a nano-manipulator and then embedded
in the cQED structure with 100 nm of Ti-Al contacts. We obtain the contact via lif-off process and patterned with
EBL. Before evaporation, we clean the pattern with Ar milling to reduce contact resistance.

B. Setup

After fabrication, we wire-bond our sample to a PCB with Al wires and close it inside a light-tight RF box. The
box is thermally anchored to the mixing chamber plate of a dilution cryostat with base temperature of 10 mK [see
Fig. S6a)]. Gate lines, DC and RF, are combined with a bias-tee with 40 kHz cutoff. Both the input line and the
gate lines are attenuated and filtered through the cryostat stages; the output signal is amplified both at 4K and at
room temperature. We characterize the sample in multiple cooldowns. Initially, we connect all the gate lines to the
same bias-tee via a switch installed at the mixing chanber lavel. In later cooldowns, we terminate all the gate lines
but D1, which is the only one showing showing gate response (see Sec. C). Regarding the measurements:

* buccheri@chalmers.se
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versity of Technology, 41296 Gothenburg, Sweden.
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FIG. S1: Device fabrication. a) False-colored optical picture of a chip lithographically identical to the one that was used in the
experiments. The feedline (red) is capacitively coupled to four devices (D1, D2, D3 and D4) consisting of a A\/4 CPW resonator
and a gate line each. The resonator and gate line are colored in green and yellow, respectively, for the device discussed in the
main text, D1. Blue arrows indicate the gating area where NWs are embedded in the resonator line. A black arrow indicates
the reference resonator without NW. The scale bar is 1 mm. b) Optical zoom-in on the bare resonator. The scale bar is 500
pm. c) Optical zoom-in on gating area with showing a NW (red arrow) shunting the resonator line to the ground plane and
the gate line tapered towards the NW. The scale bar is 30 pm. d) SEM picture of the NW [same as Fig. 1a) in main text].
The scale bar is 400 nm. e) Material stack used in the fabrication of the sample.

o DC gate voltage V, is controlled by a Stanford Research DC205 voltage source and the leakage current is
obtained from the voltage drop across a 4.6 k{2 series resistance, measured with a Keithley 2000 Multimeter [see
Fig. S6b)].

e Spectroscopy measurement are performed with port 1 and port 2 of a Keysight P5024A VNA with the gate RF
line teminated with 50 Q [see Fig. S6c¢)].

e Time domain measurements with squared pulse gate-excitation are performed with a digital transceiver with 1
GS/s sampling rate, Presto [1], which generates both readout and gate pulses, and analyses the output signal
from the feedline [see Fig. S6d)]. In particular, input (output) readout signals are generated (recorded) by
digital up- (down-) conversion with 100-125 MHz intermediate frequency. Down-converted output signal is then
demodulated and filtered, to eliminate spurious modes. The resulting time limitation from the instrument is 8
ns. Room temperature gate-pulse amplifier has 2 ns response-time.

« Sidebands are measured with Keysight P5024A. On the one hand, port 1 and port 3 are in continuous wave (CW)
mode and generate readout tone and gate excitation, respectively. On the other hand, port 2 is in spectrum
analyzer mode (SA) and analyses the output signal.

C. Spectroscopy measurements

A broad scan of the transmission Sa; versus frequency at different temperatures shows three modes shifting towards
lower frequency for 7' > 300 mK (6.3 GHz, 6.8 GHz and 7.2 GHz) and a stable mode at 6.6 GHz [see Fig. S2a)].
The latter corresponds to D2, the bare resonator, while the formers correspond to the NW-loaded ones, D1, D3 and
D4. Since the frequency shift as a function of temperature is due to the kinetic inductance [2], we can conclude
that in our devices the kinetic contribution of the inductance is in the NWs, while the resonator lines give geometric
contribution. This is expected also from the different thicknesses between CPW Al layer (150 nm) and NW Al layer
(20 nm) [2]. The measured resonant frequencies for D1, D3 and D4, are compatible with Sonnet simulations of our
resonators in which we assume ~ 250 pH contribution form the NWs, on the same order of what reported in [3] for



similar NWs. We obtain resonant frequency and quality factors for the D1 resonator by using the “circle-fit” method
[4] [see Fig S2b)-c)].
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FIG. S2: Frequency spectroscopy. a): Wide frequency-span feedline transmission spectra Szi for different temperatures at
Ve = 0 V. b)-c) We show D1 resonator amplitude and phase at 10 mK for V; = 0 V. We perform the fit following Ref. [4],
obtaining fres = 6.837 GHz, Q; = 980 and Q. = 828.

D. Mattis-Bardeen model

Regarding our analysis of 0 fres and §(1/Q;) within the Mattis-Bardeen model, equations 1 and 2 in the main text
require an expression for ;. At low temperature T and small frequency w, i.e. kT << A and hw << A, with A
being the superconducting gap and kg, h being the Boltzmann and reduced Plank constants, respectively, o; o can
be written as [5]

g1 2A0 Nqp .
— = h (&) K, S1
on " o NovanhoTAL M (€)Ko(6), (S1)

_ nqp 2A0 —¢
1 9Ny A (1 + 77TkBT6 I()(f) s (82)

and

g9 7TAO

On hw

where o, is the normal state conductivity, Ny is the electrons density of states at the Fermi level, Ay = 1.764kpT,
is the superconducting gap at T = 0 K, £ = hw/2kgT and Ky, Iy are the Bessel function of first and second order,
respectively.

Equations S1, S2 take into account an increase in the quasi-particles density due to generic pair-breaking. In case
of thermal excitation we can substitute nq, with

A
Ngp = 2No\/2mkpT A exp <ij(}>. (S3)

E. Time-domain measurements

We fit Lorentzian functions to the resonant curves obtained from time domain measurements [see Fig. S3a)]:

2

sout(f) = 5(f_r;:w +0, (S4)

where fres is the resonant frequency, v is the FWHM of the curve, i.e. Q1 = fres/7, B is the amplitude of the dip
and 6 is the offset of the baseline. We fit exponential decay functions to the resonator ring-up [see Fig. S3 b)] and
rising/falling parts of the gate response [see Fig. S3 d)]:

sout(t) = A+ (B — A)el! =)/, (S5)
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FIG. S3: Time domain: preliminary measurements and comparison with quasiparticle recombination time. a) Lorentzian
fits [Eq. S4] of resonant frequencies obtained with time domain spectroscopy [see left-side of Fig. 2c) in the main text]. b)
Exponential fit [Eq. S5] of resonator ring-up [see right-side of Fig. 2c) in the main text]. ¢) Comparison of gate response
for different gate pulse duration 7. d) Comparison of gate response positive (+A4;) and negative (—Ag) amplitude showing
the long-time response of the resonator after the gate pulse. Curves are vertically shifted for clarity. Exponential fit of the
rising and falling parts of the gate response are shown in continuous and dashed lines, respectively. Considered and discarded
fit results are shown in black and gray, respectively. In this measurement we are at base temperature, 10 mK, and V, = 21
V. e) Characteristic times for V5 ~ 27 V as a function of the gate pulse amplitude Ay. f) Comparison with the quasiparticle
recombination time: seagreen data points represent average characteristic times (7r + 77)/2 obtained at 10 mK as a function
of DC working point, V;. The voltage has been converted to effective temperature, as explained in the main text. The gray
dash-dot line represents the expected quasiparticle recombination time obtained from Eq. S7 with 790 = 30 ns.

where A, B are the initial, final value of the exponential, respectively, tq if the offset on the starting time and 7 is the
characteristic decay time. B and 7 are used as fit parameters.

For our test pulse, we choose the gate duration such that 200 ns < 7, < 1 us, which ensures a pulse long enough
to saturate the gate response [see Fig. S3c)] and short enough not to be affected by the bias-tee. The falling (rising)
part of the positive (negative) pulse triggers a slow response of the output signal [see Fig. S3d)] that we attribute
to the frequency-dependent response of the gate line. To avoid the slow-response influence, we discuss results from
the rising and falling edges of the positive and negative pulse, respectively, disregarding the others two edges. Note
that, as discussed in the main text, A, = £250 mV gives a symmetric gate response, dSout(+Ag) ~ —05out(—Ag) [se€
Fig. S3d)], confirming that the perturbation induced by the gate pulse is in the linear response regime. By increasing
Ay, the symmetry between positive and negative gate-response disappears. However, we see that up to 2.5 V-high
pulse, the obtained characteristic times remain on the same order of what has been obtained in linear response [see
Fig. S3e)], which is also in agreement with what has been reported in Ref. [7].

The expected quasiparticle recombination time can be written as [6]:

10 No(kgT.)?
Tap = ngp 202

(S6)

Nap

where 7y is the material-dependent electron-phonon interaction time. In case of thermal equilibrium, we can substitute



ngp with Eq. S3 and obtain:

5/2
LT kpTt / Eer/kBT (S7)
w24 T '

We find that Eq. S7 with 79 = 30 ns is in agreement with measured characteristic times [see Fig. S3f)].

As discussed in the main text, response time down to tens of nanoseconds are promising for the realization cryogenic
switches. We show that, within the resonator linewidth, a 50% signal contrast can be reached with A; = 1.5 V [see
Fig. 2b)-c) in the main text], which still shows a time response < 50 ns [see Fig. S3e)]. These findings suggest that our
system could be implemented in a narrow-band RF switch. In principle, a wide-band switch implementation could
be obtained with a more complex RF circuitry where more active elements play a role [8].

F. Sidebands

We compare the characteristic response time, 7y, obtained from the -3 dB point of the sidebands amplitude at
three different V;; values. Compatibly with the time domain results, we find that 74, decreases as V; increases, ranging
from 150 ns at Vy; = 23 V to 40 ns at V; =29 V [see Fig. S4]. According to the time domain analysis [see Sec. E], we
assume that the sidebands spectroscopy is also limited by the quasiparticles recombination time and the bandwidth
or response time of the system could be improved by choosing a superconductor with smaller 7y [see Eq. S6]. In fact,
in Ref. [7], in which sidebands spectroscopy was performed on a Nb Dayem bridge, the -3dB point was observed up
to tens of MHz, corresponding to a few ns response time.

Moreover, by keeping V, = 27 V, as in the main text, we perform sidebands spectroscopy by changing both the
readout power of the carrier signal, P, and the gate modulation power, P,. With P, = 10 dBm and P,, = —20 dBm,
we excite sidebands up to the fourth order [see Fig. S5¢)]. The amplitude of the sidebands decreases as a function of
the modulation frequency for all orders [see Fig S5d)]. Whereas the maximum modulation at which the first order
sideband is excited increases with P, going from 20 MHz for P, = —5 dBm to almost 100 MHz for P, = 10 dBm
[compare Fig. 3c) in the main text with Fig. S5d)] the -3 dB point remains almost constant around 3 MHz. The
higher-order sideband excitation is a sign of the non-linearity of the system, which increases as a function of power.
In fact, we find that the sidebands order depends on both P, and P,, [see Fig. S5c)-d)].
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FIG. S4: Sidebands spectroscopy: gate voltage dependence. Time response obtained from the -3 dB point of the sidebands
amplitude for different V.
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Coplanar waveguide (CPW) resonators have shown considerable success in circuit quantum
electrodynamics research. However, their susceptibility to an external magnetic field limits their
general functionality. In addition, electrical voltage gating for devices coupled to a CPW
resonator necessitates alterations to the ground plane, changing the resonator characteristics. To
avoid these problems, we fabricated and measured quarter wavelength differentially driven
coplanar stripline (CPS) resonators made of NbTiN. We measured multiple devices with
varying geometrical parameters in these novel resonators and analyse changes in their internal
quality factor and two-level system losses. Furthermore, we establish the resilience of the
resonators to an applied magnetic field by tracking the resonance frequency shift, without
optimisation of the resonator geometry. Due to their flexible design and high magnetic field
resilience, CPS resonators are particularly well-suited to study superconductor-semiconductor
heterophysics where voltage gating or a magnetic field are necessary.

Keywords: resonator, quantum computing, Andreev bound states, superconductor,

quantum information

1. Introduction

In recent years, superconducting microwave resonators have
garnered significant attention in the field of circuit quantum
electrodynamics (cQEDs) for their ability to enable precise
readout and manipulation of qubits [1-3]. Among the vari-
ous geometries used in this field, coplanar waveguide (CPW)
resonators have emerged as the workhorse due to their ease
of fabrication and high internal quality factors (Q;) [4, 5].

* Author to whom any correspondence should be addressed.

Original Content from this work may be used under the

5Y terms of the Creative Commons Attribution 4.0 licence. Any
further distribution of this work must maintain attribution to the author(s) and
the title of the work, journal citation and DOI.

These distributed element resonators consist of a single cent-
ral conducting transmission line, separated from a ground
plane carrying a return current, and are usually fabricated
from a superconducting material (e.g. Al, Nb, NbTiN...). In
cQED, the coupling strength between resonator and the dipolar
moment of hybrid superconductor-semiconductor structures,
such as electrons in single or double quantum dots [6-8], elec-
tronic spins [9, 10] or quasiparticles in semiconductors [11]
can be tunable. It is mediated by the zero point voltage fluctu-
ations Vzpr ~ wr+/Zg in the resonator, where wy is the angular

Ly
Cr

acteristic impedance of the resonator as defined by the reson-
ator’s inductance, Lg, and capacitance, Cg. Hence, to achieve
the strong coupling regime it is typically necessary to fab-
ricate the device from a superconducting material with high
kinetic inductance. Such applications often require electro-
static gating, which necessitates the interruption of the ground
plane particularly when gating multiple devices per resonator.

fundamental resonance frequency and Zg = is the char-

© 2025 The Author(s). Published by IOP Publishing Ltd
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This alteration changes the characteristics of a CPW as it dis-
turbs the return current flowing through the ground plane [12,
13], which requires significant alterations to the microwave
environment or design [14]. Moreover, this introduces elec-
tromagnetic interference problems, such as the appearance of
parasitic slotmodes [15]. Additionally, applications frequently
require an externally applied magnetic field, which leads to the
formation of vortices in the ground plane, resulting in energy
dissipation [4, 16, 17].

A native approach to avoid these problems is to omit
the interfering ground plane altogether and use a coplanar
stripline (CPS) geometry. In this regard, we fabricated and
measured differentially driven A\/4 CPS resonators made
from 10nm thick sputtered NbTiN (with kinetic inductance
Lk =10 pH/OJ). We start this paper by demonstrating the con-
sistency of this novel type of resonator, shown by correspond-
ing measurement and simulation results. We study in detail
the different microwave loss mechanisms by varying geomet-
rical parameters of the resonators. Both dependence on the
width of the resonator prongs and the evolution of loss under
an increasing prong-spacing are investigated. These geomet-
rical parameters determine partially the losses in the resonator
[18]. By examination of the power dependence of Q; of each
resonator together with a temperature dependence of the res-
onance frequency, insight is provided into the spectral distri-
bution of two-level system (TLS) losses. This large variation
in parameter space allows us to characterise resonators with
impedances ranging from 81 to 6812, using a film with a rel-
atively low kinetic inductance compared to similar measure-
ments from high-impedance resonators in literature [19-21].
Finally, from the behaviour of the resonators in magnetic field,
film parameters such as the electronic diffusion coefficient are
determined.

2. Fabrication

The resonators are fabricated on double side polished
430£25 um thick C-plane Al,O3 wafers. In a first step,
these wafers are cleaned using a standard 5:1:1 RCA pro-
cess of respectively deionised water, ammonia water and
H,0,, heated to 80°C for 10min [22]. Subsequently both
sides of the wafer are covered by sputtering on a target
of Nbg;oTijg N in a near-UHV sputter system from DCA
instruments [23], using an Ar:N, partial gas pressure ratio
of 60:37. On the wafer’s backside, approximately 100 nm of
NbTIN is sputtered. During this stage of the fabrication pro-
cess, the wafer is actively cooled with a cooling element. After
a brief, ex-situ cleaning step with isopropyl alcohol, NbTiN is
deposited on the sample-side of the sapphire: first, the wafer
is pre-annealed at 660 °C for 30 min and then sputtered with
NbTiN for 34s. Subsequently, the CPS resonators are pat-
terned on the sample side via e-beam lithography using a HSQ
negative resist mask, pre-baked at 90 °C. An e-spacer 300Z
conduction layer is applied to mitigate substrate charging.
After development for 60s in MF319, an Ar/Cl (4:50 sccm)

Figure 1. Experimental setup and sample specifics. (a) Schematic
view of the sample stack. (b) Optical image of one resonator. Inset
are SEM images of the capacitative gap coupler (red) and the
resonator’s end (dark blue), the latter visualising the definition of
lead width W and gap G. (c¢) The dilution refrigerator and
room-temperature microwave setup for the experiments. Elements
enclosed in the yellow-dashed lines are only used for low-power
measurements (below -30 dBm applied VNA power) to avoid
resonator bifurcation at high powers.

ICP plasma etches the unwritten part of the metal [24, 25].
Finally, the HSQ is removed by a 30s dip in a 2% HF solu-
tion. The final stack is shown in figure 1(a). After dicing, the
sample is pasted using standard silver paint to the bottom of
an oxygen free copper box, used for its high thermal conduct-
ivity at low temperatures [26]. Finally, it is bonded using Al/Si
bondwires to a PCB.

3. Methods

Shown in figure 1(b) is an optical image of one of the res-
onators. A CPW feedline is used to route the signal from the
PCB to the CPS resonator to minimise impedance mismatch.
The CPS is connected to this feedline via standard in-plane
gap coupling capacitors (bottom left inset in figure 1(b). We
stress here that our CPS geometry does not involve a coplanar
ground plane. This enables the potential use of gating struc-
tures near the resonator without significantly altering its char-
acteristics, an area typically reserved for the groundplane in a
CPW geometry. Furthermore, due to the differential drive of
the CPS, a grounding strip line at zero-point DC voltage can
be implemented to DC-ground coupled electrostatically sens-
itive structures. The presently shown resonators include this
ground line to more accurately mimic a realistic measurement
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scenario. To keep the fundamental odd resonance frequency at
6 GHz, the total length of each resonator is adjusted following
simulation in Sonnet, necessitated by the variations in geomet-
rical parameters (resonator lead width W and lead spacing G,
as illustrated in a scanning electroscope image 1(b), bottom
right inset). Via similar simulations, we estimate the external
quality factor Q¢ by estimations of the resonance frequency
bandwidth using a lossless dielectric [4].

The devices are measured in a BlueFors LD dilution refri-
gerator, with base temperature ~10mK, using a setup as
shown in figure 1(c). The VNA, a Keysight P5004A, is pro-
tected from DC signals by a high-pass filter (Mini-Circuits
BLKD-183-S+ DC block) on both input and output sides. The
probing signal is attenuated at the different temperature stages
to achieve an upper bound of 1073 noise photon number at
the mixing chamber plate [27]. Besides the cryogenic atten-
uators, we assume an extra 6 dB attenuation from the CuNi
coaxial microwave cabling [27, 28]. To further minimise stray
infrared radiation causing quasiparticle generation [29], two
in-house fabricated copper powder filters [30, 31] are mounted
at the mixing chamber plate, both on the input and output side,
with cut-off frequency at ~18 GHz. A dual circulator-isolator
(LNF-CIISC4_12A) routes the signal first to through a six-
port microwave switch (Radiall Cryogenic SP6T switch) to the
A-port of a 180°-hybrid (Krytar 4060 200) which splits the
signal, allowing to differentially drive the resonator through
two short phase-matched SMA cables between hybrid and
sample. The reflected signal from the resonating sample is
routed to an output line where a cryogenic low noise amplifier
(LNF-LNC4_16B mounted at the 4K stage) and two room-
temperature HEMT low noise amplifiers (LNF-LNR4_14B)
amplify the outgoing signal. Physically the resulting measure-
ment is between ports 1 and 2 of the VNA (S,;-spectrum),
yet due to the presence of the circulator in the measurement
setup has to be seen as a reflection measurement of the reson-
ator (S;-spectrum). Magnetic field reliant data is measured in
a similar dilution refrigerator but containing a vector magnet
(AMI Cryogen-free MAxes Vector Magnet).

We use this setup to investigate the effect of varying W
and G on the resonator losses in both power and temperat-
ure. Figures 2(a) and (b) show representative data in a small
frequency window around the resonance frequency fg of the
resonator with W= 1pum and G = 10 um. Both a represent-
ative normalised |S;| plot and the normalised data represen-
ted in the IQ-plane are shown. Reflection data is fitted around
the fundamental odd resonance using the diameter-correction
method [32, 33], taking into account the fact that the resonators
are purely reflectively measured (and thus not hanger-type). In
that case, we describe S;; as [34]:

_2 !
0c 1-2ig; (&)

S]] :ae‘o‘ed’”f” 1

ey

Here, the prefactor ae'®e 2" ¥k is due to the resonator’s envir-
onment: a is the attenuation factor of the signal, e'“ acts as
a phase prefactor and e "™ is due to the electrical delay
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Figure 2. Representative fits and plots of the losses of coplanar
stripline resonators. (a) Normalised |S;1| versus frequency for the
resonator with width W = 1 um and gap G = 10 um. Experimental
data (blue) is fitted to equation (5) (black dashed line). (b) The
resonator of (a), plotted in the IQ-plane, showing the effect of the
impedance miss-match near the off-resonance point. (c) A
representative power-dependent evolution of the internal quality
factor of the resonator with W =2 pm and G = 2 um. The
experimentally determined internal quality factor Q; values (blue),
including error bar (red), are fitted to equation (5) (black). (d)
Low-temperature dependent resonance shift at zero magnetic field at
high average internal photon level. The experimentally determined
frequency shift 8f values (blue), including error bar (red), are fitted
to equation (6) (black).

in the refrigerator’s microwave lines. Furthermore, Q; is the
total quality factor, combining both Q;, the internal and the
complex external quality factor O = |Qc|exp(—i¢) as o' =
o '+ Q-!. This complex Q. describes the asymmetry in the
Lorentzian line shape of |Sj;| and is attributed to either an
impedance mismatch [4], an extra series inductance from the
wire bond connections [35, 36] or even reflections in the reson-
ator’s feedline [37]. For the data in the IQ-plane, the mismatch
exhibits itself as non-circular behaviour near the off-resonance
point. Simulation in the open-source software package QUCS
[38] hints towards a phase-mismatch of the cables after the
hybrid as a potential source of this ¢-factor (appendix D).
For the dataset shown in figures 2(a) and (b), the mismatch is
¢ = —0.43. Fitting scripts are available on the group’s GitHub
page [39].

To verify whether standard CPW resonator routines (e.g.
simulation) work for differentially driven CPS resonators, we
present the data in figure 3. When fabricating a sample, we
measure the DC sheet resistance of the NbTiN film which
allows us to estimate the kinetic inductance via equation
[40] 2:

hRyn

Lk(TZOK) = W—AO,

2)

where we use the superconducting energy gap of NbTiN via
the BCS theory for extremely dirty superconductors: Ay =
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Figure 3. (a) The estimated kinetic inductance Lk of each sample
from DC measurement of bulk films at room temperature, compared
to the estimated kinetic inductance from simulations of the
resonance in the mK regime. Green triangles are the simulated Ly,
blue circles are the estimated Lx from DC measurements. (b)
Validity test of the simulation and fitting procedures. The external
quality factor Q. is plotted versus the rescaled simulated impedance
of the resonators. A fit is performed using equation (3).

1.764kpT. [41-43]. The critical temperature 7, is estimated
from previous DC measurements on NbTiN films of the same
thickness (15.2K), while the normal state resistance Ry is
ideally measured right above T.. As the resistance of dis-
ordered metals does not change appreciably with temperat-
ure, we estimate it from measurements at room temperat-
ure. All DC parameters of a representative film are shown in
appendix A. We correspond the resulting inductance value to
the kinetic inductance we obtain from a comparison between
a simulated resonance frequency in Sonnet to the fitted reson-
ance frequency from measurements [21]. This data is shown
in figure 3(a). We attribute deviations to fabrication toler-
ances, a slight non-uniformity of the film thickness and the
crude estimation of the kinetic inductance using only the
room-temperature sheet resistance. A second check of sim-
ulations versus measurements is shown in figure 3(b). From
fitting resonator data we obtain the external quality factor
Q. while from resonator simulations we obtain its imped-
ance Zgr. The relation between Q. and Zg is (derived in
appendix B)

™
R —— 3
Q 4 (27TfR)2 CgZOZR ( )

This allows us to derive the coupling capacitance C.. In the res-
onator designs, this capacitance was kept approximately con-
stant. However, deviations cause discrepancies between data
and fit, e.g. due to the increasing width of the conductor which
changes C. but was unaccounted for. Furthermore, a constant
Jfr was assumed, but here a natural variation due to slightly dif-
fering kinetic inductances was also observed. Finally, at smal-
ler resonator conductor width, fabrication errors become relat-
ively more pronounced (i.e. at higher Zg). Vgefl_lse equation (3)
TJR

to do a linear fit to the coupling rate k. = o in function of

Zrfr X Zofg to obtain the coupling capacitance directly, and
we get a reasonable value of C, = (5.09 £0.148) x 10~ F.
We find the correspondence enough to conclude that standard
industry CPW simulation and fitting routines are applicable to
CPS resonators.

4. Losses

To understand the behaviour of TLS losses on the resonator,
the evolution of Q; on input power is studied at base refriger-
ator temperature. As input power varies depending on the exact
attenuation, the unitless quantity of average photon number
(n) is used instead, defined as [44, 45]:

__4 59
T ahE Zr 0.

where both the characteristic impedance of the input feedline,
Zy, as that of the resonator Zg play a role as well as the input
power Ppy at the resonator’s feedline. At low temperature, we
fit the power-dependent Q; to [45, 46]:

{n) )

1 Ftan (4]
5 = an( tlS) + other 5

Oi (1+%)ﬁ

where F is a material dependent filling factor of the elec-
tric field [45], tan(8),) the intrinsic TLS loss tangent of the
same material, and Joper is usually dominated by the next-
largest loss channel of the resonator. Furthermore, the amount
of photons needed to saturate the TLS is given by n., while 8
is determined by the interacting strength between individual
TLS. For non-interacting TLS [47], 8 equals 0.5 . We neg-
lect the effect of quasiparticles with increasing pw-power [12,
48] due to the comparatively low kinetic inductance fraction
in these resonators [49] and the presence of low-pass copper
powder filters filtering away high energy radiation. A repres-
entative fit is shown in figure 2(c). In this plot, the difference
between high and low power saturation values is attributed to
the TLS losses. Since this power-dependence approach only
probes a narrow window of TLS around the resonance, they
are called the narrow-band TLS losses. [50, 51]. At higher
power, the intrinsic kinetic inductance of the resonator causes
a bifurcation, likely a Duffing non-linearity [52], complicating
the fitting procedure. We do not include these points in our fit,
as a full description is outside the scope of this paper.

On the other side, the wide band TLS losses are uncovered
by the temperature dependence of the real part of the dielectric
constant, usually measured via the shift in relative resonance
frequency up until ~1K [47, 53]:

_Af_k 1,1 k(@
F = T x (Re[q’(fzm' kT )]

hfr(T)
—In{—) ). 6
n ( T (©6)
Here is Af = fg (T) — fo the temperature-dependent resonance
frequency referenced at low temperature (in our data at 10 mK)
while W is the complex digamma function. The factor k =
F&%" contains the intrinsic temperature dependent TLS-loss

tls
0.
component, "

1. » Which is sensitive to thermally varying TLS
for a wide spectrum [24].

As these off-resonant TLS are not saturated, the frequency
shift is nearly power independent and it is possible to gather

data at higher powers which speeds up measurements. We used
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(n) = 1e5, which for each resonator is in the high-power sat-
urated regime [51]. At higher temperatures, the onset of quasi-
particles dominates the resonator’s frequency shift and losses
[21, 54]. For this reason we constrained our fits to data up
to 450mK, still well below the superconducting energy gap
of NbTiN. A representative fit of the temperature dependent
frequency shift is shown in figure 2(d). The presence of a
universal dip in the relative frequency shift at 7~ g%; sup-
ports the validity of equation (6) for these resonators, and con-
firms that quasiparticle loss is not a dominant factor in the
total loss of the resonator [49, 55]. The observed discrepancy
between fit and experimental data at very low temperatures has
similarly been observed for TLS-dominated CPW resonators
[56, 57].

Using the established fitting and simulation procedure, we
quantify the losses depending on resonator lead geometry
using the aforementioned methods (power and temperature
dependence, with fits to resp. Equations (5) and (6). As
shown in figure 4, we observe decreasing losses with both
W-dependence of the lead as with G, which is on the same
order of magnitude as results of similar geometric depend-
ences of CPW resonators [4, 53, 58, 59]. We report the data
of all devices numerically in appendix C. We explain the geo-
metric behaviour by the fact that the current density (and hence
electric field) is highest on the inner edges of the differen-
tially driven resonators [60, 61]. This means that the interac-
tion of the field with the TLS is enhanced there and thus TLS
losses are higher for resonators with a relatively larger contri-
bution of conductor-edge to total-resonator-surface. These are
the narrower resonators, as the data shows. In a similar vein, an
increased gap to lead-width ratio decreases the current density
at the inner edge and improves the TLS losses.

We support this conclusion by the simulations of inter-
face participation ratios p; shown in figure 5(a). This entity
describes how much of the electrical field is threaded through
each individual volume in the resonator. As electric field
couples to the dipolar TLS, a higher participation ratio leads
to a relatively larger loss for a given volume. We describe
these ratios by the penetrating of the field through four dielec-
tric regions: metal-air (ma), metal-substrate (ms), substrate-air
(sa) and substrate. Here, we neglect the influence of the parti-
cipation ratio of the perfect vacuum volume. More details on
the simulation are given in appendix F. The metal-air interface

b) 10"

—e— W, substrate -+- G, substrate

F9x10717

"
0 2 4 6 & 10 12 14 8x10 3 4 6 & 10 12 14
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Figure 5. Simulation of the participation ratios of different
dielectric volumes of the resonators. (a) Simulation of the metal-air
(ma), metal-surface (ms) and surface-air (sa) interfaces, threaded by
the electric field and their evolution with geometrical parameter
(resp. W, width, in full line and circle, and G, the gap, in dashed line
and cross). (b) Simulation of the participation ratio of the substrate
and its evolution with geometrical parameter.

has two orders of magnitude less contribution to loss participa-
tion than both the ms and the sa interfaces, including at higher
dimensions of both width and gap. As the participation ratio
of the lossy dielectric interfaces drop for larger geometrical
dimension, the relative contribution of the substrate related
losses increase as shown in figure 5(b). This is because the
total electrical field penetrating the ms and ma interfaces scale
as approximately respectively W or G while the total field in
the substrate scales as approximately W? and G>. Since the
losses of bulk sapphire are negligible compared to those in the
resonator surfaces (the bulk average losses of sapphire are in
the range of 10~7 — 102, while those of the resonator surfaces
are around 1073 — 10~%), the overall internal quality factor
decreases with increasing width and gap as observed [62, 63].

5. Magnetic field dependence

The behaviour of the resonance frequency to a magnetic field
is shown in figure 6. These measurements were taken at
an average photon number of (n) ~ 10*. The thick substrate
effectively shields the resonator current distribution from the
effect of vortex nucleation on the superconducting plane on the
sample’s backside [60]. Hence, the magnetic field behaviour
is fully due to the currents circulating in the resonator leads.
In general, the relative frequency shift due to the supercurrent
depairing by a parallel magnetic field is well approximated by
a quadratic relation of the form

Afr (B) 2
o I1B] 7
-7 Deé? 2
T 48 hkgT, (O)B” ’ ®

valid for thin films where the # is much smaller than the effect-
ive London penetration depth, Aegr = A\(1 + %ﬂ) > around 1 pm
for these films [43, 64—67]. Here, A, £, and [ are respectively
the London penetration depth, the coherence length of NbTiN
and the elastic electron mean free path, for which representat-
ive values are shown in appendix A.

We extend this formalism to a perpendicular magnetic
field. In that case [68], as f < Aefr, the screening distance
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Figure 6. The relative shift of the resonance frequency of the
resonator with width W =0.25 ym and 1 um (gap spacing

G = 2 um) when sweeping an external magnetic field. Error bars are
smaller than the data points. (a) and (b) Evolution of the frequency

shift under an in-plane (perpendicular) applied field. Data is fit to

A _ 2
T = ki Bj -

takes the form of A\ = >‘§" ~ 100 um > W. This validates
our approach to use W instead of ¢ for perpendicular fields in
equation (8). For the data shown in figure 6, we get ko 25,m, 1 =
1.18 £4.81 x 1072 T2 and kym, . = 1.28e1 £1.37 x 107!
T—2. In this approximation, we can derive directly the elec-
tron diffusion coefficient D of the NbTiN films. We obtain
diffusion coefficients of Dy, = 1.55cm? s~! and Dg 25m =
2.29cm?s~! from the perpendicular field data, which is in line
with earlier reported results on NbTiN [19, 20, 65, 69].

We use these derived diffusion coefficients of the mater-
ial to recreate the effective electronic thickness of the film.
For this, we determine the k-values of the devices under
an in-plane applied magnetic field parallel to the resonator
direction with equation (8). We extract respective k-values
of ko.25.m,| =2.23 X 1074 +£4.0x 1077T~2 and kipm,| =
2.47 x 107*+3.74 x 107 T~2, which results in calculated
electronic film thicknesses of 4.39 nm and 3.44nm for the
1 pm and 250 nm wide resonators, respectively. We attribute
the difference to the physical layer thickness to rough granular
structure of the NbTiN, especially near the substrate surface,
and the suppression of shielding currents within one coherence
length from the surfaces. Finally, we stress the resonator’s reli-
ability in magnetic field from the consistent and low relative
resonance frequency shift up to 1T for a parallel field and up
to 250 mT for a perpendicular field.

6. Summary

In conclusion, this paper presented the fabrication and char-
acterisation of differentially driven CPS superconducting res-
onators with varying geometrical parameters, made from a
10 pH/CI NbTiN layer. By varying the width of the conductor
leads and the spacing between the conductor pair, we achieved
impedances ranging from 81 to 681 2. This stresses the flex-
ibility of the CPS as its impedance is proportional to the coup-
ling strength with a dipolar moment of e.g. Andreev bound
states in semiconducting nanowires [70]. Moreover, the lack
of groundplane makes these resonators an ideal platform for
the next generation of superconductor-semiconductor hetero-
structure coupled devices, as they enable electrostatic gating
without compromising resonator characteristics. Through the

use of standard fitting techniques, we determined that losses
are dominated by TLS in the zero-field regime. Furthermore,
magnetic field indicates a high electronic diffusion constant
of the NbTiN films, suggesting a high film quality. The films
are especially resilient to parallel magnetic fields, which are
paramount for cQED Majorana research. Future work includes
incorporating semiconductor nanostructures into these res-
onators to directly measure the spectrum of an Andreev
molecule.
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Appendix A. DC characterisation

We performed DC characterisations of our NbTiN films in
a four-point Hall bar geometry, with channel width 10 pm,
length 595 pm and specifically fabricated out of the same film
as the resonator with both width and gap 2 um. All DC res-
ults are summarised in figure 7. We first measure the crit-
ical temperature 7. of the nominally d =10nm thick film.
In figure 7(a), we show the R(T) plot taken by cooling the
sample from room temperature (bias 100 nA) to base temper-
ature (2 K) in a Quantum Design DynaCool PPMS. From the
data we obtain R, = 98.3 2/ (near T) and a critical temper-
ature of 15.2 K. To estimate this 7, we use a 1 /0 cut-off.
Subsequently, shown in figure 7(b), we perform Hall meas-
urements. This happens at 30 K to avoid potential interference
of superconducting current screening. We again use a current-
biased four-point measurement scheme with /=25 puA to
measure the Hall-voltage Vi (B). Furthermore, we account for
a small voltage offset of 1.2 11V, likely due to fabrication errors
in the Hall bar (misalignment of the arms). A linear fit to the
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Figure 7. DC measurement data of our nominally 10 nm thick
NbTIN films. (a) R(T) plot, taken in decreasing temperature, with
the insert showing a finer scan (increasing temperature) around

T. = 15.2K. (b) Current biased (25 A) Hall measurement to
extract the Hall-coefficient. Via a linear fit we extract

Ry = 8.62mQ T~ (c) Small subset of the B(T)-phase diagram for
the film. We use a 1 /0 cut-off to estimate the critical magnetic
field B. at every fixed temperature. (d) The estimated critical fields
in function of the temperature near 7. A fit to equation (A1) data

generates Hc »(0) = 12.4 T and dH 2= _12TK™ "

data gives a Hall coefficient of Ry = 8.63 mQT~!. This coef-
ficient is also defined as Ry = ﬁ; hence we obtain consecut-

ively the electron carrier density n, = 7.23 x 10?® m~3 and the
Fermi wave vector kg = (372n,)% = 12.9nm™" from the Hall
measurement. Finally, we derive the elastic electron mean free
path [, = %IF?_d 0.74nm, a value similar to other NbTiN
films reported in literature [65].

To extract the NbTiN coherence length, we first measure a
B(T) diagram under a constant applied current bias of 25 nA,
shown in figure 7(c). By scanning the magnetic field at fixed
temperatures, we obtain the critical magnetic field B, for each.
Again, we use a 1 /[0 cut-of criterion. The close-to-T tail-
end of the B.’s is shown in figure 7(d). Here, we can extract
the critical field at O K for a type-II superconductor from fitting
the data to the Werthamer-Helfand-Hohenberg formula [71]

B dB,
Be,(0)=—In(2) TC< o )r—r[ (A1)

Using our initially measured 7. = 15.2K, this gives B., =
12.4'T. As the last step, we derive the Ginzburg—Landau coher-

ence length as £(0) = ,/m giving £(0) = 5.1nm.

Appendix B. Qc in Zr derivation

To derive equation (3), we followed the same procedure as
[20], but adapted to pure reflection type \/4-resonators. The
input impedance of a shorted \/4 line is given by [72]

27r
s iTAw
0w

Zin= (BI)

where Zg is the resonator’s characteristic impedance and Awy),
the drive frequency w offset to the bare resonator resonance
frequency wy. Coupling the resonator to the environment is
usually done via a coupling capacitance C.. This changes both
the impedance,

1
Ziot = Zin + R
:2ZR7T l K 0+2szC< +4Q 00 ):|,
14402 (Aw—“o"‘)
(B2)
and the resonance frequency to a new value, wg:
A 2
20 2 RZRCe. (B3)
wo ™

Here, we used the fact that Im(Z,) = 0 at resonance and the

assumption that 5> oam CQ 7 which is valid for most resonat-

ors with Q; 2 1e5. Under thls assumption, the total impedance
at resonance becomes:
Zs = 4Zr Qi 1
o 1+ L1600 C
7r
=—. B4
4QiZRw1%C% ( )

Equating two general forms of |S;;| leads by identification to
the desired result [33, 72]:

1-2 1-%
S _ tot — c BS
| ll| 1+% 1+% ( )
thus
™
R B6
Q 47y Zrwi C? (B6)

Appendix C. Table of measured resonator
parameters

The tabulated values of all measured resonators are shown in
table 1. We report the narrow-band (power-dependent) loss
tangent tan(Jp), the wide-band (temperature dependent) losses
tan(dr), and the high-power loss tangent (Soter)-
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Table 1. Measured and inferred values of all resonators data. The device with width W =1 um and gap G = 2 um are used as the base
design. Both the reported internal and external quality factors Q; and Q. are extracted at average internal photon number (n) = 1.

w G Lx R ZR Oi Oc tan(dp) tan(dt) other
(pm) (pm) () (GHz) ) (x10% (x10% (x107%) (x1077) (x107°)
1 1 9.9 5.98 287 40.3 6.09 4.362 13.43 1.33
1 2 9.3 6.19 310 6.35 4.07 4.547 8.564 15.0
1 5 9.8 6.11 359 65.6 4.01 2.996 6.243 0.748
1 10 9.7 6.09 389 7.87 11.3 3.231 7.766 11.3
1 25 8.8 6.36 411 25.8 3.76 5.583 3.437 2.89
1 50 9.5 6.17 454 4.53 3.27 1.983 4.789 21.6
0.275 2 9.4 5.79 681 47.9 3.50 5.870 17.76 1.66
2 2 9.6 6.10 208 46.9 10.3 2.184 6.181 1.21
5 2 9.9 5.96 123 87.8 16.9 3.074 4.326 0.285
10 2 9.3 5.91 81 44.0 33.6 1.303 2.923 1.19

Appendix D. Derivation of (n)

To derive the average photon number (n) that circulates in the
resonator due to an applied power Pj,, we use the general form
of S;1, given by equation (B5). Then, the absorbed power by
the resonator P, is given by [73]:

Py = Piy — |Sll|2PIN

h 2
_ wi () (D1)
Oi
which means that
407
= P, D2
(n) ) IN (D2)
as Q; = ngé . To account for reflections due to impedance

mismatch, the final result becomes:

Y
- = 2 IN
ZR hwRQC

(n) (D3)

We stress that experimentally most of these values are an
approximation, and hence (n) is approximate as well.

Appendix E. Phi-factor

Some of the data sets presented in this work show a non-ideal
Lorentzian behaviour caused by the resonator’s environment,
leading to a complex Q. factor in equation (1). To investig-
ate both the cause of this ¢-factor and the sporadic ‘negat-
ive’ Q; observed in the resonator magnetic field spectra (not
shown), computational simulations were conducted with the
open-source circuit simulator QUCS [38] as shown in table 2.
Initially, a perfectly matched sample behaviour was modelled
to establish a baseline. Subsequently, controlled perturbations
were introduced to various parameters to investigate potential
sources contributing to the shoulder-like features observed in
the Lorentzian profile governing the magnitude spectrum of
the resonator. Finally, we attempt to recreate a ¢-value corres-
ponding to measurement.

The first aspect investigated is the phase mismatch in the
transmission lines between hybrid and sample (H-S leads).
Here, we varied the cable lengths to induce a phase differ-
ence (attributable to electrical length) between the signals
emerging from the -3 dB ports of the 180° hybrid. Secondly,
we assess the impact of an impedance mismatch in the wire-
bonds (Wirebonds, length and impedance). Notably, this intro-
duces a very large shoulder behaviour in the Lorentzian
lineshape, as shown in figure 8(a). Then, we model the non-
ideal behaviour of the hybrid by directly altering the phase
relation between its output ports (Hybrid a—e). This modific-
ation did not lead to large changes in the ¢-factor when using
realistic values.

Subsequently, to exclude the influence of the internal qual-
ity factor, we vary the resonator’s Rg (which directly defines
Q; in QUCS simulations). This is shown in R resonator a—c.
Even over many orders of magnitude, we observe no appre-
ciable difference in ¢, indicating that non-ideal Lorentzian
behaviour primarily stems from the imperfections introduced
in the 180° hybrid component or from wirebonding imped-
ance mismatches. However, we observe the occurrence of a
negative Q; for the higher Rr value, indicating that it may be
the ratio between Q; and Q. that is of importance. This is only
valid when imperfections in the system are present, as shown
in the ideal, high Q; resonator behaviour.

To verify the effect of changing coupling factor g = %,
we altered Q. of two resonators by changing their coup-
ling capacitances (Coupling C(a)—(b), keeping their g con-
sistent with respectively the resonators R resonatora and R
resonator.b. We conclude that, under similar circumstances,
a higher g increases ¢, which is attributed to a lower coup-
ling to external impedance mismatches. We could not do the
same simulations for R resonator.c as it is not possible to
define a coupling factor for a negative Q; (which is unphys-
ical). We stress that these negative Q;s are not physical values,
but have to be seen as a convolution of environment and res-
onator. We show the excellent agreement between fit and sim-
ulated data in figure 8 for the simulation Wirebonds.a. This
confirms in part that especially without a well-known back-
ground, getting an accurate value of Q; for pure reflection type
resonators is difficult and leads to inaccuracies not present in



Table 2. Tabulated simulation data of various resonators to uncover the cause of the non-ideal Lorentzian shape of some resonator profiles. The parameters f;, Q;, Qc and ¢ are derived from

fitting of simulation.

Hybrid H-S leads Wirebonds Coupling C Rr fr Qi Oc ¢

Variation ©) (mm), (2) (mm), (2) (fF), (fF) (MQ) (GHz) 1x107%) (1x 10"‘) (rad)

Ideal 180 100, 50 4,50 5 100 5.964 10.03 1.14 1.54x107°
100, 50 4,50 5

Ideal, high Q; 180 100, 50 4,50 5 10x1073 5.964 1.003x1073 1.14 3.948x107%
100, 50 4,50 5

Phase mismatch 180 98.3, 50 4,50 5 100 5.964 —968.1 113 1.952x107*
100, 50 4,50 5

Wirebonds.a 180 100, 50 4,90 5 100 5.964 —4.921 1.16 5.89%1072
100, 50 4,30 5

Wirebonds.b 180 100, 50 2.3,50 5 100 5.964 —1.003x1073 1.13 1.71x107*
100, 50 4,50 5

Hybrid.a 167.5 100, 50 4,50 5 100 5.964 —~154.1 1.13 2.264x107*
100, 50 4,50 5

Hybrid.b 167.9 100, 50 4,50 5 100 5.964 3040 1.13 2.118x107*
100, 50 4,50 5

Hybrid.c 170 100, 50 4,50 5 100 5.964 3.103x107° 1.14 1.443x10~*
100, 50 4,50 5

Hybrid.d 175 100, 50 4,50 5 100 5.964 1.205 1.14 3.690x107°
100, 50 4,50 5

Hybrid.e 185 100, 50 4,50 5 100 5.964 1.025 1.14 3.689x107°
100, 50 4,50 5

R resonator.a 170 100, 50 4,50 5 10 5.964 1.076 1.14 1.582x10~*
100, 50 4,50 5

R resonator.b 170 100, 50 4,50 5 146 5.964 121.9 1.13 1.438x10~*
100, 50 4,50 5

R resonator.c 170 100, 50 4,50 5 250 5.964 —36.26 1.14 1.434x10~*
100, 50 4,50 5

Coupling C.a 170 100, 50 4,50 1.575 100 5.983 10.73 113 4.671x107°
100, 50 4,50 1.575

Coupling C.b 170 100, 50 4,50 6.046 100 5.958 79.72 0.7783 1.736x107*
100, 50 4,50 6.046

Combination 170 100, 50 7,10 5 10 5.964 1.511 1.704 6.016x107"
100, 50 4,90 5

201552 (5202) 85 'shud "1ddy :q 'shud

/838810000 d |
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Figure 8. (a) and (b) The simulation of respectively samples
Wirebonds.a and Hybrid.a, showcasing the excellent fit even with a
virtual negative internal quality factor.

hanger-mode resonator fitting [4]. The root cause is that with
a pure reflection type of resonator, one essentially probes the
entire microwave structure in which the resonator is embed-
ded, which can cause constructive interference between the
ingoing and outgoing signal. However, since this environment
is only minimally power and temperature dependent, we stress
that the methodology of using differences of Q; as used in our
paper remains valid.

Finally, we combine all potential contributing factors to
replicate a similar ¢ as to the measured resonators. Especially
the wirebonding impedance mismatch is of prime importance
to achieve a realistic result. In practice, such mismatch occurs
by e.g. having wirebonds go loose during sample cooldown.
Hence, to avoid non-ideal Lorentzian behaviour in these res-
onators, we suggest to add multiple wirebonds per contact pad.
Furthermore, we conclude that the occurrence of a negative Q;
is not directly related to a high ¢-factor, yet does require a non-
symmetric environment. It will only occur at a higher coupling
factor.

The custom hybrid S;; file, together with the simulation
files is available alongside with the data. Note that all the res-
onator parameters f;, O;, Q. and ¢ have been obtained from fits
to simulation data, using the same fitting algorithm as men-
tioned in the text [33].

Appendix F. Simulation of the participation ratio

To explain our measured loss spectra, we simulate the par-
ticipation ratios p; of the relevant surfaces in the differen-
tially driven co-planar stripline resonators. Generally, there
are six interfaces participating in loss-calculations: the metal-
air interface (pm,), the metal-surface interface (psypsirate) > the
surface-air interface (pg,), the substrate (p,;;) and the air/va-
cuum. The total loss tangent of these areas is Zi pitand;, where
surface type i has a loss tangent J;. The participation ratio of
a TLS-host volume with relative permittivity ¢; is then defined
as

%fv. 6i|E'|2d‘/

=2t Fl
%fv€|E|2dV b

i

where we calculate the ratio between the energy that is stored
in the electric field E in a volume V;, to the total energy of the
electric field threading the resonator. Here, € is the effective
permittivity of the entire volume V [18, 59]. These simula-
tions were performed in the Ansys HFSS software package.

Table 3. Simulation parameters of the resonator for different
interfaces: metal-air, metal-substrate, substrate-air, substrate and air
[15, 74, 75].

Property Thickness (nm) Dielectric constant ¢;
Metal-air 1.2 54

Metal-substrate 3 11.35

Substrate-air 3 11.35

Substrate 280 x 10° 11.35

Air/vacuum 10° 1

We included the effect of the differential drive in simulations.
The simulation parameters are shown in table 3.
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Josephson junctions formed in semiconductor nanowires host Andreev bound states and serve as a
physical platform to realize Andreev qubits tuned by electrostatic gating. With the Andreev bound state
being confined to the nanoscale weak link, it couples to a circuit-QED architecture via the state-dependent
supercurrent flowing through the weak link. Thus, increasing this coupling strength is a crucial challenge
for this architecture. Here, we demonstrate the fabrication and microwave characterization of a weak link
which is defined in an InAs-Al (core-half shell) nanowire and embedded in a superconducting loop with a
lumped-element resonator patterned from a thin NbTiN film with high kinetic inductance. We investigate
several devices with various weak-link lengths and performed spectroscopy that revealed pair transitions
and single-quasiparticle transitions arising from spin-orbit-split Andreev bound states. Our approach offers
a compact geometry and a large resonator impedance above 12 k2 at a resonator frequency of 8§ GHz,
which facilitates large coupling in the system. For the pair transitions, the experimentally observed energy
level splitting demonstrates the coupling to an Andreev level of 490 MHz. We apply a perturbative model
that shows good agreement with the experimental data and extract the maximum coupling of 968 MHz.
Moreover, we show that the coupling is even stronger to an Andreev level with a higher transmission.
In addition, spectroscopy of single-quasiparticle transitions reveals spin-orbit-split Andreev bound states
with the extracted spin-photon coupling of 77 MHz.

DOI: 10.1103/f81h-xjcv

L. INTRODUCTION

Circuit-QED (CQED) describes the interaction of pho-
tons stored in a superconducting resonator and a two-level
system (qubit) [1]. The latter is often based on a single
electron spin [2] or collective excitations in various super-
conducting circuits [3,4]. For quantum information pro-
cessing, the favorable regime is when the qubit is strongly
coupled to the resonator, that is, when they exchange a
photon many times before the coherence is lost [4].

A distinct ultrastrong-coupling regime is established
when the coupling strength becomes a significant frac-
tion of the bare resonator and qubit frequencies [5—7].
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In this case, the common rotating-wave approximation
is no longer valid and more comprehensive models are
applied [8]. From a practical point of view, the ultrastrong-
coupling regime has been proposed to be used, for exam-
ple, for ultrafast quantum computation [9].

Andreev bound states (ABSs) are discrete fermionic
excitations spatially confined in a weak link between two
superconductors [10,11]. Atomiclike transitions between
these states can be utilized for the realization of two
types of qubits, namely Andreev pair qubit [12—16] and
Andreev spin qubit [17-23], which can be experimentally
investigated by the means of CQED techniques [24-26].
Semiconductor nanowires serve as the preferred platform
for such experiments, due to high material quality, gate
tunability, and intrinsically strong spin-orbit coupling [27],
which opens the way to exploit not only the charge, but
also the spin degree of freedom in qubit applications. The
possibility of coupling a single quasiparticle spin to macro-
scopic supercurrents makes Andreev qubits a promising
alternative to traditional spin and superconducting qubit
platforms [18,28,29].

Published by the American Physical Society
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In conventional superconducting circuits, qubits are
formed from quantized energy levels of collective elec-
tromagnetic excitations. In contrast, ABSs are localized
within the weak link and carry a supercurrent up to the
range of 10 nA for the typical geometry of InAs nanowires
[30]. This makes it more challenging to reach strong cou-
pling to a microwave resonator. In practice, the coupling is
typically realized by embedding a phase-biased weak link
in a superconducting loop with a part of the resonator, also
referred to as a shared inductance. In this case, the coupling
rate g, is proportional to the zero-point flux (phase) fluctu-
ations across the shared inductance [24], which is in turn
proportional to the square root of the resonator impedance
Z,, resulting in g. o< «/Z, [31,32]. Thus, an increase in
the resonator impedance naturally leads to a stronger cou-
pling, enabling better resolution spectroscopy and making
higher-energy states accessible.

In this paper, we investigate several devices that inte-
grate a lumped-element resonator made of a thin NbTiN
film and a weak link tailored in an InAs-Al (core-half
shell) nanowire. Because of the high kinetic inductance
of the NbTIN film, the differential impedance of the
resonator reaches values above 12 k2. We perform single-
and two-tone spectroscopy that revealed pair and single-
quasiparticle transitions. The system exhibits large energy
splitting at the avoided crossings, which indicates the cou-
pling to an Andreev level of 490 MHz, and the model
predicts that the coupling reaches up to 968 MHz. More-
over, we show that coupling to an Andreev level with a
higher transmission can reach the value of 1.95 GHz, more
than 20% of the bare resonator frequency. Our findings
suggest that the system is approaching the ultrastrong-
coupling regime. In addition, we demonstrate that the
presented geometry can be used to resolve spin-orbit-split
ABSs, and we extract the coupling to an Andreev spin of
77 MHz.

II. DEVICE AND SETUP

The devices used in this work consist of a weak link
which is defined in an InAs nanowire [27] and embed-
ded in a superconducting loop with a high-impedance
lumped-element resonator. We report on fabrication and
measurement of three devices, where the resonator geom-
etry and the weak-link length vary. Their parameters are
listed in Table I. A representative device (a replica of
device 2) is demonstrated in Fig. 1(a) and is described
below.

The resonator is patterned on a sapphire substrate with
a thin (around 6 nm) sputtered film of a highly disor-
dered NbTiN superconductor. Figure 1(b) represents an
electron micrograph of the resonator structure. It consists
of a differential pair of 130-nm-wide and 38.3-pm-long
symmetric arms, divided by the grounding strip in the
middle. Each arm is terminated with a triangular-shaped

TABLE I. Parameters of the devices, including length, width,
and differential impedance of the resonators, thin-film kinetic
inductance, bare resonator frequency, zero-point flux fluctuations
across the shared inductance, and the weak-link length.

Device Length® Width Z.gx Lio®  f R
(wm)  (nm) (kQ) (pH) (GHz) (P¢) (nm)
1 48.3 130 1228 320 8.2230 0.016 250
2 38.3 130 12.76 400 8.6190 0.021 320
3 53.3 130  13.27 345 7.4685 0.015 450

2Length of one arm of the differential pair.

"May vary due to sample aging and slightly different fabrication
parameters.

‘Deduced from the resonator geometry and inductance.

capacitor plate that is coupled to a 50-Q2 feedline. When
these feedlines are driven differentially, the microwave sig-
nal oscillates in the arms with opposite phase, which is
also referred to as the odd mode. In the even mode, on the
contrary, microwaves in the two arms oscillate in-phase.
Because of the high kinetic inductance of the thin film,
Ly =~ 400 pH, this compact structure with a footprint of
50 x 50 wm? realizes a total inductance L, ~ 118 nH and
resonates in the odd mode at the frequency f, = 8.619 GHz
as a lumped-element resonator. The differential impedance
of the resonator reaches Z, gir = 24/L,/C, ~ 12.76 k.

The weak link was defined in a 150-nm-thick MBE-
grown InAs nanowire with an in-situ-grown epitaxial Al
shell covering three of its facets [27]. A 250- to 450-
nm-long part of the 27-nm-thick Al shell was removed
by wet etching [33]; an example is shown in Fig. 1(c).
A small part of the resonator with the shared inductance
21~ 12.3 nH is coupled to the nanowire by incorporat-
ing it in a common superconducting loop with Al contacts.
The weak link couples to the odd mode of the resonator,
because in the even mode the currents through the shared
inductance cancel out. In this geometry, the coupling
between the ABSs and the resonator is proportional to the
zero-point flux fluctuations across the shared inductance
q)zpf = (I/L,‘),/ th,diﬁ‘/ ~ 0.021®,, where &, = ]’1/26 is
the superconducting flux quantum. The shared inductance
was intentionally designed to be large, but comparable
to the weak-link Josephson inductance, which ensures
that the phase across the junction ¢ is a nonhysteretic
function of the applied flux ®. Moreover, our analysis
shows that ¢ ~ 27 d/d, is a reasonable approximation
(see Appendix D).

A dc electrostatic side gate is defined at a distance of
150 nm away from the junction to tune the electrochemi-
cal potential in the nanowire. The differential drive and the
overall symmetric chip layout ensure that, along the mirror
line, the ac electric field is essentially zero. To reference
the nanowire to the dc ground potential, the nanowire loop
is connected to the ground by a metal strip located along

044015-2
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FIG. 1. (a) An optical micrograph of a representative device.
The resonator is denoted by a green (false color) U-shaped
structure patterned from a thin NbTiN film with high kinetic
inductance. The resonator is capacitively coupled to a pair of
feedlines. A weak link in an InAs-Al nanowire is defined close
to the mirror line of the device and coupled to the resonator by
aluminum contacts. (b) Electron micrograph of a test resonator
structure fabricated simultaneously with the studied device on the
same chip. (c) Electron micrograph of the nanowire (false color)
with a weak link, Al leads, and a side gate. (d) Circuit diagram
showing an equivalent lumped-element scheme of the device. It
consists of a differential pair of resonators with the inductances
L, and capacitances C,, coupled to the feedlines by the capac-
itors C.. The nanowire weak link is embedded in a flux-biased
superconducting loop with a small fraction of the resonator with
the shared inductance 2/. To ground the loop, the resonator’s
middle part is connected with the ground plane. The resonator
is probed in reflection with the probe signal of power P, and
frequency f,. The side gate is used to tune the nanowire’s elec-
trochemical potential and to excite the system with a drive signal
of power P; and frequency f;. (e) Typical excitation spectrum
of a long weak link with spin-orbit interaction. Three ABSs are
present in the spectrum, each of them being split into a dou-
blet of states with the opposite pseudospin, denoted by 1 and | .
Microwave photons can induce pair transitions (PT, red arrows)
and single-quasiparticle transitions (SQPT, green arrows), where,
for the latter, spin-conserving (solid) and spin-flipping (dashed)
processes can be distinguished. The energy scale is normalized
to the superconducting gap in Al.

this line, which does not disturb the resonator’s odd mode.
In such a design, having the nanowire weak link defined at
the zero ac voltage line is preferable to mitigate microwave
losses through the side gate. A superconducting coil was
used to flux-bias the weak link. The circuit diagram of the
device is presented in Fig. 1(d).

The odd mode of the resonator is probed in reflection
with the signal of power P, and frequency f,. A separate
microwave tone passes through a bias tee to the side gate
to excite the system with a drive signal of power P; and
frequency f;.

After fabrication, the device chip is wire-bonded to
a printed circuit board and embedded in a copper box
attached to the mixing chamber of a dilution refrigerator
with a base temperature of 10 mK. To screen spurious mag-
netic fields in the laboratory, an additional aluminum shield
wrapped with magnetic shielding foil was installed.

The system represents a typical CQED setup, where
microwave photons drive transitions between ABSs, and
the state of the system can be detected by the resonator dis-
persive shift. One of the defining parameters of the ABS
spectrum in a weak link is the ratio between the weak-
link length [y and the superconducting coherence length
&, which is typically several hundred nanometers in InAs
nanowires proximized by aluminum. To describe the exci-
tation spectrum in a finite-length weak link with /& ~ 1,
we refer to the model employed in Refs. [19,34]. The min-
imal model that includes spin-orbit splitting requires two
transverse subbands. In this case the energy dispersion
€ = E,/Aa of the ABSs is a solution to the transcendental
equation:

T cos[(A1 — Ax)e F o]+ (1 — 7) cos[(A1 + Az)exo]
= cos[2arccose — (A + Ar)e]. (D)

Here t is the channel transmission, A, is the Al super-
conducting gap, xo € [—1,1] indicates the position of
a barrier in the weak link (normalized to /y/2), and
Aj = lyiAa/hvg;, where vg; is the Fermi velocity of the
subband j = 1,2 in the nanowire.

In a finite-length weak link, multiple ABSs can squeeze
into the spectrum; e.g., three levels are shown in a char-
acteristic spectrum illustrated in Fig. 1(e). Spin-orbit inter-
action lifts the spin degeneracy, splitting each of the states
into a doublet with the opposite pseudospin, denoted by
4 and |. The time-reversal symmetry preserves degener-
acy only at ¢ = 0 and ¢ = . We consider two types of
transitions: a pair transition (PT, red arrows) takes place
when two quasiparticles are excited from the ground state;
a single-quasiparticle transition (SQPT, green arrows)
occurs when a quasiparticle that is already present in the
system is promoted to one of the upper levels. Among
SQPTs, spin-conserving (solid) and spin-flipping (dashed)
transitions can be distinguished, when the transition is
between the levels with the same or opposite pseudospin,
respectively.

III. RESULTS AND DISCUSSION

We first present the typical microwave gate response,
obtained for device 2. The change in the absolute value of
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FIG. 2. Change in the absolute value of the resonator reflection
8|S11] as a function of the probe frequency f, and gate voltage
V, measured in device 2 at (a) ¢ = 0 and (b) ¢ = 7. The line at
f = 8.619 GHz in panel (a) denotes the bare resonator frequency,
when the nanowire is fully pinched off. The gate-independent
background was subtracted.

the resonator reflection §|S1;| as a function of the probe
frequency f, and side-gate voltage V, is presented in
Fig. 2 (the gate-independent background is subtracted). In
Fig. 2(a), the phase across the weak link ¢ is fixed at zero,
while ¢ = 7 in Fig. 2(b). The junction is fully pinched off
below V, ~ 1V, where the resonance approaches the bare
resonator frequency f, = 8.619 GHz. The data obtained at
¢ = m in Fig. 2(b) demonstrate multiple avoided cross-
ings, signifying that the ABSs are strongly coupled to the
resonator mode.

Further, we performed single- and two-tone spec-
troscopy to characterize the system. To mitigate charge
noise and avoid electrostatic drifting, in these measure-
ments we fix the gate voltage V; at one of the points
where the resonator gate response has a local extremum,
such as one of those observed in Fig. 2(b). Single-tone
spectra are taken by sweeping the probe frequency f, of
power P, and measuring complex parameters Sy; at vari-
ous applied fluxes. The flux-independent background was
subtracted in the data plotted. When the two-tone spectra
were measured, we first performed a single-tone frequency
sweep to define the resonance position at a certain phase
(flux). Then, a continuous-wave probe tone was fixed at
this frequency and S;; was measured as a function of the
drive tone with frequency f; and power P;. To reference
the signal measured in two-tone spectra, we subtracted a
drive-frequency-independent background.

A. Spectroscopy of pair transitions

Figure 3 presents the spectroscopy data for device 2.
Data were acquired at V, =3.39 V and at the nom-
inal powers P, ~ —130 dBm and P;~ —100 dBm.
Figure 3(a) illustrates the two-tone spectrum, which
reveals a PT arising from a highly transmissive ABS. It
crosses the odd mode of the resonator, forming a pair of
avoided crossings at ¢ /27w = 0.4 and ¢/27w = 0.6, where

0o 3 -3 0
(a)14 61511l (@B) gy (®) 61S11] (dB) oy
N T :
g i
B J ! =
12 48 0:3 i
<10 64 ] 5
2 of ) ; \l=
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FIG. 3. (a) Two-tone spectrum measured in device 2 at

Ve = 3.39 V. The fit of the PT frequency as a function of phase
is shown by the red line. The spectrum reveals avoided crossings
at ¢ /27 = 0.4 and ¢/27 = 0.6 with the coupling at the cross-
ings g./2m ~ 490 MHz, denoted by the white arrow. The flat
line seen at around 8.1 GHz corresponds to the resonator’s even
mode, which is insensitive to the state of the weak link. (b) Cor-
responding single-tone spectrum. The probe frequency f, is offset
to the bare resonator frequency f, = 8.619 GHz. The green line
represents the fit of the resonator shift. The line cut on the right-
hand side clearly confirms that g. /27w ~ 490 MHz at the avoided
crossing [along the gray dotted line in panel (b)].

the coupling can be directly extracted from the level
splitting on resonance g./2mw ~ 490 MHz.

In the vicinity of ¢ = m, the PT frequency can be fitted
to the dispersion relation valid for a short weak link,

hfor = 2E4 = 2A'\/1 — T sin’(¢/2), )

respecting the fact that the effective gap value in a
finite-length weak link is smaller than the gap in alu-
minum, A" < A, (see Appendix C for details). The least-
squares method yields A’/h = 11.69 +0.03 GHz and
7 = 0.9569 £ 0.0005. The resulting fit is represented as a
red line in Fig. 3(a).

Figure 3(b) shows the corresponding single-tone spec-
trum. The coupling at the avoided crossing g./2m ~ 490
MHz can be directly extracted from the line cut along the
gray dotted line (see the right-hand side of the plot). The
green line denotes the fit that was obtained from the model
described in Appendix C. The fit relies on a single ABS
observed in the two-tone spectrum in Fig. 3(a). We con-
firmed that no higher-energy states are observed up to f; =
21 GHz (see Appendix F). In the fit, the zero-point flux
fluctuation across the shared inductance is the only fitting
parameter. The least-squares fit to the experimental data
yields @5 = (0.0282 £ 0.0002) Dy, which slightly over-
shoots the value obtained from the geometry analysis (see
Table I). To validate the fit, we extract the magnitude of the
coupling at the avoided crossing g./2m = 495 + 4 MHz,
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FIG. 4. (a) Two-tone spectrum measured in device 1 at

Ve = 14.5 V. The PT frequency fit plotted as a function of phase
is denoted by the red line. (b) Corresponding single-tone spec-
trum. The probe frequency f, is offset to the bare resonator
frequency f. = 8.223 GHz. The green line denotes the fit of the
resonator shift.

which is in good agreement with the observed energy split-
ting. The maximum coupling can be extracted at ¢ = m:
g./2m =968 + 7 MHz.

Figure 4 provides the spectroscopy data obtained
for device 1 with the shortest 250-nm weak link at
P, ~ —130dBm and P; ~ —100 dBm, and at V; = 14.5
V (this device required a higher gate voltage due to
the longer distance to the gate). Here, we were fol-
lowing a similar fitting routine. The two-tone spectrum
in Fig. 4(a) is fitted by Eq. (2) describing a PT aris-
ing from a single high-transmission channel. The best
fit reveals 7 = 0.99942 + 0.00006 and A'/h =252 +£0.2
GHz. The manifestation of ABS with a very large trans-
mission in single-tone spectroscopy in Fig. 4(b) is a sharp
peak at ¢ = 7 [24]. This feature is well described within
the presented model with ®,5r = (0.0247 £ 0.0002) P, as
the only fitting parameter, and we extract the maximum
coupling g./2m = 1.95+0.02 GHz at ¢ = 7. We note
that the extracted coupling indicates that the system is
beyond the applicability of the perturbative approach. This
explains a noticeable fit deviation in Fig. 4(b). At this
level of consideration, the extracted coupling should be
perceived as an approximate value.

B. Spectroscopy of single-quasiparticle transitions

SQPTs associated with spin-orbit-split ABSs were rou-
tinely observed for devices 2 and 3 with longer weak
links.

Figures 5(a)-5(d) provide the spectroscopy data
obtained for device 3 at V, = 1.498 V and for device 2
at Vg = 2.44 V around the degeneracy points ¢ = 0 and
¢ = m, respectively. Figures 5(a) and 5(b) illustrate two-
tone spectroscopy data that reveal bundles of four lines,
which we assign to spin-conserving SQPTs [see Fig. 1(e)].
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FIG. 5. (a)H(d) Spectroscopy data obtained for (a),(c) device 3

at V, = 1.498 V and (b),(d) device 2 at V, =2.44 V. (a),(b) In
two-tone spectra, bundles of SQPTs are observed, with crossings
at the degeneracy points. SQPT frequency fits are denoted by the
dotted lines and labeled as A, B, and C. The fit parameters are
listed in Table II. (c),(d) The corresponding single-tone spectra.
(e) Phase of the reflected signal as a function of the drive fre-
quency at a minimum of the lower SQPT [see the white arrow
in panel (b)]. (f) The corresponding resonator response when the
system is not excited.

The spectroscopic lines in Fig. 5(a) can be fitted with
the transitions between the two lowest Andreev doublets
(11 = 24 and 1] = 2)). Parameters which provide the
best fit were obtained by the least-squares method applied
to transitions between the ABSs given by Eq. (1); see
Appendix C for details. These parameters are listed in
Table II, column A. The fit is shown by the red dotted line.

In Fig. 5(b), two bundles of lines are observed. Each
of those take place at relatively large frequencies above
19 GHz and have an upward curved shape, implying that

TABLEII. A table of parameters for the SQPT fits in Figs. 5(a)
and 5(b). The Aj/h value is fixed at 52 GHz. See main text for
meaning of column headings.

A B C
Ay 57+£03 2.44 £0.07 2.8+£0.1
Ay 1.5+£03 3.06 +0.09 32401
T 0.35£0.04 0.243 +0.009 0.265 = 0.006

X0 0.489 £ 0.005 0.2615 £ 0.0001 —0.000837
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the transitions occur between the upper doublets (21 =
34 and 2| = 3|). The parameters provided by the least-
squares method are listed in Table II, where B corresponds
to the red dotted line, and C to the orange one in Fig. 5(b),
respectively.

The coupling between the resonator and a spinful
ABS can be estimated from the line shape of an SQPT.
Figure 5(e) shows the phase of the reflected signal as a
function of the drive frequency at a minimum of the lower
SQPT in Fig. 5(b) (marked by an arrow). The phase shift
induced by this transition is §(£S;) &~ 10°. Based on the
corresponding resonance line shape of a nonexcited system
[Fig. 5(f)], the phase shift can be converted to the resonator
frequency shift Sf,SQPT ~ 770 kHz. It can be described by
second-order perturbation theory [21] as

g o (80T
r b
27 fS%)PT —-5?

from which we extract the spin-photon coupling g./
27 ~ 77 MHz. This value is comparable to the recently
reported strong coupling between a high-impedance res-
onator and a singlet-triplet spin qubit [35] and to the pre-
viously reported spin-photon coupling in InAs nanowire
weak links [21].

We note that a more rigorous assessment of the cou-
pling requires measurements of parity-switching dynamics
in the system, which is a subject for further investiga-
tion. If the nonequilibrium quasiparticle poisoning is weak,
the system resides in an odd-parity state [15,24,36,37] for
only a small fraction of time, during which an SQPT can
be excited. This can reduce the signal obtained in the
spectroscopy of spin-orbit-split ABSs.

In our experiment, we repeatedly observed that only
spin-conserving SQPTs are clearly visible in the spec-
tra. This is in agreement with the general selection rules:
in the presence of transverse symmetry in the nanowire,
spin-flipping transitions should be suppressed. However,
previous studies showed that spin-flipping transitions can
still be excited at elevated drive powers in a realistic
nonideal device [19,21]. For example, the gate drive can
violate transverse symmetry and unlock spin-flipping tran-
sitions [24,38,39]. Although we used the gate drive in our
setup, we did not observe spin-flipping SQPTs. This is
most likely because we had to operate at sufficiently low
drive powers, so that the thin-film resonator is not driven
into a nonlinear regime.

IV. CONCLUSION

In conclusion, we have demonstrated a robust approach
for achieving a large coupling strength between a high-
impedance lumped-element resonator and ABSs residing
in an InAs nanowire weak link. Moreover, we have shown

that our geometry is suitable for the investigation of spin-
orbit-split ABSs and the associated Andreev spin qubits.
The presented approach can be further extended to facili-
tate a strong qubit-qubit coupling in a device comprising
multiple Andreev qubits.
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APPENDIX A: NbTiN THIN-FILM HIGH KINETIC
INDUCTANCE AND THE RESONATOR
IMPEDANCE

The dc transport characterization of a test resonator
structure (a replica of device 1) provides NbTiN thin-film
normal-state sheet resistance Ry 7 = 1.46 kQ and critical
temperature 7, = 6 K. With these parameters, we can esti-
mate the sheet kinetic inductance as LiCD ~ hRy/m A [41],
where A a2 1.76kgT, is the superconducting gap linked
to T, by a standard BCS prediction [42]. This yields
L{% ~ 320 pH.

In addition, for each of the devices, we performed
microwave domain simulations for the actual geometries
used in the experiment. To simulate a bare resonator, we
replaced the weak links with a short break in the film, but
all the aluminum structures were included because they
contribute to the total stray capacitance of the resonator.
We extracted Ly from the best fits of the simulated res-
onator microwave response to the experimental data at low
Vg, when the nanowires are fully depleted. The results are
listed in Table I in the main text. Since all resonators were
picked up from the same batch with the same NbTiN thick-
ness, we attribute the variation in L, to the aging of the
sample and slightly different fabrication parameters used
during nanowire processing (e.g., it was observed that the
resulting L, depends on the baking temperature of the
resist).
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The total inductance L, (for one arm of the differ-
ential pair) is derived from the geometry and L, is
obtained as described above. The bare resonator frequency
f is obtained experimentally. The differential impedance is
defined as Z, 4ir = 2+4/L,/C, = 47 f.L,.

We note that we routinely observed the resonator’s
even mode, which is insensitive to the weak link’s
state and positioned at several hundred megahertz below
the odd mode, yielding a flat line at around 8.1 GHz
in Fig. 3. We confirmed the even-mode frequency by
microwave domain simulations. Its frequency is deter-
mined by 27f,*" = 1/,/(L, + 2Lg)C,, where Lg ~ 10
nH is the inductance of the grounding strip, which con-
nects the ground plane and the middle part of the resonator
[see Figs. 1(a) and 1(d)].

APPENDIX B: MEASUREMENT SETUP

The measurement scheme is similar to the one described
in Ref. [43] and depicted in Fig. 6(a). The microwave read-
out tone passes through an attenuated line and a double
circulator located at the mixing chamber stage, and is then
routed through a 180° hybrid to differentially drive two
on-chip 50-Q feedlines capacitively coupled to the res-
onator. The readout tone is reflected off the resonator’s odd
mode and routed through a series of cryogenic and room-
temperature amplifiers. The complex reflection parameter
(S11) is measured by a vector network analyzer. A separate
microwave tone passes through the gate line to drive the
ABS transitions, where a bias tee is used to combine the dc
gate voltage and the drive tone.

Figures 6(b) and 6(c) represent the characteristic Sj;
response of one of the devices when the ABSs are far

@ Ve Drive
300 K (b)

6[S11| (dB)

—~
o
N

180 sy
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S
Q |
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g ‘
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-180 4, , ]
8.2 8.3
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FIG. 6. (a) Experimental setup. (b),(c) Reflected signal ampli-
tude (phase) versus probe tone frequency for one of the devices
at zero external flux (the ABSs are far detuned). The blue line
shows the experimental data. The orange line represents the fit,
revealing that Q; &~ 3800 and Q. ~ 1000.

detuned (at zero applied flux). The resonance is fitted
by the diameter-correction method [44], which yields the
internal quality factor Q; ~ 3800 and the coupling qual-
ity factor Q. ~ 1000 when the ABSs are far detuned.
We would like to emphasize that, in our setup, the large
coupling magnitude results in a significant magnetic flux
dependence of the internal quality factor when the Andreev
level energy approaches the bare resonator frequency. At
¢ = 7 the nanowire introduces maximum losses to the
system, and Q; usually drops to around 1000.

APPENDIX C: DETAILS OF THE FITTING
ROUTINE

1. SQPTs

The SQPT frequency can be found from Eq. (1) in the
main text as the difference between the energies of the
two neighboring states. In our fitting routine, we first per-
formed manual parameter selection to obtain a reasonable
fit. Then, these parameters were used as an initial guess
for the least-squares method. We found that the set of
parameters is not always unique, which can produce large
uncertainties. Furthermore, we frequently observed sig-
nificant correlations between the parameters, such as the
correlation between xy and A ,;, which could reach almost
100%. This is likely because both parameters are responsi-
ble for the overall energy scale. In order to mitigate these
concerns, we fixed the gap parameter Axj/h =52 GHz
for all the fits depicted in Fig. 5. This appeared to be a
satisfactory initial parameter guess for each fit.

2. PTs

The dispersion relation in Eq. (1) can be simplified
to describe PTs in a finite-length weak link. For a PT,
we detect the average of a spin-split Andreev doublet
and we can neglect spin-orbit coupling assuming that
A} = A, = A. Expansion of Eq. (1) around ¢ = 7 up to
second order in € recovers the short-junction expression

Ei(p) =~ A'y/1 — tsin®(¢/2), (Cl)
with
A A (C2)

BN TEN Ty W el

To fit the resonator frequency shift in single-tone spec-
tra, we use the perturbative model developed in Ref. [24].
This model relies on expansion of the Hamiltonian up to
second order in ®,,r/ P, which is still applicable to our
strongly coupled system. The resonator shift is determined
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by the ABSs in the ground state, which is described by

3 T\ 9%
5ﬁ——2< q’o)%
g@\ (2 1 1)
+<2n) T h—n hn) @

with the phase-dependent coupling rate

8e(p) _ Pyt m<_a_A> tan(g/2),  (C4)

2w (o 8<p

where the pair transition frequency is expressed through its
energy as f4(¢) = 2E4(¢)/h.

Here, we have introduced a single channel and neglected
all the possible higher-energy states, including the con-
tinuum of states above the superconducting gap, which is
known to contribute to the inductive response of a finite-
length weak link [36,45]. We have also neglected the
inductive energy of the shared inductance, which is gen-
erally true only when the supercurrent in the weak link
is sufficiently small. However, this simple model demon-
strated good correspondence between the extracted value
of the coupling and the one directly observed in spec-
troscopy (e.g., in Fig. 3 in the main text), which justifies
its validity.

In our fits, we used the least-squares method. When
the single-tone spectra in Figs. 3(b) and 4(b) were fit-
ted, the data set was multiplied by f; — f to eliminate the
divergence in Eq. (C3).

APPENDIX D: RELATION BETWEEN THE PHASE
ACROSS THE WEAK LINK AND THE
APPLIED FLUX

In our devices, the loop inductance comprises the
highly inductive NbTiN film with a total inductance of
2/~ 10nH. When external flux is applied, part of the
phase drops across the loop inductance, causing the self-
screening effect [46],

2
0 = (@ —2Il,), (D)
@,

where the supercurrent through the weak link is given by

—2e — IE,

L=—>% —4 D2
h 2y (D2)

Here, the sum is taken over all ABSs with dispersions
E". The full spectrum of ABSs residing in the weak link
spans up to 2A | and, therefore, is usually not accessible
in experiments.

However, it is possible to estimate the self-screening
effect in the dispersive regime. Considering the circuit

shown in Fig. 1(d) classically, we obtain the resonator fre-
quency shift that arises from shunting the 2/ part of the
resonator inductance with the phase-dependent weak-link
inductance Ly;(¢),

8 3L
y._ 2 (D3)
5 20L)
where 2L, is the total resonator inductance and
2IL 21)?
SL=2L,— 204 2w oy @D (D4)
21 + LW| 21 + LW]

Thus, the weak-link inductance can be directly retrieved
from the single-tone spectra in the dispersive regime. The
total supercurrent is related to the weak-link inductance
as [47]

Lal@)™' = Do 90" (D5)

We analyze the self-screening effect, using the
single-tone spectroscopy data obtained for device 3 at
Ve = 1.5034V [see Fig. 7(a)]. In this regime, no avoided
crossing is observed, but the resonator shift is reasonably
large (about 150 MHz), which implies that one or a few
ABSs with moderate transmission are present in the weak
link, resulting in a relatively large supercurrent. The fre-
quency shift fit is obtained by introducing one channel with
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FIG. 7. (a) Single-tone spectrum measured in device 3 at

Ve = 1.5034 V offset to the bare resonator frequency f, = 7.4685
GHz. The frequency shift fit as a function of applied flux is
denoted by the green dashed line. (b) The corresponding weak-
link inductance, derived from Egs. (D3) and (D4). (c) The red
line represents the phase across the weak link ¢ as a function
of the applied flux ®. For comparison, the black dashed line is
plotted in the absence of self-screening (2/ = 0).
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FIG. 8. (a) Power spectrum for device 3 at V, = 3.962 V and

¢ = 0. (b) Line cut of panel (a) at low power P; = —112 dBm
with a Lorentzian fit.

A'/h =17GHz, v = 0.68, and ®,,r = 0.025P,. Using
Egs. (D3) and (D4), we extract Ly as a function of the
applied flux [see Fig. 7(b)]. Further, under the assumption
of negligible self-screening, ¢ ~ 27 ®/d,, we calculate
the supercurrent by integrating Eq. (D5), and plug it into
Eq. (D1) to estimate the self-screening. Figure 7(c) shows
that ¢ ~ 2w ®/d( was indeed a reasonable approximation,
and self-screening can be neglected.

APPENDIX E: POWER SPECTRUM

Figure 8(a) represents the power spectrum, obtained for
one of the PTs observed in device 2 at ¢ = 0. A low-
power spectral line can be used to estimate the lower bound
of the inhomogeneous dephasing time 75 in this device
[48]. A line cut at P; = —112 dBm is shown in Fig. 8(b).
A Lorentzian fit to the spectral line fit reveals the full
width at half maximum, frwam ~ 82 MHz. We estimate
the lower bound of the inhomogeneous dephasing time as
Ty 2 1/nfrwum ~ 4 ns, a smaller value compared to that
previously reported in Ref. [15].

APPENDIX F: ADDITIONAL SPECTROSCOPY
DATA

In this section, further data are provided for the devices.
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FIG. 9. Gate response measured in device 1 at (a) ¢ = 0 and
(b) ¢ = m. The line at f, = 8.223 GHz in panel (a) denotes the
bare resonator frequency, when the nanowire is fully pinched off.
The gate-independent background was subtracted.
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FIG. 10. Supplement to Fig. 4. (a) Two-tone spectrum mea-
sured in device 1 at V; = 14.5 V. (b) The single-tone spectrum
in a wide range of phase verifies the periodicity. The dashed
rectangle denotes the range where panel (a) was measured.

1. Device 1

Figures 9(a) and 9(b) show the gate response of device 1
at ¢ = 0 and at ¢ = 7, respectively. Figure 10 is a supple-
ment to Fig. 4. The two-tone spectrum in Fig. 10(a) shows
the lack of contributions from other higher-energy transi-
tions, which justifies the use of the single-channel approx-
imation in the fit in Fig. 4(b). The wide-range single-tone
spectrum in Fig. 10(b) confirms the periodicity.
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FIG. 11. Supplement to Fig. 3. (a) Two-tone spectrum mea-

sured in device 2 at Vy = 3.39 V. No higher-energy transitions
are observed, which validates the single-channel model used in
the fits. (b) The corresponding single-tone spectrum. (c) The
single-tone spectrum at V', = 3.07 V demonstrates periodicity.
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FIG. 12. Gate response measured in device 3 at (a) ¢ = 0 and
(b) ¢ = 7. The line at f, = 7.4685 GHz in panel (a) denotes the
bare resonator frequency, when the nanowire is fully pinched off.
The gate-independent background was subtracted.

2. Device 2

Figure 11 is a supplement to Fig. 3. The two-
tone spectrum in Fig. 11(a) demonstrates the absence
of higher-energy transitions, which justifies the single-
channel approximation used in the fit in Fig. 3(b).
Figure 11(b) shows the corresponding single-tone spec-
trum. The wide range spectrum at Vy, =3.07 V in
Fig. 11(c) confirms the periodicity.

3. Device 3

Figures 12(a) and 12(b) show the gate response of
device 3 at ¢ = 0 and ¢ = 7, respectively.
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Nonlinear microwave resonators are a versatile tool in quantum information processing, enabling
parametric amplification, continuous variable quantum computing, and engineered mode interac-
tions. Many of these applications especially benefit from cubic nonlinearities enabling three-wave
mixing; at the same time, they are limited by quartic nonlinearities giving rise to undesired Kerr
effects. A recurrent challenge is therefore to engineer resonators with a finite cubic nonlinearity
while suppressing quartic terms.
weak links fabricated from an aluminum-capped indium arsenide nanowire. We characterize the
Kerr nonlinearity as a function of magnetic flux and gate bias, showing that it can be tuned to zero
with either control parameter. Furthermore, we experimentally demonstrate three-wave mixing in a
semiconductor-superconductor hybrid device, establishing nonzero cubic nonlinearity. An effective
model based on Andreev bound states qualitatively captures the observed trends. Our results val-
idate semiconductor-superconductor hybrid devices as a promising platform for tunable nonlinear
superconducting circuits, with applications in parametric amplification, quantum control of bosonic

Here, we investigate a superconducting resonator hosting two

modes, and engineering interactions between microwave modes.

Superconducting microwave resonators with engi-
neered nonlinearities are a key component in quantum
information processing. Their nonlinear response en-
ables a broad range of applications, including paramet-
ric amplification [1-7], bosonic-mode quantum comput-
ing [8-12], and both linear [13, 14] and nonlinear [15]
coupling schemes.

Many of these applications rely on the cubic nonlin-
earity, which enables three-wave mixing for parametric
amplification [4-7], non-Gaussian interactions [12], and
beamsplitter coupling between bosonic modes [13]. By
contrast, the Kerr nonlinearity is often detrimental, lim-
iting the dynamic range of the amplifiers and degrad-
ing the fidelity of bosonic-mode operations. Engineering
resonators with a nonzero cubic nonlinearity while sup-
pressing the Kerr term is therefore a recurrent challenge
in superconducting quantum circuits.

Nonlinearity is introduced into superconducting res-
onators either through the current-dependent kinetic in-
ductance of a superconducting film [16-19] or through
Josephson-junction-based elements. Devices such as the
radio-frequency superconducting quantum interference
device (rf-SQUID) [4], the superconducting nonlinear
asymmetric inductive element (SNAIL) [5], the asymmet-
rically threaded SQUID (ATS) [9], and the linear induc-

*buccheri@chalmers.se
fsimoneg@chalmers.se

tive coupler (LINC) [14] exploit the nonlinear Josephson
potential, whose effective shape can be engineered by ar-
ranging one or more junctions in superconducting loops.
Appropriate choices of the junction parameters and ex-
ternal magnetic flux then allow independent control of
the cubic and quartic nonlinearities.

Another strategy for realizing tunable nonlinearity
relies on semiconducting weak links. In the short-
junction limit, a single conducting-channel semicon-
ducting weak link hosts a spin-degenerate pair of An-
dreev bound states (ABSs) with potential +Uaps(¢) =

+A4/1 — 7sin? (¢/2), where A is the superconducting
gap of the junction leads and 7 is the junction trans-
parency [20-22]. In contrast to tunnel junction-based
technologies, 7 can be tuned via electrostatic gating, pro-
viding an additional control parameter alongside mag-
netic flux.

The ABSs phenomenology has been widely investi-
gated, including coherent manipulation of both charge
[23-25] and spin [26-31] degrees of freedom. However,
the dependence of ABS-induced nonlinearities in super-
conducting resonators on the electrostatic gating and ex-
ternal magnetic flux has not yet been investigated exper-
imentally. This behavior has only been discussed theo-
retically [32], while experimental studies have been lim-
ited to power-dependent state discrimination [33]. More-
over, although parametric amplification based on four-
wave mixing has already been demonstrated in aluminum
(Al)-indium arsenide (InAs) hybrid devices, both in pla-
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FIG. 1: Device and characterization. a) False-colored scanning electron micrograph showing two InAs junctions (red), JJ1 and
JJ2, defined by selectively etching a 250-nm section of the Al shell (green) covering the nanowire. The nanowire is embedded
in the resonator structure (made of NbTiN, not shown) via Ti-Al contacts (yellow) obtained from a standard lift-off process,
together with the gate lines Vi and V2 (purple), and a ground screening line (light gray) separating the two gates. b) Simplified
circuit diagram. An LC resonator with total inductance L, + 2L shares two equal inductive sections Ls with two gate-tunable
weak links arranged in superconducting loops. The magnetic fluxes through the loops, ®; and ®2, are controlled by the currents
I, and I>. The resonator is capacitively coupled to a feedline used for both probe tone, wa, and pump(drive) tone, wyq). €)
Magnitude (top) and phase (bottom) of the reflection coefficient, S11, in a gate configuration where both junctions are pinched-
off. Black dashed lines represent a circle-fit model [41] with resonant frequency wl/27 = 6.759 GHz, internal quality factor
QY = 2.1 x 10* and external quality factor Q% = 2.5 x 10°. d) Single-tone spectroscopy showing Si1 as a function of w, and V4
for Iy = —0.25 mA (left), displaying the activation of JJ; for Vi > —10 V, and as a function of w, and I; for Vi = —2 V (right),
displaying a periodic flux modulation. In both cases JJ2 is pinched-off (V2 < —8 V). e) Single-tone spectroscopy versus probe
power P, with both junctions active (V4 = Vo = —1 V). f) Low-power resonator spectra measured with (yellow) and without
(gray) an additional pump tone at w, /27 = 13.518 GHz and power —56 dBm with both junctions active (Vy(2y = 0.5(0.3) V).

nar heterostructures [34, 35] and nanowire platforms [36], on the ABSs phenomenology. Our results establish hy-
the three-wave-mixing amplification has not yet been re- brid semiconductor-superconductor weak links as versa-
ported. tile nonlinear elements for applications in parametric am-

. . . . plification, bosonic-mode manipulation, and engineered
In this work, we investigate a superconducting res-

. . . coupling schemes.
onator incorporating two Al-InAs weak links. We study

how these weak links induce both a linear and nonlin- The core of our device consists of an Al-capped
ear response in the resonator, including the resonance- InAs nanowire [37] hosting two Josephson junctions [see
frequency shift, the Kerr nonlinearity, and the first re- Fig. 1a)]. The junctions are approximately 250 nm long
alization of three-wave mixing parametric amplification. and separated by 4 pum. The nanowire is embedded in
We show that these properties can be tuned through the  a niobium-titanium-nitride (NbTiN) resonator structure
electrostatic gates controlling the junction transparen- [see Supplementary for details on the exact resonator
cies and through the external magnetic flux setting the topology and coupling scheme]. An equivalent circuit
superconducting phase difference across the weak links. representation of the device consists of an LC resonator
Furthermore, we demonstrate that the observed behav- where two portions, Lg, of the total inductance are shared

ior is qualitatively captured by an effective model based with the junctions, JJ; and JJ5, forming a double rf-



SQUID configuration [see Fig. 1b)].
capacitively coupled to a feedline and is probed in re-
flection; the same feedline is used for drive and pump
tones. The electrochemical potentials of the semicon-
ducting junctions are controlled by two gate lines, while
two flux lines set the superconducting phase across them.
The resonator used in this work has been discussed in

The resonator is

[38], and similar devices designed for single junction stud-
ies have been employed in [24, 27, 28, 31]. We perform
our experiments in a dilution cryostat down to 10 mK. To
characterize the device, we compensate for the crosstalk
between the flux and gate lines, enabling independent
control of the magnetic flux and the electrostatic poten-
tial of each junction.

The gate voltages define four distinct operating
regimes. When both gate voltages are below their re-
spective pinch-off thresholds, V; = —10 V and V, = —8
V, the semiconducting weak links are fully depleted, sup-
pressing transport through both junctions. Here, the
junctions effectively behave as open circuits, and the res-
onator response is independent of both gate voltage and
magnetic flux. In this regime we extract the bare res-
onant frequency, w®, and the internal(external) quality

T

factor, Qio(c) [Fig. 1¢)]. Increasing only one gate voltage,
namely Vi (Va) > Vi (Va) while keeping Va(V1) < Va(Vh),
activates a single-junction configuration and, finally, in-
creasing both gate voltages above pinch-off activates both
junctions, bringing the device into the double-junction
regime.

Activating a junction opens several conduction chan-
nels, whose number and transparency are strongly gate
dependent. Consequently, the resonance frequency ex-
hibits an irregular dependence on gate voltage [Fig. 1d),
left], consistent with previous observations [26, 31]. An
active junction acquires a phase-dependent Josephson in-
ductance resulting in the periodic modulation of the res-
onance frequency w; (1), characteristic of a SQUID-like
circuit [Fig. 1d), right]. The resonator quality factor is
also modulated, as evidenced by changes in the signal
intensity. Near the maximum of w;(I7), the resonator
remains overcoupled and close to its bare parameters,
whereas near the minimum, the resonance shifts to lower
frequencies and the losses increase, bringing the resonator
close to critical coupling.

Beyond shifting the resonance frequency, both the
single- and double-junction configurations introduce non-
linearities, including Kerr nonlinearity and three-wave
mixing [5, 7]. The Kerr nonlinearity manifests as
a power-dependent shift of the resonance frequency,
Owkerr (Pn), defined with respect to its low-power value
[Fig. 1le)], whereas the three-wave mixing enables energy
transfer from a pump tone at wy, to signal and idler tones
at ws and w; satisfying wp, = ws + wi. In the degenerate

case, ws = wj, yielding w, = 2ws. By comparing two
probe-frequency sweeps around w, /27 = 6.759 GHz with
and without a pump tone at wy/2m = 13.518 GHz, we
observe an on-off gain exceeding 20 dB [Fig. 1f)], which
demonstrates three-wave mixing in our system. From the
ratio between the on and off traces we extract the on-off
gain G, as the amplitude of the Lorentzian fitted to the
gain profile (see Supplementary).

We now measure the linear [dw, = w;(I;) — w?] and
nonlinear (dwyerr, G) response of the resonator by varying
both the flux current and gate voltage.

We first consider the single-junction configuration with
JJo pinched-off. After converting I; into the supercon-
ducting phase ¢ (see Supplementary), we measure a full
oscillation dw;, (¢1) for three representative gate voltages,
V1 = (0.35,2.2,1.25) V, corresponding to Dataset I, II,
and III, respectively [Fig. 2a)]. We find that dw, exhibits
a larger dip when going from I to II and eventually shows
an avoided-crossing pattern in III.

These observations are compatible with tuning the
transparency of ABS pairs. In the short-junction limit,
a semiconducting weak link supporting a single conduc-
tion channel is described by a pair of ABSs with energies
+Uags [Fig. 2b), top] [21, 22]. Assuming /& = 1, the cor-
responding excitation frequency, waps = 2UaBs, reaches
its maximum value, 2A, at ¢ = 0 and 27, and its min-
imum value, 2A/1 — 7, at ¢ = = [Fig. 2b), bottom].
Since 7 is gate-dependent, the minimum excitation fre-
quency is tuned by the gate voltage. Consequently, the
interaction between the resonator and the ABS transi-
tion depends strongly on both ¢ and 7, evolving from
a strongly detuned regime to dispersive and eventually
resonant coupling around ¢ = 7 as the ABS trans-
parency increases. This interpretation is further sup-
ported by two-tone spectroscopy measurements around
(1 = m, which reveal spectroscopic signatures consistent
with ABS transitions [Fig. 2¢) and Fig. S6].

We write the frequency shift dw, induced by a single
ABS pair as [21, 22]:

2 L)

S .= — 2 2
w Aex + gg <UJABS 5 5y

where A is a dimensionless participation ra-

tio, co = dQUABs/dch, 0+ = waBs T w? and
gc = M1 —7(dUaps/dy)tan(p/2) is the phase-

dependent coupling rate. The first term in Eq. 1 is the
contribution coming from the curvature of the ABS
ground state potential, which is dominant at low 7,
whereas the second term takes into account the exchange
of virtual photons between the resonator and the ABS
pair, which is dominant at high 7.

The short-junction limit in InAs nanowire has been
proven accurate up to ~ 100 nm-long junctions [39].
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FIG. 2: Single-junction configuration (JJ1 active, JJ2 pinched-off). a) Measured frequency shift, dw;, as a function of the
phase across JJ1, ¢1, for Dataset I (left, Vi = 0.35 V), II (center, V4 = 2.2 V) and III (right, V1 = 1.25 V). Solid and
dashed lines reproduce single- (Eq. 1) and double-channel (Eq. S8) model, respectively, with the parameters given in Tab.S1.
b) Single Andreev bound state (ABS) model for three representative transparencies 7. Top: Ground- and excited-state ABS
energies versus superconducting phase, £Uass(p). Bottom: Corresponding ABS excitation frequency 2Uass(p). The horizontal
dashed line indicates the bare resonator frequency w?. c) Two-tone spectroscopy measured around ¢ = 7 for the same gate
configuration of Dataset I, revealing a spectroscopic feature consistent with an ABS transition coupled to the resonator mode.
The blue dashed line shows the expected wags, calculated using A/27 = 16 GHz and 7 = 0.8. d, e) Kerr nonlinearity K and
cubic nonlinearity |g3| measured as function of 1 for Datasets I, IT and III. For K (panel d), both the full range (top row) and
a zoom around K /2w = 0 (bottom row) are shown. Horizontal gridlines on the bottom row of panel d highlight K/27 = 0.
Experimentally, K and |gs| are obtained from dwyerr and gain G as explained in the main text and in the Supplementary. Solid
and dashed lines represent single- (Egs. 2 and 3) and double-channel (Egs. S9 and S10) model, respectively, with the parameters
given in Tab.S1.

Even if our junctions are more than twice as long, fol- from 0.020 to 0.035. The single-channel model captures
lowing Refs. [22, 31, 40], we use the short-junction re-  dw,(¢1) for Dataset I and II, while it fails to reproduce
sults as an effective phenomenological description, where Dataset IIT around ¢; = m. We observe that generalizing

finite junction length effects and multichannel trans- Eq. 1 for a two-channel ABS model (see Supplementary)
port are modeled through a gate-dependent effective gap solves the discrepancy for Dataset III without producing
A(Vy) < Ajaj, whereas T represents an average trans- appreciable changes for Dataset I and II [dashed lines in
parency of all the channels present in the junction. Fig. 2a)].

We fit Eq. 1 to dw,(¢1) data for Dataset I, IT and III We extract the Kerr nonlinearity from the linear de-
[solid lines in Fig. 2a)], extracting the junction parame- pendence of the low-power induced frequency shift, K ~

ters 7(V1) and A(V;) (Tab. S1). Using Lg together with  dwyerr /71, where 7 is the average probe photon number in
the resonator impedance and total inductance obtained the resonator, and the cubic nonlinearity from the on-off
from material characterization and electromagnetic sim- gain as g3 = G/\/np, where i, is the average pump pho-
ulations, we estimate A = 0.028. However, we find that ton number in the resonator, as a function of ¢; for the
our data are best described by the model when including  same datasets discussed above [Fig. 2d)-e)]. Note that
) as an additional fit parameter, obtaining values ranging the probe and pump powers at the device are estimated



from the nominal line attenuation and are therefore sub-
ject to an uncertainty of a few dB.

The Kerr nonlinearity follows a trend opposite to that
of dwy, remaining weakly negative around ¢; = 0,2,
and reaching a maximum near ¢; = 7. Its amplitude in-
creases from Dataset I to IT and develops a discontinuous
pattern in III, following the corresponding avoided cross-
ing in dw;. In contrast, |gs| exhibits two peaks symmetric
about ¢ = m, whose amplitude and position depend on
the junction transparency. No gain is observed around
(1 = m, over a phase range that increases from Dataset
I to III, preventing the extraction of |gs| in this region.
We attribute this behavior to the combination of an in-
creasing Kerr nonlinearity and a reduced internal quality
factor.

Notably, K changes sign, and can therefore be tuned
to zero, by either gate or flux control. In particular,
for Datasets I and II we find K/27 =~ 0 kHz around
1 = 0.87,1.2m, where |gs| reaches approximately 35 kHz
and 70 kHz, respectively.

A fourth-order expansion in A of the Hamiltonian of
our system including the ABS pair degrees of freedom,
necessary to describe K and g3, is beyond the scope of
the present work. Instead, by combining the ABS ground
state contribution calculated in Ref. [32], with the dis-
persive term discussed in Refs. [33, 42], we approximate
the nonlinear parameters as

/\3
g3 = 663 (2)
and
A 5c2 g2
K=" _ = Je
2 ( 352> + 83’ (3)

where c3(4) = O Upps/dp*® and é = (Bg/27)?/Ls +
co. By using the parameters extracted from dw,, we
find that Eqs. 2 and 3 are in qualitative agreement with
the nonlinear data for all three datasets [solid lines in
Fig. 2d)-e)]. Generalizing Eqgs. 2 and 3 to the two-
channel case (see Supplementary) maintains the quali-
tative agreement for gz, and for K in Dataset I and II
[dashed lines in Fig. 2d)-e)]. For Dataset III, however,
including the contribution of the second channel to K
worsens the agreement with the data, especially around
1 = m, in contrast to the improved description of the
linear response. This discrepancy may originate from ad-
ditional terms arising from a full fourth-order expansion
of the Hamiltonian or from inter-channel coupling effects
that becomes relevant at higher orders while remaining
negligible for the linear response.

With both junctions active, we measure K (¢5(1)) and
g3(w2(1y) at different @y (o) biases [Fig. 3]. At @) = 0,
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FIG. 3: Two-junction configuration. Kerr nonlinearity K
measured at gate voltages Vi = 1.58 V and Vo = 1.94 V,
a) versus p; with @2 = 0, and b) versus 2 with ¢1 = 0
(sand) and @1 = 7 (violet). Solid lines show K (p1) + K(¢2)
calculated from Eq. 3. Cubic nonlinearity gs measured at gate
voltages V4 = —0.05 V and V2 = 1.15 V, ¢) versus @1 with
w2 = 0, and d) versus g2 with ¢1 = 0 (sand), o1 = 0.777
(teal) and ¢1 = 1.237 (gold). The three datasets in d) are
displayed over successive phase periods for clarity. Solid lines
show |gs(1) + g3(p2)| calculated from Eq. 2. Model param-
eters are listed in Tab. S2.

both quantities behave as in the single junction configu-
ration, which allows the extraction of the system param-
eters [Tab. S2]. On the other hand, biasing ¢ = 7 shifts
K () vertically by K(p1 = m) = —70 kHz [Fig. 3a-b)].
Similarly, biasing g3(e1) to either peak shifts g3(w2) by
the corresponding peak value and alters its symmetry
[Fig. 3c-d)]. Neglecting both the interaction between the
junctions and the loop inductance, we find that the mea-
surements are well described by the sum of the individual
junction contributions.

The double-junction configuration therefore provides
an additional degree of control over the resonator non-
linearities. In particular, varying ¢ shifts the K(p2) =0
operating point, although the accessible range is limited
by flux noise and the steep phase dependence of K (1)
near w. Furthermore, biasing JJ; close to the maxima
of |g3(¢1)| maintains a large cubic nonlinearity over a
broad range of (2, enabling amplification across a wider
frequency range while reducing the pump power required
to reach a given gain. After maximizing g3 and minimiz-



ing K, in the double junction configuration, we obtain an
on-off gain of 25 dB and a -1 dB compression point of -138
dBm. A quantitative assessment of the amplifier perfor-
mance is currently limited by the lack of a calibrated
input attenuation and amplification chain (see Supple-
mentary). Further studies will therefore be required to
optimize the amplifier performance and identify its lim-
iting factors.

In conclusion, we have characterized the linear and
nonlinear response of a superconducting resonator cou-
pled to two semiconducting Josephson junctions which
we can control independently. We have shown how the
Kerr nonlinearity K and the cubic nonlinearity gs depend
on both flux and gate voltage, finding an operating point
at which K is negligible and g3 is sizable. To our knowl-
edge, this constitutes the first experimental demonstra-
tion of a nonzero cubic nonlinearity in superconductor-
semiconductor hybrid devices. A model based on An-
dreev bound state pairs shows qualitative agreement with
our data. We further observed that the double-junction
configuration is well described by the sum of the single-
junction contributions.

No Andreev molecule phenomenology [43] was ob-
served in our device, consistently with the junction sep-
aration (~ 4 pum) significantly exceeding the supercon-
ducting coherence length (hundreds of nm). However,

investigating future devices with much closer junctions,
as in Refs. [44, 45], would allow measurement of the non-
linearities induced by the Andreev molecule potential.
Our findings open new pathways for semiconducting
Josephson junctions to be deployed in three-wave mixing-
based amplifiers, quantum control of bosonic modes, and
coupling schemes such as beamsplitter interaction.
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Supplementary Material

A. Device

We fabricate the devices on single-side polished, 430-pm-thick sapphire substrates cleaned using a standard SC-
1 process. After heating the substrate to 660 °C, we deposit approximately 10 nm thick NbTiN film by reactive
sputtering. The resulting film has a kinetic inductance of Ly =~ 10 pH/O and a critical temperature of T, ~ 15 K.
We define alignment markers by electron-beam lithography (EBL) and lift-off of an 80 nm thick evaporated Ti/Au
layer. We subsequently pattern the NbTiN film by negative EBL process using ma-N2403 resist and etch the metal
by inductively coupled plasma reactive ion etching in a Cly/Ar (4/50 scem) plasma, defining the resonator, microwave
feedlines, and the coarse gate and flux-line circuitry. Additional details on the fabrication process and resonator design
can be found in Ref. [1].

We dice the wafer into 10 x 5 mm? chips. We then deposit several hybrid Al/InAs nanowires near the resonator
voltage node using a nanomanipulator. The weak links are defined by selectively removing the Al shell using an MF319
wet etch. The etch windows are patterned by standard positive EBL process. Following scan electron microscopy
(SEM) inspection, we select the most promising nanowire on each chip for the final step of the fabrication. We
fabricate the fine circuitry, including the ohmic contacts connecting the nanowire to the resonator as well as the gate
and flux lines, by lift-off of a 250 nm thick evaporated Ti/Al layer. Immediately before metal deposition, a 30 s Ar ion
milling step is performed to remove the native oxide from the epitaxial Al shell and improve the contact transparency
between the nanowire and the evaporated Ti/Al contacts. The chip is then ready for measurements [see Fig. S1].

a)

b) <)

Al
InAs

FIG. S1: Device. a) Optical micrograph of the device. The region outlined in red is magnified in b). b) False-colored
optical micrograph showing the resonator structure (cyan), the differential feedlines (orange), the gate lines (purple) with
their ground-shielding line (grey), the flux lines (blue) and the loops embedding the nanowire near the resonator voltage node
(yellow). The ground plane and the substrate are left uncolored. The regions outlined in green and pink are magnified in
¢) and d), respectively. c¢) False-colored optical micrograph showing the coupling capacitors between the resonator and the
feedlines. The color code is the same as panel in b). d) False-colored optical micrograph of the nanowire region located near
the resonator voltage node. The nanowires are shown in green, while the rest of the circuitry follows the same color code as
in b). The region enclosed by the black rectangle is shown in the SEM image in Fig. 1a). e): Schematic cross-section of the
nanowire. The Al shell is 27 nm thick and the total diameter is approximately 180 nm.



B. Experimental Setup

We perform the experiment in a Bluefors dilution cryostat with 10 mK base temperature [see Fig. S2a)]. The
resonator is differentially driven, and readout in reflection. The Cu powder filters are fabricated in-house and, unless
otherwise specified in the schematic, have a cut-off frequency of approximately 4 GHz. The room temperature setup
used for the readout of the resonator [see Fig. S2b)] consists of a vector network analyzer (VNA, Keysight P5004A),
and additional filtering and amplification stages for the output line. On the other hand, the pump/drive line control
[see Fig. S2¢)] consists of a signal source generator (Rohde & Schwarz SGS100A) equipped with an upconverter (Rohde
& Schwarz SGU100A).

Specification about the modular control system SPI-rack used for the gate and flux lines [see Fig. S2d)] can be
found in Ref. [2]. The 7 filters at room temperature absorb noise in the range 10 MHz-10 GHz. Specification for the
infrared-blocking filter HERD2 can be found in Ref. [3].
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FIG. S2: Experimental setup. a) Cryostat schematic. b) Room temperature setup for the resonator readout. ¢) Room
temperature setup for the pump/drive signal source. d) Room temperature setup for the gate (D5a + S1f modules) and flux
(D5a + IVd modules) signal generation. The DC lines are twisted pairs from the 7-filter to the mixing chamber plate. The

flux lines are superconducting below the 4K plate.
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C. Extended gate and flux spectroscopy
Flux and gate lines crosstalk is compensated by applying the following linear transformation:
L\ (1 —011\ (I} Vi [ 1 —0.042) (VP
(1) Com 5 G () = (ow %) () 2

where I;(V;) and I?(V) are the actual and effective current(voltage) values sent to the device, respectively.
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FIG. S3: Gate and Flux spectroscopy. a) Single-tone spectroscopy as a function of Vo> with JJ1 piched-off, showing that
JJ2 enters in a pinch-off region for Vo < —7V. b) Single-tone spectroscopy as a function of V2 in the active junction regime
with @2 = m, showing several avoided crossing patterns related to tuning of the conduction channels. c-d-e-f) Single-tone
spectroscopy as a function of I; (left panels) and I» (right panels) for four different gate regimes: single-junction regime [JJ1
off(on) and JJ2 on(off) in c(f)), respectively], double-junction regime in d) and both junctions pinched off in ).

The flux and gate crosstalk compensation enable independent junction control [see Fig. 1c) and Fig. S3]. Following
results for high-impedance resonator in Ref. [4], we neglect the loop inductance, so that the flux current [; is converted
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in superconducting phase across the junction ; by linear transformation, ¢; = 2m(I; — ;) /1, where §; is the current
corresponding to a minimum of the f,(I;) oscillation and 13y = 0.138(0.158) mA is the oscillation period.

D. Nonlinear data extraction

a) gﬁ c) d)
ST .
gé 5 g Reflection, |S44| (dB) . e
full - A’ - - ]
S8 4} R ] —40 =200 0 _ . ]
®E | Ve ] ——— ] o 10F ]
°¥ LL ; 678 o .
© 3 r > c o
cW O~ = Sr .
T [ N c N 6.76 © [
pE O oI o g
o >
6 0 20 i o9 6.74 0 MY W
a Photon number, n O = ——
b u:—) N . -10F o OFF
. &~ i :
) Reflection, [Sq| (dB) o 3 °78 S . ON 3
-2 0 e 3] T -15F E
o a o7 T _,, RRg LAt
— ——— o -20F ]
R | 6.74 = : v
25 100 3 Y J) SR R I
S _12s E 0.2 01 0.0 6.740 6.750 6.760 6.770
on° - ] . : .
& : 1 E Flux current, I (mA) Probe frequency, w,/2m (GHz)
6.74 6.76 6.78
Probe frequency,
wy/21 (GHz)

FIG. S4: Nonlinear data extraction. a) Power-induced frequency shift, dwierr, as a function of the average probe photon number
in the resonator, 71, for the same dataset shown in Fig. 1 ). The dashed black line represents the function dwyerr = 2K7 + K'n?
fitted to the data. Fitting parameters are K/2r = 230 kHz and K’/2m = 2 kHz. b) Single-tone spectroscopy as a function
of probe power P, with both junction pinched-off. c) Single-tone spectroscopy as a function of flux current I; without (top)
and with (bottom) a pump tone at wp, = 2w,. The gate configuration is the same as Dataset II in Fig. 2. The dashed vertical
lines highlight the traces shown in panel d). d) Line cuts from panel ¢). Bottom: low-power resonator traces measured with
(yellow) and without (gray) the pump tone at wy/2m = 13.518 GHz. Top: gain profile (green) obtained from the difference
between the ON and OFF reflection traces shown below. The black line is a Lorentzian fit (Eq. S4) from which the on-off gain
G is extracted.

The resonator Kerr K is related to the power-induced frequency shift dwye,, as a function of the average photon
number 7 at the resonant frequency w, in the cavity. We convert the probe power at the resonator, P,, estimated
from the VNA output, the nominal input line attenuation and an additional -6 dB attenuation accounting for cables
losses, into 7 using [1]:

4Q7 Pa Zo
Q. 2mhw, Zr,

n =

(52)

where @) is the loaded quality factor of the resonator, Z; = 50 €2 is the feedline impedance, Z, = 290 2 is the
characteristic impedance of the resonator as extracted from simulation and h is the Plank constant. For sufficient low
i, Owkerr(71) shows a quadratic behavior [see Fig. S4a)| that can be described by the following expression [5]:

Swierr = 2K7 + K'?, (S3)

where K represents the Kerr of the resonator. A power sweep of the bare resonator (i.e., with both junctions pinched-
off) shows no power-induced frequency shift in the considered range of P, [see Fig. S4b)], from which we conclude
that the Kerr data do not include any effects due to the kinetic inductance of the NbTiN or Al
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FIG. S5: Amplification performance. a) Heat-map showing the on-off amplification gain Go versus pump power P, and pump
detuning 0, = wp — 2w,. Gate voltages are Vi = 0.25 V and Vo = 0.5 V. Phase biases are @1 ~ 0.87 and @2 =~ 0.757. The red
stars marks the operating point used in b) and ¢). b) Gain Gy versus probe power P,. The dashed lines highlight the -1dB
compression point at -138 dBm. c¢) On-off amplification gain G (top) and corresponding signal-to-noise-ration improvement
ASNR (bottom) as a function of probe frequency wa,. The on-off gain shown in a,b) is extracted following the procedure
described in Sec. D, whereas the data discussed in panel c) are obtained as described in Sec. E.

To measure the three-wave mixing gain as a function of ¢, we perform single-tone spectroscopy as a function of
flux current with and without a pump tone applied at wy, (@) = 2w, (¢) [Fig. S4c)] from which we can extract ON and
OFF traces, whose difference in amplitude gives the gain profile G(w) [Fig. S4d)]. For each flux bias, the on-off gain
G is approximated by the amplitude of a Lorentzian function fitted to the gain profile in linear scale and around its
maximum:

Go

Gwa) =14+ ——"=,
Lt ()

(S4)

where wq is the frequency at which the gain is maximum and IT" is the half-width at half-maximum. The cubic
nonlinearity gs is then extracted from Gy by solving [6]

4K2|2g3+/T05 |2
Go=1+ gl v —, (S5)
(5§+/€2/4—4\2g3,/np|2)

where 27k = w;/Q1, 6 = wp — 2w, and 7, is the intracavity photon number at the pump frequency given by a
generalization of Eq. S2 [7]:

_ Re &
np = (@, — wr)2 n (K/2)2 Ty’ (S6)

with 27ke = wy/Q., and P, pump power at the resonator estimated from the signal generator output, nominal
pump-line attenuation and an additional -6 dB attenuation accounting for the cables losses [1].

This method has been used to extract Gy and then g3 both in single [Figs. 2e), S7] and double [Figs. 3c¢,d)] junction
configuration. In these cases, P, was chosen to get a around 10 dB amplification or lower, in order to avoid large-gain
correction in Eq. S5.
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E. Parametric amplifier performance

We characterize the parametric amplification in the double-junction configuration. After choosing gate voltages
and flux biases in order to minimize K and maximize g3, we sweep the pump power P, and detuning d,, for maximum
gain [Fig. Sba)]. Using these optimized parameters, we characterize the amplifier dynamic range by measuring the
maximum gain as a function of the probe power P,, obtaining a —1-dB compression point of -138 dBm [Fig. S5b)].

With the optimized pump parameters and for probe powers below the compression point, we obtain a maximum
on-off gain of 25 dB with a bandwidth of approximately 2 MHz and a signal-to-noise improvement of ASNR = 20
dB [Fig. S5b)]. In this case, the amplitude |S?1N(OFF)\ and noise (SﬁN(OFF)> data are obtained at each frequency as
average and variance over 400 data-points measured with the VNA in continuous-wave mode, respectively. Gain and
ASNR are then obtained as G' = [SON|/|SCFF| and ASNR = (|SON2(SCEF)) /(ISOEF[2(SO).

The fact that G decreases and eventually disappears for large pump detuning [Fig. S5a)], i.e. when the three-wave-
mixing condition wy, = 2w, is not satisfied, excludes that our results are dominated by two-level systems saturation.

F. Effective Andreev bound state pairs model

Dataset [ Dataset 11 Dataset II1

masRassseanss oy Bass sanannasanaas lnss sasss sosss nan
T vzl 1F 1 |Foos _
EN | - = 1k 1t ] >
S5 15F TeE 1F 1B 7 0.06 =
8\5 X 1¢F 1F ] »
SN i ] 1L 1 0.04 £
o> 10F 41 F 1 F . ©

[ ] 1L ] (0]
z3 ] 1k . 0.02 ¢
a 5 F Jt L ]

N S B I B P T T T I ] 0.00
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JJiphase, ¢ ()

FIG. S6: Two tone spectroscopy corresponding to Dataset I (left), IT (center) and III (right) in Fig. 2a), where the dashed line
represent iwaps = 2A4/1 — 7sin? (p/2) with 7 = (0.8,0.86,0.97) and A = (16,15,13) GHz for Datasets I, I and II1.

From a two-tone spectroscopy around ¢; = 7 [see Fig. S6] we get a first estimation of 7 and A for the gate
configuration explored in the main text for JJ; [Fig. 2a)]. These values are then used as initial guesses when fitting
Eq. 1 (main text) to the dw, data. In particular, the fitting parameters are 7 and A, while A is kept fixed.

The parameter A is the product between the participation ratio p = Ls/(L; + 2Ls) and the reduced zero-point-
fluctuation 27®,,¢/Pg [8], where @, = \/hZ,/2 is the resonator zero-point fluctuation, Z, = 290 Q is the charac-
teristic impedance of the resonator as extracted from simulation, & is the reduced Plank constant and @ is the flux
quantum.

We can generalize the phenomenological ABS model taking into account a second channel by following Ref. [9].
Considering two channels with transparency 7; and 73, the effective ABS potential reads

UsaBs = At (\/1 — 7 8in? (%) + \/1 — Ty sin? (g)) = 1(§1E§S + U/(f]%S' (S7)

The induced frequency shift then becomes (as in the main text, i = 1):

dw :i —)\zc(m)+((m)>2 2 11 (S8)
r 2 Je W 5 T st | )

m=1 ABS

where ¢{™ = d2U1§7]'3l)S/dcp2, wf{%)s = 2U1($)S7 5 = wz(s:%)s +w? and g™ = A\/T =7 (dUXE)S/dg0> tan (p/2). We note
that in Eq. S8 we consider the two channels to be uncoupled.



Similarly, we generalize the cubic and Kerr nonlinearity:

and

where ¢,, = d”INJABS/dcp", with

Oass — (

$o
2

2 2
(¢ — Pext)”

2Lloop

15

s ()
Z (.90)7 (S10)

1 2
(s — Ukps. (S11)

As for the double junctions configuration, Egs. 3 and 2 (main text) are fitted to the K and |g3| data for JJ;(JJ2)
while p2(p1) =0 [Fig. 3]. Obtained parameters are listed in Tab. S2.

Junction |Dataset|A (GHz)| 7 T2 A

! 16 |0.739] - [0.032

16 |0.797(0.379]0.026

15 |0.809] - [0.035

I 1 15 |0.851]0.483[0.028
- 9 [0.925] - [0.035

13 |0.975/0.850(0.020

v 18 |0.736] - [0.024

18 |0.752[0.071]0.023

15 |0.863] - |0.029

32 v 13 |0.865[0.328[0.027
VI 9.5 [0.900] - [0.035

12.8  |0.9550.400]0.025

TABLE S1: Parameter describing single-junction configuration data for JJ; [Fig. 2] and JJ2 [Fig. S7]. For each Dataset we list

both the one-channel and two-channel parameters.

Dataset | Junction|A (GHz)| 7 A
X I 16 |0.88]0.033
AP 10 |0.92]0.023
I0 17 |0.87] 0.03
g3 JJ2 15 |0.93]0.038

TABLE S2: Parameter describing double-junction configuration data [see Fig. 3].
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FIG. S7: Linear (dw;) and nonlinear (K, g3) data for the single-junction regime where JJ; is pinched-off and JJ2 is active
measured versus @2, for Dataset IV (left, Vo = —0.55 V), V (center, V2 = 0.65 V) and VI (right, V2 = 1.8 V). Solid and dashed
lines represent one-channel and two-channel model, respectively. Parameters are listed in Tab. S1.
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